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Abstract: This article aims to delve deeper into the weighted grand variable Herz-Morrey spaces, and try to
establish the boundedness of fractional sublinear operators and their multilinear commutators within this
framework. The results are still new even in the unweighted setting, extending previous research. As applica-
tions, the corresponding boundedness estimates for the commutators of maximal operator and Riesz potential
operator are established.
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1 Introduction

The main purpose of this article is to introduce and investigate the weighted grand variable Herz-Morrey
spaces. As a class of classical operators in harmonic analysis, sublinear operators only need to meet size
conditions compared with other operators. The boundedness of sublinear operators can be applied to several
important operators, such as the Hardy-Littlewood maximal operators and Calderón-Zygmund operators.

On the Euclidean space �n, let �( )∈f L
n1 , and define the sublinear operator T by

�

( ) ( ) ( )∫= ∉Tf x K x y f y y x f, d , supp .

n

The commutator generated by a locally integrable function b and the operator T is defined by

[ ]( ) ( ) ( )≔ −b T f bT f T bf, ,

for suitable functions f . It is well known that the commutator plays an important role in harmonic analysis
and has important applications in the estimates of the solutions for the elliptic equations and some nonlinear
partial differential equations (PDEs).

Let �( ) ( )= ∈b b b b b, , …, , BMOm j

n

1 2 , �{ }∈ ∈ ∉j m m x1, 2, …, , , supp f, and define the multilinear com-
mutators of sublinear operators T

b by

�

( )( ) ∣ ( ) ( )∣ ( ) ( )∫ ∏= −
=

T f x b x b y K x y f y y, d ,b

j

m

j j

1n
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where ( )K x y, is the integral kernel of the operator T [1].
As we all know, the variable function spaces have found their applications in fluid dynamics, image

processing, PDEs, variational calculus, and harmonic analysis [2–6]. Due to the celebrated work of Kováçik
and Rákosník [7] on Lebesgue spaces with variable exponent, there has been an increasing interest in
extending Lebesgue spaces with variable exponent.

In 2009, Izuki [8] introduced Herz-Morrey spaces with variable exponent and obtained the boundedness of
vector-valued sublinear operators satisfying a size condition on Herz-Morrey spaces with variable exponent.
In 2010, Izuki [9] defined Herz spaces with variable exponent and application to wavelet characterization. In
the same year, Izuki [10] established the boundedness of sublinear operators and their commutators on Herz
spaces with variable exponent. Based on these works, in 2016, Izuki and Noi [11] introduced weighted Herz
spaces with variable exponent and established the boundedness of fractional integrals on weighted
Herz spaces with variable exponent. It is precisely because of Izuki’s significant contribution to the weighted
variable exponent Herz-Morrey space that there is growing interest in extending the Herz-Morrey space using
variable exponents.

In 2018, Wang and Shu [12] generalized Izuki’s result for the weighted Herz-Morrey space with variable

exponent ( )( )⋅MK ω
p q

α λ
.

,

,

and proved the boundedness of some sublinear operators. In recent years, the introduc-
tion and discussion of the grand function spaces have further enriched the theoretical study of the function
space. The grand function spaces is a generalization of the classical function space and have wide applications
in the field of PDE. Recently, Zhang et al. [13] introduced the weighted grand Herz-Morrey spaces with variable

exponents ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

, and they obtained the boundedness of sublinear operators.
Inspired by Wang and Shu [12] and Zhang et al. [13], the aim of this article is to introduce the weighted

grand variable Herz-Morrey spaces with variable exponents and establish the boundedness of fractional
sublinear operators and their multilinear commutators on the weighted grand variable Herz-Morrey spaces
with variable exponents.

To be precise, this article is organized as follows.
In Section 2, we recall some notions, notations, and basic properties on the variable exponent Lebesgue

spaces and the weighted variable exponent Lebesgue space ( )( )⋅
L ω

q . Then, we recall the definition of the

homogeneous weighted grand of Herz-Morrey spaces with variable exponent ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

and show some
related properties. Finally, the main results of this article are given. As applications, the corresponding
boundedness estimates for the commutators of maximal operator and Riesz potential operator are established.

In Section 3, via borrowing some ideas from those used in the proofs of [12, Theorem 3.1] and [13, Theorem
4.2], we show that fractional sublinear operators are bounded on homogeneous weighted grand Herz-Morrey
spaces with variable exponents. Then, based on the theory of variable exponent and the generalization of
bounded mean oscillation (BMO) norm, we show that the boundedness of multilinear commutators of frac-

tional sublinear operators T
b
γ
from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
(see Theorem 2.6).

Finally, we make some conventions on notation. Throughout the whole article, we denote =χ χ
k Rk

,

= −R B B\k k k 1, and � ∣ ∣= ∈ ≤B x x: 2k

n k for �∈k . We denote by C a positive constant, which is independent
of the main parameters, but it may vary from line to line. (More precisely, let C be a variable independent
constant, that can represent different values on different rows.) The symbol ≲D F means that ≤D CF .
If ≲D F and ≲F D, we then write ≈D F .

2 Preliminary and main results

In this section, we recall some notions, notations, and basic properties on the variable exponent Lebesgue
spaces and the weighted variable exponent Lebesgue space ( )( )⋅

L ω
q .

