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1 Introduction

The main purpose of this article is to introduce and investigate the weighted grand variable Herz-Morrey

spaces. As a class of classical operators in harmonic analysis, sublinear operators only need to meet size

conditions compared with other operators. The boundedness of sublinear operators can be applied to several

important operators, such as the Hardy-Littlewood maximal operators and Calderén-Zygmund operators.
On the Euclidean space R", let f € L(R"), and define the sublinear operator T by

1700 = [KGoy)f@)dy,  x € suppf.
[R"

The commutator generated by a locally integrable function b and the operator T is defined by
(b, TI(f) = bT(f) - T(b),

for suitable functions f. It is well known that the commutator plays an important role in harmonic analysis
and has important applications in the estimates of the solutions for the elliptic equations and some nonlinear
partial differential equations (PDEs).

Let b = (by, by, ...,bn), bj € BMO(R™), j € {1, 2, ...,m}, m € N, x & supp f, and define the multilinear com-

mutators of sublinear operators T? by

To(F)00) = [ [0 - BOIKC Y ),

R"Jj=1
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where K(x, y) is the integral kernel of the operator T [1].

As we all know, the variable function spaces have found their applications in fluid dynamics, image
processing, PDEs, variational calculus, and harmonic analysis [2—6]. Due to the celebrated work of Kovagik
and Rakosnik [7] on Lebesgue spaces with variable exponent, there has been an increasing interest in
extending Lebesgue spaces with variable exponent.

In 2009, Izuki [8] introduced Herz-Morrey spaces with variable exponent and obtained the boundedness of
vector-valued sublinear operators satisfying a size condition on Herz-Morrey spaces with variable exponent.
In 2010, Izuki [9] defined Herz spaces with variable exponent and application to wavelet characterization. In
the same year, Izuki [10] established the boundedness of sublinear operators and their commutators on Herz
spaces with variable exponent. Based on these works, in 2016, Izuki and Noi [11] introduced weighted Herz
spaces with variable exponent and established the boundedness of fractional integrals on weighted
Herz spaces with variable exponent. It is precisely because of Izuki’s significant contribution to the weighted
variable exponent Herz-Morrey space that there is growing interest in extending the Herz-Morrey space using
variable exponents.

In 2018, Wang and Shu [12] generalized Izuki’s result for the weighted Herz-Morrey space with variable

exponent MK: ;;(A)(w) and proved the boundedness of some sublinear operators. In recent years, the introduc-
tion and discussion of the grand function spaces have further enriched the theoretical study of the function
space. The grand function spaces is a generalization of the classical function space and have wide applications
in the field of PDE. Recently, Zhang et al. [13] introduced the weighted grand Herz-Morrey spaces with variable

- a(),1,0 ) ,
exponents MK; ;()) (w), and they obtained the boundedness of sublinear operators.

Inspired by Wang and Shu [12] and Zhang et al. [13], the aim of this article is to introduce the weighted
grand variable Herz-Morrey spaces with variable exponents and establish the boundedness of fractional
sublinear operators and their multilinear commutators on the weighted grand variable Herz-Morrey spaces
with variable exponents.

To be precise, this article is organized as follows.

In Section 2, we recall some notions, notations, and basic properties on the variable exponent Lebesgue

spaces and the weighted variable exponent Lebesgue space L10(w). Then, we recall the definition of the

~a(),\,0
homogeneous weighted grand of Herz-Morrey spaces with variable exponent MK; ;()) (w) and show some

related properties. Finally, the main results of this article are given. As applications, the corresponding
boundedness estimates for the commutators of maximal operator and Riesz potential operator are established.

In Section 3, via borrowing some ideas from those used in the proofs of [12, Theorem 3.1] and [13, Theorem
4.2], we show that fractional sublinear operators are bounded on homogeneous weighted grand Herz-Morrey
spaces with variable exponents. Then, based on the theory of variable exponent and the generalization of
bounded mean oscillation (BMO) norm, we show that the boundedness of multilinear commutators of frac-

. . > a(-),A,0 - a(-),A,0
tional sublinear operators Tf from MK; a0) (w) to MKI: a0) (w) (see Theorem 2.6).

Finally, we make some conventions on notation. Throughout the whole article, we denote y, = Xre
Ry = By\Br-1, and By = x € R" : |x| < 2X for k € Z. We denote by C a positive constant, which is independent
of the main parameters, but it may vary from line to line. (More precisely, let C be a variable independent
constant, that can represent different values on different rows.) The symbol D < F means that D < CF.
If D<F and F < D, we then write D = F.

2 Preliminary and main results

In this section, we recall some notions, notations, and basic properties on the variable exponent Lebesgue
spaces and the weighted variable exponent Lebesgue space L10(w).

To begin with, we recall some basic definitions and results on the variable exponent Lebesgue spaces.
We can refer to the monographs [14,15] for more information. Let g(-) : R" — [1, o) be a measurable function,
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and the variable Lebesgue space L1(R™) denotes the set of measurable functions f on R™ such that, for
some A > 0,

ol

q(x)
dx < o
A

00 = |

RM
This set becomes a Banach function space when equipped with the Luxemburg-Nakano norm
1l = A > 0 2 g0 (F1A) < 13,
Given an open set @ C R", the space LI%(C')(Q) is defined by
LIQ) = {f: fe€ L1O(K), for all compact subsets K C Q}.

For conciseness, we denote by £(R") the set of all measurable functions g(x) on R" with range in [1, )
such that

1< q_ = essinfq(x) < q(x) < g, = ess sup q(x) < o, ©1)
XERM .

