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1 Introduction

The first stability problem regarding the Cauchy functional equation from a group G into a metric group H has
been proposed by Ulam [1] in 1940. One year later, Hyers [2] was the first author who answered Ulam’s
problem when G and H are Banach spaces as follows:

Let G and H be Banach spaces. Suppose that ¢ : G — H fulfills

llp(a + b) = p(a) - @(b)|| < 6,

for all a, b € G and for some § = 0. Then, there exists an additive mapping A : G — H such that ||p(x) -
AXx)|| < 6 for all a € G. Next, some generalizations of Hyers’ result for additive and linear mappings have
been studied by Aoki [3], Rassias [4], and Gavruta [5]. More information about the stability of miscellaneous
functional equations on various spaces is available, for instance, in books [6-8].

Throughout this article, N, Q, and R are the sets of all positive integers, rationals, and real numbers,
n-times

respectively, Ny = N U {0}, R, = [0, ). Moreover, for the set E, we denote E x E x...xE by E".

Over the last two decades, the stability problem for functional equations has been studied by the authors
for multiple variables mappings like multi-additive mappings. Here, we indicate their definitions:

Let V be a commutative group, W be a linear space over Q, andn € N withn > 2. Amapping f: V" — W
is called multi-additive if it satisfies

AX +y) = AX) + AW), (W)
in each variable. It is shown in [9, Theorem 2] that a mapping f is multi-additive if and only if it satisfies

f(xl + XZ) = Z f(xiﬂ) ---,Xinn),

i, ., (n€{1,2}

* Corresponding author: Abasalt Bodaghi, Department of Mathematics, West Tehran Branch, Islamic Azad University, Tehran, Iran,
e-mail: abasalt.bodaghi@gmail.com

* Corresponding author: Mana Donganont, School of Science, University of Phayao, Phayao 56000, Thailand,

e-mail: mana.do@up.ac.th

Choonkil Park: Research Institute for Convergence of Basic Sciences, Hanyang University, Seoul 04763, Korea,

e-mail: baak@hanyang.ac.kr

8 Open Access. © 2025 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.

3


https://doi.org/10.1515/math-2025-0142
mailto:baak@hanyang.ac.kr
mailto:abasalt.bodaghi@gmail.com
mailto:mana.do@up.ac.th

2 =—— Choonkil Park et al. DE GRUYTER

where X; = (Xi, ...,Xin) € V" with i € {1, 2}. For more information about the structure of multi-additive map-
pings and their Ulam’s stability, we refer to [9-11] and [12, Sections 13.4 and 17.2].

Let (G, *) and (H, *) be groupoids equipped with binary operations. A mapping ¢ : G — H is a homo-
morphism between groupoids if

¢(a+b) = ¢(a) * ¢(b), (a,b€G). 1.2)

A particular case of (1.2) is the famous Cauchy (additive) functional equation (1.1), where G and H are two
semigroups with the operation +.

The stability of the Cauchy functional equation on square-symmetric groupoids was investigated by Péles
et al. [13] who generalized the classical theorem of Hyers for the first time. Moreover, Kim [14] established
some stability results of the Cauchy functional equation from square-symmetric groupoids into metric square-
symmetric groupoids based on the control function proposed by Gavruta. Some results on the stability of
Cauchy and Jensen equations through a fixed point method were investigated in [15]; for more results on the
stability of Cauchy equation, we refer to [16-18].

In this article, we introduce the multi-Cauchy mappings as a system of the Cauchy functional equations.
Then, we reduce such system to obtain a single equation. Finally, we prove the stability of the multi-Cauchy
functional equations on the powers of a square-symmetric groupoid.

2 Representation of multi-Cauchy mappings

Let (G, *) and (H, *) be groupoids equipped with given binary operations. For each a € G, set 2a = a * a. Similarly,
for each h € H, put 2h = h = h. The binary operation  is said to be square-symmetric if 2(a * b) = 2a * 2b.
It is obvious that a commutative semigroup is a square-symmetric groupoid. The converse, however, is not true
in general. For example, put G = N, r > 1 a fixed element in G, the binary operationa *b =a +rb (a,b € G).
Then, (G, *) is a square-symmetric groupoid and ¢ is not associative.

