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1 Introduction

In recent years, many scholars gradually pay attention to the study of generalized regular semigroups. Usually,
generalized regular semigroups can be considered by using generalized Green’s relations. Fountain [1] intro-
duced the concept of an abundant semigroup by using generalized Green’s relations £* and R*. Since then, the
study of various classes of abundant semigroups has attracted the attention of many scholars at home and
abroad [2-7]. Lawson [8] defined semi-abundant semigroups by generalized Green’s relations £ and R. The
intersection of £ and ® is denoted by H . Following Lawson [8], a semigroup S is called a left [resp., right] semi-
abundant semigroup if each R-class [resp., each £-class] of S contains an idempotent. A left [resp., right] semi-
abundant semigroup is said to be left [resp., right] semi-adequate if its idempotents commute. A semigroup is
semi-abundant [resp., semi-adequate] if it is both left and right semi-abundant [resp., semi-adequate]. As usual,
E(S) denotes the idempotents set of S. A left semi-adequate semigroup is called a weakly left type B semigroup,
if it satisfies the following conditions:

(WB1) R is a left congruence on S;

(WB2) (Ve,f€ E(SY),a € S) (aef)* = (ae)*(af)*;

(WB3) (Ve € E(S),a € S)e<a" = 3feESY),e=(af)".

Dually, we can define the concept of a weakly right type B semigroup. A weakly type B semigroup is both
a weakly right type B semigroup and a weakly left type B semigroup. As usual, we denote by a* [resp., a*]
an idempotent R-[resp., £-] related to a.

Let S be a semigroup. For all a, b € S, the mapping A [resp., p] is called a left [resp., right] translation if
A(ab) = (Aa)b [resp., (ab)p = a(bp)]. A and p are linked, if a(Ab) = (ap)b. The linked left and right translational
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pair (4, p) is a bitranslation of S. We denote all left [resp., right] translations of S by A(S) [resp., I(S)]. The set
of all bitranslations of S is denoted by Q(S), and Q(S) is called the translational hull of S. The operation on the
translational hull Q(S) is as follows:

()lli pl)(/‘{Z) pz) = (/11)(2, plpz)-

Ponizovski [9] studied the translational hull of an inverse semigroup. Since then, a lot of scholars have
extended the translational hull of an inverse semigroup to the cases of generalized inverse semigroups and
have obtained some interesting results. In 1985, Fountain and Lawson [10] proved that the translational hull of
an adequate semigroup is again an adequate semigroup. On this basis, Guo and Shum [11] showed that the
translational hull of a type A semigroup is type A. In 2011, Li and Wang [12] verified that the translational hull
of a type B semigroup is type B. As we all know, weakly type B semigroups are generalized inverse semigroups
on semi-abundant semigroups. Naturally, one would ask whether the translational hull of a weakly type B
semigroup is still a semigroup of the same type? In this article, we shall give a positive answer to this problem.

2 Preliminaries

In this section, we first review briefly the basic facts and concepts connected to semi-abundant semigroups.
For more details, we refer the reader to [9] and [13,14].

Lemma 2.1. [14] Let S be a semigroup, and suppose that E C E(S) is a subsemilattice of S with a,b € S. Then,
the following statements are equivalent:

) aZb [aRb];

2) WVe€E)ae=a< be=Db,[(Ve€E)ea=a < eb=Db].

Lemma 2.2. [14] Let S be a semigroup, and suppose that E C E(S) is a subsemilattice of S witha € S, e € E.
Then, the following statements are equivalent:

(1) aLe [aRe];

(2) ae=a,(VfEE)a=af>e=ef [a=ea, VfEE)a=fa=e=fe].

Evidently, the relations £ and R are generalizations of Greens * relations £* and R*, respectively.
The elements a and b of a semigroup S are R-related if and only if a and b have the same set of idempotent
left identities. The relation £ is defined dually. Generally, £* and R* are right and left congruences on
a semigroup S, respectively. However, £ is not a right congruence and R is not a left congruence.

Remark 2.1. In Lemmas 2.1 and 2.2, if we replace “Let S be a semigroup” by “Let S be a weakly type B
semigroup,” then E = E(S).

