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Abstract: Let [F; be the finite field of characteristic p and [F;‘ = [Fy\{0}. In this article, we use Smith normal form
of exponent matrices to present exact formulas for the numbers of rational points on suitable affine algebraic
varieties defined by the following systems of equations over [Fg:

e e €my. ey,
™ o Xt F et A" X ™ = by,

emy+11 emy+1, emy,1 €my,
AmeeX 7 e Xy "t A X e Xy = by
and
d [ dny 1 ny,
GXq .. annl +..t+ X L annl "= ll,
dn +1,1 dn +1,n. dn .1 dn N
CrtXy e Xy Rt Oy D e Xyt = Dy
dn2+1,1 dnz+1,n3 d"3,1 d"3)"3 —
Crys1Xq v Xny ot O Xy e Xng 0=l

when the determinants of exponent matrices are coprime to q — 1, where e, dy;- € Z*(the set of positive integers),
a;, ¢y € [Fg, 1<i,j<my,1<1,j" < n3 and by, by, Iy, b, I € Fy. These formulas extend the theorem obtained by
Wang and Sun (An explicit formula of solution of some special equations over a finite field, Chinese Ann. Math. Ser. A
26 (2005), 391-396, https://www.cqvip.com/doc/journal/977048790. (in Chinese)). Our results also give a partial
answer to an open problem of Hu et al. raised in (The number of rational points of a family of hypersurfaces
over finite fields, ]. Number Theory 156 (2015), 135-153, doi: https://doi.org/10.1016/j.jnt.2015.04.006).
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1 Introduction

Let Z* denote the set of positive integers. Let F; be the finite field of characteristic p, and let F§ = [F;\{0} be its

multiplicative group. We denote |S| by the number of elements of the finite set S. For any m € Z*, we define
(m)={1, 2,..m} Let f,(xq, ..,x;)(i € (m)) be a polynomial with n variables over F;, and let V(f, ....f;,)
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denote the algebraic variety defined by the simultaneous vanishing of f;(x, ...,x;)(i € (m)). Let N(V) stand for
the number of F,-rational points on the algebraic variety V(f,, ...,f,,) in [FZ. That is,

N(V) = {04, -, Xn) € Fg: £, . Xn) = 0,1 € (M)}
Particularly, we denote N(f) for N(V) if m = 1. Determining the explicit value of N(V) is an important subject
in finite fields. In general, it is difficult to present an explicit formula for N(V). It is well known that there is an
exact formula for the number N(f) when deg(f) < 2 (see, for example, pp. 275-289 of [1]). Finding the formula

for N(V) and relevant topics has attracted a lot of scholars in recent decades [2—24].
Sun [18] studied the number of rational points (¥, ...,X,) € [FZ on the following affine hypersurface

ax™ . XS+ L @™ L X = b =0

withe; € Z*,a; €F}, b € F;, 1< i,j < n by proving that if gcd(det(e;), ¢ - 1) = 1, then
ij q q i

q-1 .
B(n) + A(n-1) ifb=0,
N(f) =

EA(n) otherwise,

where for any positive integers s, we have
B(s)=q° - (q -1 ay
and
A(s) = (q - D° - (-1). (12)

Zhu et al. [24] considered a special variety defined by two or three equations, which is taken from the one
investigated by Sun [18]. Sun’s result [18] was extended by Wang and Sun [19] by presenting a formula for the
number of rational points (X, ..., Xp,) € [F"2 on the affine hypersurface

d

d, dn n ny+1,1 dn +1,n: dn 1 ng,n
1 11+an+1x11 e Xny Pt A Xy T X2 = b

axq L X anlel"l'1 oo Xn,
with d; € Z*, a; € [Fj;, 1<i,j < ny. In 2015, Hu et al. [15] gave an uniform generalization to the results of [18]
and [19]. In fact, they used the Smith normal form to present an explicit formula for N(f) of rational points
K, s Xp,) € [F,'Z’f on the hypersurface defined by

t-17j41-1;

€ri+i, €ritin,
f:= f(Xl’ ---)an Z Z arjﬂxlj ' ani1 - b)
j=0 i=1
where the integers t >0, 0= <n<n<.<nlsm<m<.<n, beF, q;€ [Fj, and e; € Z7, i € (1),
J € (ny). Zhu and Hong [23] followed the approach of [15] and gave an exact formula for the number of
rational points on certain algebraic variety V = V(f, f,) over F; as follows:

]
fi= £ 04 X)) = Za(l) i by,

t- 11"]+1 rj

(2)
. ) e’/ AL Gt
fé '_fz(xl) ---:Xn[ Z z ar] +iX1 an/+1 - bZ:
j’=0 i'=1

whereb; € Fj,i =1,2,t € Z*,0 =np < my < Mp<..< NNy <n<meforsomel <k <t,0=rp<n<np<.<r,
ai(l), ai(,z) € [F3, 1 €(r)," € (rp), and the exponent of each variable is a positive integer.

