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Abstract: In this article, we construct filling disks for meromorphic functions of order zero and that way
we prove the existence of Borel directions of these functions. In the latter part of this article, we demonstrate
the existence of filling disks using the Borel direction of meromorphic functions.
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1 Introduction

We assume the reader is familiar with the basic notion of Nevanlinna’s value distribution theory such as
T(r,f), m(r,f),N(r,f),n(r,f), and so on, which can be found, for instance, in [1-4]. The theory of finite
positive-order meromorphic functions is well known to be more affluent than the theory of zero-order
meromorphic functions. Techniques that work well for functions of finite positive-order often do not work
for functions of zero order.

There are many results on the Borel direction of meromorphic functions [4]. At the end of the nineteenth
century, Picard and Borel obtained Picard’s theorem and Borel’s theorem, respectively. In studying the
behavior of an entire or meromorphic function near a ray, Milloux [5] introduced the concept of filling disks.

In 1928, Valiron [6] obtained the Borel direction for meromorphic functions of finite positive order based
on Nevanlinna’s theory.

Rauch [7] proved in 1933 that a sequence of filling disks can be obtained from the Borel direction of
meromorphic functions. Shortly after this, Hiong [8] obtained the result about the Borel direction for mer-
omorphic functions of infinite order.

In 1982, Yang [4] improved the proof of these theorems. The natural question is whether a sequence of
filling disks exists for meromorphic functions of finite logarithmic order and whether a sequence of filling
disks can be obtained from the Borel direction of the function. Results on the Borel direction of meromorphic
function have also been studied by many scholars in recent decades [9-16].

Valiron [17] was the first to investigate the Borel direction for meromorphic functions of zero order. In
1995, Rossi [18] studied filling disks for meromorphic functions satisfying the growth condition (1.1). In order to
facilitate the study of meromorphic functions of zero order, Chern [19,20] obtained some results on mero-
morphic functions of zero order using the concept of logarithmic order

——logT(r,f)
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In 2004, he used the Ahlfors theory to obtain the existence of the Borel direction for meromorphic functions of
zero order.

Theorem A. [21] Let f(z) be a meromorphic function in the complex plane C with finite logarithmic order p,
if f(2) satisfies the growth condition

T

e (logry?

1.1

then there exists a direction argz = 6y (0 < 6, < 2m), such that for every small positive number & and every

a € C, the equation
1 =
hm Ogn(l", 90) exf a) —
r—e loglogr

holds with at most two possible exceptional values of a, where n(r, 6y, €, f = a) denotes the number of zeros of
f(z) - a in the angular region {z : |argz — 6y| < ¢, |z| < 1}.

The ray argz = 0 in Theorem A is called a Borel direction of finite logarithmic order p - 1 for f(z). It is
natural to wonder if we can determine the existence of Borel directions for meromorphic functions of zero
order by constructing the filling disks.

In 2004, Wang [22] obtained the following results by way of constructing the filling disks.

Theorem B. [22] Let f(z) be a meromorphic function in the complex plane C with finite logarithmic order p,
then there exists a direction argz = 6y (0 < 6y < 27r), such that for every small positive number € and everya € C,
the equation

—1Ogn(r) 00; 8)f= a) >

1
rlqm.o loglogr

holds with at most two possible exceptional values of a.

However, we found that his result is inaccurate compared to Chern’s. Next, we construct a sequence of
filling disks using the method of Yang [4] to obtain the following two theorems.

Theorem 1.1. Let f(z) be a meromorphic function in the complex plane C with finite logarithmic order, that for
every sufficiently large R and k > 1, satisfies the following inequality in the annulus r < |z| < R:

240log 2 12Tk, f) . R
> — _ 7 —1. 1.2
T(R, f) 2 max{240, logk 12T(r, f), Togk log . 1.2)

Then, there must exist a point z; in the annulus r < |z| < R such that f(z) takes every complex number at least

T(R,f) . . 47 . . . e
———————x timesin|z - zj| < ——|z;|, where C is a constant and q is sufficiently large positive integer.
qzlogqloggloglogg | il Iogq—ll il a fi ylargep 8er,

except possibly for those numbers contained in two spherical disks each with radius e™.