To begin with, we recall some basic definitions and results on the variable exponent Lebesgue spaces.
We can refer to the monographs [14,15] for more information. Let �( ) [ )⋅ → ∞q : 1,n be a measurable function,
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and the variable Lebesgue space �( )( )⋅
L

q n denotes the set of measurable functions f on �n such that, for
some >λ 0,

�

( )
∣ ( )∣

( )

( )

∫∕ ≔ ⎛
⎝

⎞
⎠ < ∞⋅ f λ

f x

λ

xϱ d .
q

q x

n

This set becomes a Banach function space when equipped with the Luxemburg-Nakano norm

�∣∣ ∣∣ { ( ) }( ) ( )
( ) ≔ > ∕ ≤⋅⋅f λ f λinf 0 : ϱ 1 .

L q
q n

Given an open set �⊆Ω n, the space ( )
( )⋅

L Ω
q

loc is defined by

( ) { ( ) }
( ) ( )= ∈ ⊂⋅ ⋅

L f f L K KΩ : , for all compact subsets Ω .
q

q

loc

For conciseness, we denote by ��( )n the set of all measurable functions ( )q x on �n with range in [ )∞1,

such that

� �

( ) ( ) ( )< ≔ ≤ ≤ ≔ < ∞− ∈ +
∈

q q x q x q q x1 essinf ess sup .
x

x
n

n

(2.1)

An important tool we need is the boundedness of the Hardy-Littlewood maximal operator on variable
exponent function spaces. Let ��( )n denote the set of all functions ( )⋅q that satisfy ��( ) ( )⋅ ∈q

n and make the
Hardy-Littlewood maximal operator M bounded on �( )( )⋅

L
q n , namely,

� � �� �( ) { ( ) ( ) ( )}( )≔ ⋅ ∈ ⋅
q M L: is bounded on ,n n q n

where M is the Hardy-Littlewood maximal operator defined by

�

( ) ∣ ( )∣

( )

∫=
∈ >

−
Mf x r f y ysup d .

x r

n

B x r
, 0

,
n

A real-valued measurable function �( ) ( )⋅ → ∞q : 0,n is called locally log-Hölder continuous if there exists
a constant >C 0log such that

�∣ ( ) ( )∣
(∣ ∣)

∣ ∣− ≤
− −

∀ ∈ − <q x q y

C

x y

x y x y

log
, , ,

1

2
.n

log (2.2)

If, for some ( )∈ ∞∞q 0, and >C 0log , there holds

�∣ ( ) ( )∣
( )

∣ ∣

− ≤
+

∀ ∈q x q

C

e

x0

log

, ,

x

n
log

1 (2.3)

�∣ ( ) ∣
( ∣ ∣)

− ≤
+

∀ ∈∞q x q

C

e x

x

log
, ,n

log (2.4)

then we say ( )⋅q is log-Hölder continuous at the origin (or has a log decay at the origin) and at infinity (or has
a log decay at infinity ), respectively. The function ( )⋅q is global log-Hölder continuous if ( )⋅q are both locally
log-Hölder continuous (2.2) and log-Hölder continuous at infinity (2.4).

The set �� ( )n

0 consists of all measurable function ( )⋅q satisfying >−q 0 and < ∞+q . By �� ( )n

0

log and
�� ( )∞

nlog , we denote the class of exponents ��( ) ( )⋅ ∈q
n , which satisfy conditions (2.3) and (2.4), respectively.

�� ( )nlog is the set of functions ��( ) ( )⋅ ∈q
n satisfying conditions (2.3) and (2.4), with ( )≔∞ ∣ ∣→∞q q xlim x .

In particular, we note that if ��( ) ( )⋅ ∈q
nlog with < ≤ < ∞− +q q1 , then the Hardy-Littlewood maximal operator

M is bounded on �( )( )⋅
L

q n , namely, ��( ) ( )⋅ ∈q
n [15–17].

Lemma 1. ([7, Theorem 2.1]) (generalized Hölder’s inequality) Let � ��( ) ( ) ( )( )⋅ ∈ ∈ ⋅
q f L,n q n , and �( )( )∈ ′ ⋅

g L ,
q n

the generalized Hölder’s inequality holds in the form

�

� �∣ ( ) ( )∣ ‖ ‖ ‖ ‖( ) ( )( ) ( )∫ ≤ ⋅ ′ ⋅f x g x x r f gd ,q L L

n

q n q n (2.5)

where = + ∕ − ∕− +r q q1 1 1q .
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Definition 1. Let ��( ) ( )⋅ ∈q
n andω be a nonnegative measurable function on�n. Then, the weighted variable

exponent Lebesgue space ( )( )⋅
L ω

q is the set of all complex-valued measurable functions f such that ( )∈ ⋅
fω L

q .
The space ( )( )⋅

L ω
q is a Banach space equipped with the norm

‖ ‖ ‖ ‖( )( ) ( )≔⋅ ⋅f fω .
L ω L

q q

Lemma 2. [18, Definition 2] Let ��( ) ( )⋅ ∈q
n , and a positive measurable function ω is said to be in ( )⋅Aq , if exists

a positive constant C for all balls B in �n such that

‖ ‖ ‖ ‖( ) ( ) ≤−⋅ ′ ⋅
B

ωχ ω χ C

1
.

B L B L

1
q q

The variable Muckenhoupt ( )⋅Aq was introduced by Cruz-Uribe et al. [19]. It is easy to see that if ( )⋅q

��( )∈ n and ( )∈ ⋅ω Aq , then ( )∈−
′ ⋅ω Aq

1 .

Lemma 3. [11, Lemma 6] Let ��( ) ( ) ( )⋅ ∈ ∈ ⋅q ω A,n

q

log , then there exist constants ( )∈δ δ, 0, 11 2 and >C 0,
such that for all balls in �n and all measurable subsets ⊂S B,

‖ ‖

‖ ‖

∣ ∣

∣ ∣

‖ ‖

‖ ‖

∣ ∣

∣ ∣

( )

( )

( )

( )

( )

( )

( )

( )

⎜ ⎟

⎜ ⎟

≤ ⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

⋅

⋅

′ ⋅ −

′ ⋅ −

χ

χ

C

S

B

χ

χ

C

S

B

,

.

