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1 Introduction and main results

The quasihyperbolic metric was introduced by Gerhing and Palka in the 1970s [1,2] in the setting of Euclidean
spaces R™. Since its first appearance, the quasihyperbolic metric has become an important tool in geometric
function theory, and the theory related to quasihyperbolic metrics has been generalized to metric spaces and
Banach spaces [3]. During the past few decades, modern geometric function theory of quasisymmetric and
quasiconformal mappings has been studied from several points of view. Quasisymmetric mappings on the real
line were first introduced by Beurling and Ahlfors [4]. They found a way to extend each quasisymmetric self-
mapping of the real line to a quasiconformal self-mapping of the upper half-planes. This concept was later
promoted by Tukia and Véisald [5], who introduced and studied quasisymmetric mappings between arbitrary
metric spaces. In 1990, based on the idea of quasisymmetry, Vaisild developed a “dimension-free” theory of
quasiconformal mappings in infinite-dimensional Banach spaces [3,6-9]. In 1998, Heinonen and Koskela [10]
showed that these concepts, quasiconformality and quasisymmetry, are quantitatively equivalent in a large
class of metric spaces, which includes Euclidean spaces. Since these two concepts are equivalent, mathema-
ticians show much interest in the research of quasisymmetric mappings between suitable metric spaces.
The main goal of this article is to discuss the relation between freely quasiconformal mappings, ring
properties, and locally weakly quasisymmetric mappings in metric spaces, and prove that the composition of
two locally weakly quasisymmetric mappings in metric spaces is locally weakly quasisymmetric mapping. For
a metric space X, we use notation |x - y| to indicate the distance between x and y. Following analogous
notations and terminologies of [3,10-22]. We start with the definition of quasisymmetric mappings.
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Definition 1.1. A homeomorphism f: X — Y is said to be
(i) n-quasisymmetric if there exists a homeomorphism 5 : [0, ©) — [0, «), n(0) = 0, such that

Ix —al <tlx-b| implies |f(x) - f(a)l < n@OIf () - fD)I,

for each t > 0 and for each triple x, a, and b of points in X;
(ii) weakly (h, H)-quasisymmetric if there exist constants h > 0 and H = 1 so that

Ix - al < hlx - b| implies |f(x) - f(a)| < H|fC) - f(b)I, (6]

for each triple x, a, and b of points in X.

Remark 1.2.

(i) Ahomeomorphism f: X — Y is weakly H-quasisymmetric mapping if it satisfies (1) with h = 1. The weakly
(h, H)-quasisymmetric mapping is a generalization of the weakly H-quasisymmetric mapping since the
weakly H-quasisymmetric mapping coincides with the weakly (1, H)-quasisymmetric mapping.

(ii) The n-quasisymmetric mapping implies the weakly (h, H)-quasisymmetric mapping with H = n(h).
Obviously, n(h) = h.

Definition 1.3. Let X and Y be two metric spaces and G € X, G’ & Y be two domains (open and connected).
Leth > 0 and H = 1 be two constants. A homeomorphism f: G —» G’ is said to be g-locally weakly (h, H)-qua-
sisymmetric for some 0 < g < 1, if the map f|p,, : By,q = f(Bx,q) is weakly (h, H)-quasisymmetric for any point
X € G, where B, ; = B(X, q6(x)).

We remark that, in general, the locally weakly quasisymmetric mapping means the locally weakly H-qua-
sisymmetric mapping [12]. Obviously, the locally weakly (h, H)-quasisymmetric mapping is a generalization of
the locally weakly H-quasisymmetric mapping. In this article, we always simplify locally weakly (h, H)-qua-
sisymmetric mapping by locally weakly quasisymmetric mapping.

Recall that a metric space is proper if all its closed balls are compact. The quasihyperbolic metric
of a domain in R" was introduced by Gehring and Palka [2]. For the concepts of quasihyperbolic metrics k¢
and kg, please see Section 2.

Definition 1.4. Let G € X and G’ & Y be two domains, and let ¢ : [0, ®) — [0, ©) be a homeomorphism with
@(t) = t. We say that a homeomorphism f: G - G’ is
() @-semisolid if

ke (f (), f(¥) = p(ke(x, ¥)),

for all x,y € G;
(ii) @-solid if f and f! are g-semisolid, i.e.,

97 (ke(x, ¥)) < ke (f 00, f() < gk (x, ),

for all x,y € G;

(iii) fully p-semisolid (resp., fully -solid) if f is ¢-semisolid (resp., ¢-solid) in every proper subdomain of G,
i.e,, the homeomorphism f|p : D — f(D) is ¢-semisolid (resp., ¢-solid) for each proper subdomain
D C G. Fully ¢-solid mappings are also called freely ¢-quasiconformal mappings.