Motivated by the works of [15,18,19,23], we consider the questions of counting F,-rational points of the
variety V(f}, f,) determined by

- e C1my eml,l eml m o
fi=aq"™ o Xm Ay - by,
(1.3)
mp+1,1

€my+1,my 2,1 Cmy,my
= am1+1x1 wee Ximy +o.t amle o Xmy"? = by
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and the variety V(f,, f;, f;) determined by
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— d dlh dn 1 dn -
fi = C1X1H e Xny T+ CnXq . anl 1 - ll,
dpy+11 dpys1, ny1 dy,
fZ = Cny+1Xq et anyl1+ oL CnXq L annznz - lz,
dny+11 Ay, dny1 Ay,
fo = CngenXy M Xy T A g Xy = b,

where €ij, di'jf ez, a ¢ € |F?;, 1< l,] <my1< i/,j/ <ng and by, by, L, b, 3 € |Fq.
Let

en eim, 0 0
6@ _ eml’l . eml,ml 0 e 0
em1+1,1 o em1+1,m1 em1+1,m1+l o em1+l,mz
my1 €my,m €my,my+1 €my,my
with e;(1 < i,j < my) being given as in (1.3), and let
dy dlm 0 0 0 0
dn1,1 dn1,n1 0 0 0 0
dn1+1,1 o dn1+1,n1 dn1+1,n1+1 o dn1+1,n2
F = : : : : : :
A v Ay digner 0 iy 0 o 0
dnz+1,1 dn2+1,n1 dnz+1,n1+1 dn2+1,n2 dn2+1,n2+1 dn2+1,n3
dnyi = Angny Augmer 0 dngny, dignyst dnyn,

with dy(1 £ 1, j* < n3) being given as in (1.4).
The main results of this article can be stated as follows.

Theorem 1.1. Let V = V(f, ;) be the variety determined by (1.3). If gcd(q - 1, det(&)) = 1, then

1
qm™B(my) + q A(my - DB(m, - my)

(q-1)7 e
+ qz A(my - DA(my — my - 1), if by = by =0,
A(my)B(m, - -1
Ny = [Am) (;”2 m) , qqz A(MDA(my - my - 1), ifhy # 0, by = 0,
q-

1
TA(ml - DA(m; - my), ifby =0,b, # 0,

A(m)A(my - my)

qz ’ if by #0,by # 0.

1.4)

(.5)

(1.6)

()]
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Theorem 1.2. Let V = V(f,, f;, f;) be the variety determined by (1.4). If gcd(q - 1, det(#)) = 1, then

-1 2
q"™MB(ny) + (q — DA = DB(ng — ny) + “ 2 ) A(ng - DA —my = 1)

(q-1?

q3

x B(nz - ny) + A - DAy - - DAz -np - 1), ifh=L=5k=0,

-1

qs " A(n)B(ny — ) + qTA(nl)A(nz - ng - 1)B(n3 - ny)

(q - 1)?
q3

-1
1 7 A(ny - DA(ng - ny)B(nz - ny)

+

AMDA(n - m - DAz -y - 1), if h#0,b=5k=0,

-1 2
N(V) =\t (q q3 ) A(n1 - 1)A(n2 - nl)A(ng - ny— 1), lf ll =0, lz 0, 13 =0, 1.8

1 1

?A(nl)A(nz —n)B(ng - ny) + qq3 AMDA(n = n)A(ns -y = 1), fL#0,L#0,5=0,

(¢ -1
e

-1
! A = DACY = A = ), i L= 0,6#0,b%0,

A - DA - - DA - ny), ifh=L=0,#0,

q-1
¢

A(m)A(n; - m - DAz - ny), ifL#0,L,=0,L#0,

1
?A(nl)A(nZ —mA(nz —ny), ifL#0,L#0,L%0.

This article is organized as follows. We present in Section 2 two preliminary lemmas that are needed in the
proofs of our main results. Subsequently, we give the proof of Theorem 1.1 in Section 3. Section 4 is devoted to
the proof of Theorem 1.2. In Section 5, we provide two examples to illustrate the validity of Theorems 1.1
and 1.2.

2 Auxiliary lemmas

In this section, we present two lemmas, which are needed in the proofs of our main results. We begin with
a result due to Sun [18].

Lemma 2.1. [18] Let ¢, ..., ¢, € F7 and ¢ € ;. Let N(c) denote the number of rational points (u, ...,Ux) € ([F;‘)"
on the equation Gy + ...+ ¢l = c. Then
q-1 .
—Ak-1) ifc=0,
N(c) =
EA(k) otherwise

with A(k) being defined as in (1.2).