Lemma 2.3. Let S be a weakly type B semigroup and a,b € S. Then, the following statements are true:
(1) alb s a* = b*, aRb & a* = b*;

@) (ab)* = (a*b)*, (ab)" = (ab*)";

(3) aa*=a=a'a.

Proof. Since E(S) is a semilattice and £ [resp., R] is a right [resp., left] congruence on S, we have that (1) and (2)
are true.
(3) It is clear. O
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Definition 2.1. Let S be a weakly type B semigroup. Define i, tip, and u on S as follows:

(Ya,b € S)(a,b) € u, & (Ve € E(S)), (ea, eb) € L,
(Ya,b € S)(a, b) € yp © (Ve € E(S)), (ae, be) € R,
U=, N Up.

In Definition 2.1, S is a weakly type B semigroup. We have that £ and R are right congruence and left
congruence on S, respectively. The following lemma shows that y; [resp., u] is the largest congruence on

a weakly type B semigroup contained in Z [resp., H].

Lemma 2.4. Let S be a weakly type B semigroup. Then, the following statements are true:
(1) y is the largest congruence on S contained in £;
(2) Wy is the largest congruence on S contained in R;
(3) u is the largest congruence on S contained in H .

Proof. (1) First, we prove that g, is a congruence on S. It is clear that y; is an equivalence relation on S. Note
that S is a weakly type B semigroup. We have that £ is a right congruence on S, and so  is a right congruence
on S. Next, we verify that ¢, is a left congruence on S. To see it, suppose thata, b, ¢ € S, e, f € E(S),(a, b) € y;,
and fLec. Since £ is a right congruence, we have (b, ech) € £ and (fa, eca) € L. Again, since (a, b) € y,
we obtain (fa, fb) € £ from the definition of ;. Hence, (eca, ech) € £, and so (ca, ch) € ;. This means that
is a congruence on S. Now, leta, b € S and (a, b) € y, e, f, g € E(S), and fRaLe, bLg. We have faLfb from
the definition of y;. But, a = fa, we obtain faZe, and so fbLe. Note that bg = b implies fbg = fb. We obtain
eg = e from Lemma 2.2. Similarly, ge = g, i.e., e£g implies eZg, and so (a, b) € £. Therefore, w G L.
Finally, we prove that 4 is the largest congruence on S contained in £. Suppose v is a congruence that

included in £. Let a,b € S, (a, b) € v. Then, for all e € E(S), we have (ea, eb) € v, and so (ea, eb) € L.
Therefore, (a, b) € y;. To sum up, (1) holds.

(2) It follows from the dual of (1).

(3) It follows directly from (1) and (2). O

Definition 2.2. Let S be a weakly type B semigroup and a € S, (4, p) € Q(S). Define the mappings A*, A*, p*, p*
from S to itself as follows:

A*a = (Aa")*a, ATa=(a*p)a, ap*=a(Aa*)*, ap® = ala*p)’.

Definition 2.3. Let S be a weakly type B semigroup. Define a relation o on S as follows:
(a,b) € 0 © (3 e € E)eae = ebe.

By Definition 2.3, it is easily seen that ¢ is a congruence on S. We call S properif6 N R = igando N £ = i,
where ( is the identity relation on S.

Example 2.1. Let S = {[x]sx2|x € N} U {[%]m}, where N is the set of all non-negative integers and [x],«; denotes
a matrix as follows:

X X
X X

]

foralx eEN U {%}. It is clear that S is a semi-abundant semigroup with respect to the general matrix multi-
plication, and that

00
E©S) = [o 0][

DN = D=
N[~ N -
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In fact, the L-classes and R-classes of S are both S\{[0],x2} and {[0],x2}. On the other hand, E(S) is
a semilattice, and for alla €N, a # 0, [al%., = [al3x; = [%]zxz. It is routine to check that S satisfies conditions
(WB1)-(WB3) and its dual conditions. Therefore, S is a weakly type B semigroup.

Definition 2.4. [15] Let S be a semigroup. Then, S is left E-unitary, if for alla € S, e € E(S) such thatae € E(S)
implies a € E(S). Dually, we can define right E-unitary. A semigroup S is E-unitary if S is both left and right
E-unitary.

Lemma 2.5. Let S be a proper weakly type B semigroup. Then, the following statements are true:
(1) S is E-unitary;

(2) E(S) = 10;

(3) o is the least unipotent congruence on S.