Recall that a groupoid (G, *) is divisible (* is divisible) if for each a € G, there exists a unique element

a’ € G such that 2a’ = a. For convenience, we will write % =a’ or %a = a’. To simplify the notation, for each
a in a groupoid G = (G, *) and each n € N, we write 2% = a and 2"*1a = 2(2"a). If, in addition, G is divisible,

a
+1

. a
then we also write w=a and o

= %[;—n] for alln € N. To reach our aims in this article, we consider the following
mapping:
0..6G—G;, a~2a and A.:H — H; h+~ 2h
Note that the square-symmetric of * implies that the mapping o. is an endomorphism. According to the
aforementioned fact, the binary operation ¢ such that o. is an automorphism (bijective) is divisible.
For each (¢, ...,t,), (S, -..,Sp) € G", we define the pointwise binary operation on G" as follows:

(tb ---;tn) ¢ (811 ---;Sn) = (tl * S, ‘"1tn * Sn)-

Consider the mapping L. : G — G" defined by L(sy, ...,Sy) = (G.(S1), ...,0.(Sy)). Moreover, for each m €N,
we have

LT(s1, oySp) = (0"(81), .., 0"(S)) = (2784, ..., 2M8p).
From now on, we denote (2™sy, ...,2™s,) by 2™(sy, ...,S,) when no confusion can arise. It is easily seen that if o.
is an automorphism, then so is L.

A mapping f: G" — H is called multi-Cauchy (multi-additive) if, for each j € {1, ...,n} and all q; € G,
the mapping a ~ f(a, ...,aj-1, 4, Qj+y, ...,ay) satisfies equation (1.2), i.e.,, for each1 <j<n,

flay, ....aj-1, @ * @'}, Qjsy, .., Q) = @, o0\ Qjor, G, Qs oo, ) * f(@ G, @, Qs o, p).

Letn € Nwithn 2 2 and a" = (ay, ap, ...,a;n) € G, where i € {1, 2}. We shall denote a;" by a; when there
is no risk of ambiguity. For a1, a; € G", we write f(a) * f(az) = *kepz f(ax).
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Assume that a square-symmetric groupoids G and H have the identities e; and ey, respectively.
We consider the following condition on H:
(K)Form €N and h € H, if mh = eg, then h = ey.

There are plenty of known examples of groups with the condition (K), e.g., the group (Z, +). A mapping
f: G™ — H has the identity condition, if f(a) = ey for any a € G" with at least one variable that is equal
to eg. It is easily checked that every multi-Cauchy mapping f: G" — H has identity condition provided that H
has condition (K).

Setn = {1, ...,n}. For a subsetm = {j;, ...,;i}of n with1 <j<..< j, <nand g =(g, ...g) € V",

mg = (eG: €6, gjly €G; --,€G, g]‘i) €c, "'1eG) € Gn

denotes the vector that coincides with g in exactly those components, which are indexed by the elements
of m and whose other components are set equal eg.

Lemma 2.1. Let (G,*) be a groupoid and and (H,*) be a commutative group. Suppose that a mapping
f: G™ — H satisfies
flag* @) = %) . jenn f(@j1, ... n) (VAY)

If H has the condition (K), then f has the identity condition.

Proof. We argue by induction on m that f(mg) = ey for0 < m < n — 1. Letm = 0. Substitutinga; = a; = (eg, ...,€)
into (2.1), we have

f(eg, ...,eg) = 2”f(eg, ...,eG).

Our assumption implies that f(eg, ...,es) = eg. Assume that f(,,_,a) = ey. We will prove that f(,,a) = ey.
Without loss of generality, we assume that the first m variables are not equal to es;. Replacing (a;, az)
by (,,a, eg) in equation (2.1), we obtain f(na) = 2""™f(,,a) and so f(,,a) = ey. This completes the proof. [

Proposition 2.2. Let (G, *) be a groupoid and and (H, *) be a commutative group. If a mapping f: G* — H
is multi-Cauchy, then it fulfills (2.1). The converse is true if H has the condition (K).