XERM

An important tool we need is the boundedness of the Hardy-Littlewood maximal operator on variable
exponent function spaces. Let B(R") denote the set of all functions q(-) that satisfy q(-) € P(R") and make the
Hardy-Littlewood maximal operator M bounded on L1O(R"), namely,

B(RM = {q(-) € PR : M isbounded on LIO(R™)},

where M is the Hardy-Littlewood maximal operator defined by

Mfoo = sup [ IF@ldy.

XER"r>0 B(x,r)
A real-valued measurable function q(-) : R® = (0, ») is called locally log-H6lder continuous if there exists

a constant Gog > 0 such that

Gog 1
X) - <—————— Vx,yERY |x-y| <= 2.2
lg(x) = q)I Tlog(x ~ D) y X=yl<3

If, for some q,, € (0, ) and Gz > 0, there holds

Clog n
lq(x) = q(0)] < —, Vx€ER" (2.3)
log(e + i
lq(x) - |<L Vx € R™ 2.4)

then we say q(-) is log-Hélder continuous at the origin (or has a log decay at the origin) and at infinity (or has
a log decay at infinity ), respectively. The function q(*) is global log-Holder continuous if () are both locally
log-Holder continuous (2.2) and log-Hélder continuous at infinity (2.4).

The set Po(R™) consists of all measurable function q(-) satisfying ¢_ > 0 and ¢, < ». By Pg’g([R") and
PLgR"), we denote the class of exponents q(-) € P(R™), which satisfy conditions (2.3) and (2.4), respectively.
PgR™) is the set of functions q(-) € P(R") satisfying conditions (2.3) and (2.4), with g, = limjyq(x).
In particular, we note thatif g(-) € P°8(R"™) with1 < q_< g, < «, then the Hardy-Littlewood maximal operator
M is bounded on LI©(R™M), namely, q(-) € B(R") [15-17].

Lemma 1. ([7, Theorem 2.1]) (generalized Holder’s inequality) Let q(-) € P(RM), f € LIOR™), and g € LT OR™),
the generalized Hélder’s inequality holds in the form

[ 17 00g001Qx = gl fll o gl oy 25)
IRYl

wherer, =1+ 1/q_-1/q,.
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Definition 1. Let ¢(-) € P(R") and w be a nonnegative measurable function on R". Then, the weighted variable
exponent Lebesgue space L10(w) is the set of all complex-valued measurable functions f such that fw € L0,
The space L10)(w) is a Banach space equipped with the norm

10wy = Nl fllgeo.

Lemma 2. [18, Definition 2] Let q(-) € P(R"), and a positive measurable function w is said to be in Ay, if exists
a positive constant C for all balls B in R" such that

1 .
gl lo™glle0 < C.

The variable Muckenhoupt Ay was introduced by Cruz-Uribe et al. [19]. It is easy to see that if q(-)
€ P(R") and w € Ay, then w™ € Ay,

Lemma 3. [11, Lemma 6] Let q(-) € PR, w € Aqe), then there exist constants &, 6, € (0, 1) and C > 0,
such that for all balls in R™ and all measurable subsets S C B,

X5 |lz2a) <c [ S| ]
Iz 11290 w) B
s ||Lq’(')(w‘1) |S | l
Il ||Lq’<'>(w‘1) |B |

A locally integrable function b is called a BMO function, if it satisfies

Ibll = sup jmw—w®<w

XERM,r>0 |B |

where and in the sequel B is ball-centered at x and radius of r, bg = mIBb(t)dt.

Given a positive integer m and 1 < j < m, we denote by ;" the family of all finite subsets g = {a (1), ...,a(j)}
of {1, ..,m} with j different elements. For any o € C}”, the complementary sequence ¢¢ = {1, ...,m}\o.
For b = (by, ...,by) and o = {o(D), ...,a(j)} € C]"* with 1 < j < m, we denote

b; = (bsy, --sDa(j)

[b0CO) = bW = [boy(X) = boyW)]---[Boj(X) = Do),
[((D)s = DW)]o = [(bs) = bayW)]-.-[(Boj))B = bacyW)],
bl = ||ba(1)||*--~||bd(j)||* for ba(i) € BMO(R™).

In particular,

1Bl = 11Dl - 1Dl

Lemma 4. [13, Lemma 2.4] Let w € Ay, q() € B(R"), b; € BMORM, i =1, 2,...,m, k > j(k,j €N). Then,
we have

m m
sup —— (| [1B: - Bl = [Tiibill
BCR™ HXB”L‘I(')(M) i=1 Lq(‘)(w) i=1

and

m

(b - G5 ),

i=1

m
s (k —j)ml_l”bi“*”XBk”Lq(')(&J)'

Lq(>)(w) i=1

Now, we recall the definition of weighted grand of Herz-Morrey spaces with variable exponent.
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Definition 2. [13, Definition 3.1] Let 0 S A <o, k€ Z,1<p < o, q(-) € Py(RM, a(*) : R* » R, a(-) € L*(R"),
and 6 > 0. We define the homogeneous weighted grand Herz-Morrey space with variable exponents is
denoted by

-a()A,0

MKy (©) = {f € LR} 0)  [fl 005, < =}

’

(@)

where

If]l, aa0 = sup sup 27
ME, ) (@) £>0 koEZ

ko p(i+e)
g (1+€)
g0 Y |2k mniq(.)(w] = sup exivo)| f]], a0

ke—co &0 MEKyi1e), q( @)
The non-homogeneous weighted grand Herz-Morrey space with variable exponents is denoted by