Proof. (1) Let e € E(S), a € S such that ea € E(S). Then,
(eae)a = ea = eaa* = eeaa* = eaea* = (eae)a*,

ie., (eae)a = (eae)a*. By multiplying it on the right by (eae), we have (eae)a(eae) = (eae)a*(eae), where
(eae) € E(S). Hence, (a, a*) € ¢ from the definition of a. Thus, a(c N £)a*. Note that S is a proper weakly
type B semigroup. We have a = a* € E(S), i.e., S is left E-unitary. Dually, S is right E-unitary.

(2) It is clear that E(S) € 1o from the definition of . Now, we show that 1o C E(S). Let a € 10, ie,
(a,1) € 0. By the definition of o, there is f € E(S) such that faf = f1f = f € E(S). We have a € E(S) since S
is E-unitary from (1), i.e., 10 € E(S). Therefore, E(S) = 10.

(3) Clearly, o is a congruence on S. Now, we prove that 0 is a unipotent congruence on S. Let ca € E(S/a),
cac?. Note that c*a1. We have cc*ac? since ¢ is a congruence. We obtain c*Rcc* since R is a left congruence on
S. Again, since S is a proper weakly type B semigroup, we have ¢ = cc*, and so ¢ = ¢2, i.e., ¢ € E(S). From (2),
we have cac?ol. Thus, ¢ € 10 = E(S), i.e., co = 1o. Therefore, ¢ is a unipotent congruence on S. Finally, we
verify that o is the least unipotent congruence on S. Let (a, b) € ¢ and p be an arbitrary unipotent congruence
on S. Then, there is f € E(S) such that faf = fbf. Hence, fpapfp = fpbpfp. Note that p is a unipotent congru-
ence. We have fp = 1p. Hence, 1paplp = 1pbplp. It means that (a, b) € p. This completes the proof. O

3 Translational hull of a weakly type B semigroup

In this section, we characterize the translational hull of a weakly type B semigroup, and then, we prove that
the translational hull of a weakly type B semigroup is still a semigroup of the same type. In particular,
we obtain some properties of such hull of a weakly type B semigroup by using our characterizations.

Lemma 3.1. Let S be a semi-abundant semigroup, A, A, [resp., p;, p,] be left [resp., right] translations. Then,
the following statements are true:

(1) A = Ay, if and only if e = Ae for all e € E(S);

(2) p, = p,, if and only if ep, = ep, for all e € E(S).

Proof. (1) Necessity. It is clear.
Sufficiency. Leta € S, e € E(S) and (a, e) € R. Then,
Aha = A(ea) = (he)a = (he)a = A(ea) = Aa,

i.e., )ll = /12.
(2) It is a dual of (2). O
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Proposition 3.2. Let S be a weakly type B semigroup. Then, the following statements are true:
1) (Ve € E(S)) ep* = X*e = (Ae)* € E(S);

(2) (Ve € E(S)) ep* = A'e = (Ae)" € E(S);

B (A%, p*), (X", p*) € E(Q(S));

@ %, pHLQA, p)RA', p*);

() E(S) ={(, p) € ASIAE(S) U E(S)p S E(S)}-

Proof. (1) Note that E(S) is a semilattice since S is a weakly type B semigroup. We have that ep* =
e(Ae)* = (Ae)*e = A*e for all e € E(S) from Definition 2.2. On the other hand,

(ep*)? = (ep*)(ep*) = e(Ae)*e(Ae)* = e(le)* = (ep*) € E(S).

Clearly, AeL(Ae)*. We have Ae = (Ae)eL(Ae)*e = A*e since £ is a right congruence. Again, since S is £ uni-
potent, we have A*e = (Ae)*. It means that (1) holds.

(2) It follows from the dual of (1).

(3) First, we prove that (A*, p*), (A%, p*) € Q(S). To see it, let a, b € S. Then, by Definition 2.2,

A*(ab) = (A(ab)*)*ab

= (Aa*(ab)*")*ab

= ((Aa*)(ab)*)*ab = (Aa*)*(ab)*ab

= (Aa*)*ab = (A*a)b,
i.e, A* is a left translation. Similarly, A* is a left translation, and p* and p* are right translations. On the other
hand, by (2), we have

a*()t*b*) - (A*b*)a* = )l+(b+(l*) = (b+a*)p+ - b+(a*p+) - (a*p*)b".