In order to state our results, we introduce the following definitions.

Definition 1.5. Let G € X be a domain in a metric space X. A point x € G is called cut point if G\{x} is not
connected. A domain G is called non-cut-point domain if it has no cut points.

Definition 1.6. Let X be a metric space and B = B(x, r) be a metric open ball in X. Let 0 < A < 1 be a constant.
We say that B is a John ball if for each y € B, there exists a rectifiable curve y joining x and y in B whose arc
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length parameterization y, : [0, [(y)] — B satisfies: ),(0) =y, ),(I(y)) = x and dist(y,(w), X\B) = Au for all
u € [0, I(y)]. Here, I(y) is the length of y, and curve y, is the arc length parameterization of y.

Definition 1.7. Let X be a metric space and G & X be a domain. We called G a A-John-ball domain if for every
metric open ball, B(x,r) € G is a John ball.

Vaisala [3] obtained several characterizations of locally quasisymmetric in Banach spaces; Huang et al. [14]
investigated the relationship between semisolid and locally weakly quasisymmetric in quasiconvex and com-
plete metric spaces. Under suitable geometric conditions (Section 2), in this article, we shall prove a more general
result (Theorem 1.8) for metric spaces.

Theorem 1.8. Let X and Y be two c-quasiconvex, complete metric spaces, and let G ©X and G'CY
be two A-John-ball and non-cut-point domains. Suppose that f: G — G’ is a homeomorphism, for some 0 < q < 1.
Then, the following are quantitatively equivalent:
() f and f™ are g-locally weakly (h, H)-quasisymmetric mappings;
(@) f and f! have the (M, a, B)-ring properties;
(ii) f is freely p-quasiconformal mapping, where the constants q, h, H, M, a, 5, and ¢ depend on each other and
constants c and A.

As an application of Theorem 1.8, we show that the composite mapping of two locally weakly quasisym-
metric mappings in a large class of metric spaces is a locally weakly quasisymmetric mapping.

Theorem 1.9. Let X, Y, and Z be three c-quasiconvex, complete metric spaces. Suppose that G, € X,G, S Y, and
Gs G Z are three A-John-ball and non-cut-point domains. If f : Gy = G, and f~! : G, = G, are q;-locally weakly
(hy, Hy)-quasisymmetric mappings, g : G, » Gsand g™' : G3 = G, are qy-locally weakly (hy, Hy)-quasisymmetric
mappings, then the compositions g o f and (g ° f)™ are g-locally weakly (h, H)-quasisymmetric mappings,
where q, h, and H depend on q,, hy, Hy, q,, hy, Hy, ¢, and A.

This article is organized as follows. In Section 2, we will introduce some necessary notations and concepts,
recall some known results, and prove a series of basic and useful results. The goal of Section 3 is to show
the equivalence between (i), (ii), and (iii) in Theorem 1.8, and in Section 4, we shall prove that the composition
of two locally weakly quasisymmetric mappings in metric spaces is locally weakly quasisymmetric mapping.

2 Preliminaries

Let X be a metric space. We always denote the metric open and close balls with center x € X and radiusr > 0 by
Bix,r)={y€X:ly-x|<r} and B(x,r)={yeX:|y-x <r}
and denote the metric sphere by
Sx,r)={yeEX:|ly-x|=rk

If B=B(x,r) (or B =B(x,r), S = S(x, r)), then AB = B(x, Ar) (or AB = B(x, Ar), AS = S(x, Ar)) for any A > 0.
For a set A in X, we always use A (resp., d4) to denote the closure (resp., the boundary) of A. The diameter
of a set E C X is the quantity

diam(E) = sup{|x - y| : x,y € E},
and the distance between E, F C X is

dist(E, F) = inf{|x - y| : x €E,y € F}.
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2.1 Quasihyperbolic metrics

In this subsection, we give some basic properties of quasihyperbolic metric (see [3,6,16,23-26], and references
therein for more details).

Let y C X be a rectifiable curve of length I(y) with endpoints a and b. If [(y) < », then the curve y is said
to be a rectifiable curve. Suppose that y : [a, b] — X is a rectifiable curve. For each t € [a, b], we denote
5,(t) = I(Y lja,r), where the function s, : [a, b] = [0, I(y)] is called the length function of y. For any rectifiable
curve y : [a, b] — X, there exists a unique curve y, : [0, I(y)] - X such that y =y,  s,. The curve ), is called
the arc length parameterization of y. This parameterization is characterized by the relation I(y, |4,,) = & — &
forall0 <t <t <Iy).