A,0
MK (@) = 1f € LEP®RY ©) ¢ | fllygeeya <

where

1 laaxe23 9wy = SUP sup 27"

>0 koENy k=—c0 p(1+£),q()

p(l+e)
(1+¢)
el Z sza( )ﬁ(k”pq( )(fu)] = sup SP(1+£)||f||MKn()AB @
>0
Let 0 <y < n. Then, the fractional sublinear operator T, is defined by

_fo

TVf(X) = a |X y|n Y y

Letb = (by, by, ...,bn), bj € BMO(R™), j € {1, 2, ...,m}, m €N, x & supp f, and define the multilinear com-
mutators of fractional sublinear operators T" by

1200 = [ TIB0) - BOIKG, Y 0, 26)
n] =1
where K(x, y) is the integral kernel of the operator T [1]. We are now ready to state the main results of the
article, Theorems 1 and 2. Theorem 1 is a generalization of theorems [12, Theorem 3.2] and [13, Theorem 4.2].
Motivated by [12] and [13], we show that fractional sublinear operators are bounded on homogeneous
weighted grand Herz-Morrey spaces.

Theorem 1. Let 1 < p < @, ¢,(-) € PL8RM (i = 12.), w € A, a(*) € L*R™ N PER) N 7>1°g([R") N Po(R™)
such that -né; < a(0), a. < né; — y, where 0 < 6, 8, < 1 are the constants in Lemma 3. Let m = % - % and
suppose that fractional sublinear operator T, satisfies the size conditions

1T, £CO1 = Ifllprwny /X "7, @7
when suppf C Ry and |x| = 2*1 with k € Z and
T, fOOI = 2740V fll gy, 2.8)

when suppf - Rk and |x| < 22 with k € Z. Then, if T, is bounded from L4O(w) to L% (w), T, is bounded from

a()

Corollary 1. Let p, a(*) and q,(-), i = 1,2 as in Theorem 1. If a sublinear operator T, satisfies the condition

001 = [ L

Sy dy, X & suppf, 2.9)
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for any integrable function f with compact support, and T, is bounded from L4O)(w) to L%(w), then T,
is bounded from MK q() (w) to MK q() (w)

Then, we introduce multilinear commutators of T” that are bounded from MK, q() (w) to MK q() (w)
which generalizes the previous work of Zhang et al. [13, Theorem 5.1] on homogeneous weighted grand Herz-
Morrey spaces.

Theorem 2. Let b = (by, by, ...,by), b € BMOR"), j€{l, 2, ...m},m €N. For 1<p <o, g(-) € P]RN
(i=1,2.),0 €Ay, a() € IR N PLERY N PLERY N Py(RY, such that -néy < a(0), de <nb, - y
where 0 < &1, 8, < 1 are the constants in Lemma 3. Suppose that sublinear operator T, is satisfying the size

0
conditions (2.7) and (2.8). If T is bounded from L4(w) to L%(w), then T is bounded from MK, ;)() (w)

- a(-),A,0
to MK D,45() ((U)

Corollary 2. Let p, a(-) and q(*) as in Theorem 2. If a fractional sublinear operator T, satisfies condition (2.9), for
any integrable function f with compact support, and T,? is bounded from L4(w) to L%(w), then T} is bounded
from MK q() (w) to MK qz<> (w)

As applications, we have established the boundedness of IA from MK ) (w) to M ) (w) and the

boundedness of M? from MK - () (w) to MK q () (w) These applications are a natural extension [20].

Remark 1. For any 0 < A < n and x € R", the Riesz potential operator I, is defined by

Lf(x) = _[ f(yln 7y (2.10)

It is known that the Riesz potential operator IA satisﬁes the size condition (2.9), and if I ,{’ is bounded from

L4O(w) to L%O)(w), then I? is bounded from MK o, () (w) to MK, q () (u))

Remark 2. For any 0 < A < n and x € R", the fractional maximal function M, is defined by

M1 00 = supr 17 )idy. (210

r>0 R"
Then, the fractional maximal function M, also satisfies (2.9). Moreover, we have

M(f) = LASD.

If M? is bounded from L%")(w) to L%C)(w), then M? is bounded from MK - () (w) to MK q () (w)

3 Proofs of main results

The section is devoted to the proofs of Theorems 1 and 2. To this end, we state several technical lemmas as
follows.

Lemma 5. [11, Lemma 6] Let X be a Banach function space on R". If f € X, then we have

1Bl I 161 < L,

where X’ denotes the associated space of X.
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Lemma 6. [13, Lemma 4.1] Let q(*) € Py(R"™), w be a weight, A € [0, »), a(-) : R" » R, a(-) € LR"), k € Z,
and1 < p < «_ If a(-) is log-Holder continuous both at the origin and at infinity, then

_1
ko p(i+e)

(1+&)
e 3 2O |y :

= max{sup sup 2% 190(0)
k=-0

>0 ko<0,koEZ

Nz 23

1
-1 p(1+e)

ko
g9 Y 2P g [P 4 g8y ghawpto)] iy P
k=0

X Sup sup z_k(y\ L L‘I(')(w) Lq(')((u)

>0 ko>0,ko€EZ

Proof of Theorem 1. We show this theorem by borrowing some ideas from the proofs of [12, Theorem 3.2]

~a(),A,0
and [13, Theorem 4.2]. Let f € MK: Eh)(') (w), and we decompose

0

00 = Y FOOxR00.