Theorem 1.2. Let f(z) be a meromorphic function in the complex plane C with finite logarithmic order p.
If f(z) satisfies the growth condition (1.1), then there exists a sequence of disks

ilz =gl <glgl limg =0, lmigl =« (=12,

such that f(z) takes every complex number at least (10g|z;|)?"1"% times inT;j, where lim;_..5; = 0, except possibly

for those numbers contained in two spherical disks each with radius e %gzD" "™
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Theorem A can be obtained by using the method of Yang in Theorem 3.8 of [4] from the aforementioned
two theorems. This means that we obtain another proof for Theorem A. Conversely, given the Borel direction
of the function, can we derive a sequence of filling disks? The answer is given in Theorem 1.5.

Theorem 1.3. Let f(z) be a meromorphic function in the angular domain |argz - 6| < n, and there are three
distinct values a, (v =1, 2, 3) and a positive number g, such that

g(logrj(%, n.f=a)° 1.3)

converges, wherev =1, 2, 3, and rj(0y, n, f = a,) (j = 1,2, ...) denote the moduli of the zeros of f(z) - a, in the
domain {z : |argz - 0y| < n, |z| > 1}, arranged by nondecreasing order and counted with their multiplicities.
Then, % ;(logrj(6o, n — &,f = a))® is convergent, for any positive number € < n and all a € C, possibly except
at most for a set whose line measure is zero.

Theorem 1.4. Let f(z) be a meromorphic function in the complex plane C with finite logarithmic order A + 1,
if f(z) has no Borel direction of finite logarithmic order A in the angular domain 6, < argz < 0., then for any
small positive number a, there exist three distinct values a, (v =1, 2, 3) and a positive number t (< A), such that

3

Y0 +a6,-af=a) < (logr)y,

v=1
where n(r,0,+ a,0; - a,f = a,) denotes the number of zeros of f(z) - a in the domain {z:6,+a=<
argz < 6,-a,1<|z| <r}.

Theorem 1.5. Let f(z) be a meromorphic function in the complex plane C with finite logarithmic order A + 1 > 2,
if
B:argz=10;, 0<0p<2nt
is a Borel direction of finite logarithmic order A for f(z), then there exists a sequence of disks
[ |z - z] < glz], }Lrg §=0, }_Erp”|zj| =0 (j=1, 2,..)
such that f(z) takes every complex number at least (log|z;|)*~% times in I}, where lim;_.«; = 0, except possibly
for those numbers contained in two spherical disks each with radius j=.

2 Some lemmas
The following lemmas will be needed in the sequel.

Lemma 2.1. [4] Assume that f(z) is a meromorphic function in the complex plane C, and D is a bounded region.
Divide D into p subregions D; (j = 1,2, ...,p). For each D;, make a disk K; O D;, and then make a concentric disk
K; of K;, such that the radius is twice as large as K;. If the set of complex number a such that n(D, f = a) 2 N

cannot be covered by a collection of spherical disks with radius total equal to % on the Riemann sphere, then
there must exist a circle Kj with a constant C such that f(z) takes every complex number at least C% times in Kj,

except possibly for those numbers contained in two spherical disks each with radius e™¢ 2

Lemma 2.2. [4] Assume that f(z) is a meromorphic function in the disk |z| < R, and let

N=nR,f=a) +nR,f=a) + nR, f= a),
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where a;, a;, and as are three distinct complex numbers, with their spherical distances larger than a positive
number d. Then, there exists a point z,, with|zy| < R, such that for every r € (0, R), and any complex number a,

CR? 1
< —= T/ N 1 )
(R -r)? f (z0), al

where C is a positive constant, and |f(zy), a| denotes the spherical distance between f(z,) and a.

2R 1
nr,f=a) ><[(N+1)logR_r +log+E+log

Lemma 2.3. [4] Let a, (u = 1,2, ...,n) be n complex numbers and h a positive number. Then, the points that
satisfy the inequality
h]"

can be covered by a collection of spherical disks whose number does not exceed n and the sum of whose radii
does not exceed 2h.

n
|_||Z ayl <

Lemma 2.4. Assume that f(z) is a meromorphic function in the complex plane C, and letr; (j = 1,2, ...) be the
moduli of the poles of f(z) in the domain{z : |z| > 1}, withrj(a) < rj.1(a). For any ry > 1, if o > 0, then the series

2(logr;)° and f (k:[g(:)Ql cdt are either simultaneously convergent or simultaneously divergent.
Proof. For any R > ry with rp > 1, let zj,..., z; be the poles of f within the annulus {z : r; < |z| < R}, and denote

rj, = 1zj|,-.., Iy = |zj|, arranged by nondecreasing order and counted with their multiplicities. It follows from
the equation