Proof. Let f be multi-Cauchy mapping. We prove by induction on n that it satisfies equation (2.1). For n = 1,
f fulfills (1.2). Assume that (2.1) is valid for some positive integer n — 1. We will show that it is true for n. We have
f@ »a)=f@™ * a7 aw) * faf ™" » @', az)
= (%, genz @1 @ -1, @n)) * (g ena f(@)n, @ n-1, G2n))
=% enaf(@1, .0 n),

which shows that (2.1) holds for n. For the converse, by substituting a; = (e, ...,eq, ay;, eg, ...,ex) into (2.1)
and using Lemma 2.1, we obtain

flay, ...,a15-1, Qyj * Qyj, v O1n) = fay) * flay, e 1,51, Agjy vy i),

and so the proof is now complete. O

3 Stability results for (2.1)

In this section, we prove some stabilities regarding equation (2.1).
Let (X,d) be a metric space. The Lipschitz modulus of a mapping ¢ : X — X is denoted by Lip(¢)
and defined by

d(o(x), ()

Lip(¢) = sup a(x, y)

[x,y € X, x # yy.
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It is simply to check that Lip(¢ °¥) < Lip(@)Lip®).
One of the main goals of this article is the upcoming theorem, which is the Gavruta stability of equation (2.1).

Theorem 3.1. Let (G, *) be a square-symmetric groupoid and (H, *, d) be a complete metric divisible semigroup.
Suppose that a mapping f: G" — H fulfills

A(f(ay » ap), *j,,.. jeny f(@j1, -, a50) < @(ay, a), 3.1
for all aj, a; € G" in which ¢ : G" x G" — R. is a function that satisfies
Y Lip(h,™e@ma, 27ay) < o, (32)
m=0
for all a;, a; € G". Then, for each a € G",
F(a) = im A,™1 o f(2ma) (3.3)
m-—oo

converges and the mapping F : G* — H is a solution of (2.1) such that

d(f(a), F(a)) < Lip(.)d(a), 34
for all a € G", where &(a) = Y,,_,Lip(A,™)¢(2"a, 2™a). In addition, if {Lip(A,™)Lip(A/")} is bounded, then F
is a unique solution of (2.1) for which the mapping a — d(f(a), F(a)) is bounded with bound Lip(A,)®(a).

Proof. Consider a family of mappings F, : G — H defined via Fy = f and F, = A,™ o f o ", for all m € N.
We shall show that for each fixed and arbitrary a € G", the sequence {F,} is convergent. Replacing a; and a,
by 2™, in (3.1), we obtain

d(f@2May « 2™ay), f2May) * f2QMay)) < e(2May, 2™ay),

for all a; € G". For the rest of proof, we set a; by a unless otherwise stated explicitly. The last inequality can
be rewritten as form

d(f@2™a), A. = f(2™a)) < p(2™a, 2™a). (3.5
It follows from (3.5) that
A(Fns1(@), En(@) = d@A7™D o f(2m*1a), A7™ @ A, f(27a))
< Lip(A,™Dyd(f(2"a), A. * f(2"a))
< Lip, ™ Dyp(2ma, 2ma)
< Lip@A HLip(A™)e(2ma, 2™a),

for all a € G™. It concludes from the aforementioned relation that for each [, k € N with k > [,

k-1 k-1
d(F(a), F(a)) < Y d(F(a), F() < ) Lip(A U M)g(2/a, 2/a).
j=1 j=1

The convergence of series (3.2) implies that the last term in the aforementioned inequalities goes to zero as
l - oo, which shows that {F,} is a Cauchy sequence, and hence, it converges to mapping F : G" — H as defined
in (3.3), which is also well defined. Furthermore, for each m € N, we have
m
A(Fria(@), f(@) < Y d(Fja(a), Fi(@))

j=0
m .