Therefore, A* and p* are linked, i.e., (A*, p*) € Q(S). Similarly, (A, p*) € Q(S).

Now, we verify that {(S) = {(4, p) € Q(S)|AE(S) U E(S)p € E(S)} is a set of idempotents of Q(S). To see it,
let (4, p) € ¥(S), e € E(S). Then, A%e = A(Ae) = A((Ae)e) = A(e(Ae)) = (Ae)(Ae) = Ae. Hence, A> = A from Lemma
3.1. Similarly, p = p? Thus, ¥(S) is a set of idempotents. It is easy to check that (1) = 2* and (p*)? = p*.
Therefore, (A*, p*) € E(Q(S)). Dually, (A%, p*) € E(Q(S)).

(4) We first show that (4, p)(A*, p*) = (4, p) for all (4, p) € Q(S). To see it, let e € E(S). Then,

AM*e = A(ep*) = A(eep*) = (Ae)(ep*) = (Ae)(Ae)* = (Ze),
ie, AX* = A. Dually, pp* = p. Therefore, (4, p)(A*, p*) = (4, p).
Now, suppose that (4, p,) € E(R(S)) such that (4, p) = (A, p)(A, p,), i.e,, A = Ak, p = pp,. Let e € E(S),
e = ay, ke = a3, Aa;” = by, and Aa; = by. Then,
Ae = Aaqy = (Aa))ay = bia;  and  Ake = Aa, = (Aay)az = boay.
By A = A4y, we have bia; = b,a,. Clearly,
bai = (Aa)a; = Aa; = by and bya; = (Aay)a; = Aa; = b,
ie,
b = (hia))" = (hia))* and by = (byay)" = (byay)".
Hence, b, = b, since bja; = b,a,. Again,
by = b{by = b{(Aa;) = (b{p)a; and b, = byb, = b;(Aa)) = (b;p)a;.
Therefore,
(bip)ay = (b{p)aja; = biay and (b;p)ay = (b;p)a;az = by
But bya; = b,a,, which implies that (b;p)a; = (b, p)ay. Hence, (by p)*a; = (b, p)*az, and so
(bip)*ai” = ((b{p)*a)* = ((b;p)*a)* = (b; p)*ay,
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ie.,

by = (bip)a;” = (byp)(byp)*ai” = (byp)(b;p)*a; = by.
Suppose that b = by = b,. Then, b*a; = b*a, and bia; = byay, ie., (Aa;)*ay = (Aay)*a,. Hence,

e = Vay = *(a]a)) = (M*a))ay
=g )*a = Ay )*ay
= (M*ay)ay = 2*(a,a7) = N ay
= *he.
It means that A* = A*A,. Dually, p* = p*p,. To sum up, (4, p) = (A, p)(4;, p,) implies that (A*, p*) =
(A%, p*)(Az, p,). Therefore, (A, P)L((S))(M*, p*) from Lemma 2.2. Dually, (A, p)R(Q(S))(A*, p*). This completes

the proof.
(5) It is easily seen that E(Q(S)) = (S) from the proof of (4). O

Proposition 3.3. Let S be a weakly type B semigroup and (A, p,), (A, p,) € Q(S). Then, the following statements
are equivalent:
(1) (/‘{11 pl) = (AZ’ Pz)y

@ py =Py
(3) Al = /12.

Proof. It is clear that (1) © (2) and (1) < (3) are dual. Obviously, it is true that (1) implies (2). Next, we prove
that (2) implies (1). To see it, let p, = p,. Then, fp, = fp, for all f € E(S). Note that S is £ unipotent. We have

(Vf € E(S)fp, = fp, = (fp)e = (fpye
= f(Ahe) = f(he)
= [fe)]" = [f(he)]
= f(he)" = f(he)".
Put f= (4e)*. Then, ()" = (Le)"(he)". Similarly, (e)" = (he)*(he)". Hence, (4e)" = (e)" since E(S)
is a semilattice. Therefore, for all e € E(S),

Ae = (he) e = ((he)'pe = (he)'py)e = (he) (he) = Ae,
e, & = A4 from Lemma 3.1. This together with p; = p, implies that (4, p;) = (4, p,). O

Next, we shall give the main result of this section.
Theorem 3.4. Let S be a weakly type B semigroup. Then, so is Q(S).