We also need the following result due to Zhu and Hong [23].
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Lemma 2.2. [23, Lemma 2.6] Let ¢;; € [F;for alli € {m) and j € {(ky), and letg,..., ¢,, € Fy. Let N(q, ...,Cy) denote
the number of rational points

(ullr -"1u1k11 "'sumls '-'yumkm) € (ﬂ:;)kl+---+km
on the variety defined by the following system of equations:

Gilyy ..t Cplliy, = Q

Copm + oot Coug, Wink,, = Crm-

Then

(q - 1)|{1Si5mzc,-=0}| m m
————[14G:i- D[] Ak

q i=1 i=1

¢=0 ¢#0

N(q, ...,c,) =

with A(k;) being defined as in (1.2).

3 Proof of Theorem 1.1

In this section, we present the proof of Theorem 1.1. Firstly, we introduce some definitions and notations,
which will be used in proving Theorem 1.1.
Let
én e vt ey
E =] : . .

em,1 €my2 7 emymy

with ¢;(1 < i,j < my) being given as in (1.3). It is well known [25] that there are unimodular matrices U, V3, Uy,
and V; such that

D; 0
U.E\W = (31
1V [O 0] )
and
D, 0
U8V, = , 3.2
26V, [ 0 0] (3.2)
where & is given as in (1.5)
Dy = diag(g™, ..., g®)
and
D, = diag(g(®, ..., g\,
with v and v’ being the ranks of the matrices E; and &, respectively. All elements
gE,.., g"), g, ., gi» € z* (the set of positive integers)
; N (E)ys . . [Dy 0],
satisfy that g|g50(i € (v - 1)) and g|g (i € (v' - 1)). We say that the diagonal matrices [ 01 o/ G
D, 0
and| 2

0 0 in (3.2) are the Smith normal form of the matrices E; and & and are abbreviated as SNF(E;) and SNF

(&), respectively.
Seta € [F to be a primitive element of Fy, for any § € F 7, there is a unique integer y € [1, ¢ - 1] such that
B = a¥, where y is called the index of  with regard to the primitive element a and denoted by indf = y.
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Let ./ denote the number of rational points (uy, ...,un,) € (F7)™ on the affine hypersurface

my
Y awu; = by (3.3)

i=1

under the following additional condition:

ged(q - 1, gF)IK™  for j & (v)

3.4
(q - DI for j € (m)\(v),
where
(W, . RSOV = Uy(ind(uy), ..., ind ot m,))T.
Let .#, denote the number of rational points (uy, ...,um,) € ([F?)’”Z on the variety
my
Y au; = by,
i=1
T, (3.5)
Y aw;=bh
i=my+1
under the following additional condition:
ged(q - 1"  forj € (v) 6
3.6
(q - DK for j € (my)\(v"),
where
(W, . RV = Up(indg(uy), ..., ind ().
Lemma 3.1. Let V = V(f,, f,) be the affine algebraic variety (1.3) and my < my. Then
qmz'mlB(ml) + JhB(my — my).of + MrE lf bi=b, =0,
N(V) = {4hB(my = my)./ + ALE if by #0,b; =0, (3.7
ﬂz(g # b2 * 01
where B(m,) is given as in (1.1),
v ; v’
o =(q-D™[|ged(q - 1,g") and % =(q- D™ " []gedq - 1, &)
j=1 j=1
with v and v’ being the ranks of the matrices E; and &, respectively.
Proof. This follows immediately from [23, Theorem 1.2]. |

Proof of Theorem 1.1. The condition gcd(q — 1, det(£)) = 1 means that det(&) # 0. Moreover, it is clear that
det(E,)|det(&); thus, det(E;) # 0. Hence, the ranks of the matrices E; and & are my and m;, respectively.
By taking determinants of both sides of (3.1) and (3.2), one can deduce that

det(Uy) det(Ey) det(Vy) = g ... gV

my
and

det(Uy) det(&) det(V) = g© ... g,;f%
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Since det () = +1 and det(V;) = +1 for alli € {1, 2}, we have det(E;) = +g&V ... gr(n’fl) and det(&) = +g(¥ ... grfi).
The condition gcd(q - 1, det(&)) = 1 together with det(E;)|det(&) implies that

ged(q - 1, gj(El)) =1 forall j € (my),
and

ged(q - 1, g;*f)) =1 forall j € (my).
So (3.4), and (3.6) hold. It follows from (3.7) that

q™™B(my) + 4hB(my — my) + My if by = by = 0,
N(V) = =%1B(m2 - m1) + M if bl #0, bZ =0, 3.8)
My if by # 0.