< ) Lip(A U D)p(2/a, 2/a)
j=0

m
< LipA,t ) Lip(A7)e(2/a, 2/a).
j=0
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Taking m — o, we reach to (3.4). Replacing (a4, a;) by 2™ay, 2"ay) in (3.1) and using the endomorphism of L.,
we find

d(f - (Tay * @), *j,,.. jeny fQ a1, -..,2"a; n) < 02"ay, 2May),

for all @;, a; € G". On the other hand, A. is an automorphism of (H, *) and so A,™ is an automorphism as well,
for all m € N. This discussion necessitates that

A(Bn(ay * @), *j,, .. j enz (@)1, @) n)

A (f o Ty * @), *j,,...jean A © o TMaj, ...ajn)
A (f e Tay * @), A" (%, .. jean f © T@j1, @) n))
SLipA™Md(f e T @y * @), *j,,...jenz [ ° T(@j1, s @jn))
<Lip(A,™e(2"ay, 2May).

Letting the limit as m — o in the aforementioned relation and applying the definition of F,, we see that F
satisfies (2.1). For the uniqueness of F, assume that ¥ is an arbitrary solution of (2.1) such that the mapping

a ~ d(f(a), (a)), is bounded with bound LipA,®(a). Substituting a; = a, = a into (2.1), we obtain
FeLL=A°F, FeL=A¢°7.
One can prove by induction that
ATMeFoIl'=F, ANMeoFoIl'=F.
Now, for each a € G™ we have
d(F(a), F(a)) =dA,™ o F2"a),\,™ ° F(2™a))

< Lip(A,™)d(F(2"a), F(2"a))
< Lip(A™[d(F@Ma), f(2"a)) + d(f(2"a), F(2"a)]

<2Lip(™ Y Lip(A-U*)p(TIm(@), K@)
=0

<2Lip(A,™Lip(A™) Y Lip(A, ™I D)p(2mtia, 2mia)
Jj=0

=2LipA7"™LipA") ) Lip(A7UV)e(2la, 2/).

j=m
Due to the boundedness of {Lip(A,™)Lip(A[")}, it follows that F = #, when m — o, This completes the
proof. O

The next corollary is a direct consequence of Theorem 3.1 concerning the stability of equation (2.1).

Corollary 3.2. Let (G, *) be a square-symmetric groupoid and (H, *, d) be a complete metric divisible semigroup.
Let f: G" — H satisfy (3.1) and ¢ : G" x G — R, be a function such that for some real number L with
0 < L <1, the inequality

A" (), A (ho)p(2May, 2Map) < LA™ (), A (h)p(2m ey, 2 May), 3.6)

holds for all a;, a; € G, hy, h, € H, and n € N. Then, for each a € G", limit (3.3) exists and the mapping
F: G" — H is a unique solution of (2.1) such that

d(f(a), F(a)) < o(a, a),

1-L

foralla € G™.
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Proof. Substituting @; = a; = a and m = 1 into (3.6), we have
A (hy), A7 (ho)p(2a, 2a) < Ld(hy, ho)g(a, a),
or equivalently,
Lip(A-)9(2a, 2) < Lo(a, a),
for all @ € G". By induction and using (3.6), one can obtain
Lip(A,™ep(2™a, 2™a) < L"¢(a, a),

1

for all a € G". Therefore, the bound of (3.4) defined in Theorem 3.1 does not exceed ﬁLip A 1)(p(a, a). O

In the following result, we show Hyers’ stability of equation (2.1).

Corollary 3.3. Let § > 0. Let (G, *) be a square-symmetric groupoid and (H, *, d) be a complete metric divisible
semigroup. Suppose that a mapping f: G* — H fulfills

A(f(a » a)*j, .. j ennf(@j1, .,Q; ) <6,
for all a;, a; € G". Then, for each a € G",

F(a) = lim A,™ « f(2ma)
m-—o
converges, and the mapping F : G — H is a solution of (2.1) such that

d(f(a), F(a)) < SLip(A.") Y Lip(A.™),

m=0

for all a € G™. Moreover, F is a unique solution of (2.1) such that the mapping a — d(f(a), F(a)), is bounded.
Proof. Let ¢p(a;, az) = 6. Then, the result will be found by Theorem 3.1. O

In analogy with Theorem 3.1, we have the next alternative result for the stability of (2.1). In this theorem,
we add the condition divisibility for the square-symmetric groupoid (G, *).