S L ω

B L ω

δ

S L ω

B L ω

δ

q

q

q

q

1

1

1

2

A locally integrable function b is called a BMO function, if it satisfies

�

‖ ‖
∣ ∣

∣ ( ) ∣∫≔ − < ∞
∈ >

b

B

b y b y
*

sup
1

d ,

x r
B

B

, 0n

where and in the sequel B is ball-centered at x and radius of r , ( )
∣ ∣

∫=b b t tdB
B B

1 .

Given a positive integerm and ≤ ≤j m1 , we denote byC
j

m the family of all finite subsets { ( ) ( )}=σ σ σ j1 , …,

of { }m1, …, with j different elements. For any ∈σ C ,
j

m the complementary sequence { }=σ m σ1, …, \ .c

For ( )=b b b, …, m1 and { ( ) ( )}= ∈σ σ σ j C1 , …,
j

m with ≤ ≤j m1 , we denote

�

( )

[ ( ) ( )] [ ( ) ( )] [ ( ) ( )]

[( ) ( )] [( ) ( )] [( ) ( )]

‖ ‖ ‖ ‖ ‖ ‖ ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

≔
− ≔ − −
− ≔ − −
= ∈

b

b

b b

b x b y b x b y b x b y

b b y b b y b b y

b b b

, …, ,

… ,

… ,

* *
…

*
for BMO .

σ σ σ j

σ σ σ σ j σ j

B σ σ B σ σ j B σ j

σ σ σ j σ i

n

1

1 1

1 1

1

In particular,

‖ ‖ ‖ ‖ ‖ ‖=b b b
* *

…
*

.m1

Lemma 4. [13, Lemma 2.4] Let � � ��( ) ( ) ( ) ( )( )∈ ⋅ ∈ ∈ = > ∈⋅ω A q b i m k j k j, , BMO , 1, 2,…, , , .q

n

i

n Then,
we have

� ‖ ‖
( ( ) ) ∥ ∥

( ) ( )
( )

( )

∏ ∏− ≈
⊂ = =⋅ ⋅χ

b b χ bsup
1

*
B B L ω i

m

i i B B

L ω i

m

i

1 1
n q

q

and

( ) ( ) ∥ ∥ ‖ ‖

( )

( )
( )

( )( )∏ ∏− ≲ −
= =⋅

⋅b b χ k j b χ
*

.

i

m

i i B B

L ω

m

i

m

i B L ω

1 1

j k

q

k

q

Now, we recall the definition of weighted grand of Herz-Morrey spaces with variable exponent.
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Definition 2. [13, Definition 3.1] Let � ��( ) ( )≤ < ∞ ∈ ≤ < ∞ ⋅ ∈λ k p q0 , , 1 , n

0 , � � �( ) ( ) ( )⋅ → ⋅ ∈ ∞
α α L: ,n n ,

and >θ 0. We define the homogeneous weighted grand Herz-Morrey space with variable exponents is
denoted by

�( ) { ( { } ) ‖ ‖ }( )

( ) ( )

( )( )

( )= ∈ < ∞⋅
⋅ ⋅

⋅
⋅MK ω f L ω f\ 0 , : ,

p q

α λ θ
q

n

MK ω

.

,

, ,

loc
p q

α λ θ.

,

, ,

where

�

‖ ‖ ‖ ‖ ‖ ‖
( )

( )
( )

( )

( )( )

( ) ( )

( )

( )

( ) ( )

( )∑⎜ ⎟≔
⎛
⎝

⎞
⎠

=
> ∈

−

=−∞

⋅ +

>⋅
⋅ ⋅

+

+
+ ⋅
⋅f ε fχ ε fsup sup 2 2 sup .

MK ω
ε k

k λ θ

k

k

kα

k L ω

p ε

ε
MK ω

0

1

0
p q

α λ θ
q

p ε

θ

p ε

p ε q

α λ θ.

,

, ,

0

0

0

1

1

1 .

1 ,

, ,

The non-homogeneous weighted grand Herz-Morrey space with variable exponents is denoted by

�( ) { ( ) ‖ ‖ }( )
( ) ( )

( )( )
( )= ∈ < ∞⋅

⋅ ⋅
⋅

⋅MK ω f L ω f, : ,
p q

α λ θ q
n

MK ω,

, ,

loc
p q

α λ θ

,

, ,

where

�

‖ ‖ ‖ ‖ ‖ ‖( )
( )

( )

( )

( )( )
( ) ( )

( )

( )
( ) ( )
( )∑⎜ ⎟≔

⎛
⎝

⎞
⎠

=
> ∈

−

=−∞

⋅ +

>
⋅

⋅ ⋅

+

+
+ ⋅
⋅f ε fχ ε fsup sup 2 2 sup .

MK ω

ε k

k λ θ

k

k

kα

k L ω

p ε

ε

MK ω

0

1

0
p q

α λ θ
q

p ε

θ

p ε

p ε q

α λ θ

,

, ,

0 0

0

0

1

1

1

1 ,

, ,

Let < <γ n0 . Then, the fractional sublinear operator Tγ is defined by

�

( )
( )

∣ ∣
∫≔

− −T f x

f y

x y

yd .γ
n γ

n

Let �( ) ( )= ∈b b b b b, , …, , BMOm j

n

1 2 , �{ }∈ ∈ ∉j m m x1, 2, …, , , supp f, and define the multilinear com-
mutators of fractional sublinear operators T

b
γ
by

�

( )( ) ∣ ( ) ( )∣ ( ) ( )∫ ∏= −
=

T f x b x b y K x y f y y, d ,
b
γ

j

m

j j

1n

(2.6)

where ( )K x y, is the integral kernel of the operator T [1]. We are now ready to state the main results of the
article, Theorems 1 and 2. Theorem 1 is a generalization of theorems [12, Theorem 3.2] and [13, Theorem 4.2].
Motivated by [12] and [13], we show that fractional sublinear operators are bounded on homogeneous
weighted grand Herz-Morrey spaces.