From Lemmas 2.1 and 2.2, one derives that

q-1 .
—A(m1 - 1) if b1 =0,
M = y 1=, (3.9
(U1, .., umy) EF ™ such that (3.3) holds —A(ml) if bl %0,
and
ﬂz = Z 1
(41, .., umg) E(F 7)™ such that (3.5) holds
-1 2
@ 7 Y Ay - DAGm, - my ~ 1) i by = b, = 0,
q-1 .
qz A(ml)A(mz - m - 1) if b1 =0, b2 =0, (3.10)
“a-1 .
q2 A(my - DA(my - my) if by =0,by, #0,
1 .
ﬁA(ml)A(mz -m) if by # 0, by # 0.

Putting (3.9) and (3.10) into (3.8) yields (1.7) as expected. This concludes the proof of Theorem 1.1. O

4 Proof of Theorem 1.2

Let hj, b1 <i<2z,1<j<a)and b be integers. For the vectors Y = (y,, ...,y,)" and % = (by, ...,b,)!, and the
z x g matrix »# = (hy), we can form system of congruences as follows:

AY = 7 (mod b). 4.1

From [25], we can find unimodular matrices U of order z and <V of order a such that

UAYV = SNEUH) = | o o

@0]

where Z = diag(d,, ...,d,) with all diagonal elements d; being positive integers and satisfying that d;|d;+1
(1 £i < r). The following result is known.

Lemma 4.1. [15, Lemma 2.3] Let B" = (b{, ...,b;)' = UZ. Then the system (4.1) of linear congruences is solvable
if and only if ged(b, d)|b{ for alli € () and b|b; for all integers i with r + 1 < i < z. Besides, the number of
solutions of (4.1) is equal to b*~"[l;i-,gcd(b, d;).
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To state Lemma 4.2, we first introduce several relevant concepts and notations as follows. Let

dn dip - dip
F=]: : :
dm,l d'll,z o dﬂl;"l
and
dll e d1n1 O e 0
F dn1,1 dnbnl 0 0
2 -
dn1+1,1 o dn1+1,n1 dn1+1,n1+1 o dn1+1,nz
d"z,l o d"z,nl dﬂz,nl‘fl o d"z,nz

with dj(1 <i,j < n3) being given as in (1.4). By [25], we know that there are unimodular matrices
M, Wy, M, Wy, M3, and W3 such that

G 0
MF,W; = , 4.2
= |7 0] 42
G, 0
M, W, = s 4.3)
2L2VV2 [ 0 0]
and
G; 0
M7 W3 = s 4.4
=[5 1)
where & is given as in (1.6),
Gy = diag(g™, ..., g,
GZ = diag(gl(Fz)’ .y glleZ))’
and
Gy = diag(g”, ..., &)
with u, u” and u” being the ranks of the matrices Fj, F,, and %, respectively. All elements
g, g™, g®)  g®) (P g7
are positive integers and
gMlgfa e w-1), gPlgliew -1, g7l w - 1.
Let /7 denote the number of rational points (vy, ...,vy,) € (F7)™ on the affine hypersurface
n
dcvi=h 4.5)
i=1
under the following extra condition:
ged(q - 1, g™)m™ forj € (u)
(4.6)

(q - DI forj € (n)\(w),
where

(W™, . YT = My(ind o (vy), ..., indo(va))".
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Let ./ denote the number of rational points (vy, ...,vs,) € ([Fﬁ)"2 on the variety

n
Yavi=1l,
i=1

" @.7)
Y avi=bh
i=m+1
under the following extra condition:
ged(q - 1, g™ forj € (w)
(4.8)
(q - DI for j € (m)\(w),
where
(W™, .. RV = My(indo(v1), .., inda(v))"-
Let /3 denote the number of rational points (vy, ...,vp,) € ([Fj)"3 on the variety
L5
Yeavi=1h,
i=1
)
Y Cvi=bh, 4.9
i=m+1
3
z Cvi = 13
i=ny+1
under the following extra condition:
ged(q - 1, g.(f))|h]§y) forj € (u”),
(%J (4.10)
(q - DIk forj € (ns)\(u”),
where
(W7, . R = My(indo(vy), .., indg(va,))T.
We have the following result.
Lemma 4.2. Let n; < ny < n3. Then
u
T O ) € DM " = vy i € ()}l = (g - D[ ged(q - 1, g,
R i=1 @11
(4.5) holds
X x,ﬁi"l = v, i € (m)
(Xl) s X ) € (IF*)nz : i dip .
(V1o Vi) EF L " 4 deﬂ oo Xny 2 = vi, 1 € (nz)\<n1)
(4.7) holds (4'12)

u

= Mg - 1" Tged(q - 1, )

i=1
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and
XX = vy (€ ()
> O, e Xng) € RS 2 i xmi = 3y i € (my)\(y)
(Ve Vi) EEF Y3 , @ .
(4.9) holds X X = vy, 1€ (na)\(ng) (4.13)
§ u
= A3(q - D" []ged(q - 1, ).
i=1
Proof. For any given (vy, ...,vy,) € (F7)™ satisfying (4.5), one has the system of congruences:
15
Y dyindy(x) = ind,(v) (mod q - 1),i € (ny), (4.14)

