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Abstract: We study the Euler-Bernoulli equations with time delay:
Uy + 02U = gy * BPU + gy * AU+ ite(x, OluCx, M2 + ut(x, t = Dlugdx, t = D2 = f(w),

where 7 represents the time delay. We exhibit the blow-up behavior of solutions with both positive and
nonpositive initial energy for the Euler-Bernoulli equations involving time delay.
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1 Introduction

In this article, we are concerned with the following delayed nonlinear Euler-Bernoulli problem:

Ug + AU = gy * AU+ gy * A+ pyu(x, O)u(x, O™
+ (X, t = Dluex, t - D2 = f(w), (x,1) € Qx (0, +),
u(x, 0) = ug(x), us(x, 0) = yy(x), x € Q, D
u(x, t-17)=f,t-1), xt)€Qx(0,1),
u(x,t) = 0,Au(x,t) =0, (x,t) €92 x (0, +o),

where Q is a bounded domain in R" with a smooth boundary 9Q, u; = |u,| >0, m>2, g, g, and f(u)
are functions satisfying some conditions to be specified later, and

t
g * u(t) = jgi(t —s(s)ds, i=1,2.
0

The Euler-Bernoulli type equation is formulated as follows:
Ug + Ku=g(x, t,u, up). 1.2

In addition, it finds extensive a applications in numerous branches of physics, including nuclear physics,
optics, geophysics, and ocean acoustics [1,2]. Therefore, an increasing number of references have investigated

* Corresponding author: Rongrui Lin, School of Mathematics and Statistics, Liupanshui Normal University, Liupanshui, Guizhou
553004, P. R. China, e-mail: linrongrui913@126.com

Yunlong Gao: School of Mathematics and Statistics, Liupanshui Normal University, Liupanshui, Guizhou 553004, P. R. China,
e-mail: gaoyl21@Izu.edu.cn

Lianbing She: School of Mathematics and Statistics, Fuyang Normal University, Fuyang, Anhui 236037, P. R. China

8 Open Access. © 2025 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.


https://doi.org/10.1515/math-2024-0124
mailto:linrongrui913@126.com
mailto:gaoyl21@lzu.edu.cn

2 = Rongrui Lin et al. DE GRUYTER

the global existence, energy decay, and blow-up phenomena of solutions for equation (1.2) [1-14]. When
&) =g,() =0,u, =0, Messaoudi [4] considered a more simple equation

Uy + A%u + augu /™% = bujulP2, x€Q,t>0. (1.3)

The authors demonstrated the existence of a local weak solution that exhibits finite-time blowing-up behavior
when p > m and the energy is negative. The authors additionally found that the solution remains global if
m 2 p. Subsequently, Chen and Zhou [5] demonstrated that the solution experiences finite-time blowing-up
with a positive initial energy. When equation (1.3) contains a viscoelastic term (g;(-) # 0), Li and Gao [6]
established that the solution with upper-bounded initial energy experiences finite-time blowing-up. Moreover,
Liu et al. [7] demonstrated that the solution blows up in finite time under strong damping and with initial
energy E(0) =R for any given R = 0. In [8], Ye examined the following initial boundary value problem
concerning the higher-order nonlinear viscoelastic wave equation

t
Uy + (mA)™u - Ig(t - $)(-A)"™u(s)ds = [ulP~%u, (x,t) € Q x R*,
0

where m = 1 denotes a natural number, and p > 2 represents a real number. By using the Galerkin method, Ye
demonstrated the existence of global weak solutions. Simultaneously, it is established that the solution blows
up in finite time under both positive and nonpositive initial energy, and lifetime estimates for the solutions are
provided. In the absence of memory term for (1.1), Benaissa and Messaoudi [9] consider the wave equation in a
bounded domain with a delay term in the nonlinear internal feedback

Uy — Au + p,o(t)g(ue) + t,o(0)g(u(x, t — 7(8))) =0, (x,t) € Q xR", 1.4)

The authors demonstrated the global existence of solutions by employing the energy method in conjunction
with the Faedo-Galerkin procedure, and investigated their asymptotic behavior utilizing a perturbed energy
method. When the nonlinearity and delay of equation (1.4) are variable-exponent, Kafini and Messaoudi [10]
established a global nonexistence result and exponential decay. Numerous researchers have examined both
the delay term and the memory term for references [11-13].