Proof. It is easy to see that Q(S) is a semi-abundant semigroup from Proposition 3.2(4). Clearly, E(Q(S)) is
a semilattice. Therefore, Q(S) is a semi-adequate semigroup. Next, we prove that Q(S) is a weakly left type
B semigroup. To see it, suppose (A, p,), (A, p,) € E[(R(S)], (A, p) € Q(S). By Proposition 3.2(5), we have
he, Ae, ep,, ep, € E(S) for all e € E(S). Therefore,

(M) (M)'e = (M) [(Ah) ee] = (M) e(Ad)"e
=e(pp,)e(pp,)’ = (eppy)(epp,)*
= (ep(ep)*py)*(ep(ep)*p,)*
= ((ep)(ep)*py(ep)*p,)*
= ((ep)((ep)*p,(ep)*)p,)*
= ((ep)((ep)*(ep)*pp,)*
= (eppspy)”
=e(pp,p,)’*
= (Mid)'e,
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ie, (M) (A)" = (A4A)" from Lemma 3.1 (2). By Proposition 3.3, we have
(M) AR, (pp*(ppy)") = (Aik)", (pp1p)"Y).
Therefore,

[, P) A1, p)(Re, p)]" = (Ahide, pp1py)*
=[Nk, (pppy)']
= (M) A", (ppy)*(pp,)']
=[(A)", (pp ) 1[(A%)", (pp,)']
= (A, ppy) (Mg, pp,)*
= [, ), pOTIA, p)Ao, p)T'

which implies that condition (WB2) is satisfied. Let (4, p,) € E(R(S)), (A, p) € Q(S) such that (4, p,) £ (4, p)".
Then, (A, p;) < (4, p)* = (A, p*) since Q(S) is R unipotent. Again, since S is a weakly type B semigroup, there is
f € E(SY) such that Ae = [(Ae)f]", ie., he = (Mre)* = (AA)*e. By Lemma 3.1, we have 4 = (AAr)". Thus, by
Proposition 3.3,

(M, p) = (A4e)", (ppp)") = (Mg, ppp)™ = [, P)Ar, pPI,

where (4, pf) € E[(R(S))!]. Therefore, condition (WB3) holds.

Next, we verify that R is a left congruence on Q(S). To see it, suppose (4, p), (4, p,), (A, p;) € Q(S) such
that (A, p)R(Q(S))(A, p,). Then, (A, pIR(QS)(A;, p,) from Proposition 3.2(3). Hence, (A, p;) = (A5, p,)
since Q(S) is R unipotent, i.e, ;' = A;. Thus, A’e = AJe for all e € E(S) from Lemma 3.1. Therefore,

MeR(S)(Me)' = Afe = Afe = (Ae)*R(S)he.

Note that R is a left congruence on S. We obtain AedeR(S)Aedze, i.e., AeR(S)Ahe. Hence, (Ale)* = (Ahe)*
since S is R unipotent, and so (AA;)*e = (A4;)*e. By Lemma 3.1, we have (A})* = (A4,)*. Thus, by Proposition 3.3,

(A", (pp)") = (A", (ppy)")
= (Mg, pp)* = (A, ppy)*
= [, p)(A, p)I" = [(4, p)(A2, p)T",

and so (4, p)(4y, pl)—ﬁ(g(S))(A, p)(45, p,) from Proposition 3.2(4). This means that condition (WB1) is satisfied.
Therefore, Q(S) is a weakly left type B semigroup. Dually, Q(S) is a weakly right type B semigroup. This
completes the proof. O

Corollary 3.5. Let S be a weakly type B semigroup. ,uLg2

Then, the following statements are true:

(@) for alle € E(S), (M, pp), (h, p,) € QS) and (A, pR((S)) (A, p,) if and only if ep,R(S)ep,;

(2) for alle € E(S), (A, py), (&, py) € S) and (A, pl)Z(Q(S))()lz, p,) if and only if MheL(S)Ae;

@) for alle € E(S), (M, py), (o, p,) € QS) and (A, pus® (A, p,) if and only if ep,usep,;

(4) for all e € E(S), (s, py), (e, p,) € (S) and (&, pul Sy, p,) if and only if heuShoe;

) for alle € E(S), (h, py), (A, p,) € S) and (A, p)u*S)(X, p,) if and only if ep,uzep, and hey; he.