Theorem 3.4. Let (G, *) be a square-symmetric divisible groupoid and (H, *, d) be a complete metric divisible
semigroup. Suppose that a mapping f: G* — H fulfills

d(f(ay * @)*j, .. jennf (@), -,ajn) < 0@, az), 3.7

for all a;, a; € G™ in which ¢ : G" x G" — R. is a function satisfying
Y Lip(A™(2 ™ay, 27May) < oo, (3.8)
m=0
for all a;, a; € G". Then, for each a € G",
F(a) = lim A"*! « f2™a), 3.9
m—o
converges and the mapping F : G* — H is a solution of (2.1) such that
d(f(a), F(a)) < LipA ¥ (a), (3.10)

for all a € G", where ¥(a) = Y-, Lip(A™)@(2™a, 27™a). In addition, if {Lip(A,™)Lip(A/™)} is bounded, then F
is a unique solution of (2.1) for which the mapping a — d(f(a), F(a)), is bounded with bound LipA, ¥ (a).
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Proof. Define the mappings F, : G* — H defined via Fy = f and F, = A" o f o ™, for all m € N. Replacing
a; and a; by 27™a in (3.7), we have

d(f@May * 2y, f(2Ma) * f(27Ma) < 92y, 27May),

for all a; € G™. For the rest of proof, we set @; by a unless otherwise stated explicitly. We reform the last
relation as follows:

d(f(2™1a), A  f(27™a)) < p(27™a, 27™a). (3.11)
By (3.11), we have

A(Fn-1(a), Fo(@)) = d@A" ™ o f2™ 1), A o A, o f(27™a))
< Lip@" Hd(f(2™a), A, © f(2™a))
< Lip(A" Y2 ™a, 27a),

for all a € G™. A direct result from the aforementioned relation shows that for each [, k € N,

-1
d(Fi(a), (@) < Y d(Fsj(@), Fesji(@))
j=t
-1 )
< Y Lip@A[)p@2 g, 27 1q)
j=0

k+1-1
< Y Lip(WHLip(W e 7 1a, 27 ).
j=k

It follows from the convergence of series (3.8) that the last term in the aforementioned inequalities intends to
zero as k — o, which shows that {F,} is a Cauchy sequence in H. Therefore, a mapping F : G" — H as defined
in (3.9) is well defined. Moreover, for each m € N, we have

d(Fnea(a), f(a)) < Y d(Fa(a), F(a))
j=0
Lip(A))p27a, 27 1a)

Lip(/ ™He(27a, 27a)

m
<2
j=0

oo
<2
j=1

< LipA,t ) Lip(A)e(27a, 27a).
j=1

Letting m — o, we obtain (3.10). Replacing (aj, a;) by (2™ay, 2™a;) in (3.7) and using the endomorphism
of I™, we obtain
A(Fn(ay * a),*j,,.. j enzFn(@j1, @) n))
= dAM(f o T™ay » @), *j,,.. jenzn A" © fo TT™@)1, s @) n))
= dAMf o T™ay » a2), A" (*j,... jeanf ° T.(@j1, @) n))
SLipAMd(f o T™ay » @), ... j ennf © T.™(@)1, s @) n))
<Lip(AMe2 ™ay, 27 ™ay).

Taking m — o« in the aforementioned relation and using the definition of F,, we find that F fulfills (2.1).
Here, we show the uniqueness of F. Assume that # is an arbitrary solution of (2.1) such that the mapping

a - d(f(a), F(a)), is bounded with bound LipA, ¥ (a). Similar to the proof of Theorem 3.1, one can prove by
induction that

Ao FolIM=F, AMoFoIM=F.
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Note that {Lip(A,™)Lip(A[")} is bounded and it is assumed that # is another solution of (2.1) such that
a - d(f(a)), d(¥(a)) is bounded with bound LipA, ¥ (a). Thus, for each a € G", we have

d(F(a), F(@)) = dA™* = F(2™™a), A" » F(27™a))
< Lip(M™d(F(2™a), F(2™a))
< LipAM[d(F(2™a), f(2™a)) + d(f(2™a), F(2"a))]