Definition 2.1. Let X be a metric space and G & X be a non-empty open set, and let y be a rectifiable curve
in a domain G ¢ X. The quasihyperbolic length of y in G is

ds

) = [ =,
qh(V) ) é‘G(X)

where §;(x) denotes the distance from x to X\G, i.e., §q(x) = dist(x, X\G).
The quasihyperbolic distance between x and y in G is defined by

ke(x,y) = il;f ln(y),

where y runs over all rectifiable curves in G joining x and y. If there is no rectifiable curve in G joining
x and y, then we define kg(x, y) = +o,

A non-empty open set G of a metric space X is said to be rectifiably connected if for any two points x, y € G,
there exists a rectifiable curve in G joining x and y. If G ¢ X is a rectifiably connected open set, it is clear
that kg(x, y) < « for any two points x, y € G. Thus, it is easy to verify that k¢ is a metric in G, and we call
it the quasihyperbolic metric of G, then (G, k¢) is a quasihyperbolic metric space.

For ¢ > 1, a metric space X is c-quasiconvex if each pair of points x,y € X can be joined by a curve y
with length I(y) < c|x - y|.

Lemma 2.2. (See, [25], lemma 2.5) Let X be a c-quasiconvex metric space, and let G & X be a domain. For any
X,y € B(z,q66(2)) with 0 < q < 5.,
such that l(y) < c|x - y|.

there exists a rectifiable curve y C B(z, (2¢ + 1)q65(2)) joining x and y

Lemma 2.3. (See, [16], Theorem 2.7) Let X be a c-quasiconvex metric space, and let G © X be a domain. Then,
(i) for each x,y € G,

X = y| < (ekeO) — 1)§s(x);

t86(z)

(i) iszG,0<t<1,andx,y6§[z,T,then
1 |x-y c Ix-yl
- r ' <« < - - 7
1+ 2 6oy S KON < Ty

Lemma 2.4. (See, [15], Theorem 2.6) Let X be a c-quasiconvex metric space and G < X be a domain. Suppose that

S6(x)
8¢

X,y € G and either |x - y| < or kg(x,y) < %. Then,

1x -y x -yl
— < ke(x, <2 .
2 8o00) - Keloy) = 2ee s
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Lemma 2.5. (See, [15], Theorem 2.7) Let X be a c-quasiconvex metric space and G & X be a domain. Then,
@) I, (¥) = lgn(y), where Iy (y) is the length of y in the metric space (G, ke);

(ii) the metric space (G, k¢(*)) is a 2-quasiconvex metric space.
2.2 Ring properties, relative homeomorphisms, and uniformly continuous

Definition 2.6. Let x € G, M > 0, and 1 < a < 8 be two positive real numbers. We say that a homeomorphism
f:G— G’ has (M, a, B)-ring property if

. diam (f(B))
oo aist(F®), 6vay) =M
where
g = 8Gl(3x), B=B(x,r), and aB=B(x,ar).

Definition 2.7. Let 0 < tp < 1, and let 6 : [0, ty) — [0, ©) be an embedding with 8(0) = 0. Suppose that G & X
and G’ ¢ Y be two domains. We say that a homeomorphism f: G — G’ is
(i) (0, to)-relative if there is a constant ty € (0,1] and a homeomorphism 6 : [0, ty) — [0, ) such that

F00 = FOI _ fbe -yl
S(F00) | 8

whenever x,y € G and |x - y| < t,6¢(x); in particular, if ¢, = 1, then we say that f is 6-relative;
(i) fully (0, ty)-relative (resp., fully G-relative) if f is (0, ty)-relative (resp., f-relative) in every subdomain of G.

i

Definition 2.8. Let X and Y be metric spaces. Amap f: X — Y is a uniformly continuous if there is ¢, € (0, «]
and a homeomorphism ¢ : [0, t;) — [0, ®) such that

IFOO = fFOI < o(lx = yD,

for all x,y € X with |x - y| < t,. The function ¢ is a modulus of continuity of f, and we say that f is (¢, t)-
uniformly continuous. If t, = «, we briefly say that f is g-uniformly continuous.