) uS) and S are w;, yp and p on Q(S), respectively.

Proof. (1) Necessity. Note that Q(S) is a weakly type B semigroup from Theorem 3.4. Let (4, p,), (4, p;) € Q(S)
and (A, pPR(Q(S))(A2, p,). Then, (A7, pf)ﬁ(Q(S))(AZ+ ,p,) from Proposition 3.2(4). Hence, (A{, p,") = (45, p,)
since Q(S) is R unipotent, ie., py =p,. Thus, ep] = ep,” for all e € E(S) from Lemma 3.1. Therefore,
epR(S)(epy)* = ep” = ep, = (epy)"R(S)ep,.
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Sufficiency. Suppose that ep,R(S)ep, for all e € E(S). Then, (ep,)" = (ep,)* since S is R unipotent, i.e.,
ep, = ep,’. Hence, by Lemma 3.1, p = p,, and so (A7, p,") = (A7, p,) from Proposition 3.3. Therefore, (4, p,)
RSP, py).

(2) It follows from the dual of (1).

(3) Necessity. Let (&, p;), (&, p,) € Q(S) such that (A, p)us (A, p,). Then, for all f € E(S),

(s POy, PRSP, p,) Gy, ),
where (17, p;) € E((S)). Hence,
(s PGy, PRSP, Py, o),
ie,
iy, Py RSN Vel popy)

Thus, by (1), for alle € E(S), eplpfﬁ(s )ep,py, and so ep, f R(S)ep, f. By the definition of u,, we have ep,u,(S)ep,.
Sufficiency. Suppose that eplygepz for all e € E(S). Then, for all (4, p) € E(Q(S)), f € E(S),

(ep ) (AN itz (ep)(Af),

Le., e(p,p)fits (ep,p)f . Hence, e(p;p)f R(S)(ep,p)f, and so ep,pyisep,p from the definition of gp. By (1), (A, p,p)
R(QS) (A, pyp), ie., (i, pA, PR(QS)) (i, p)(A, p). Therefore, (4, o)tz (Ao, p,).

(4) It follows from the dual of (3).

(5) It follows directly from (3) and (4) O

Proposition 3.6. Let S be a weakly type B semigroup, and (A, p,), (A, p,) € Q(S). Then, the following statements
are equivalent:

1D (A, poges) (A2, py);

@ (Ve € E(S)), ep;0sepy;

(3) (Ve € E(S)), eashe.

Proof. Obviously, (1) © (2) and (1) © (3) are dual. We only need to prove that (1) & (2).
1) = (2). Let (A4, py), (&, p,) € (S) such that (A4, p,)dgs)(4, p,). Then, by Definition 2.3, there is (4, p)
€ E(RQ(S)) such that

A, p)(A, pA, p) = (A, p)(A, po)(4, ),

ie.,
(AA, pp;p) = (AA, pp,p).

Hence, pp,p = pp,p, and so epp,p = epp,p for all e € E(S) from Lemma 3.1, i.e., epp,(epp,)*p = epp,(epp,)*p.
Hence, [epp,(epp,)*pI* = [epp,(epp,)*pl*. Obviously, for all e € E(S), ep, (epp,)*p, (epp,)*p € E(S). Again,
since S is R unipotent, we obtain (epp,)*(epp)*p = (epp,)*(epp,)*p, ie., (epp,)*p = (epp,)*p. Hence, for all
e € E(S), [(epp,)*plep)] € E(S),

epp,p = epp,p = (eppy)p = (epp,)p
= (eppy)(epp,)*p = (epp,)(epp,)*p
= (e - ep)p,(epp,)*p = (e - ep)p,(epp,)*p
= (ep)(ep,)(epp)*p = (ep)(ep,)(epp,)*p
= [(epp,)*p(ep)lep;[(eppy)*plep)]
= [(epp)*plep)lep,[(epp,)*p(ep)].