Theorem 1. Let < < ∞p1 , ��( ) ( ) ( ) ( )⋅ ∈ = ∈ ⋅q i ω A1,2. ,
i

n

q

log , � � � �� � �( ) ( ) ( ) ( ) ( )⋅ ∈ ∩ ∩ ∩∞
∞α L

n n n n

0

log log
0

such that ( )− < < −∞nδ α α nδ γ0 ,1 2 , where < <δ δ0 , 11 2 are the constants in Lemma 3. Let
( ) ( )

= −⋅ ⋅q q

γ

n

1 1

2 1

and

suppose that fractional sublinear operator Tγ satisfies the size conditions

�∣ ( )∣ ‖ ‖ ∣ ∣( )≲ ∕ −
T f x f x ,γ L

n γ
n1 (2.7)

when ⊆f Rsupp k and ∣ ∣ ≥ +
x 2k 1 with �∈k and

�∣ ( )∣ ‖ ‖( )
( )≲ − −

T f x f2 ,γ

k n γ

L
n1 (2.8)

when ⊆f Rsupp k and ∣ ∣ ≤ −
x 2k 2 with �∈k . Then, if Tγ is bounded from ( )( )⋅

L ω
q

1 to ( )( )⋅
L ω

q
2 , Tγ is bounded from

( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
.

Corollary 1. Let ( )⋅p α, and ( )⋅ =q i, 1,2
i

as in Theorem 1. If a sublinear operator Tγ satisfies the condition

�

∣ ( )∣
∣ ( )∣

∣ ∣
∫≲

−
∉−T f x

f y

x y

y x fd , supp ,γ
n γ

n

(2.9)

Boundedness of fractional sublinear operators  5



for any integrable function f with compact support, and Tγ is bounded from ( )( )⋅
L ω

q
1 to ( )( )⋅

L ω
q

2 , then Tγ

is bounded from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
.

Then, we introduce multilinear commutators of T
b
γ
that are bounded from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
,

which generalizes the previous work of Zhang et al. [13, Theorem 5.1] on homogeneous weighted grand Herz-
Morrey spaces.

Theorem 2. Let �( ) ( )= ∈b b b b b, , …, , BMOm j

n

1 2 , �{ }∈ ∈j m m1, 2, …, , . For < < ∞p1 , ��( ) ( )⋅ ∈q
i

nlog

( ) ( )= ∈ ⋅i ω A1, 2… , q , � � � �� � �( ) ( ) ( ) ( ) ( )⋅ ∈ ∩ ∩ ∩∞
∞α L

n n n n

0

log log
0 , such that ( )− < <∞nδ α α0 ,1 −nδ γ2 ,

where < <δ δ0 , 11 2 are the constants in Lemma 3. Suppose that sublinear operator Tγ is satisfying the size

conditions (2.7) and (2.8). If T
b
γ
is bounded from ( )( )⋅

L ω
q

1 to ( )( )⋅
L ω

q
2 , then T

b
γ
is bounded from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1

to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
.

Corollary 2. Let ( )⋅p α, and ( )⋅q as in Theorem 2. If a fractional sublinear operatorTγ satisfies condition (2.9), for
any integrable function f with compact support, andT

b
γ
is bounded from ( )( )⋅

L ω
q

1 to ( )( )⋅
L ω

q
2 , then T

b
γ
is bounded

from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
.

As applications, we have established the boundedness of I
b
λ
from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
and the

boundedness of M
b
λ
from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
. These applications are a natural extension [20].

Remark 1. For any < <λ n0 and �∈x
n, the Riesz potential operator Iλ is defined by

�

( )
( )

∣ ∣
∫≔

− −I f x

f y

x y

yd .λ
n λ

n

(2.10)

It is known that the Riesz potential operator Iλ satisfies the size condition (2.9), and if I
b
λ
is bounded from

( )( )⋅
L ω

q
1 to ( )( )⋅

L ω
q

2 , then I
b
λ
is bounded from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
.

Remark 2. For any < <λ n0 and �∈x
n, the fractional maximal function Mλ is defined by

�

( ) ∣ ( )∣∫≔
>

−
M f x r f y ysup d .λ

r

λ n

0 n

(2.11)

Then, the fractional maximal function Mλ also satisfies (2.9). Moreover, we have

( ) (∣ ∣)≲M f I f .λ λ

If M
b
λ
is bounded from ( )( )⋅

L ω
q

1 to ( )( )⋅
L ω

q
2 , then M

b
λ
is bounded from ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

1
to ( )( )

( )

⋅
⋅

MK ω
p q

α λ θ
.

,

, ,

2
.

3 Proofs of main results

The section is devoted to the proofs of Theorems 1 and 2. To this end, we state several technical lemmas as
follows.