Theorem 2.9. Let X and Y be two c-quasiconvex and complete metric spaces, and let G C X and G’ € Y be two
domains. Suppose that f: G — G’ is a homeomorphism. Then, the following conditions are quantitatively
equivalent:

@ f is (@, to)-uniformly continuous in the quasihyperbolic metric;

(i) f is ¢’-semisolid mapping,

where ¢ and ¢’ depend on each other and constant t.

Proof. Obviously, we only need to show the implication from (i) to (ii), since the implication from (ii) to (i) is a
direct consequence of the definitions of uniformly continuous and semisolid mapping. To prove this implica-
tion from (i) to (i), we assume that f is (¢, tp)-uniformly continuous in the quasihyperbolic metric, i.e.,

ke (f (), f(¥)) = o(ke(X, y)), @

for all x,y € G with ks(x,y) < t,.

Since X is a c-quasiconvex complete metric space, by Observation 2.6 of [16], we have G rectifiably
connected. By Lemma 2.5, we know that (G, k¢) is 2-quasiconvex. Therefore, for any given x, y € G, there is
a path y C G joining x and y with

L, (Y) < 2ke(x, y).
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Let m = 0 be the unique integer satisfying
mty < l,(y) < (m + Do

Let ysk : [0, Ik, (¥)] = G be the arc length parameterization of y with metric k;. Denote

T = () and x = yX(y),

m+1
for all1 <j < m + 1. Thus, from (3) and (4), we know that

lkG(V) <
m+1"~

k601, %) < Ul i) = T = T1 = 0

Since f is (@, tp)-uniformly continuous in the quasihyperbolic metric, by (2), it follows that
ke (f(xi-1), (X)) < o(ke(Xj-1, X;)) < @(to),

for all1 <j < m + 1. Hence, we deduce that

m+1

ke (fOO,fO)) < Y ke (f(5-1), f () < (m + D(to).
j=1

For all x,y € G, remembering that mty < li,(y) < 2ks(x, y), (5) implies that

2
ke (OO, FO)) < %kc(x,y) + o(to).

If kg(x, y) > to, according to (6), we obtain that

2
ke (FOOL () < %kc(x,w + olto).

©)]

@

5)

(6

If%0 < kg(x,y) < to, by the definition of uniformly continuous in the quasihyperbolic metric, we deduce that

49(ty)
to

ke (f (), f(¥) = o(ks(x,¥)) < @(to) < + 9(to).

£
ko(6.y) =

If 0 <k(x,y) < b applying the definition of uniformly continuous in the quasihyperbolic metric again,

we know that
2ke(x,
Ko (£ (0, F0) < 0ka(x,)) < pks(x,y) + %{«p(m) - w[%"]]

Therefore, we obtain that
ke (f00), f)) < 9'(ke(x, y)),

for all x,y € G. Here,

20(t
_(/)t( 0)t + o(to), for to < ¢
0
4o(t
o't = p(to) [t _b + 0(to), for L St<ty
to 2 2
2t t[) tO
= - - < =
o(t) + o [(p(to) <p[ ) ]] for0<t=< x

Hence, Theorem 2.9 is proved.
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3 Proof of Theorem 1.8

In what follows, we always assume that X and Y are two c-quasiconvex and complete metric spaces, and that
G ¢ X and G’ € Y are two domains. Furthermore, we suppose that f and f! are g-locally weakly (h, H)-qua-
sisymmetric mappings for some 0 < g < 1.

Now, we are ready to prove Theorem 1.8. We verify the implications indicated by the following routes:

(i) = (i) = (i) > ).

By Lemmas 5.3 and 5.4 of [14], the implication (ii) = (iii) is true in all metric spaces. It suffices to prove that
(i) = (ii) and (iii) = ().

The proof is based on a refinement of the method due to Vaisald [3] and Huang et al. [14]. The proof is given
in the following two subsections.

3.1 Proof of the implication from (i) to (ii) in Theorem 1.8

Assume f and f! are g-locally weakly (h, H)-quasisymmetric mappings for some 0 < q < 1. Let

_ 6c(x)
rx,ﬁ_ ﬁ 5

We shall show that f and f! have the (M, a, B)-ring properties, i.e.,

diam(f(B)) <M
dist(f(B), G\f(aB))| ~

B=B(x,r) and aB = B(x,ar).

0<r<ryp

where

M =2H*H +1), a=max

3
2N

In what follows, we only need to verify the f has the (M, a, B)-ring property. The proof of the
(M, a, B)-ring property of f~! follows in a similar manner.

In order to prove that f has the (M, a, B)-ring property, we divide the discussions into two cases:
Case3.11.0<h<1.