[=—c
From Lemma 6, we have
T _a()A,
T f g2
ko . o
N
~ max{sup sup 2Ko|gf z 2kaOp(+e)| T ( f)Xk||z‘(lz('>2)) ,
>0 ko<0,ko€EZ k=-o

(BD

1
4 pa+e)

ko

(1+¢) (1+€)

gt Z 2ka(0)p(1+£)||Ty(f)Xk”l’ £ 4 £t szamp(1+£)||Ty(f)Xk||P £
k=0

X sup sup Z_kM qu(')(w) qu(')(w)
k=-c

>0 ko>0,ko€EZ

=max{E, F + G},

where
1
X © p(l+e)]pa+e)
0
E=sup sup 27kigf ) kaOpli+e) X > T,(fi) ,
>0 ko<0,koEZ k=-o0 [=- LqZ(A)(w)
4 © p(i+e) e
F=sup sup 270 ) 2ka@p+a)lly, 5 T(fy) )
>0 ko>0,koEZ k=-00 [=-0 qu(')(w)

1
p(1+€) [pi+e)

Xk Z L(f)

[=—c

ko
G=sup sup 27KNgf ) pkaep(e)
>0 ko>0,ko€EZ k=0

qu(')(m)

The next is the same as the way in [13, Theorem 4.2] to be handled. Since to estimate F is essentially similar
to estimate E, it suffices for us to show that E and G are bounded on homogeneous weighted grand Herz-
Morrey space. It is easy to see that

where

Ey=sup sup 2koAgf Z 2ka(0)p(1+e) Z D6 T 20 )
£>0 ko<0,ko€EZ k=—c0 J=—oo

5

1
ko [ k-2 ]P(l+€) p(i+e)
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ko k+1 p(l+e) p(11+s)
Ey=sup sup 27%Agf 3 oka@pdrel 5|y T(fir)llwo,) ,
>0 ko<0,kgEZ k=-o0 1=k-1

1
]P(1+8) pi+e)

s

ko ©
Ez=sup sup 27%A|gf ) okaOpdre) 5 e BN 220y
1=k+2

£>0 ko<0,koEZ k=—oo
ko k-2 p(1+e) p<11+s>
Gy=sup sup 2kAgf Z 2ktep(i+e) Z D A0 )
>0 ko>0,ko€EZ k=0 [=-o
ko k+1 p(l+e) )
Gy=sup sup 270l Y pkaepe)l B | To( Fllreow) ,
>0 ko>0,kgEZ k=0 I=k-1
ko © p(l+e) p(11+£)
Gy=sup sup 27%ef ) okaer@e) 5 | T(fip)lleo)
>0 ko>0,ko€EZ k=0 [=k+2

We first consider Ej. For a.e. x € Ry with k € Z and [ < k - 2, from size condition of T, generalized
Holder’s inequality and by repeating the proof of [13, Formula (4.3)], we obtain

IT,(H) 001 = 27K fgll ey 1| O (3.2)
By this, Lemmas 2, 3, [11, Formula (14)], and 5, we obtain

e DNy = 275N 0 1Dl o105 b Mooy

s 2_k(n_y)| | ||L‘11('>(w) I ”L’I’l(')(w’l) Bl [Lx ”;‘11'2(')(10‘1)

Ilx; ”Lq'Z(')(w'l)
< 2ky : , -1 e
=2 ”le ||Lq1( )(a)) ”Xl ”Lq 1(')(11)_1) “Xl ||Lq 2(-)((‘)71) ”Xk ||Lq’2(')(w_1) (3 3)

= 20207997 | 00 1Dl 1005y Iﬁ/z(.)(w-l)

220Ky 27 V1 oo g D

< 2R 00

Let v =nd, — y — a(0) > 0. From (3.3), Holder’s inequality, Fubini’s theorem for series, 277(1*&) < 277,
A < N8, — y, and Lemma 6, we obtain that

ko k-2 p(l+e) e
E;ssup sup 2%oilgf z oka(0)p(1+e) Z I fj(l||Lq1(.)(w)2(l-k)(n6z-y)
£>0 ko<0,ko€EZ k=—c0 I=—o
ky (k-2 p(l+e) ﬁ
ssup sup 27%ef B | 3 29O fiy [l 2RO
£>0 ko<0,kg€Z k=-oo{l=-o0
1
ko (k-2 k-2 p(+e)/(p(1+e))’ [pd+e)
ssup sup 2Hled 3 | 3 pu0hee) 0 avteani-hrz) § ez
>0 ko<0,kg€EZ k=-oo|[=-00 l=-00

A

sup sup 27 e
£>0 ko<0,koEZ k=—co

[=—

ko (k-2 ﬁ
g0 ) | T 200 o P avt-kopasesz

A

sup sup 27k

k, K wive)
g0 Y 200are)| le”P(l*f)) S v-lpase)2
>0 ko<0,koEZ k=1+2

L‘h(')( )

[=—00
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A

sup sup 27kt
£>0 ko<0,koEZ

[=—00

Kk

A

sup sup 27k
>0 ko<0,kgEZ

l[=-00

= Wl

For the term E,, T, is bounded from L4)(w) to L%)(w), -1 < I - k < 1, and Lemma 6, we conclude that

ko
Eyssup sup 27Fo|gf ) gka(Op(ire)