Ji R R
1 1 t ,
- [ an(e, f) = 26D on( ff t) @.1)
i (logry)? (logt)°® (logt)°® (logt) *1¢
0 Ty T
if >(logr))™® converges, then I:: (1:g(guf+)1 ;dt also converges.
Conversely, if the series ;: (I:g(tt)gf)l Idt converges, combine
o nR®f) . 1 n(, f)
lim——==— =1 R < =0.
o GogR)? ~ AR S )l Qogty 110 MI Togtye-ict =0
with (2.1), 2(logr;)™? also converging.
So 2(logrj)™ and _[: (1(?;)?1 ;dt are either simultaneously convergent or simultaneously divergent. O

Similarly, the following lemma can be obtained in the angular domain.

Lemma 2.5. Assume that f(z) is a meromorphic function in the complex plane C, 0 < 6y < 2m,n > 0,a € C.
Let 1j(Bo, n,f = a) be the moduli of the a-points of f(z) in the domain {z : |argz - Oo| < n, |z| > 1}, with

ri(a) < rj.a(a). For any 1y > 1, if 6 > 0, then the series 3 (logri(6o, n,f = a))™° and K%dt are either

simultaneously convergent or simultaneously divergent.

3 Proofs of Theorems 1.1 and 1.2

In this section, the proof method is based on the content of [4] (Section 3 in Chapter 3), but there are some
differences in the details of constructing the filling disks. This construction method provides a different
perspective for proving Theorem A.
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Proof of Theorem 1.1. Assume that f(z) is a meromorphic function in the complex plane C, by the definitions
of n(r,f=a) and N(r, f = a), we have

maf=mfg>JWRf=m—NvJ=m
log® t

nR,f=a)= 7 (X))
- - 10g7
and
n(r, f= a)krdt 1
=gz —2 "= - = 2
nof=a) = = _[ LS Toge 0= . 32)

From the second fundamental theorem of Nevanlinna, for suitably large R and every complex number a,
we have

N(R,f=a)> —T(i’f )

TORTEES (33)

except possibly for those numbers contained in a sequence of disks with total spherical radius % Combining
(1.2) with (3.3), we have

NR,f=a) N(@,f=a) N(kr,f=a)

log® log® logk

nR,f=a)-nr,f=a)z

TR, f) _T(.f=a) T(kr,f=a)
logg log§ logk

\%

1 1
§ %T(R,f) ) T(r,f) +logjrg =7 + log2 ) T(kr, f) + log g7 + log2
- logg log§ logk

_TRA)| _4TC.f)  4loge  aT(krf) logy  4logs logy

Tk | TR TTRA T TR logk | TRS) logk

_T®RS)
15log+

Taking a sufficiently large positive integer ¢, the annulus r < |z| < R is divided as follows:
Make q rays from the origin, the angle between two consecutive rays is %”, and then make 1 + s[logq]
circles

r(ed*270 — 1) 2r(e1*27/@ — 1)
+

lz|=r,r+ T s e, rEAF2TID),
[logq] [logq]
(+271/q)* _ H(1+27/q)
re+21/q) 4 r(e € )’ ..., re+2mla?
[logq]
(+2r/q)° — pQ+2m/q)""
re(l"'Zﬂ/Q)rl + r(e € ) s re(l“'?ﬂ/q)s,

3 seey eee

[logq]

where s =

log log§
log(1+ )

o
Thus, the annulus r < |z| < R is divided into p curved quadrilaterals D;, where

log log§ q*logqlog log§

pP<q ) + 1i[logq] < 5
JT
10g[1 + 7]
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21

Let 7 (j =1, ...,p) be the center of Dj, then D; C K; ={z: |z - zj| < 1, —

is shown in Figure 1.

|zj|}. The division of the annulus

By Lemma 2.1, then there must exist a concentric circle Kj = {z : |z - zj| < 10g‘lﬁlzjl} with a constant C,
T(R, . A .
such that f(z) takes every complex number at leastn = CW times in K7, except possibly for those
q“logqlog_loglog
numbers contained in two spherical disks each with radius e™. (I

Proof of Theorem 1.2. Since f(z) is a meromorphic function with finite logarithmic order p and (1.1) holds,
there exists a sequence {r} that tends to infinity such that

T(rkrf) -
koo (logne)?
n logT (1, ) _
k-« loglogr

Taking a suitably large 7, such that

2401log(n,)
log2

12T(2, f)

T(ny, f) = max{240, Tog2

,12T(1, f), logri .

and
q, = loglogn,.