For x € G,0 < q<1,let B=B(x,r) and a = 3/(h?), where 0 < r < #SG(X). Then,
B(x,r) € B(x,ar) C B(x, q55(x)).

For all a, b € B(x, r), we assume that

y€EI

%F(x, r)

and z € G\[%B(x, r)

It is clear that
max{|a - x|, |b - x|} < hjx - y|.

Since f is g-locally weakly (h, H)-quasisymmetric mapping for some 0 < g < 1, it follows from the definition
that

If(@) - fOOI < HIf ) = fO)] and  [f(b) - f()| < HIf(x) = fF(Y)I-
It follows from the aforementioned fact that

If(@) = fF(B)I = If (@) - fFOOI + [f (D) - fFOOI < 2H|f(x) = FY). ™
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Using z € G\((3/(h®))B(x, r)) and y € 3((1/h)B(x, r)), we obtain

3r r _2r 1
|z—y|2|z—x|—|x—y|zﬁ—ﬁzﬁ>ﬁ|x-y|,

From the definition of g-locally weakly (h, H)-quasisymmetric mapping, we have

[FOO) = f)I < HIf(2) - fFO)I. ®)
Together with inequalities (7) and (8), it follows that
If (@ - f)I < 2Hf(2) - f(). 9
Let u be any point in B(x, r), we obtain that
lu -yl < diam[%l?(x, r|= %r 10)
and
2
|u—z|2|z—x|—|x—u|2%—r2h—2. 1)

Using inequalities (10) and (11), we now obtain
lu -yl < hlu-z|.
Therefore, by the definition of g-locally weakly (h, H)-quasisymmetric mapping again, we have
IF - fOI < HIf W) - f(2)].
Thus,
If@) - fWI < If(2) - f@l + If) - fWI = (H + DIf W) - f(2)]. 12)
Combining inequalities (9) and (12), we have thus proved that
If (@ - f)] < 2H*(H + DIf (W) - f(2)I.
Since u and z are arbitrary, it follows from Remark 2.7 that

" diam (f(B))
v, | dist(FB), GV (GI(W)B))

< 2HX(H + 1),

where B = 3/(qh?).
Case3.1.2. h 2 1.
In this case, let a = 3 and 0 < r < (q/3)6s(x), for all x € G, then

B(x,r) € B(x,ar) C B(x, q55(x)).
Suppose that a and b are any two points in B(x, r). Let
y€aB(x,r) and ze G\BB(x,r)),
then we have
max{la - x|, |b - x|} < |x - y| < h|x - y|.
From the assumption of z € G\(3B(x, r)), it is clear that
IXx =yl <z -yl < hjz - yl.
For any u € B(x, r), we obtain
v - u| £ diam(B(x,r)) = 2r (13)
and

lz-ulz|z-x|-|x-u=23r-r=2r. (14)
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By combining (13) and (14), we have
lv-ul £|z-ul<hz-u

Since f is g-locally weakly (h, H)-quasisymmetric mapping for some 0 < ¢ <1, using a similar argument
as in case 3.1.1, we obtain that

“ [ diam (f(B))
v | st (FB), G'F(3B))

<2HXH + 1),

where S = 3/q.
Thus, as discussion earlier, it follows that f has the (M, a, §)-ring property. Here,

3
M=2H*H +1), a=max ﬁ,B

3 3
and ﬁ=max[W, E]

Hence, the proof of implication from (i) to (ii) is complete.

3.2 Proof of the implication from (iii) to (i) in Theorem 1.8

In this subsection, in order to prove the implication from (iii) to (i) in Theorem 1.8, we need the following
lemma.

Lemma 3.1. Under the assumptions of Theorem 1.8, suppose that the homeomorphism f: G — G’ is freely
@-quasiconformal mapping. Then, f and f™ are fully 6-relative with 6 depending only on A, ¢, and c.

Proof. Let D C G be any subdomain of G and D’ = f(D). Assume f: G — G’ is freely ¢-quasiconformal map-
ping, i.e., for all x,y € D,

97" (kp(x, y)) < ko (f (), fF(0)) < @(kp(x, ).

Here, ¢ : [0, ©) — [0, ») is a homeomorphism with ¢(t) > t.

In what follows, we only need to verify that the f is fully 6-relative. The proof of fully 8-relative of f!
follows in a similar manner.