Lemma 5. [11, Lemma 6] Let � be a Banach function space on �n. If �∈f , then we have

� �∣ ∣‖ ‖ ‖ ‖ ≤−
′

−
B χ χ 1,

B B

1 1

where � ′ denotes the associated space of � .
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Lemma 6. [13, Lemma 4.1] Let ��( ) ( )⋅ ∈q
n

0 , ω be a weight, [ )∈ ∞λ 0, , � � �( ) ( ) ( )⋅ → ⋅ ∈ ∞
α α L: ,n n , �∈k ,

and ≤ < ∞p1 . If ( )⋅α is log-Hölder continuous both at the origin and at infinity, then

�

�

‖ ‖ ‖ ‖

‖ ‖ ‖ ‖

( )

( ) ( )
( )

( )

( ) ( )
( )

( ) ( )
( )

( )

( )

( ) ( )

( )

( ) ( )

( )

∑

∑ ∑

⎜ ⎟

⎜ ⎟

⎪

⎪

⎪

⎪

≈
⎧
⎨
⎩

⎛
⎝

⎞
⎠

×
⎛
⎝

+
⎞
⎠

⎫
⎬
⎭

> ≤ ∈

−

=−∞

+ +

> > ∈

−

=−∞

−
+ +

=

+ +

⋅
⋅ ⋅

+

⋅ ∞ ⋅

+

f ε fχ

ε fχ ε fχ

max sup sup 2 2 ,

sup sup 2 2 2 .

MK ω
ε k k

k λ θ

k

k

kα p ε

k L ω

p ε

ε k k

k λ θ

k

kα p ε

k L ω

p ε
θ

k

k

kα p ε

k L ω

p ε

0 0,

0 1 1

0 0,

1

0 1 1

0

1 1

p q

α λ θ
q

p ε

q q

p ε

.

,

, ,

0 0

0

0

1

1

0 0

0

0

1

1

Proof of Theorem 1. We show this theorem by borrowing some ideas from the proofs of [12, Theorem 3.2]

and [13, Theorem 4.2]. Let ( )( )

( )
∈ ⋅

⋅
f MK ω

p q

α λ θ
.

,

, ,

1
, and we decompose

( ) ( ) ( )∑=
=−∞

∞

f x f x χ x .

l

l

From Lemma 6, we have

�

�

‖ ‖

‖ ( ) ‖

‖ ( ) ‖ ‖ ( ) ‖

{ }

( )

( ) ( )
( )

( )

( ) ( )
( )

( ) ( )
( )

( )

( )

( )

( )

( )

( ) ( )

( )

∑

∑ ∑

⎜ ⎟

⎜ ⎟

⎪

⎪

⎪

⎪

≈
⎧
⎨
⎩

⎛
⎝

⎞
⎠

×
⎛
⎝

+
⎞
⎠

⎫
⎬
⎭

≕ +

> ≤ ∈

−

=−∞

+ +

> > ∈

−

=−∞

−
+ +

=

+ +

⋅
⋅

⋅

+

⋅ ∞ ⋅

+

T f

ε T f χ

ε T f χ ε T f χ

E F G

max sup sup 2 2 ,

sup sup 2 2 2

max , ,

γ
MK ω

ε k k

k λ θ

k

k

kα p ε

γ k L ω

p ε

ε k k

k λ θ

k

kα p ε

γ k L ω

p ε
θ

k

k

kα p ε

γ k L ω

p ε

0 0,

0 1 1

0 0,

1

0 1 1

0

1 1

p q

α λ θ

q

p ε

q q

p ε

.

, 2

, ,

0 0

0

0

2

1

1

0 0

0

2

0

2

1

1

(3.1)

where

�

�

�

( )

( )

( )

( ) ( )

( )

( )

( ) ( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

∑ ∑

∑ ∑

∑ ∑

=
⎡

⎣
⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦
⎥
⎥

=
⎡

⎣
⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦
⎥
⎥

=
⎡

⎣
⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦
⎥
⎥

> ≤ ∈

−

=−∞

+

=−∞

∞
+

> > ∈

−

=−∞

−
+

=−∞

∞
+

> > ∈

−

=

+

=−∞

∞
+

⋅

+

⋅

+

∞

⋅

+

E ε χ T fχ

F ε χ T fχ

G ε χ T fχ

sup sup 2 2 ,

sup sup 2 2 ,

sup sup 2 2 .

ε k k

k λ θ

k

k

kα p ε

k

l

γ l

L ω

p ε

ε k k

k λ θ

k

kα p ε

k

l

γ l

L ω

p ε

ε k k

k λ θ

k

k

kα p ε

k

l

γ l

L ω

p ε

0 0,

0 1

1

0 0,

1

0 1

1

0 0, 0

1

1

q

p ε

q

p ε

q

p ε

0 0

0

0

2

1

1

0 0

0

2

1

1

0 0

0

0

2

1

1

The next is the same as the way in [13, Theorem 4.2] to be handled. Since to estimate F is essentially similar
to estimate E , it suffices for us to show that E and G are bounded on homogeneous weighted grand Herz-
Morrey space. It is easy to see that

∑ ∑≲ ≲
= =

E E G G, ,

i

i

i

i

1

3

1

3

where

�

‖ ( )‖( ) ( )
( )

( )

( )

( )

∑ ∑⎜ ⎟=
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

> ≤ ∈

−

=−∞

+

=−∞

− +

⋅

+

E ε χ T fχsup sup 2 2 ,

ε k k

k λ θ

k

k

kα p ε

l

k

k γ l L ω

p ε

1

0 0,

0 1

2
1

q

p ε

0 0

0

0

2

1

1
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�

�

�

�

�

‖ ( )‖

‖ ( )‖

‖ ( )‖

‖ ( )‖

‖ ( )‖

( ) ( )
( )

( )

( ) ( )
( )

( )

( )
( )

( )

( )
( )

( )

( )
( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

∑ ∑

∑ ∑

∑ ∑

∑ ∑

∑ ∑

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

=
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

=
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

=
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

=
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

=
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

> ≤ ∈

−

=−∞

+

= −

+ +

> ≤ ∈

−

=−∞

+

= +

∞ +

> > ∈

−

=

+

=−∞

− +

> > ∈

−

=

+

= −

+ +

> > ∈

−

=

+

= +

∞ +

⋅

+

⋅

+

∞ ⋅

+

∞ ⋅

+

∞ ⋅

+

E ε χ T fχ

E ε χ T fχ

G ε χ T fχ

G ε χ T fχ

G ε χ T fχ

sup sup 2 2 ,

sup sup 2 2 ,

sup sup 2 2 ,

sup sup 2 2 ,

sup sup 2 2 .