< 2Lip(AHLip(A™) Y Lip()eTI (T (a), TIT™)(a))
j=0

< 2LipAHLipAMLp(AT™) 3 Lip(A")p(2 ™ a, 2 a)
j=0

= 2Lip(AHLipAMLip(A™) Y Lip(A))e(27a, 27a).

j=m+1

Since the sequence {LipA,™Lip(AJ")} is bounded, this proves that F = #, and therefore, the proof is fin-
ished. O

Corollary 3.5. Let (G, *) be a square-symmetric groupoid and (H, *, d) be a complete metric divisible semigroup.
Let f: G" — H satisfy (3.7) and ¢ : G" x G" — R, be a function such that for some real number L with
0 < L <1, the inequality

AT (), Al (hy)p(2 ™ay, 27™az) < LA (), A" (hp)p(2 ™ g, 27 ay) 3.12)

holds for all @, a, € G™, hy, h, € H, and n €N Then, for each a € G", limit (3.9) exists and the mapping
F: G" — H is a unique solution of (2.1) such that

L
d(f(a), F(a)) < I o(a, a),

1-
for alla € G™.
Proof. Substituting a; = a, = a and m = 1 into (3.12), we obtain

d(A(h), A(h)p(27"a, 27'a) < Ld(hy, ho)p(a, @),
for all a € G™. It follows from the aforementioned equality that

Lip(A)e(2'a, 27'a) < Lo(a, a),
for all a € G™. By induction, we obtain, due to (3.12)
Lip(AMe@2™a, 27Ma) < L"¢(a, a),

for all a € G". Hence, the bound of (3.4) defined in Theorem 3.4 does not exceed ﬁLip A Hoe(a, a). O
In analogue to Corollary 3.3, equation (2.1) has Hyers’ stability as follows.

Corollary 3.6. Let § > 0. Let (G, *) be a square-symmetric groupoid and (H, *, d) be a complete metric divisible
semigroup. Suppose that a mapping f: G* — H fulfills

d(f(ar * a)*j, .. jennf(@j1, -ajn) <6,
for all a;, a; € G". Then, for each a € G",

F(a) = lim A/™*! « f(27™a),
m-oo
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converges, and the mapping F : G — H is a solution of (2.1) such that

d(f(a), F(a)) < SLip(A,") Y Lip(™),

m=0

for all a € G™. Moreover, F is a unique solution of (2.1) for which the mapping a - d(f(a), F(a)), is bounded.
Proof. Letting ¢(ay, a;) = &, we obtain the desired result from Theorem 3.4. O

Let X be a Banach space over K, which is either R or C. We define the binary operation * on X by x * y =
rx + sy, where r,s € K, which are fixed. For the element (ay, ...,a;,,) € G", we put t; = Card{l;: [; = 1}.
Clearly, 0 < s; < n. With these explanations, for a multi-Cauchy mapping f: G* — X, equation (2.1) converts
to

f(al * az) = Ostzisn rtisn_tif(alll’ ---:alnn), (313)

b, ..., In&{1,2}

for all a;, a; € G™.

Corollary 3.7. Let (G, *) be a square-symmetric groupoid and X be a Banach space over K. Suppose that
a mapping f: G" — X fulfills

flasa)- Y s (ay, . am)|| < ola, a),

0<ti=n

by, hE€{L2}

for all a;, a; € G™ in which ¢ : G" x G" — R. is a function satisfying one of the following conditions:
(@) |r+s| %0 and Y -olr + s ™@(2"ay, 2May) < o;
(i) (G, ) is divisible and Z°,;=1|r + s|™ (2 ™May, 27 ™May) < oo,

for all a;, a; € G™. Then, there exists a uniquely determined solution of (3.13) such that
If(@) - F@Ill < T,

for all a € G, where

Y Ir + s[mp(2may, 2May),  if (i) holds,
m=0

T = o
> Ir + sfmo@"ay, 2™a;), if (ii) holds.

m=1

Proof. It is easily checked that Lip(A]") = |r + s|™ and Lip(A,™) = |r + s|™. Therefore, the desired results can
be obtained by Theorems 3.1 and 3.4. O
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