In the absence of a time-delayed nonlinear term and with 4, = 0, Mellah and Hakem [14] investigated the
global existence and uniqueness of a solution to an initial boundary value problem for the Euler-Bernoulli
viscoelastic equation:

Uug +NPu-g*NPu+g*Mu+u =0 (xt)€EQxR"

The authors also demonstrated an exponential decay. In [3], Feng et al. examined the extendable viscoelastic
plate equation with a nonlinear time-varying delay feedback and a nonlinear source term

g + 4 = M(IVulP)su - [ht - s)82u(s)ds + 1,8, (u(0))

0
+ Ut — () + f(u(®) =0, (x,1) € Q x (0, +w).

Under suitable assumptions regarding the relaxation function, nonlinear internal delay feedback, and source
term, the authors demonstrated the global existence of solutions and the general decay of energy by employing
the multiplier method.

For [14], global existence and energy decay are investigated in the absence of time-delay and nonlinearity
terms. In [3], the author demonstrated energy decay with g,(-) = 0. In this article, we expand upon the results

(p-pa-17*-1

from [13] to [3]. When g,(-) and g,(-) satisfy the condition IO ocgl(s)ds + IO ocgz(s)ds < - pa-17

for every

-2 . . . .
0O<ac< pT, we obtain the blow-up of the solution. Our work is structured as follows. In Section 2, we present

some lemmas and a local existence theorem. In Section 3, we prove several lemmas related to blow-up.
Moreover, we demonstrate the existence of finite-time blow-up when E(0) < E; and E(0) < 0.
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2 Preliminaries

In this section, we will provide the necessary materials for the proof of our main results. We employ the
standard Lebesgue space LP(Q) and Sobolev space H(Q) along with their conventional products and norms
Il = IIllz7()- In particular, ||-||; is shorthanded for ||-|| when p = 2. The constant }; is the embedding constant

M2|[ul? < A||vulP < ||Aull? for every u € HA(Q) N HY(Q).
Now, we introduce a new variable, as in [10],
zZ(x, p, t) = ul(x, t - p), ([, p,t) €Qx(0,1) x (0, +o0).
Thus, we have
12X, p, t) + Zp(x, p, t) = 0, (x,p,t) € Q x (0,1) x (0, +0).

Then, problem (1.1) assumes the following form:

Up + AU — gy * LU+ gy * Au+ pau(x, O)ue(x, O™

+ 1z(x, 1, 0lz(x, 1L, O™ = f(w), (x, 1) € Q x (0, +w),
12X, p, t) + Zp(X, p, t) = 0, (x,p,t) € Q x (0,1) x (0, +0),
u(x, 0) = ug(x), u(x, 0) = w(x), x€Q,
z2(x,p, 0) = fy(x, =p7), (x,p) €Q *(0,1),
u(x,t) = 0,Au(x,t) =0, (x,t) € 9Q x (0, +»),

2.1

First, to state and prove our result, we require several assumptions.
(Ho) & : R* — R" is a bounded function, which satisfies

&(t) € CHR") N LY(RY),
and there exist positive constants a;, az, and a3 such that
—agy(t) < g'4(t) £ —agy(t), Vt20,
0 < g”(t) < azgy(t), Vt=0.
(Hy) g, : R* — R* is a bounded function, which satisfies
&) € C'(R") N LY(RY),
and there exist positive constants f;, ,, and B, such that
~Bi&y(t) = 873(0) < =Bgy(1), Vt =20,

oo 1 +00
1- Ig1(3)d3 T Igz(s)ds =1>0.
0 0

(H,) The source term f(u) is a nonlinear function that f(0) = 0, and
ko |ulP < pF(u) < f(wu < ki ul?,

where ko, Iy are positive constants, and

F(2) = [f(s)ds,
0

2(n - 2)

if n>5.
n-4

2<p<+o ifn<4 and 2<p<

(H3) Under the assumptions of g, g,, and (H,), concurrently, we also assume the relaxation functions satisfy:

(p-pa-17%-1
(p - pa - 1)?

bl

+00 1 +00
Jo'gl(s)ds + A—ljo'gz(s)ds <

-2,
where 0 < a < pT is a fixed number.



4 — RongruiLin et al. DE GRUYTER

Next, we present several lemmas and a local existence theorem throughout the text.