ε k k

k λ θ

k

k

kα p ε

l k

k

k γ l L ω

p ε

ε k k

k λ θ

k

k

kα p ε

l k

k γ l L ω

p ε

ε k k

k λ θ

k

k

kα p ε

l

k

k γ l L ω

p ε

ε k k

k λ θ

k

k

kα p ε

l k

k

k γ l L ω

p ε

ε k k

k λ θ

k

k

kα p ε

l k

k γ l L ω

p ε

2

0 0,

0 1

1

1
1

3

0 0,

0 1

2

1

1

0 0, 0

1

2
1

2

0 0, 0

1

1

1
1

3

0 0, 0

1

2

1

q

p ε

q

p ε

q

p ε

q

p ε

q

p ε

0 0

0

0

2

1

1

0 0

0

0

2

1

1

0 0

0

0

2

1

1

0 0

0

0

2

1

1

0 0

0

0

2

1

1

We first consider E1. For a.e. ∈x Rk with �∈k and ≤ −l k 2, from size condition of Tγ, generalized
Hölder’s inequality and by repeating the proof of [13, Formula (4.3)], we obtain

∣ ( )( )∣ ‖ ‖ ‖ ‖( )
( ) ( )

( ) ( )≲ ′− − ⋅ ⋅ −T fχ x fχ χ2 .γ l

k n γ

l L ω l L ω

q
q1 1

1 (3.2)

By this, Lemmas 2, 3, [11, Formula (14)], and 5, we obtain

‖ ( )‖ ‖ ‖ ‖ ‖ ‖ ‖

‖ ‖ ‖ ‖ ∣ ∣‖ ‖

‖ ‖ ‖ ‖ ‖ ‖
‖ ‖

‖ ‖

‖ ‖ ‖ ‖ ‖ ‖

‖ ‖ ‖ ‖ ‖ ‖

‖ ‖

( )
( )

( ) ( ) ( )

( )
( ) ( ) ( )

( ) ( ) ( )

( )

( )

( )
( ) ( ) ( )

( )
( )

( )
( ) ( )

( )( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )

( )

( ) ( ) ( )

( ) ( ) ( )

( )

≲

≲

≲

≲

≲

≲

′

′ ′

′ ′
′

′

′ ′

′

− −

− − −

−

− −

− − − −

− −

⋅ ⋅ ⋅ − ⋅

⋅ ⋅ − ⋅ −

⋅ ⋅ − ⋅ −

⋅ −

⋅ −

⋅ ⋅ − ⋅ −

⋅ ⋅ ⋅ −

⋅

χ T fχ fχ χ χ

fχ χ B χ

fχ χ χ

χ

χ

fχ χ χ

fχ χ χ

fχ

2

2

2

2 2

2 2 2

2 .

k γ l L ω

k n γ

l L ω l L ω k L ω

k n γ

l L ω l L ω
k k

L ω

kγ

l L ω l L ω l
L ω

l L ω

k L ω

kγ l k nδ

l L ω l L ω l
L ω

kγ l k nδ

l L ω

l n γ

l L ω l
L ω

l k nδ γ

l L ω

1

1

1

1 1

q q
q

q

q
q

q

q
q

q

q

q

q
q

q

q
q

q

q

2 1 1
1 2

1 1
1 2

1

1 1
1 2

1

2 1

2 1

2
1 1

1 2
1

2
1 2 2

1

2
1

(3.3)

Let ( )≔ − − >v nδ γ α 0 02 . From (3.3), Hölder’s inequality, Fubini’s theorem for series, ( ) <− + −2 2p ε p1 ,
< −∞α nδ γ2 , and Lemma 6, we obtain that

�

�

�

‖ ‖

‖ ‖

‖ ‖

( ) ( )
( )

( )( )

( )

( )
( )

( )

( )

( ) ( )
( )

( ) ( )( ) ( )( ( ))

( ) ( ( ))

( )

( )

( )

( )

( )

( )

∑ ∑

∑ ∑

∑ ∑ ∑

⎜ ⎟

⎜ ⎟

⎜ ⎟⎜ ⎟

≲
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

≲
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

≲
⎡

⎣
⎢

⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

⎤

⎦
⎥

> ≤ ∈

−

=−∞

+

=−∞

−
− −

+

> ≤ ∈

−

=−∞ =−∞

−
−

+

> ≤ ∈

−

=−∞ =−∞

−
+ + + − ∕

=−∞

−
− + ′∕

+ ∕ + ′

⋅

+

⋅

+

⋅

+

E ε fχ

ε fχ

ε fχ

sup sup 2 2 2

sup sup 2 2 2

sup sup 2 2 2 2

ε k k

k λ θ

k

k

kα p ε

l

k

l L ω

l k nδ γ

p ε

ε k k

k λ θ

k

k

l

k

α l

l L ω

v l k

p ε

ε k k

k λ θ

k

k

l

k

α lp ε

l L ω

p ε
vp ε l k

l

k

v l k p ε

p ε p ε

1

0 0,

0 1

2
1

0 0,

2

0

1

0 0,

2

0 1 1 1 2

2

1 2

1 1

q

p ε

q

p ε

q

p ε

0 0

0

0

1
2

1

1

0 0

0

0

1

1

1

0 0

0

0

1

1

1

�

�

‖ ‖

‖ ‖

( ) ( )
( )