This means that ep,dsep, from the definition of o.
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(2) = (1). Suppose that ep,asep, for alle € E(S). Then, there is f € E(S) such that f(ep,)f = f(ep,)f . Hence,
(efp)f = (efp,)f , and so (eppp,)py = (€psp )Py, 1., eppp,p; = eppp,py. By Lemma 3.1, ppipy = ppp,py. Therefore,
Ay, pepapy) = (ArAoAy, pyp,py) from Proposition 3.3, ie.,

. )0, PG, ) = G, e, Py, By,

where (A, pf) € E(Q(S)). By the definition of g, we have (4, p;)0gs)(A, p,). This completes the proof. ]

4 Translational hulls of weakly type B semigroups with
E-properties

In this section, we characterize some properties of the translational hull of weakly type B semigroups with
E-properties. In particular, we prove that the translational hull of an E-reflexive weakly type B semigroup
is still a semigroup of the same type.

Theorem 4.1. Let S be a proper weakly type B semigroup. Then, so is Q(S).

Proof. Obviously, Q(S) is a weakly type B semigroup from Theorem 3.4. Next, we prove that Q(S) is proper.
To see it, let (A4, p,), (A, p,) € Q(S) such that (A4, p,)[Lacs) N Tacs)l(A2, p,). Then, e L(S)he and Aeashe for all

e € E(S) from Corollary 3.5 and Proposition 3.6. Hence, e[ Ls N ds]Ae. Note that S is a proper weakly type B
semigroup. We have Ae = Ae, i.e,, 4 = A from Lemma 3.1. Therefore, (4, p,) = (4, p,) from the Proposition

3.3, 1.e., Loes) N dos) = Logs). Dually, we have Ros) N dogs) = Logs)- This completes the proof. O

Theorem 4.2. Let S be a weakly type B semigroup. Then, the following statements are true:
(1) if S is primitive (i.e., for all 0 # e, f € E(S), e < f= e = f), then so is Q(S);
(2) if S is E-unitary, then so is Q(S).

Proof. (1) Clearly, Q(S) is a weakly type B semigroup from Theorem 3.4. Next, we prove that Q(S) is primitive.
To see it, let (4, py), (A2, p,) € E(R(S)) such that (4, p;) < (A, p,). Then,
(M1, py) = (M1, (e, py) = (A, Po)(M1, py).
Hence, p, = p,p, = p,p;, and so ep, = ep,p, = ep,p, for all e € E(S), ie,
ep; = (eepy)p, = (eep,)p; = ep,p;.

It is clear that E(S) is a semilattice and ep,, ep, € E(S). Thus, ep, = (ep,)(ep,) = (ep,)(ep,). That is, ep, < ep,.
This means thatep, = ep, since S is primitive. By Lemma 3.1, we have p, = p,. Therefore, (4, p;) = (4, p,) from
Proposition 3.3.

(2) We only need to verify that Q(S) is E-unitary. Suppose (4, p;) € E(Q(S)), (4, p) € Q(S), and (A, p)(4y, p;)
€ E(Q(S)), ie., (Ady, pp;) € E(R(S)). Note that e, Ale € E(S) for alle € E(S). We have Ahe = Al ee = (Ae)(he)
€ E(S). Hence, Ae € E(S) since S is E-unitary, and so Ae = (Ae)(Ae) = A(eAe) = A(Aee) = A%e. By Lemma 3.1,
A = 2. Therefore, by Proposition 3.3,

A, p)* = A, p)A, p) = (X, p*) = (4, p) € E(XAS)),

i.e., Q(S) is right E-unitary. Similarly, Q(S) is left E-unitary. This completes the proof. O
Theorem 4.3. Let S be a fundamental weakly type B semigroup. Then, so is Q(S).

Proof. By Theorem 3.4, Q(S) is a weakly type B semigroup. Next, we prove that Q(S) is fundamental. Suppose
(A, pp), (Ao, py) € Q(S) such that (A, pytigs) (A2, po)- Then, by Corollary 3.5, for all e, f € E(S),

(me)uy(Ae) and  (fpuz(fp,).
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Hence,
fue)usf(de) and  (fpews(foye,
ie,

(fopeus (fo)e and  (fp,)eus(foy)e.