Lemma 2.1. [15] (Sobolev-Poincaré inequality): Let s be a number with

2n

2<s<+0o(n<4) or 2=<s<

Then there exists a positive constant B depending Q and s such that
llulls < BllAull, Yu € H§(Q).

Lemma 2.2. Assume that psatisfies (Hy). Then there exists a positive constant C such that
lu®ll; < U@ + lu®lip)

forallt€[0,T),2<s<p.

Proof. By employing continuous embedding inequalities and Sobolev-Poincaré inequality, we can establish
the conclusion parallel to Lemma 2.5 in [6]. O

The localized existence results for problem (2.1) are as follows:

Theorem 2.3. (Local existence) Assume the assumptions (Hy)—(H,) hold. Let
(uo, W, fy) € (HA(Q) N Hy(Q)) x LA(Q) x LX(Q % (0,1)) 2.2)

satisfy the compatibility condition f,(:, 0) = u;(, 0) = w;. Then problem (2.1) possesses a unique weak solution
satisfying

u € C([0, Tl; HX(Q) N Hy(Q),

uc € C([0, T]; L*(Q)) N L™(Q x (0, 7)),

z € C([0, T); L™(Q x (0, 1))).

Remark 2.4. Although the sign of the nonlinear source term in [3] is opposite to that of our nonlinear source

term, local well-posedness can be further established by combining the methods in [3, 14] with the contraction
mapping theorem. A similar approach can be referred to in reference [16].

3 Blow up result

To state and prove our main results, we introduce the following notation and the associated energy functional
related to (2.1).

B= 2 gy = %az(t)—BTlpaP(t), 31

N

where
1

2

1
2
a(®) = [LI8ul? + (g * MO + (g, *V)(O) + = [la(x, p, DIdpix]
Q0

We can define energy function of (2.1):

1 1
EO) = lulf +

t t
1
1~ [g(ds| lulf - 5 [g(sdslvul?
0 0

(3.2
1
- 218 » 800 + (g O] + [ [lztx, p, 0mapx - [Fanar,
Q0 Q
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where
Tlyl(m = 1) < & < t(uym = |u,)), (3.3)

t

(& du)(®) = [g(t - )llu(e) - Aucs)|Pds,
0
t

(g *Vu)®) = gt - $)[IVu(t) - Vu(s)|ds.
0

Lemma 3.1. Let (u, z) be a weak solution of (2.1), and assume (Hy)—(H,), (3.3) hold. Then, for some Cy > 0,
d
EE(O < =Co(llud®lim + llzC, 1, Ollm) < 0,

where

0 < Cy £ min

|1, ¢ ¢ t,l(m = 1)
I

Proof. After multiplying the first equation within (2.1) by factor u; and performing integration across region Q,

and subsequently multiplying the second equation from (2.1) by factor gzlzl’"‘2 with integration carried out
over region Q x (0, 1), we sum these integrated outcomes to derive the following result.

d

dt

1
2

1
1 ¢
2 - 2 -
lluel® + 5 lldulf™ + m_g[{lz(x,p, t)["dpdx E[F(u)dx

t t
- Igl(t - s)JAu(s)Aut(t)dxds - ng(t - )] Tu(s)Tu ()dxds
0 Q 0 Q (3.4)

= = il ~ u, _[ut(x, Dz(x, 1, Olz(x, 1, " *dx
Q

1
14 -
- > [fiztx, p, 022250, p, Ddpax.
Q0
For the last two terms on the left side of (3.4), a direct calculation reveals that

t
- [ - o) [su(s)utyaxds

0 2
(3.5

1d

2dt

1 1
(& ° du)(t) - l|Aulf*| + Egl(t)llAuII2 - 5@ A,

t
Igl(s)ds
0

- _[gz(t - S)IVM(S)Vut(t)dxds
0 Q

(3.6)
1d

V|2
5 dt [[Vul|

(& °Vu)(®) -

t

1 1
Jasas| Ivulp| + Zg@Ivul - 5 < vw(©.
0

By Young’s inequality for the second term on the right side of (3.4), we can obtain

~t1, fui0x, 206, 1, D120, 1, O 2 < i) [u(x, 01206, 1, O
Q Q

[
m

3.7

<

llue(Ollm +

lsl(m -~ 1) "
Iz L O
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For the last term on the right side of (3.4), a direct computation shows that