( ) ( ) ( )

( ) ( )
( )

( ) ( ) ( )

( )

( )

( )

( )

∑ ∑

∑ ∑

⎜ ⎟

⎜ ⎟

≲
⎡

⎣⎢
⎛
⎝

⎞
⎠

⎤

⎦⎥

≲
⎛
⎝

⎞
⎠

> ≤ ∈

−

=−∞ =−∞

−
+ + − + ∕

> ≤ ∈

−

=−∞

+ +

= +

− + ∕

⋅

+

⋅

+

ε fχ

ε fχ

sup sup 2 2 2

sup sup 2 2 2

ε k k

k λ θ

k

k

l

k

α lp ε

l L ω

p ε
v l k p ε

ε k k

k λ θ

l

k

α lp ε

l L ω

p ε

k l

k

v l k p ε

0 0,

2

0 1 1 1 2

0 0,

0 1 1

2

1 2

q

p ε

q

p ε

0 0

0

0

1

1

1

0 0

0

0

1

0

1

1
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�

�

‖ ‖

‖ ‖

‖ ‖

( ) ( )
( )

( ) ( )

( ) ( )
( )

( )

( )

( )

( )

( )

( )

( )

( )

∑ ∑

∑

⎜ ⎟

⎜ ⎟

≲
⎛
⎝

⎞
⎠

≲
⎛
⎝

⎞
⎠

≲

> ≤ ∈

−

=−∞

+ +

= +

− ∕

> ≤ ∈

−

=−∞

+ +

⋅

+

⋅

+

⋅
⋅

ε fχ

ε fχ

f

sup sup 2 2 2

sup sup 2 2

.

ε k k

k λ θ

l

k

α lp ε

l L ω

p ε

k l

k

v l k p

ε k k

k λ θ

l

k

lα p ε

l L ω

p ε

MK ω

0 0,

0 1 1

2

2

0 0,

0 1 1

q

p ε

q

p ε

p q

α λ θ

0 0

0

0

1

0

1

1

0 0

0

0

1

1

1

.

, 1

, ,

For the term E2, Tγ is bounded from ( )( )⋅
L ω

q
1 to ( )( )⋅

L ω
q

2 , − ≤ − ≤l k1 1, and Lemma 6, we conclude that

�

�

�

�

�

�

�

�

�

�

�

�

‖ ( )‖

‖ ‖

‖ ‖

‖ ‖

‖ ‖

‖ ‖

‖ ‖

‖ ‖ ‖ ‖

‖ ‖

‖ ‖ ‖ ‖

‖ ‖

‖ ‖ ‖ ‖

‖ ‖

( ) ( )
( )

( )

( ) ( )
( )

( )

( ) ( )
( )

( )

( ) ( ) ( ) ( ) ( )
( )

( )

( ) ( )
( )

( )

( ) ( )
( )

( )

( ) ( )
( )

( )

( ) ( )
( )

( ) ( ) ( )
( )

( )

( ) ( )
( )

( )

( ) ( )
( )

( ) ( )
( )

( )

( ) ( )
( )

( )

( ) ( )
( )

( ) ( )
( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( ) ( )

( )

( )

( )

( ) ( )

( )

( )

( )

( ) ( )

( )

( )

( )