£>0 ko<0,ko€Z ke—oo
ko
ssup sup 27FAlgf ) ka(Opire)
£>0 ko<0,ko€EZ ke—oo
ko+1

ssup sup 27

>0 ko<0,koEZ

[=-00

ko+1
ssup sup 27K
>0 ko<0,kg€EZ

[=—c0

ko+1
ssup sup 27
£>0 ko<0,koEZ

[=—c0

ssup sup 2o
>0 ko<1,koEZ

[=—c0

K
s max{sup sup 27
£>0 ko<0,koEZ

[=—c

-1
sup sup 27
>0 ko=1koEZ

[=—

K
< max{sup sup 27
£>0 ko<0,koEZ

[=—c

-1
sup sup 27K
>0 ko=1koEZ

[=—00

K
s max{sup sup 27
£>0 ko<0,koEZ

[=—c

-1
sup sup 275
>0 ko>0,koEZ

[=—00

=l

the penultimate inequality holds because when [ =0, we have 2°® = 20%: and when [ = 0, we have

200 = C200),

ko
p(l+e)
89 z 2a<0)lp(1+8)||ﬁ(l||Lq1(')(w)

(1+€)
ef z 21a(0)p(1+s)||le“P

(1+€)
ef z 21a(0)p(1+s)||le“P

(1+€)
ef z 21a(0)p(1+s)||le“P

Boundedness of fractional sublinear operators

ko

2

1

p(1+e)
2v(l—k)p/2
k=1+2

0 (1 . ) p(11+s)
0 la(0)p(1 plte
g0 ) 2enare) OO

k+1

2 Tl

1
p(1+€)|p(i+e)
I=k-1 ]

k+1

Z 1S ||L‘71<‘)(w)

1=k-1

1
p(l+e)
qu(')(w)

1
]P(1+€) p+e)

p(1+e)
gl Y 2keOpe)| |
1
p(l+e)
_ (1+¢)
£f Z ok l)a(O)p(l+8)21a(0)p(1+£)|| fj{l”iql"iw)’
1
p(1+e)
6 la(0)p(1 p(l+e)
£ z 20’( )P( +€)||ﬁ(l||qu(')(w)]
kO (1 ) p(11+E)
p(l+e
gf 3 2Orma fio P,

0 (1+ ) p(11+£)
p(l+e
&t z 21a(0)P(1+£)||ﬁ(1||Lq1(.)(w) s

k[] (1 ) p(]l+s)
p(i+e
L1O(w) + eelzzo 2lOp (1+S)||fj(z|| 110 (w)

0 (1+ ) p(11+£)
p(l+e
&t z 21a(0)P(1+£)||ﬁ(1||Lq1(.)(w) s

k[] (1 ) p(]l+s)
w p+e
0w + € 22PN Rl

0 (1+ ) p(11+£)
p(l+e
&t z 21a(0)P(1+£)||ﬁ(1||Lq1(.)(w) s

k[] p(l+e)
» p(l+e)
L‘ll(’)(w) + 89 I=ZO21a p(1+8)| |le ||qu(')(w)’
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Now, we turn to estimate E;. For each k€ Z, > k+ 2 and a.e. x € Ry, the size condition of T,

and generalized Holder’s inequality, by repeating the proof of (3.2), we obtain
ILU)0OL = 27 gm0, -
Combining this, Lemma 3 and [11, Formula (14)], by an estimate similar to that of (3.3), we have
e ANy = 2570 i loao -
Splitting E; by means of Minkowski’s inequality, we deduce

1 p(1+¢&)|p(i+e)
ssup sup 27ogf Z 2k 3 g Tl
£>0 ko<0,kg€EZ k=-w I=k+2

1
p(+e)|pa+e)
&>0 ko<0,ko€EZ k=-00 ]

+ sup sup 2Kolgf Z Zka(o)p(1+£)‘Z”XkT(ﬁ(l)”qu()(w)

= E3 + E3.

(3.4

(3.5)

For the convenience of proof, define d = né, + a(0) > 0. Combining (3.5), Hélder’s inequality, [ > k + 2,
Fubini’s theorem for series, 2771+9 < 277 —n§; < a(0), and Lemma 6, by an estimate similar to that of Ej,

we obtain that

K ( -1 p(i+e)]ptie)
Eyssup sup 270ef ) | ) 2"“(°>2("")"51||sz|Iw<~><w>’
£>0 ko<0,koEZ k=-oo\l=k+2
K (- pi+o) ]t
ssup sup 275gf Y | 5 26O fir|| a0, 200 aONE-D
>0 ko<0,ko€Z k=—oco|[=k+2
ko -1 p(i+e)]ptso
ssup sup 2KE0 3 | 3 20| im0
£>0 ko<0,koEZ k=-oo\l=k+2
(1 ) p(1+s)
— +€
coup sup 2ol 3 mOw e, Z 2k-p>
>0 ko<0,ko€EZ |=—c0
ko o, p(1+e)
— +€
ssup sup 2 ko| 0 Z 21a(0)p(1+e)|| le”i‘“(')(w)
£>0 kg<0,koEZ [=—w

=gty

To deal with Ej,, by (3.5), ko < 0, Hélder’s inequality, —né; < a(0), a» < nd, — y, and note that h = né; +

Q. > 0, and Lemma 6, we obtain
1
]P(1+8) p+e)

ko o
Epssup sup 2-kol| 0 z 2k(a(0)+n61)p(1+s)[zz—lnle”le”qu(_)(w)
£>0 ko<0,koEZ k=—co 1=0

® p(1+e)|pi+e)
ssup sup 27k 89[221‘1‘”” f)(llqu1<~>(w)2‘lh]
£>0 ko<0,kgEZ =0

= Ml

]p(ue)/(p(w))’ fan

<o sup el T | T2
£>0 ko<0,koEZ =0 =0
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which together with the estimate of E implies that

Es = |Ifll iy

Thus,
< (),
E = lfllyge02,,
holds true.
We now prove that G < ||f|| a()Ae( o
To prove G = ||f|],, a()/19( o We borrow some ideas from those used in the proof of [13, Theorem 4.2].