! 1
d
_g ‘[ I 1206 p. DI “225(x, p, O)lpdx = _% I .[ ap |z(x, p, )" dpdx
Q0 20

__< n_ - 3.8)
o !;(IZ(X, 1, t)] [z(x, 0, t)|™)dx

_ ¢ m_ S . m

= Ol - l2C, 1Ol

Inserting (3.5)—(3.8) into (3.4), we obtain

d 1 1 1 1
EO© <= 58O18IP = SgOVull + 5 (& = Bw(©) + (8 »T)(®)

-1
- [ul Sl %] ludOl - [% - %] lzC, 1, ).

m

According to (Hy)—(H;) and (3.3), then

d ) & ¢ luyl(m -1)
— < — - te 2 m_ > _ &> @07 . m
LEO [ul = @l - |2 - = | llzC, 1,0l <.
Therefore, we can obtain the desired result. O

Lemma 3.2. If the assumptions (Hy)—(H;) hold, then
1 ByP
E(t) 2 —aXt) - —aP
® ke (® » ar(t)

and ®(a) has a maximum value ®(a;) = [% -1

P % = E; when a(t) = Bl‘ﬁ = qq, where a(t) is given in (3.1).

Proof. By (Hy)—(Hy), (3.1) and applying Sobolev-Poincaré inequality, we have

1
E(t) > E

t t
1
- YA— 2
1 {gl(s)ds l1Aul = 3 {gz(S)dSIIVull

1
+ 21+ 800 + (g vO) + [ izt p, O dpax - [Faoax
Q0 Q

1
2_
2

t t
1- {gl(sms - ﬂgz(s)ds 8wl + 1(g; MO + (g VO]

1
k
o fiece,p.oapax - %% g
Q0

1
> %l||Au||2 + %[(g1 o Au)(t) + (g, °Vu)(®)] + %E[{lz(x, p, HI™dpdx - %IIMIIP
1 ByP
> EaZ(t) - Tal’(t).
= ®(a(t)).

Furthermore, according to the derivative of ®(a(t)), we have easy access to ®(a) has a maximum value E;
14
at a(t) = By r2. O
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Lemma 3.3. Assume that (Hy)—(H;) and (3.3) hold. Let (u, z) be a solution of (2.2) with initial data satisfying
E(0) < E;, a(0)> ay.
Then there exists a constant a, > a; such that

1
2

1
a(t) = |LIIAuIP + (g, = Au)(®) + (g, = Vu)(t) + %chx, p, OI"dpdx| = a, (3.9
Q0
and
. B
Il > =t (3.10)

Proof. From the definition of ®(a) and (H,), we can easily obtain

, > 0, if a € (0, m),
®(a) = a(1 — BPaP™?) <0, if a € (a, +)

which implies that

®(a) is strictly increasing in (0, ay),
®(a) is strictly decreasing in (ay, +%),
d(a) » —o as @ — +o,

Similar to the proof of Lemma 2.4 in [6], we easily obtain (3.9) holds.
Next, we will prove (3.10) holds. By (3.2) and (H,), we have

k 1
— |lullp = |F(wdx = -
p -g[ 2

t t
1- Jgods] Iulf - 7 [g)dsivul?
0 0
1
+ 18 » O + (g V(O] + %Q'Z(X’ p. DI"dpdx - E(0)

>

1
2
AP + (g, ° Au)(E) + (g, »Vu)(D) + %jﬁz(x, p. mdpdx| - E(0)
Q0

BiPay?
S 1

N = D=

a? - d(ay) =
Therefore, (3.10) holds. g

Theorem 3.4. Assume that hypothesis conditions (Hy)-(Hs), (2.2), and (3.3) hold. Then the local solution
of problem (2.1) with p > m and with initial conditions satisfying

() E(0) < Ey, a(0) > ay;

(i) E(0) < 0.

Then any solution of (2.1) blows up in finite time T*.