∑ ∑

∑ ∑

∑

∑

∑

∑

∑

∑ ∑

∑

∑ ∑

∑

∑ ∑

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

≲
⎛

⎝
⎜

⎛
⎝

⎞
⎠

⎞

⎠
⎟

≲
⎛

⎝
⎜

⎛
⎝

⎞
⎠

⎞

⎠
⎟

≲
⎛
⎝

⎞
⎠

≲
⎛
⎝

⎞
⎠

≲
⎛
⎝

⎞
⎠

≲
⎛
⎝

⎞
⎠

≲
⎧
⎨
⎩

⎛
⎝

⎞
⎠

⎛
⎝

+
⎞
⎠

⎫
⎬
⎭

≲
⎧
⎨
⎩

⎛
⎝

⎞
⎠

⎛
⎝

+
⎞
⎠

⎫
⎬
⎭

≲
⎧
⎨
⎩

⎛
⎝

⎞
⎠

⎛
⎝

+
⎞
⎠

⎫
⎬
⎭

≈

> ≤ ∈

−

=−∞

+

= −

+ +

> ≤ ∈

−

=−∞

+

= −

+ +

> ≤ ∈

−

=−∞

+
+ +

> ≤ ∈

−

=−∞

+
− + + +

> ≤ ∈

−

=−∞

+
+ +

> ≤ ∈

−

=−∞

+ +

> ≤ ∈

−

=−∞

+ +

> = ∈

−

=−∞

−
+ +

=

+ +

> ≤ ∈

−

=−∞

+ +

> = ∈

−

=−∞

−
+ +

=

+ +

> ≤ ∈

−

=−∞

+ +

> > ∈

−

=−∞

−
+ +

=

+ +

⋅

+

⋅

+

⋅

+

⋅

+

⋅

+

⋅

+

⋅

+

⋅ ⋅

+

⋅

+

⋅ ∞ ⋅

+

⋅

+

⋅ ∞ ⋅

+

⋅
⋅

E ε T fχ

ε fχ

ε fχ

ε fχ

ε fχ

ε fχ

ε fχ

ε fχ ε fχ
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the penultimate inequality holds because when =l 0, we have ( ) = ∞2 2α α0 0 0 ; and when =l 0, we have
( )=∞ C2 2α α 0 .
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Now, we turn to estimate E3. For each �∈k , ≥ +l k 2 and a.e. ∈x Rk , the size condition of Tγ,
and generalized Hölder’s inequality, by repeating the proof of (3.2), we obtain
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To deal with E32, by (3.5), ≤k 00 , Hölder’s inequality, ( )− < < −∞nδ α α nδ γ0 ,1 2 , and note that ≔ +h nδ1
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which together with the estimate of E31 implies that
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For the term G11, by (3.3) and using the fact that ≔ − − >∞e nδ γ α 02 , Hölder’s inequality, = −v nδ2

( ) − >α γ0 0, and Lemma 6, we obtain that
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For the term G12, by (3.3), Hölder’s inequality, ≔ − − >∞e nδ γ α 02 , ≤ −l k 2, Fubini’s theorem for series,
( ) <− + −2 2p ε p1 , and Lemma 6, by an estimate similar to that of E1, we have
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, ,

For G3, combining (3.5), Hölder’s inequality, ≥ +l k 2, Fubini’s theorem for series, ( ) <− + −2 2p ε p1 , − <nδ1

( ) < −∞α α nδ γ0 , 2 , and note that ≔ + >∞h nδ α 01 , >k 0, and Lemma 6, by an estimate similar to that of E1,
we obtain that

‖ ‖
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⋅G f .
MK ω

3
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, 1

, ,

Therefore, combining the estimates for E and G, we deduce that
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which implies that Tγ is bounded from ( )( )
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,
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1
to ( )( )

( )

⋅
⋅

MK ω
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,

, ,

2
, which holds true and hence completes the

proof of Theorem 1. □

Proof of Theorem 2.We show this theorem by borrowing some ideas from the proofs of Theorem 1 and [13, The-

orem 5.1]. Let ( )( )

( )
∈ ⋅

⋅
f MK ω

p q

α λ θ
.

,

, ,
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, and we decompose
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The next is the same as the way the (3.1) is handled. Since to estimate N is essentially similar to estimate A,
it suffices for us to show that A and S are bounded on homogeneous grand weighted Herz-Morrey spaces.
It is easy to see that
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First, we consider A1. For a.e. ∈x Rk with �∈k , and ≤ −l k 2, from size condition of T , (2.6),
and generalized Hölder’s inequality, we have

∣ ( )( )∣ ∣ ( ) ( )∣∣ ( )∣( ) ∫∏≲ −− −

=
T fχ x b x b y f y y2 d

b
γ l

k n γ

R
j

m

j j

1
l
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By Lemmas 4, 2, 3, [11, Formula (14)], and 5, we obtain
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From (3.7), Hölder’s inequality, ( )≔ − − >v nδ α γ0 02 , Fubini’s theorem for series, ( ) <− + −2 2p ε p1 , and re-
peating the proof of [13, Theorem 5.1] with some slight modifications, we obtain that
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For A2, T
b
γ
is bounded from ( )( )⋅

L ω
q

1 to ( )( )⋅
L ω

q
2 , ( ) = ∞2 2α α0 0 0 , ( )=∞ C2 2α α 0 and Lemma 6; similar to the

estimation for E2, we conclude that
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For A3, by repeating the proof of [13, Formula (5.3)], we obtain
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This together with Lemmas 4, 3 and [11, Formula (14)] further implies that
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The next is the same as the way the E3 is handled. Splitting A3 by means of Minkowski’s inequality,
we have
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For the term A31, by (3.9), Hölder’s inequality, ( )= + >d nδ α 0 01 , Fubini’s theorem for series, ( ) <− + −2 2p ε p1 ,
Lemma 6, and repeating the proof of [13, Theorem 5.1] with some slight modifications, we obtain that
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For the term A32, applying (3.9), Hölder’s inequality, = + >∞h nδ α 01 , and Lemma 6, we deduce that
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Therefore, combining the estimates for A31 and A32 deduces that
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holds true.
Next, we consider S1. The next is the same as the way the E3 is handled. Splitting S1 by means of

Minkowski’s inequality, we deduce
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To show S11 using (3.7) and = − − >∞e nδ α γ 02 , Hölder’s inequality, and using the fact that =v nδ2

( )− − >α γ0 0, Lemma 6 and by repeating the proof of [13, Theorem 5.1] with regular modifications, we obtain
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For the term S12, by Hölder’s inequality, = − − > >∞e nδ α γ k0, 02 , Fubini’s theorem for series, ( ) <− + −2 2p ε p1 ,
and Lemma 6, by an estimate similar to that of A1, we have
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and Lemma 6, similar to the estimation for G2, we obtain

�

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖( )
( )

( )

( )
( )

( )

( )

( )∑⎜ ⎟≲
⎛
⎝

⎞
⎠

≲
> > ∈

−

=−

+ +∞ ⋅

+

⋅
⋅b bS ε fχ f

*
sup sup 2 2

*
.

ε k k

k λ θ

l

k

lα p ε

l L ω

p ε

MK ω
2

0 1, 1

1 1

q

p ε

p q

α λ θ

0 0

0

0

1

1

.

, 1

, ,

The estimate for S3 can be obtained by similar way to A31 and using the fact that = + >∞h nδ α 01 , >k 0.

From the estimates of A and S , we see that
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and hence completes the proof of Theorem 2. □
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