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Abstract: Spivey found a remarkable recurrence relation for Bell numbers, which was generalized to that for
Bell polynomials by Gould-Quaintance. The aim of this article is to generalize their recurrence relation for Bell
polynomials to that for the probabilistic Dowling polynomials associated with Y and also that for the prob-
abilistic r-Dowling polynomials associated with Y. Here Y is a random variable whose moment generating
function exists in a neighborhood of the origin.

Keywords: probabilistic Whitney numbers of the second kind, probabilistic Dowling polynomials, probabilistic
r-Whitney numbers of the second, probabilistic r-Dowling polynomials

MSC 2020: 11B73, 11B83

1 Introduction

Assume that Y is a random variable whose moment generating function exists in a neighborhood of the origin
(see (11)). We consider the probabilistic Whitney numbers of the second kind associated with ¥, WY (n, k) (see
(14)), as a probabilistic extension of the Whitney numbers of the second kind Wj,(n, k) (see (5), (7)). Here we
note that the Whitney numbers of the second kind amount to the Stirling numbers of the second kind. Then, as
a polynomial extension of W2 (n, k), we introduce the probabilistic Dowling polynomials associated with Y,
DY(n, x) (see (16)), which is a probabilistic extension of the Dowling polynomials D,(n, x) (see (9)). The aim of
this article is to generalize the Gould-Quaintance’s recurrence relation for Bell polynomials (see (3), (4)) to that
for DY(n, x), which is given by
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We note here that (1) boils down to the following recurrence relation when Y = 1:
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’;]mn-lj"-lwm(k, XD X),  (n, k= 0).

We also consider their probabilistic r-Whitney numbers of the second kind associated with Y, W,‘,’,,,(n, k)
(see (21)) and their polynomial extension, namely the probabilistic r-Dowling polynomials associated with Y,
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Dy .(n, x) (see (23)). Then we derive a recurrence relation that generalizes Gould-Quaintance’s for Bell poly-
nomials (see (3), (4)). For the rest of this article, we recall the facts that are needed throughout the article.
It is known that the Bell polynomials are defined by

n

¢,00 = Y

k=0

Z Xk (see [1-18]), ®

with the Bell numbers given by ¢, = ¢,(1), where : are the Stirling numbers of the second kind.

Spivey found an interesting recurrence relation for ¢, given in the following:
I n
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In [20], Gould-Quaintance extended the recurrence relation for Bell numbers in (3) to that for Bell polynomials,
which is given by

¢, (,n=0) (see[19]). 3
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It is well known that the Whitney numbers of the second kind are defined by

(mx + D" = ) mW,(n, K)(X), (mEN) (see[21,2223]), ©)
k=0

where (X))o =1, X)), = x(x - 1D..(x-n+1),(n=1).
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k+1]' For r € N, the r-Whitney numbers of the second kind are defined by

For m = 1, we have Wy(n, k) = [

(mx + 1)t = Y MW, (n, k)X, (n20) (see[21,22,23]). (6)
k=0

From (5) and (6), we note that
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The Dowling polynomials are defined by
n
Dp(n,x) = 3 Wu(n, kXK, (n20) (see[22]), ©
k=0
and the r-Dowling polynomials are given by
n
Dinr(n, X) = 3 Wop(n, kXK, (n20) (see[23]). (10)
k=0

We assume that Y is a random variable satisfying the moment conditions
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for some r, where E stands for the mathematical expectation [24,25].
Let (Y});21 be a sequence of mutually independent copies of the random variable Y, and let

S=0, S=V+Y%+.+Y (kz1). 12)
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Recently, the probabilisitic Stirling numbers of the second kind associated with Y are given by

nl o~ 1 ¢(m) L keren
‘m]Y— m!kzo[k]( D™ KE[SF], (0<m<n) (see[2425]). 13

2 Recurrence for probabilistic extension of Dowling polynomials

Let (Y))j>1 be a sequence of mutually independent copies of the random variable Y, and let
S0=0, S=Y+hHh+.+Y (kkz21.

In view of (7), we consider the probabilistic Whitney numbers of the second kind associated with Y given by
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When Y = 1, we have WY (n, k) = Wy(n, k).
By (14), we obtain
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Therefore, by (15), we obtain the following theorem.

Theorem 1. For n = k 2 0, we have
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In view of (9), we define the probabilistic Dowling polynomials associated with Y by

DY(n,x) = Y Wh(n, k)xk, (nz0). (16)
k=0

From (16), we note that
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Theorem 2. The generating function of Dowling polynomials is given by
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Using Taylor series, we note that
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where D f(X) = —f (x).
By (17) and (18), we obtain
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On the other hand, by (18), we obtain
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Therefore, by (19) and (20), we obtain the following theorem.

Theorem 3. For n, k =2 0, we have
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(18)
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In view of (8), we consider the probabilistic r-Whitney numbers of the second kind associated with Y given

by
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When Y = 1, we have Wy, ,(n, k) = Wy, (n, k).
From (21), we note that
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Therefore, by (22), we obtain the following theorem.

Theorem 4. Forn = k = 0, we have
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When Y = 1, we have

(DI (mj + r)".
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In view of (16), we define the probabilistic r-Dowling polynomials associated with Y as
n
Dy (n,x) = 3 Wy, (n, k)X, (n20).
k=0

When Y = 1, we have Dy, (1, X) = Dy, (1, X).
From (23), we have
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Therefore, by (24), we obtain the following theorem.

Theorem 5. The generating function of probabilistic r-Dowling polynomials is given by
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By (25), we obtain
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Theorem 6. For n = 0, we have
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3 Conclusion

Let Y be a random variable such that the moment generating function of Y exists in a neighborhood of the
origin. We derived recurrence relations for the probabilistic Dowling polynomials associated with Y, DY(n, x)
and the probabilistic r-Dowling polynomials associated with Y, D,’,i,r(n, X), which generalized the recurrence
relation for Bell polynomials due to Gould-Quaintance. In detail, an expression for W2(n, k) was derived in
Theorem 1. We obtained the generating function and a recurrence relation of DJY(n, x), respectively, in
Theorem 2 and 3. An expression for Wy, ,(n, k) was given in Theorem 4. We found the generating function
and an expression for D,f,,r(n, X), respectively, in Theorems 5 and 6. Finally, we derived a recurrence relation
for DY (n, x) in Theorem 7.

As one of our future projects, we would like to continue to study probabilistic extensions of many special
polynomials and numbers and to find their applications to physics, science, and engineering as well as to
mathematics.
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