J=1

then

. din .
{00, o Xn) € FE™ 2 4 X™ = vy, T € ()}
= {04, o Xpy) € (FPM a2t Ginda) = gindavd) i € (ny)}|
= {(q, ....xn) € ([F;l“)"1 : (4.14) holds}.
From Lemma 4.1, we know that (4.14) is solvable if and only if (4.6) holds. Further, Lemma 4.1 tells us that if
(4.14) has a solution, then the number of n;-tuples (indq(X,), ...,inda(Xn,)) € (q — 1) satisfying (4.14) equals

u

(q - [ ]ged(q - 1, ).
i=1

In other words, if (4.6) holds, then

{0, ) € FM X xn" = vi, i € ()}l = (q - D[ ]ged(q - 1, 877).
i=1

So the left-hand side of (4.11) is equal to

(q - D[] ged(q - 1, g4V) x > 1

i=1 [CET v,ll)E([Fz)"l (415)
(4.5) and (4.6) hold
Notice that
M= > L (4.16)
[CZR v,,l)e([F;)"l such that (4.5) and (4.6) hold
Thus, (4.15) and (4.16) yield (4.11).

Similarly, we can show that (4.12) and (4.13) hold. Lemma 4.2 is proved. O

Associated to b, b, and k5, we define the set T(4, b, k) of Fy-rational points as follows:
T(h, b, B) = {(v1, ...,vn,) € (Fp)™ : (4.9) holds}. (4.17)

Let 7(0) be the empty set when [, l,, and L are not all zero, and let 7 (0) denote the set consisting of
the zero vector of dimension ny when ; = [, = I = 0. For any integer 1 < n < n3, let 7 (n) denote the subset
of T(L, b, ) in which the vector holds exactly n nonzero components.

Lemma 4.3. Let ny < ny < n3. Then each of the following assertions is true:

(1) 7 (n) is the subset of T(L}, ,, I5) in which the vector holds exactly the first n nonzero components.
(ii) For any integer n with0 <n<morm<n<morn<n<nsJ(n)=0a.
(@ T b, b)) =70)U T () U T (ny) UTJ ().
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Proof. (i) First, recall that

d- d;
Vi=Xq i anml

d: d;
Vi=Xg i anmz

d; din3

vi=Xx " ... Xng

for i € (ny),
for i € (ny)\(mu),

for i € (n3)\(ny).

Because the set of x; variables appearing in v; for 1 < i < n is contained in the set of the x; variables appearing
inv; when j 2 i, and the set of x; variables appearing in vy for n; + 1 < i’ < n, is also contained in the set of the
X; variables appearing in v; when j* 2 ', it follows that if v; = 0 for any integer i with1 < i < ny, thenv; =0
when j 2 i. If vy = 0 for any integer i’ with n; + 1 < i’ < ny, then vj = 0 when j 2 i". Part (i) is proved.

(ii) Since vy, ..., vy, are simultaneously zero or simultaneously nonzero, and vp,+1,..., vn, are simultaneously
zero or simultaneously nonzero, and vp,+1,..., Vs, are simultaneously zero or simultaneously nonzero, part (ii)

follows immediately.

(iii) By parts (i) and (ii), we obtain the following disjoint unions:

T(h, b, k) = C_jf(n) =70 VI () U T () UT(n3)

as desired.

Lemma 4.4. Each of the following assertions is true:
@ Ifb#0orl#+0,then 7 (ny) = Q.
(@) If# 0, then 7 (np) = .

Proof. (i) Assume that 7 (n;) # &. Then by Lemma 4.3 (i), we have

Hence, [ = I3 = 0. This is impossible. Part (i) is proved.

(ii) Suppose that 7 (n;) # &. Then from Lemma 4.3 (i), we know that

This contradicts 3 # 0. Part (ii) is proved.

Subsequently, we can prove the following important lemma of this section.