Splitting G; by means of Minkowski’s inequality, we deduce

-1 p(1+&)]pa+e)
ssup sup 27Kef ) zka“p(1+g)[ > HXkT(fj(l)”LqZ()(w)]

>0 ko>0, ko2 k=0 |-
1
k-2 p(1+e) [p+e)
+ sup sup 2koilgf zzk“wl’(“f) Z e TN 26
>0 ko>0,kg€EZ k=0
=Gy + Gy

For the term Gy, by (3.3) and using the fact that e = né, — y — a» > 0, Hélder’s inequality, v = né; -
a(0) - y > 0, and Lemma 6, we obtain that

Gussup sup 27%o4|gf zzkawp(“E) Z 1|t )y 28OS

1
-1 p(1+e)|p(i+e)
>0 ko>0,koEZ k=0 =00 ]

ko -1 p(1+e) [pa+e)
<sup sup 2H(ed 2 "e”“*f’[ 2 I flnoe 2 ”I

>0 ko>0,ko€EZ k=0 |=—c0
1
-1 p(1+€) p(i+e)
ssup sup 2Koilgf Z [ACAYARRE
£>0 ko>0,koEZ [=—c0
1
-1 p(l+£) p(l+e)
ssup sup 27Kdlgf] H 2O J a0 2"
>0 ko>0,koEZ l=-o
1
-1 .l p(i+e)/(p(1+e)) |p+e
~koA| 06 la(0)p(1+ p(l+e) W(p(1+e))’
ssup sup 270ilgf] 3 2le@p) fy | PEE 5 2 < 1Sl o -
>0 ko>0,ko€EZ |=—c0 l=-00 2.q10)

For the term Gy,, by (3.3), Holder’s inequality, e = n§, - y — dw > 0,1 < k — 2, Fubini’s theorem for series,
27P(1*8) < 2P and Lemma 6, by an estimate similar to that of E;, we have

G2 = M2

For G, from T, bounded from L4O(w) to L&O(w)~1 <1~k <1, 27% = €27, and Lemma 6, we con-
clude that

Gyssup sup 2kofgf Z 2katep(i+e)
>0 ko>0,kgEZ k=0

> IGO0 w)

1
k+1 p(1+e) [p+e)
[1 k-1 ’
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A

ko k+1 p(1+e) )
sup sup 27%0gd ) 2karrel B I fi)]l 0,
>0 ko>0,koEZ k=0 I=k-1

1
ko+1 ]p(1+£)

A

_ " p(l+e)
sup sup 27koilef B 2le-pe)| f L0
>0 ko>0,kgEZ 1=-1

A

ko . )
—ko)| o0 lae p(1+ p(l+e
sup sup 27ef § 2le=re) fig P
>0 ko>1,ko€EZ 1=-1

A

1
ko p(i+e)
- - (1+¢) - (1+¢)
sup sup 270 g02710-p|| iy PO+ 0 ol P<“8>||fxl||§ql<.>(w)’
>0 ko>1,ko€EZ 1=0

A

1
ko p(ire)
- - p(l+e) - p(1+e)
sup sup 27K¥|g92 1 Ons ) fy Py g0 ol P<1+€>||ﬁa||m<.>(w)’
£>0 ko>1,koEZ =0

A

1
kg p(l+e)
_ _ p(l+e) » p(l+e)
sup sup 27271 fo + gf ) 2P0 iy | ’
=0

L410) a0
£>0 ko>0,kgEZ (w) (@)
1
ko . p(i+e)
_ e
s maxjsup sup 27%oilef § 2laOpdse) ||ﬁ(z||iq1<->(w) ,
>0 ko<0,ko€Z |=—00

-1

1
ko p(i+e)
- (1+¢) - (1+¢)
sup sup 27%fe? § 2uOnA fy FED) 1e? S ol P<1*8>||ﬁa||iql<.>(w)’
>0 ko>0,kgEZ |=-c0 =0

= M2y

For Gs, combining (3.5), Hélder’s inequality, [ > k + 2, Fubini’s theorem for series, 27718 < 277, —n§; <
a(0), a. < né, — y, and note that h = né; + a. > 0, k > 0, and Lemma 6, by an estimate similar to that of Ej,
we obtain that

< - a()A, .
Gs=|f HMKP; 400
Therefore, combining the estimates for E and G, we deduce that
-al y S - al),A,
I f1] W ) A1l i oy

~a(),A,0 > a(),A,0

which implies that T, is bounded from MK, 4.9 (w) to MKp,qz)(.)' (w), which holds true and hence completes the

proof of Theorem 1. O

Proof of Theorem 2. We show this theorem by borrowing some ideas from the proofs of Theorem 1 and [13, The-

< a(),1,0
orem 5.1]. Let f € MK, a(l)(.) (w), and we decompose

D.q

fO) = 3 FOOx00.