By Theorem 1.1, there exists a point |z| in the annulus 1 < |z| < 1, such that f(z) takes every complex

T(rypf)
logry,(log logrk1)3 logloglogry,

numbers contained in two spherical disks each with radius e™, where C is a constant.
Take 1y, such that r; > 2r,. Then, take 1y, such that

number at least ny = C timesinIi : |z - 7| |z|, except possibly for those

< 4n
logloglogry, -1

2401logny, 12T (2ng, f)
log2

T (1, f) = max;240, , 12T (rig, ), o 081 (s

g2

Figure 1: The division of the annulus.
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and
q, = loglogr,

By Theorem 1., there exists a point |z| in the annulus 7; < |z| < 1, such that f(z) takes every complex

I(r.f)
logry,(loglogri,)® logloglogry,

number at least n, = C timesinT: |z - 7| - |z, except possibly for those
2

4m
< S
logloglogr,

numbers contained in two spherical disks each with radius e™, where C is a constant.
By induction, we can obtain a sequence of disks

Ij: |z - zj] < glz, }1}28] =0, }H&'Zf' =0 (j=1,2,..)

such that f(z) takes every complex number at least

-c I(r.f)
logn,(loglogn,)® logloglogn;

ny > (logn, )15 = (log|z|)P1~5

times in T}, except possibly for those numbers contained in two spherical disks each with radius e (loglz)”
where C is a constant and lim;_.8; = 0. O

4 Proof of Theorems 1.3 and 1.5

In [4] (Section 4 in Chapter 3), the relevant results about finite-order meromorphic functions are given. Here,
we use the identical method but the quadrangles we split are different.

Proof of Theorem 1.3. Split the angular domain |argz - 6y| < n - € with rays from the origin so that the angle
of each small angular domain does not exceed %, the total number of these small angular domains is

4(n - . cps o .
Jz [("‘gs) + 1|. Then, take a suitably large positive number ry > 1, take the origin as the center, and make

4

circles|z| = ry, iy exp{l + i}, rpexp{(1 + 2)2},.... such that (|z| > ry) N (Jargz — By| < n — €) is divided into some
small curved quadrilateral Q; (j = 1,2,...,J; [ =1,2,..., L). For each Qj, there exists a small disk [;; and a disk
I of radius two times its radius, such that Q; C I;; C T C (largz - 6| < n). It is easy to see that for each
I 1,» there is a fixed upper bound for the number of other I'y intersecting it. At the same time, combining (1.3)
with Lemma 2.5, we obtain

o

J'n(t, o, 1, f = ay)

Togryrip dE<® (v=123) @1

0

By Lemmas 2.2 and 2.3, for any a € C, the equation

1

(4.2)
—ﬂmmm+a+§ﬂ]

3
n(Quf=a) < C{) n(T f= a) +log
v exp

holds in each I, except possibly for those numbers contained in the disk Dy with spherical radius

exp

_g
2

log|ry| + (1 + Z)l]

Let D; = U{=1Dﬂ, D = Ng-1(UZkDy), and we see that mesD = limy_.mes(Uz;D;) = 0.
For any complex a & D, there exists Iy, such that a & U2, D;. So when I = [y, (4.2) holds for j =1,2,...,].
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Thus,

3

L] L, oy
2 2 2T f=a) +]ZE log|ry| + [1 * Z”,

l=lgj:1V:1 l=lg

L
Y on@uf=a)<C

l=lo]=1

which implies

3

nr,0p,n-¢f=a)< C[Zn(Zr, 0o, n - & f=ay)+ logr’.
v=1

By (4.1), for any complex a ¢ D, we have

Tn(r, 00,1 - &,f = a)
(logr)o*ir

dr < oo,

0

Furthermore, by Lemma 2.5, the theorem is proved. O

Proof of Theorem 1.4. According to the conditions of the theorem, for any ¢ € [6, + a, 0, — a], argz = ¢
is not a Borel direction of finite logarithmic order for f(z). Nevertheless, there must exist three distinct values
B/' (j =1, 2, 3) and positive numbers £(¢), 7(¢)(<A), such that

n(r) (P, 8(¢):f= ﬁ]) < (logr)‘[(q)) (] = 1’ 21 3)

It follows that, for 7(p)(7(¢) < 7w(p) < A) and rp > 1, we have

©

J’n(t) (P: 5((P))f= ﬁ/)
(logt)a@+1¢

dt<w (j=1,23).