Lemma 4.5. Let V = V(f, f,, f3) be the affine algebraic variety (1.4). Then

N = Bng - my)siL + M5E

O
vi£ 0, vy #0 and vy = .. = vy, = 0.
vi# 0, v, 20 and vy = ... = vy, = 0.
O
q"MB(ny) + q"B(ng — ) N1K + B(ng — np) AL + AGE if L=bL=k=0,
q"3'"ZB(n2 - n) MK + B(nz — ny) N3L + N3E lf L#0,L=5=0, 4.18)
l:f L#0,5=0, '
if=*0,

NSE

where

u
K= (q - D" []ged(q - 1, &),

i=1

y
L=(q-1D)""T]ged(q - 1, %),

i=1

E=(q-D""[|ged(q - 1,g")

i=1

with u, u’, and u” being the ranks of the matrices Fy, F,, and &, respectively.
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Proof. Obviously, we have

dil dinl

Xt Xt = v, 1 E (M)
) d; .
NV)= Y (X, o Xng) € F 2 xf 3™ = v i € ()| - (4.19)
(Vlnw"ng)eﬂ:gz di din3 :
(4.9) holds X Xng = v, T E (g)\(ny)
It follows from (4.17), (4.19), and Lemma 4.3 (iii) that
. d; .
XN X" = vy 1€ (my)
N(V)= 2 (4, X)) € 5 0 e = e
Ty eeey ns q Xl . Xn2 - Vl) l <n2>\<n1>
(V1,0 Vng) €T (L, I, I3) d. diy .
Xt Xy = vy, 1 E (ng)\(ny)
(4.20)
) d; ,
X o™ = v 1€ (ny)
) d; .
= > (G, oo Xny) EF e XX = vy | € (np)\(my)
(1,0, Vig) €7 (0)UT ()U T (n2)U7 (3) d; dip .
Xt Xy = v, 1 E (ng)\(ny)
Applying (4.11), we compute and obtain that
. d; .
X X = vy, T E (my)
4 d; .
z (X1, ey Xny) EF: xld’l o Xn, 2 = vy 1€ (Np)\(ny)
(V1 ., vng) €T (1) d. din .
X" Xny® = vy, 1€ (n3)\(ny)
. d; .
X X = vy, 1€ (my)
4 d .
= > ) (K, X)) EFR 2 X0 X = vy i € (np)\(my)
(2T Vn3)€|F¢13 diy din3 .
Sy holds, 120, 1m0 X Xn® = v, 1 E (na)\(ny)
Vago1= o= Vg =0 4.21)
X3 e = vy i € (ny)
— z (le _'_’an) IS [F"le : 1 e Xy is
(Vl,»-w"nl)e(ﬂ:;)"l Xn1+1 v Xy, = 0
(4.5) holds
- qng—nz X |{(Xn1+1) '--:an) c u:;lz—m : an+1 an = 0}'
d: d; .
x > {0, o Xn) € FDM 2 X" o Xy™ = vy, T € ()}
(Vi Vi) EE DM
(4.5) holds
u
_ _ _ _ - F,
= qur(ge - (q - DA - DM Tged(q - 1, g5).
i=1
From (4.12), we can calculate and obtain
. d ,
X ™ = v 1€ (ny)
. di d; .
> (K, s Xng) EFG 1 X Xn,™ = v, 1 € (M2)\(My)
V1, V) €7 (n2) d. din .
Xt Xy = vy, 1 E (ng)\(ny)
-, . 4.22)
X o™ = v 1€ (ny)
) d; .
= > ) (K, X)) €FE 2 X0 xp = vy i € (np)\(my)
(S -Vng)EIFtIS diy ding :
(A7 holds, V10, .., vy 20 X0 Xny © = v, 1€ (Ng)\(Ny)

Vng+1= «o = Vng=0
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d; d; .
Xt Xt = v UE (M),
= ng. g d: .
Z O, s Xny) € Fg X1d’1 o Xy = vy 1€ (Mp)\(ny)
("1,-‘-,VHZ)E(|F;)"2 ~
(4.7) holds Xny+1 oo Xny = 0

= {1y s Xng) € FG™ 2 Xyt o Xy = 03]

di dl’nl — .
X0 Xt = v, 1 E (),
x Z (4, «sXn,) € (FP™ . @ )
V1, Vi) EF P X1 n. anmz =y,l € <n2>\<n1>
(4.7) holds

= (@™ - (@ - D4 - D Tlged(q - 1,6%).

i=1
From (4.13), one computes and gains that
. 4 ;
XA ™ = v 1€ (my)
. d; .
> O, X)) € FE 2 X0 xu™ = vy i € (np)\(my)
V1, ., vng) €7 (n3) d. diy .
X" Xng® = v 1€ (ng)\(ng)
. d; .
X X" = vy € ()
. d; .
= > (4, e Xny) EFRE 0 x| xa™ = vy, i € (m)\(ny)
(V1y~-~:Vn3)E|F:113 d, d;
i1 ng