To prove that f is fully 6-relative with 6 depending only on 4, ¢, and ¢, we suppose that x, y € D with
|x = y| = tép(x), 0 < t < 1. We have the following claim.
Claim 3.1. For any 0 < t < 1, if x, y € D with |x - y| = t&p(x), then

kD(Xay) < GO(t)’
where 6, : [0,1) — [0, ) is a homeomorphism.
By Lemma 24, if0 < t < é then

kp(x,y) < Zcu = 2ct.
p(x)
So we can assume that é < t < 11in the following. Since X is a c-quasiconvex metric space, by ([16], Observa-

tion 2.6), we know that D C G is rectifiably connected. Since G ¢ X is a A-John-ball domain, we have every
metric open ball By = B(x, 8p(x)) in D € G is a John ball. Let 0 < A <1, from the definition of John ball,
it is clear that

dist (y,(1(y)), X\Bx) = Al(y).
Because 0B, = {y € X : |y — x| = §p(x)} and B, C D, it follows that
6p(x) = dist(x, X\By) < dist(x, X\D) = p(x).
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Therefore, by 65 (x) = dist(x, X\By), we obtain that §p (x) = 6p(x). Furthermore,

dist(y,(1(y)), X\Bx) _ dist(x, X\By) _ &p(x)
A B A A

Iy) <

Denote

2

L 8p00)

{1
wy = supu € [0, I(Y)] : ¥, oy € B[y,

Obviously, if u; = I(y), then we have y C Bly, u<5D(x) . We observe, for all u € [0, [(y)],
2

9 t(SD(X).

Sp(y,(w)) = dist(y,(w), X\D) = dist(y,(w), X\By) = 1

By the definition of quasihyperbolic metric kp(x, y) and (15) and (16), it follows that

y

. du [y < 2
ko(x,y) < { Sw) ~ (A - 0/2)8&p0) ~ AL-0)

Now, we assume that u; < I(y). Denote
up = inf{u € [0, I(Y)] : ¥, lwigy € B(x, tép(x))}.
Then, for any u € [u, I(y)], we have
Sp(y(w)) 2 p(x) ~ |x =yl = (1 - HEp(x).
If u; < uy, by combining (15), (16), and (18), we have
1) 1 1)
b« | G J o * j o

< U N y)-u < 2l(y) < 2
(-2 A-0&pK) T A-08&X) T Ad-1t)

If u, > wy, then for any u € [y, w], by the definitions of ; and John ball, we have

Sp(y(u)) = dist(y,(w), X\D) > dist(y,(), X\By)

1-t¢
9 5D(X).

2l uzA-wmzAyw) -yl zA-

Therefore,

1(y) y

du 4 du T du du
K < =
p(X,y) < -0[ Sp(y(w)) -0[ Sp(y,(w)) * Z[ Sp(y,(w) ' u‘[ Sp(j(w)

2} Uy — 1y (y) - w
< L0 iy L) "1 - 0600
@ - u+ 2 D+ A L)
) A+ (1= D)8p(x)
- N+ 2 1y)
A= 06X
2+
2A-1t)

(since u < uwp < I(y))

(since 0 <A <1)

<

Therefore, remembering that Sl—c <t<1,(17), 19), and (21) imply that

+A

2
kD(X,y) < m

DE GRUYTER

15)

(16)

a”n

(18)

19)

(20)

@D
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We consider function 8y(t) in the following:

642 + A)c’t 1
¥ for0<ts§,

X@Bc-1)"°
90(0_& fori<t<1
2a-1t) 8c '

Then, it follows that
kp(x,y) < 6y(0),

for any x,y € D and 0 < ¢ < 1. Hence, the statements in Claim 3.1 are proved.
We are now turning to the proof of Lemma 3.1.

The proof of Lemma 3.1. For x, y € D with|x - y| = t§p(x). By applying the inequality (i) of Lemma 2.3, we have

VOO =FON _ prorooson
Sp (f (X))

Here, § : [0, ©) — [0, «) is a homeomorphism by y(t) = e’ - 1.
Since f is freely ¢p-quasiconformal mapping, from the conclusion of Claim 3.1 and inequality (22), it follows
that

1= ¢(kp(f O, fFO)- 22)

Ix -yl
Sp(x)

IFeO -
p(f ()

< Yo (fOO, f)) = Ylokp(x, y))) < ¥

’

(P[GO

which implies that the map f is 0-relative, where 8(t) = Y(¢(8y(t))) is a homeomorphism from [0,1) to [0, )
and 6 depends only on A, ¢, and c. This completes the proof of Lemma 3.1. O

The proof of Theorem 1.8. Suppose that the homeomorphism f: G —» G’ is freely p-quasiconformal mapping;
by Lemma 3.1, f and f™ are fully 6-relative, with 6 depending only on A, ¢, and c.