By Lemma 2.5, the series 2 (logr(g, &(¢), f = Bj))‘fl(@ is convergent. As a result of applying Theorem 1.3, for any

(@)

complex number a, the series 3 (logr(p, ==, f = a))"%® is convergent possibly except for at most a set D(¢)

whose line measure is zero.

We note that {(¢ - @,

o+ @) 201+ a<¢<0;-a} forms an open covering of the closed interval
[61 + a, 0; - a]. Therefore, there exists a finite set of intervals (¢; - %, o+ %) (1=1,2,..,L) that are an
open covering of [0, + a, 6, - a].

Corresponding to each ¢, its exceptional zero measure set is D; = D(¢,). Let D = Uf,D;, then it is still
the zero measure set. If 7 = max;<;<{7(¢,)}, then 0 < 7 < A.

Hence, for every complex number a (¢ D), we obtain

Z[logrj[% %,f = a]]_r1 <o,

So
0,+6, 6,-0, B
Z[logrj[T, T - a,f= a < 00,
By Lemma 2.5, we obtain
Jn(t’ 91 + Q, 02 - a’f: a)dt< o0,
(logt)a*1 ¢t

In particular, this holds for any three distinct complex numbers a, (v = 1, 2, 3) that do not belong to D,
and positive numbers 7(7; < 7 < A). Hence, we obtain

3

> n@r,0,+a6;-af=a,) < (logry. O

v=1
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Proof of Theorem 1.5. Choose a small angular region with B as its bisector, which is defined by

Q= [z :largz - 6| < g’

Using the arcs of circumferences |z| = 2/ (j =1, 2, ...), divide Q into a sequence of small quadrangles
Q= ‘z @<zl <2 U [|argz -0y < =

)

Subsequently, each Q; is further divided by s - 1 arcs of |z| = 201+, (1=1,2,..,s - 1), where s is

a positive integer determined by 2/(1 + )™t < 2/*1 < 2J(1 + p)%. This results in s smaller quadrangles, denoted
asQ; (1=1, 2,..,s). Choose concentric disks I'; and I';; with radius C - 27*1p and 2C - 2/*1p, respectively, such
that

Qﬂ C l"ﬂ (@ F}l

Define n;; as follows:

ny = min

3
2Ty, f= av)’,
v=1
where the minimum is taken over all the triples of complex numbers, provided that the mutual spherical
distances among these three complex numbers are at least j°. By Lemma 2.2, f(z) takes every complex
number a at most C{n; + [logj] + 1} times in Qj, except for those complex numbers contained in a disk
with spherical radius j=3.

For each fixed value of j, there exist s exceptional spherical disks. As j varies, the aggregate radius of these
exceptional spherical disks is given by the series:

.3
]‘:1]

By selecting a sufficiently large value for j,, we can ensure that

Z s
Z_s

[\JlH

Since B is a Borel direction of logarithmic order A of f(z), by Lemma 2.5, the series

2

diverges for any positive number 7 < A and every complex value a, except for at most two values. If a is not
an exceptional value and does not belong to all the exceptional spherical disks, then we have

’1 -7
logrn[eo, bL f=a

=T
Z[logr,,[eo, g,f= a] = o, (4.3)
On the other hand, by setting n; = max;<<n;, we have
n B s(n; + [logj] + 1) [logj] + 1
1 r_ : 4.4
2 1ogr,,[90, 2/ a]] ) C% Qogzy ¢ Z (logzl)f Z nQog2)y” | 14

where 7 < A.
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Choose a decreasing sequence {n;} of positive numbers tending to zero and an increasing sequence of

[logj] +1
n,(log2/)1

= o, Thus, there is a positive integer j, such that

n,(log2/*1)a

>
J1(logj, )*

positive numbers {7} tending to A. Let § > 1, then 2; < oo, Combining (4.3) with (4.4), we have

1
zj n,(log2/)1
j, +1\25-2

i > (log2/i*y??,

o [logj] +1

j=j1+1W < oo, we have >

Similarly, from Y jf;jﬁlq(m;#),z = o Hence, nj, > (log22*1)?=" for a certain posi-
2
tive integer j,.
Thus, we obtain a sequence of disks I} : |z - z| < Cnj|z|, where argz = 6y, such that f(z) takes every
complex value at least (log|z|)*"24~® times, except possibly for those values contained in two spherical disks

each with radius j;. O

Acknowledgment: The authors are very thankful to referees for their valuable comments that improved
the presentation of this manuscript.

Funding information: Authors state no funding involved.