(4.9) holds X" Xny© = v, T E (na)\(ng)

v1#0, ... ,v"3:0

. d; .
X ™ = vy i € (ny) (4.23)
, d; .
=( Z) FHys 0, s Xng) € F 2 x4 X" = vy £ € (m)\()
Vi, e, Vi) € q ) d: .
(4.9) holds XX = vy, 1 E (na)\(ny)
, dy .
xld” e Xny = vy, 1 E (Ny)
, 4 .
=( Z) FHm 0, o Xng) € FP™ 1 X xy™ = vy, 1 € (np)\(w)
vy vng) €(F g d d: .
(4.9) holds X" Xny® = v, 1€ (ng)\(ny)
y
= Mg - 1" ]ged(q - 1,87).
i=1

On the other hand, we can calculate and obtain

. din .
X X" = vy, 1€ (ny)
, din .
> (K, i Xny) EFI 2 xxp = vy i € (ny)\(my)
V1, -,vng) €7 (0) d; din .
Xp . Xn = vy § € (ng)\(ny) (4.24)
= {04, «sXny) EFG 1 X . Xy, = O}
= @ % {04, o Xn) € X X = O]
= qumx (@ - (g - DM,
If; = L, = 3 = 0, then using (4.20) to (4.24), we deduce that
A din ;
XM X = vy 1€ (ny)
) din ,
N(V)= Z (4, ...,an) € [FZ3 . dell ... Xn, P=y,l € <n2>\<n1>
V1,0, Vg ET (DUT (MUT (n2)U.7 (n3) d; din .
X Xy = vy, 1 E (ng)\(ny)
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. d .
xld” e Xyt = v, 1 E ()
. d d .
= ) O, wearXng) € F X0 X = vy i € (m)\(my)
V10 Vi) €70) o d
i1 n3 _

X{M e Xy = vy, 1 E (N3)\(ny)

. d; .
xld‘l o Xn = v, 1 E ()
. d; .
+ > (s weerXng) € FI 2 X0 xu = v i € (ny)\(ny)
(Vi Vi) €7 (1) 4 dng
1

X0 Xny® = vy, 1€ (n3)\(ng)

g .
X xn™ = vy, i € (ny)
. i dA 5
+ Y (K, X)) EFR 2 X0 x™ = vy i € (np)\(my)
(Vi ) €7 (1) P
Xt Xt = v 1€ (ng)\(ny)
4 .
X X" = vy, 1€ (my)
44 .
+ > (%, X)) EFE 0 X0 xp™ = vy i € (np)\(my)

V1, -, vng) €T (N3) d. din ,
Xt Xng = vy, T E (n)\(ny)

=g (gM - (g - DY)+ g™ - (g - DM)AAK
+ (@ - (q - )AL + N3E,

with K, L, and E being defined as in (4.18).
We conclude that if; # 0, , = l5 = 0, then 7 (0) = . By (4.20) to (4.23), we have

d: d; .
X1 T anml =y, lE€ (n1>

. din, .

N(V)= 2 (4, e Xn) € FG ™ ™ = v, 1 € (m)\(y)
(Vl,.__yV"3)E_T(nl)U,’/—(nz)U-T(ns) d; din .

X" Xng® = vy, 1€ (ng)\(ny)

=qr(q T - (g - DT)AK + (@ = (q - DAL + AGE
with K, L, and E being defined as in (4.18).

If,#0,3=0, then 7(0) = . Meanwhile, Lemma 4.4 (i) ensures that .7 (n;) = &. Substituting (4.22)
and (4.23) into (4.20) tells us that

. d; .
xld‘l e Xyt = vy 1 E ()
. d .
N(V)= > (K, s Xny) EFP 0 x| xa™ = vy, i € (my)\(my)

(V1,5 Vng) €T (M)U.T (n3) diy ding .
X" Xng = v, 1 E (ng)\(ny)

= (g™ - (q = DAL + NE
as required, where L and E are given as in (4.18).

If 5 # 0, then 7 (0) = &. Further, from Lemma 4.4, one has 7 (n;) = 7 (ny) = &. By (4.20) and (4.23),
we have

g .
X ™ = vy, 1€ (ny)
TR S | SRS R S
1y ooy Xing X X = v, 1€ (M) (ny)
(V1o Y €T (15) o dy .
Xt Xn, = vy, 1€ (ng)\(ny)