In what follows, we only need to verify the f is g-locally weakly (h, H)-quasisymmetric mapping.
The proof of g-locally weakly (h, H)-quasisymmetric mapping of f~* follows in a similar manner.

Let zEG, 0<q<1. For x,a,b € B(z,q8s(z)) with |a — x| = h|b - x| and in order to prove that f
is g-locally weakly (h, H)-quasisymmetric mapping, we need only to show that

If (@) = fOOI < H|f (b) = fFOOI, 23)

where H 2 1.
We divide the discussions into three cases:

2c
Case 3.21.0<h< 7.

Set D = G\{b}, then f(D) = G\{f(b)}, and let D’ = f(D). Since G is a non-cut-point domain, D is a sub-
domain. So the assumption on the fully 0-relative of f implies f|p is f-relative. Note that 8 : [0,1) — [0, =)
is a homeomorphism. Without loss of generality, we assume that

2c
2c+1

Assume that x, a, b € B(z, q65(z)) with |a — x| = h|b — x|. For any 0 < q < % it is clear that
86(x) 2 86(2) — Ix - z| 2 66(2) — q66(2) > 2q66(2) 2 |x ~ b|.
Therefore, we have
la = x| = h|b — x| £ hép(x).
From the definition of 6-relative, it follows that

If(@) = fFOOI = 0(Wép(f(x)) = B(MIf (b) - fFOOI < Hilf (b) = f(X)I, 24
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where

2c
M_4R+J

amszzli<h<1

Let0<q < 3
ric space, by Lemma 2.2, there is a rectifiable curve y : [u, v] = G joining x and a with y C B(z, (2¢ + 1)q6s(2))
such that l(y) < c|x - a|.

Define inductively the successive points x = zg, z,..., Z,-1, Z, = a of y as follows. Let t; = u,

For each point x, a, b € B(z, q6¢(z)) with |a — x| = h|b - x|, since X is c-quasiconvex met-

c
2c+1

J
tj=supit € [u,v] : |y(t)—zj_1|s[ |x—b|,1sjsn],
t

and z; = y(t),0 < j < n.
Furthermore, since % <hs<1lforl1<j<n-1 wehavenz22,

n
|Zj-1 - z| = [Zc 1 |x b| and |zp-1 - zy| < [20 " 1] [x = b.
Therefore, for 1 <j < n - 1, it is clear that
l(y |[Zj—1,Zj]) > |Z]‘_1 - Z]I [2 1 |X bl (25)

By summing (25) over 1 <j < n - 1, we have
5
2c+1

Hence, we obtain that n < k with

|X bl < I(y) < c|x — a| = ch|x = b| < c|x - b|.

In2
= 26
In(2c + 1) - In20) (26)
For each1<j<n-1,since x,b € B(z, qSG(z)), we see that
_x @
i = 211 = (| - b1 < b= b1 < 20800
and
j-1 j-1 2 i+1
D zi - ziw] = Z X = b| < 2c|x - b| < 4cqS5(2). (28)
i=0 2c+1
Combining (27) and (28), we have
j-1
86(z) = 12 = -1 2 86(20) = X 12i = Ziwal ~ 12 — 24|
i=0
2 66(z) — |zo - 2| - Z|Zz Ziv| = 12 = zj4] (29)

2 66(2) - q66(2) - 4cq66(z) - 2q66(2)
=(1 - (4c + 3)q)86(2)
>0.

Set D; = G\{z;}. Since G is a non-point-cut domain, D; is a subdomain. So f(D;) = G\{f(z)} is also
a subdomain. Let D’; = f(D;) for 1 £ j < n - 1; according to (29), we obtain

2¢
|Zj-1 - 2| = ﬁ‘SD,-_l(Zj) < 8p;.,(2)).

|2 = zjs| < 2
2c+1
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2c

Since f|p, is O-relative and |z - zo| = 57

|x = b, by Case 3.2.1, it follows that

1) - Fa < 6525 - 1001 = o) - £
F() = F@)] S Hibol(f@)) < Hilf (&) = f(zo)| < HEAF®) = FOO; (30

Ifzn) = f(zn-0| < Hi6p, (f(zn-1)) < HY'|f (D) = fF(X)I.
Summation of aforementioned formulas gives
0O - f(@)] < (H + Hf +..+ HDIf(b) - fOOI < nHIf(b) = f(OI.
Combining this estimate with (26), it follows immediately that
IfC0) = f(@)l < Hylf (b) = fF(X)I, 31
where

In2
+ 1.
In(2c + 1) - In(2c)

2c |
Hy = k| —— =
) k9[26+1] and k
Case 3.2.3. h > 1.