Author contributions: All authors have accepted responsibility for the entire content of this manuscript and
consented to its submission to the journal, reviewed all the results, and approved the final version of the
manuscript. KQH completed the main part of this article. QCZ corrected the main theorems. All authors gave
the final approval for publication.

Conflict of interest: The authors state no conflict of interests.

Data availability statement: No data were used to support this study.

References

[11  W. K. Hayman, Meromorphic Functions, Clarendon, Oxford, 1964.

[2] R. Nevanlinna, Analytic Functions, Springer, Berlin, 1970.

[31 C.C.Yang and H. X. Yi, Uniqueness Theory of Meromorphic Functions, Kluwer Acad. Publ., Dordrecht, 2003.

[4] L. Yang, Value Distribution Theory, Springer-Verlag, Berlin, Heidelberg, New York, 1993.

[51 H. Milloux, Le théoréme de M. Picard. Suites de fonctions holomorphes, Fonctions méromorphes et fonctions entiéres, J. Math. Pures
Appl. 3 (1924), 345-402.

[6] G. Valiron, Recherches sur le théoréme de M. Borel dans la théorie des fonctions méromorphes, Acta Math. 52 (1929), 67-92.

[71  A. Rauch, Extension de théorémes relatifs aux directions de Borel des fonctions méromorphes, J. Math. Pures Appl. 12 (1933), 109-171.

[8] K. L. Hiong, Sur les fonctions entiéres et les fonctions méromorphes daordre infini, ). Math. Pures Appl. 14 (1935), 233-308.

[9]1 Y.TanandY.Y. Kong, Borel directions and the uniqueness of algebroid functions, Rocky Mountain J. Math. 52 (2022), no. 3, 1063-1072.

[10] S. H.Zhang, X. M. Zhang, and D. C. Sun, The Borel directions of algebroidal function and its coefficient functions, Acta Math. Sci. Ser. B
(Engl. Ed.) 34 (2014), no. 2, 241-251.

[11] J. R. Long, Five-value rich lines, Borel directions and uniqueness of meromorphic functions, Bull. Iranian Math. Soc. 43 (2017), no. 5,
1467-1478.

[12] J.R.Long,].Y. Qiao, and X. Yao, Singular direction and g-Difference operator of meromorphic functions, Bull. Malays. Math. Sci. Soc. 43
(2020), no. 5, 3693-3709.

[13]1 Y.Y.Huo andY.Y. Kong, On filling discs in the strong Borel direction of algebroid function with finite order, Bull. Korean Math. Soc. 47
(2010), no. 6, 1213-1224.

[14] Z.G.Qin,].R. Long, and L. Wang, On common Borel direction of entire function f and Its g-Diference operator, J. Nonlinear Math. Phys.
31 (2024), 44.

[15] N. Wuu and Z. X. Xuan, Some notes on the Borel directions of meromorphic functions, Proc. Japan Acad. Ser. A Math. Sci. 89 (2013),
no. 8, 81-86.



DE GRUYTER Singular direction of meromorphic functions with finite logarithmic order = 11

[16]
(7]
[18]
9]
[20]

[21]

[22]

H. Y. Xu, Z. J. Wu, and J. Tu, Some inequalities and applications on Borel direction and exceptional values of meromorphic functions,
J. Inequal. Appl. 2014 (2014), 53.

G. Valiron, Sur les directions de Borel des fonctions méromorphe d’ordre nul, Bull. Sci. Math. 59 (1935), no. 2, 298-320.

J. Rossi, A sharp result concerning cercles de remplissage, Ann. Acad. Sci. Fenn. Ser. AT Math. 20 (1995), no. 1, 179-185.

T.Y. P. Chern, Value distribution of meromorphic function with zero order (preprint, addressed in the Hedberg Conference, June, 1996,
Linkdping, Sweden.).

T.Y. P. Chern, On the maximum modulus and the zeros of an transcendental entire function of finite logarithmic order, Bull. Hong Kong
Math. Soc. 2 (1999), no. 2, 271-278.

T.Y. P. Chern, Common borel directions of a meromorphic function with zero order and its derivative, Proc. Amer. Math. Soc. 132 (2003),
no. 4, 1171-1175.

C. L. Wang, The filling-up discs and borel direction of the meromorphic functions of zero order, J. South China Normal Univ. 4 (2004),
18-22. (in Chinese).



	1 Introduction
	2 Some lemmas
	3 Proofs of Theorems 1.1 and 1.2
	4 Proof of Theorems 1.3 and 1.5
	Acknowledgment
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