= A3(q - D™ [ged(q - 1, g,

i=1

as expected.
This concludes the proof of Lemma 4.5. O
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Proof of Theorem 1.2. Taking determinants of both sides of (4.2) to (4.4), one can deduce that
det(M;) det(F) det(W) = g ... g,ff") forall i € {1,2}

and

det(Ms) det(# ) det(Ws) = g7 ... g,f;]).
Since

det(M;) = +1, det(W;) =+1 forall i€ {1,2,3}

and det(Fy)|det(F;)|det(#), the condition gcd(q — 1, det(#)) = 1 guarantees that

ged(q - 1, g]@)) =1 forall j € (ny),

ged(q - 1, g]?FZ)) =1 forall j € (ny),
and

ged(q - 1, g]@)) =1 forall j € (ny).
So (4.6), (4.8), and (4.10) are all satisfied. It follows from Lemma 4.5 that

Q" MB(ny) + @B (ny - ) N1+ B(ng - ) N+ N3 ifh=hL=05=0,

N(V) = q5B(ny — )N + B(ng — np). Ny + N3 ifL#0,L=kL=0,
" |B(ns - np) A5 + N5 ifb#0,L=0,
Ny if I # 0.

From Lemmas 2.1 and 2.2, one derives that

1
qTA(nl ~1)  ify=0,

N = > 1=

A LT if %0,
(4.5) holds q
-1 2
@ _ ) Amy - DAy - my 1) if L= b =0,
q
-1
qqz A()A(y - ny — 1) i #0,b=0,
Ny = > 1= -1
Ve Vi) ECF 22 - _ _ —_— .
@7 holds qz A(n1 1)A(n2 nl) if =0, %0,

1
?A(M)A(nz -n) ifL,#0,L%0,

- 15

(4.25)

(4.26)
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and

Ny = > 1
(V1 eees vns)e([F;)"S such that (4.9) holds

(q-1° .
q3 A(n1 - l)A(nz -n - 1)A(n3 - ny— 1) if l1 = lz = l3 =0,
(q -1 .
q3 A(npDA(ny — g - DA(ng - ny - 1) if L#0,L=05L=0,
(q-1° .
q3 A(nz - nl)A(nl - 1)A(n3 - ny - 1) if ll =0, lz =0, 13 =0,
-1
%A(nl)A(nz - A - ny - 1) if1#0,5,% 0,1 = 0, 4.27)
@2 |
q3 A(n1 - 1)A(n2 -n - 1)A(n3 - nz) if ll = 12 =0, 13 =0,
q-1 .
pE A(ny = DA(ng = nA(ns - ny) ifh=0,Lb+0,#+0,
q-1 .
TA(TH)A(HZ -~ DA(n3 - np) ifhb#0,Lb=005L#0,
1
ﬁA(nl)A(nz - nl)A(ng - nz) if l1 =0, lz =0, lg = 0.

Hence, by (4.25) to (4.27), the identity (1.8) follows immediately. This completes the proof of Theorem 1.2. [

5 Examples
In this section, we supply two examples to demonstrate the validity of Theorems 1.1 and 1.2.

Example 5.1. We use Theorem 1.1 to compute the number N(V) of rational points on the following variety
over [F;:

— 2,3 2,2
fi, ., X5) = XXX + XX X5 + X{XgX3 — 2,

= 34y 2y 3 23,4, 2
L0, w0, X5) = XPXX3XiX5 + X{ X5 X3 XaX3.

Clearly, we have by =2,b, =0,q=7,q - 1=6,m; = 3,my =5, and
11100
12300
&=(2 21 0 0f
31231
23412

Since det(&) = -5, one derives that gcd(q - 1, det(¢£)) = 1. By Theorem 1.1, we can calculate and obtain that

6 - (-1 LB (D 6 ((DPx6
7

NW) = 7 7

(7 - 6

589.

Example 5.2. We use Theorem 1.2 to compute the number N(V) of rational points on the variety over
[F17 determined by

= w2y 3y dy 5 o 25453 L 03423 9 2 35 2 2,632 2

Ji0, X)) = XXGXTXGXS + XX X3 XpXs + XPXp XaXaXs + XX X3XaXs + XidpXsXiXs — 1,
= v 2,23y 3y5,,3 4 202 4.5 3,5 3

L0, X)) = XPXGXSXX5XE + XIXpXs XaXs XXy = 2,

— v2y2,4,5.3. 5 3
L0, w0, X7) = X{X5 X3 XX5XgX5 X — 3.
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Clearly, wehave , =1, L, =2,3=3,q=17,q-1=16,n =5,n, = 7,n3 = 8, and

Al

1
NN WDN
NN W TN
R W WU N W
Ul U1 w DN W
W WuUuINE=EDNWU
U1 U1 LW O OO oo
W wo oo oo
_ O O OO oo

Since det(#) = 2889, we deduce that gcd(q - 1, det(#)) = 1. By Theorem 1.2, we can calculate and obtain

N(V) = %((17 =15 = (-D)(A7 - D? - (-DH(A7 - 1) - (-1)) = 925215.
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