Thus, (fp,)euS(fp,)e. Note that S is a fundamental weakly type B semigroup. We have (fp,)e = (fp,)e.
On the other hand, S is R unipotent, and we have

(fppe = (fppe = [(fopel* = [(foy)el* = (fp)*e = (fpy)*e.

Let e = (fp,)*. Then, (fp)* = (fp)*(fp)*. Similarly, (fp,)* = (fp,)*(fp,)*. Again, since E(S) is a semilattice,
we obtain (fp,)* = (fp,)*. Hence, for all e, f € E(S), (fp,)e = (fp,)e, i.e., (fo,)(fo)* = (fo,)(fo,)*, and so fp, =
fp,. Thus, p, = p, from Lemma 3.1. By Proposition 3.3, we have (A, p;) = (&, p,). This shows that u®S) = .
This completes the proof. O

Definition 4.1. Let S be a weakly type B semigroup. S is called E-reflexive, if for all e € E(S), x,y € S and
exy € E(S) implies eyx € E(S).

Example 4.1. Let N be a set of all non-negative integers. Put

S=XOXEN
0 x

It is easy to check that S is a semi-abundant semigroup with respect to the general matrix multiplication

for all x € N and that
_|fo o]J1 0
E®) = "o 0]’ ’0 1”
In fact, £-classes and R-classes of S are both

00] and [00

S\OO 00

On the other hand, E(S) is a semilattice, and for alla € N, a # 0,
T [1 0
01

*

a0
0 a

a 0
0 a

It is routine to check that S satisfies conditions (WB1)-(WB3) and its dual conditions. Therefore,
S is a weakly type B semigroup.
Suppose that

A o CER N P M BT
ie.,
xg’ | S ES)
By the multiplication of N, we have xy = yx, and so
R R R R R A
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On the other hand, it is easy to observe that

y 0
0y

00
00

x 0
0 x

x 0
0 x

€ E(S) @(

0 oo y € E(S).

0 o][y 0

Therefore, S is an E-reflexive weakly type B semigroup.
The following theorem is the main result of this section.
Theorem 4.4. Let S be an E-reflexive weakly type B semigroup. Then, so is Q(S).

Proof. First, we denote “a € E(S), which implies b € E(S)” by “a > b.”

By Theorem 3.4, Q(S) is a weakly type B semigroup. Next, we prove that Q(S) is E-reflexive. To see it, let
(A, py), (G, py) € Q(S), (4, p) € E(Q(S)) such that (A, p)(ki, p)(e, p,) € E(QAS)), i.e., Mike, ppypy) € E(Q(S)).
By Proposition 3.2, we have Ae, ep, AhAe, epp,p, € E(S) for all e € E(S). Hence, for all ey, e, f € E(S),

epp,p, ~ (eppyp,)er = (epp,)(her)
~ eppy(erer = epp,ei(her)
- (ep)(Ae1)(Ae1) (since S is E-reflexive)
- (ep)f (ge))(Ner) = (ep)(fpy)ei(her) = (ep)(fp,)(Mer)
~ (ep)((ep)*p,)(her) (f = (ep)*)
= (epp,)(Ner) = (epp,py)es
~ (epp,p1)*(eppypy) (€1 = (eppypy)*)
= eppypys

ie., fpp,p, € E(S) for all f€ E(S). Similarly, for all f€ E(S), AA f € E(S). By Proposition 3.2, we have
(AoA, pp,py) € E(R(S)). This means that (A, p)(A, p,)(4, p;) € E(Q(S)). Therefore, Q(S) is an E-reflexive
weakly type B semigroup. This completes the proof. O

5 Conclusion remarks

This article extends the theory of translational hulls of inverse semigroups to the case of weakly type B
semigroups. It is well known that the translational hull of a certain class of semigroups is not necessarily
of the same type. Therefore, investigating whether the translational hull of a class of semigroups remains
of the same type is one of the main direction of research within the theory of translational hulls of semigroups.
In this article, we not only prove that the translational hull of a weakly type B semigroup is still a weakly type B
semigroup, but also demonstrate that the translational hull of a weakly type B semigroup with the E-property
remains a semigroup of the same type. This is a highlight of this article. The conclusions drawn in this article
provide some references for studying the translational hulls of some generalized inverse semigroups. In future
work, the idempotents and abundance of the translational hulls of weakly type B semigroups are worthy of
further investigation.
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