[=—c
From Lemma 6, we have
ITEf], s
Y ME, gy (@)
1
) p(i+e)

=~ - b (1+¢)
=~ max Sup Sup 2 koA 89 z Zka(O)p(l+E)||TV (f)Xk ”qu(')zu) ,
£>0 ko<0,ko€EZ k=—c0
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1
-1 p(i+e)

ko
- b p(l+e) - b p(1+¢)
sup sup 27gl § 2RO Th(fyg [FCEO 4+ g0 3 2Kaer O T fy |FESE
>0 ko>0,ko€EZ k=-0 k=0
=max{A, N + S},
where
1
p(1+e)|pa+e)

ko

_ - b
A=sup sup 27ol|gf 3 2kaOprel il B T(fi) :
>0 ko<0,kgEZ k=-0c0 [=-00 LQZ(')(“))

4 w p(1+e) )

_ - b
N=sup sup 27Kl 3 2kaOp+e) |y 5 TP(fy) ,
>0 ko>0,kgEZ k=-00 [=—00 qu(')(w)

1
p(1+e)|p+e)

Xk Z Tf(ﬁ(z)

l=-00

ko
S=sup sup 27|l ) pkaep(i+e)
£0 ko>0,kpEZ k=0

qu(‘)(w)

The next is the same as the way the (3.1) is handled. Since to estimate N is essentially similar to estimate A,
it suffices for us to show that A and S are bounded on homogeneous grand weighted Herz-Morrey spaces.
It is easy to see that

3 3
As YA, Ss)S,
i=1 i=1
where
1
ke k-2 p(1+e) [pa+e)
Ay=sup sup 27gf 3 2kaOpel B Ly TR(fi)l|pmo) :
>0 ko<0,koEZ k=—co =0
ko k+1 p(l+e) ﬁ
Ay=sup sup 27KAgf ) okaOplre) % e Ty i)l 20 ,
>0 ko<0,koEZ k=—o I=k-1
Ky - pase)]pve
= —koA| c0 ka(0)p(1+e) b .
Ay=sup sup 27gf H 2 > Dt T ) | o )(w)] )
>0 ko<0,kgEZ k=-0 I=k+2
ko k-2 p(1+¢) p(11+€)
Si=sup sup 27%ollel § 2kaer+al By TO(f)llpeow) :
>0 ko>0,koEZ k=0 [=-00
ko k+1 p(l+e) Feo)
Sp=sup sup 27%0gl § oka-p@el B |y TP(fr)llpe0 ) ,
>0 ko>0,koEZ k=0 I=k-1
K o pase)]pive
S3=sup sup 27kl Z 2ktep(1+e) Z Dt Tf(ﬁ(l)”w(')(w)]
>0 ko>0,kgEZ k=0 I=k+2

First, we consider A;. For a.e. x € Ry with k€ Z, and [ < k - 2, from size condition of T, (2.6),
and generalized Holder’s inequality, we have

IT2 ()01 = 27400 [T 1500 = BO)IF)Idy

RJ™1
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= 2750 [T 1b00) - (B, + s, - BRIy

RJ=1
27k 5 b)) - (b)Bz]a|I|[b(Y) = (D)g ol fIdy
j=0 ot R

S2KEN T Y100 = Bl gl DO = Bl

j=0 oeCf"
By Lemmas 4, 2, 3, [11, Formula (14)], and 5, we obtain

e T ) 200
S (1Bl 27 Uk = D™l Il 1031 D 20
s ||b||*2ky(k - l)m”ﬁ(l”L‘h(')(w)“XIHLq/l(')(w*l)HXk”_1

Lq'z(')(w-l)

Il |Lq’2(')(¢u_1)
= ||b||«2%(k - D™ o Ay, - 1, _—
18129 = " il 0 o o o o o

< 1Bl G = D292 f a0 Dl 160 e e -,

S 1Bl (k = D™ 202002 i [l ooy 2PN oy D1

quz(')(w’l)
< [[bll(k = DR fo[|p00)-

DE GRUYTER

(3.6)

3.7

From (3.7), Holder’s inequality, v = n§, — a(0) — y > 0, Fubini’s theorem for series, 2P1*&) < 27, and re-

peating the proof of [13, Theorem 5.1] with some slight modifications, we obtain that

ko (k-2

A; < ||b|lssup sup 9-kol| g0 Z Z 2a(0)lp(1+g)”ﬁ(l”i(1+€) 2vp(1+s)(l—k)/2]

1O(w)
£>0 ko<0,koEZ

k=—co|=—c0

k-2 p(+e)/(p(1+€))’ pive)
X [ Z (k - l)m(P(1+£))'2V(l—k)(p(1+g))’/2’
|=—c0

k

0 a+6) ko p(11+s)
€ _
et Z 2a(0)lp(1+8)||le”P z ov(I=k)p/2
=1+2

<[Bll.sup sup 27 o)
k

>0 ko<0,kg€EZ

[=—c0

p(1+e)
e Y 2onta| |

s ”b”* Sup Sup z_kM Llh(')(w)

£>0 ko<0,kgEZ

< 1Bl g2,
,q41(

1
kO ] p(l+e)

[=—0

For A, Tf is bounded from L4O)(w) to L%O(w), 2020 = 20¢= 20 = 20(0) and Lemma 6; similar to the

estimation for E,, we conclude that

4; < |bllsup sup 27t
£50 ko<LkoEZ

[=—c

ko 1) e
6 la(0)p(1+e) p(l+e w
e 3 2Ol | Wbkl

For As, by repeating the proof of [13, Formula (5.3)], we obtain

ITPHION < 2700y % 11500 = Oalolll fllzow) IDG) = Bhaloctillao, -

j=0 oecjt
This together with Lemmas 4, 3 and [11, Formula (14)] further implies that

D Iyl S 1Bl = K)™2E0m4| fig | 0.