For any x,a,b € B . Since X is a c-quasiconvex metric space, by Lemma 2.2, there is

1
Z, e a3 06(2)

a rectifiable curve y, : [u,v] = G joining x and a with y; € B[z, ﬁ&;(z)

such that I(y;) < c|x - al.

Define inductively the successive points x = py, py, ..., Ppy-1> Py = @ Of y; as follows. Let &y = u,

ti=sup{t € [wv] : (0 - pyl S - bl 1< i<mj,
t

and p, = y,(t), 0 i< m.
Moreover, sinceh >1,for1<i<m-1, we havem > 2,
-y = pl = |x-Dbl and |p,_; = Pyl < I|x- bl
Note that for1<i<m -1,
{0y lipypd) 2 1Py = 2 = X = DI (32)

By summing (32) over 1 < i < m - 1, we have

m-1
(m=Dlx = bl < Y 1Y, lp_op) < 1) < clx = al = chlx - bl. (33)

i=1
According to (32) and (33), it follows that
m<1+ch (34

1

z 4c+3

Note that x = py, py,..., P,, = @ and b are contained in B Sg(z)]. Using a similar argument as in Case

3.2.2, we obtain
If@ - FOOI < Y IF(p) = F(pi)l < mMELIF(x) = f(B)]. (35)
i=1

Combining (34) and (35), we have the desired estimate
If (@) = FOOI < Hslf (x) = f(b)I, (36)

where
H; = (1 + ch)H,.

Therefore, Case 3.2.3 is completed.
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Thus, in terms of (24), (31), and (36), for any x,a,b € B[z, még(z) with |x - a| = h|b - x|,
we obtain that

[f (@) = fOOI < HIfC) = f(b)I.

Here,

]

2c ]k

H = max{H,, H,, H3} = (1 + ch)[k@[ e+ 1

where

K= In2 ‘1
T InQc+1) -InQc)

Therefore, f is g-locally weakly (h, H)-quasisymmetric mapping with h and H depending only on 6 and c.
Here,

1

1= e+ D)ac+3)

Hence, the proof of implication from (iii) to (i) is complete.

4 Proof of Theorem 1.9

In this section, we assume that X, Y, and Z are three c-quasiconvex, complete metric spaces and that G; & X,
G, G Y,and G; & Z are three A-John-ball and non-cut-point domains. Furthermore, we suppose that f: G; = G
and f™ : G, — G are g;-locally weakly (hy, Hy)-quasisymmetric mappings; g : G, — Gs and g% : G3 — G, are
q,-locally weakly (hy, Hy)-quasisymmetric mappings.

Lemma 4.1. Under the assumptions of Theorem 1.9, if f: G = G is a freely ¢,-quasiconformal mapping and
g : Gy — Gs is a freely ¢,-quasiconformal mapping, then, the composition g ° f: G — Gs is a freely ¢, ° ¢,-qua-
siconformal mapping.

Proof. Let D C G; be any subdomain of G; and D’ = f(D) C G,, D” = g » f(D) € Gs. In what follows, we only
need to verify that g ° f: G; — Gj is fully semisolid mapping, i.e.,
kp(g ° f(X), 8 ° fF(V) < @, ° @y(kp(x, ).

The proof of (g » )™ is fully semisolid mapping that follows in a similar manner.
For any domain D € G4, by the assumption, we see that f: D — D’ is ¢;-semisolid mapping and g : D" - D”
is @,-semisoild mapping, which shows that

kp (f 0O, f()) < ¢;(kp(x,¥))
and
kp (g ° (), & ° fF¥)) < @,k (f 0O, fF)),
for all x,y € D. Therefore, we obtain that
kp (g © f0O, & = FO) = 95 ° ¢,(kp(X, y)).

Hence, the proof of Lemma 4.1 is complete. O
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The proof of Theorem 1.9. Under the assumptions of Theorem 1.9, we see that f and g are freely ¢,-quasi-
conformal mappings with some homeomorphisms ¢,, i = 1, 2. By Lemma 4.1, the composition g ° f: G; = Gsis
freely ¢, ° ¢,-quasiconformal mapping. It follows from Theorem 1.8 that there exist constants ¢, h, and H such
that g  f and (g » f)! are g-locally weakly (h, H)-quasisymmetric mappings. Hence, Theorem 1.9 is proved.
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