(3.8)

(3.9



DE GRUYTER Boundedness of fractional sublinear operators = 15

The next is the same as the way the E; is handled. Splitting A; by means of Minkowski’s inequality,
we have

ko -1 P(1+€) e

Ayssup sup 27%ef Z gape)) 5 |U(ka(ﬁ(l)||Lq2”(w)
>0 ko<0,kg€EZ k=-0c0 1=k+2

ko ® p(1+8) o)

+sup sup 27KAgf ) 2ka@p(e) H T”(f)(z)llmz<->(w>
>0 ko<0,koEZ k=—-00 1=0

= Ay + Asp.

For the term As, by (3.9), Hélder’s inequality, d = né; + a(0) > 0, Fubini’s theorem for series, 27p(+e) < 2P,
Lemma 6, and repeating the proof of [13, Theorem 5.1] with some slight modifications, we obtain that

ko (-1 p(i+e)]ptise)
A <|bllisup sup 27KAef Y Y 2“(°>’|ma||Lq1<»<w)a—k>mzd<k-l>]
>0 ko<0,kgEZ k=-oo\l=k+2

=||b|lssup sup 27

1)w

ko ( -1
£t z z 2a(0)lp(1+s)” le||P(1+€) 9dp(1+€)(k- l)/Zl

>0 ko<0,ko€EZ k=-oco\l=k+2
a4 p(1+e) (pe)y T
[ S - k)M(P(1+8))’Zd(k-l)(p(1+€))’/2]
I=k+1
kg -2 p(l+e)
<|[bllsup sup 278 § 20O o FEED 5 odtbpr2
>0 ko<0,kopEZ |=-c k=—00

<||b|lxsup sup 27koA
£>0 ko<0,kEZ

= Hb”*”f”Mk:;ff;e(w)'

Ll )(w)

) p(+e)
g0 Y glapasey fy PAe)

[=—

For the term As,, applying (3.9), Holder’s inequality, h = né; + a» > 0, and Lemma 6, we deduce that

ko o0 p(1+e) p(11+e>
Asy <||b|lxsup sup 927k g Z 2k(a(0)+n51)l7(1+£)12(l - k)mz—lmﬁlnﬁ(l”qu(.)(w)l
>0 ko<0,koEZ k=-0c0 =0
® p+e)]uao
<|lbfl.sup sup 27! 89122’““Ilﬁ(zllﬂﬂ')(w)(l - k)*nz-lh]

&>0 ko<0,k)€EZ =0

1 )(w)
>0 ko<0,kg€EZ

_ » p(l+¢)
<||b|lxsup sup 27kogf 22’“ P fig I oo ]

]p<1+s>/(p<1+s>>' o

x [Z(l _ kym@ae) g ihpire)y
=0

< 1 102,

Therefore, combining the estimates for As; and Aj, deduces that

Az = |IbILIf1l,, RO
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Thus,
A=<|b - a()A,
1Bl £1I MKP)ZE(%)O(M)

holds true.
Next, we consider S;. The next is the same as the way the E; is handled. Splitting S; by means of
Minkowski’s inequality, we deduce

-1 p(l+e)]pa+e)
ssup sup 2 ko| g0 Z 2kamp(1+s)[ Z ||Xk ( Sl (w)]
>0 ko>0,ko€EZ k=0 l=—

+sup sup 27%Ag? ZZ’“’wP(W)
>0 ko>0,ko€EZ k=0

=Sy + S

k-2 (1+8) p(1]+s)
[Z 1 TR e ><w>]

To show Sy; using (3.7) and e = né; - a» — y > 0, Hélder’s inequality, and using the fact that v = né,
- a(0) - y > 0, Lemma 6 and by repeating the proof of [13, Theorem 5.1] with regular modifications, we obtain
that

ko 4 p1+e)]sae)
Si < ||b|l«sup sup 27KoAlgf Zz’dam n&y-y)p(l+e) x [ 2 I fillpao e (k = Dm2ies:- y)l
>0 ko>0,kgEZ k=0
-1 p(L+e)|ptve)
s|bllsup sup 27K Zz Kep1+) x | 3 || fig | (k = Dm2inéy)
£>0 ko>0,kgEZ k=0 [=-c0
-1 p(l+e) ﬁ
<|Bllsup sup 270 Y || figllpmo ) (K - l)mzl("52‘V)]
>0 ko>0,kgEZ l=-c0
-1 p(1+e) ﬁ
<|bllsup sup 27|l 5 2O fiy|| o (K - l)mzl"]
>0 ko>0,kg€EZ l=—00
1
-1 -1 p(1+e)/(p(1+eg))’ |p+e)
<||b|lssup sup 27KA|gf] H 2laOpae) ﬁ(l”%&a) Y (k - [yrpare e
>0 ko>0,kg€EZ |=— [=—0c0

< - a(),A, .
= bl 1l 005,
For the term Sy, by Hélder’s inequality, e = né; - dw — y > 0, k > 0, Fubini’s theorem for series, 277(1*&) < 277,
and Lemma 6, by an estimate similar to that of A;, we have

Si2 = Bl fll e,

To deal with S,, in the view of the L4O(w) to L%O)(w) boundedness of T?, -1 <1 - k <1, 27% = ¢27%O),
and Lemma 6, similar to the estimation for G,, we obtain

1

ko p(1+e)
Sy < |bllsup sup 27Wled Y 2lpO) plPEE N < B||IfI], aoin .
£>0 ko>LkoEZ =1 Lw) MK, g,y (@)

The estimate for S; can be obtained by similar way to Ay and using the fact thath = né; + a. > 0, k > 0.
From the estimates of A and S, we see that

IIT”fIIMKaO” S bl L1l e,

and hence completes the proof of Theorem 2. O
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