Proof. We will prove the theorem in two parts based on conditions (i) and (ii).
Part (i): Setting H(t) = E; — E(t), by Lemma 3.1 and (3.2), we obtain

H'(t) = ~E"(®) 2 Co(llueOllm + llzC, 1, O)ll)-



8 —— RongruilLin et al. DE GRUYTER

By using (H3), (3.2), and Lemma 3.3, then

1 1
H({t)=E - ~|lul? - =
(0=E - Jlluwl? - 3

1- [aas| laul? +  [gs)asivul?
0 0
1
1
- 1@ * 8O + (g WO - %l {lz(x, p. D" dpdx + lF(u)dX

1
<E- aulp

t t
1
1- ng(s)ds 5 Igz(s)ds
0 0

1
1 k
- 21Gg * 800 + (g *wO) - < [ izt p, D dpax + -
Q0

1 k
<Ep - —a¥(t) + —|lullp
1= 500 pll IIp

1 k
<E-al+ gluuuz
1 Kk
=——a? + = Julf.
p p

So, for t € [0, T) we can obtain

0<E; -EW0)=H()<H({) < —%alz + %llullg < %llullg. (31D
Therefore, we define
L(t) = HYO(t) + eM(t) + KEit, Vte€[0,T),
where €, K > 0 are positive constants to be specified later, and
. |p-2 p-m
M(t) = E[uutdx, 0 <6 < min 2 m .
Then,
L(t) = (1 - OHt)H (t) + eM(t) + KE;, Vte[0,T). (312)

Next, we estimate the function M‘(t). By (2.1) and taking the derivative of M(t) with respect to time ¢,
we obtain
M(t) = |l + (u, ug)

t t
= P = 18ulP + [ - ) [aucnutsaxds + [g,(e - ) vuovu(s)axds
0 Q 0 Q

(3.13)
-y qut|ut|’"‘2dx - U, _[uz(x, 1, 0)|z(x, 1, )" 2dx + qu(u)dx.
Q Q Q
Applying Young’s inequality, for every i, § > 0, we have
t
Igl(t - s)IAu(t)Au(s)dxds
0 Q
t t
= Igl(t - s)jAu(t)(Au(s) — Au(t))dxds + jgl(t — $)ds|[Au|? (3.14)
0 Q 0

v

- (g ° Au)(D) + [1 - fn]f&(f - s)ds||Aul?,
0
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t
[g(t - o) [ u@vu(s)axds
0 Q

t t
Igz(t - s)jVu(t)(Vu(s) — Vu(t))dxds + Igz(t ~ $)ds]|Vu|P 3.15)
0 Q 0

v

t
1
= n(g, > Vu)(t) + [1 - 4—U]Igz(t - s)ds||Vulf?,
0

i 8™ y(m = D mt
—uliuudutr" Mz e ulf - S Ol (316)
8™ ll(m = DS
o, 1, 01200, 1, D2 2 =2l ~ 2, 1 Ol 617
Q

According to the definition of H(t), adding (1 - a)p(H(t) + E(t) - E;) (for every0 < a < pTZZ) to the right-hand
side of inequality (3.13) and inserting (3.14)-(3.17) into (3.13), we arrive at

1-a)p) | 1-
woz[re S0 e [ Y ]Igl(sms I
0
1-a)p) | 1-
+ 11 - 4—1,7 ! za)p ]Igz(s)ds VP + Ta)p - rzl[(g1 * BU)() + (g, = Vu)(O)]
0
1
1 -
+ BE9 ({500 p, imdpax + (@ - pH(D) 619
Q0

(S lmlem)
[m + 2| ulfy

Hy(m = 18 )~ 18
- S @l - = llzC, L0l - (1 - QpE.

+ | furaodx - @ - ayp [Fandx
Q

Q

Since (H,), then

Juf@ax - @ - ayp[Fadx > akgful,
Q Q

_m_
1

and choosing § =1 = NH9(t), where N > 0 is a positive constant to be specified later, such that (3.18) becomes

t
, (1-ap 1 (A-ap 1-ap
M(6)2 |1+ ]u P+ [1 w2 ]{gl(sms + o~ 1] lldup
t
1 1-a 1-a
+l1-— - ( )p J’gz(s)ds ”vu”Z + )p _ rl}[(gl ° Au)(t) + (gZ Ovu)(t)]
4n 2 2 (3.19)
1- (%))
- L )H 205, p, D" dpdx + (1 - WPH(®) + akglully ~ ROl
m N
- %H‘e(t)(ylllut(t)lm + |uylllzC, 1, Olim) = (1 = @)pE.
By using (3.11), 0 < ( and Lemma 2.2, we obtain
(u [ (g + |y -
-t OO = - G Il (3.20)
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(g + luyDIQI 7 kgD

Op(m-1)+
> - mNm—lpe(m—l) ||u||pp(m )+m
G
> = e 1P+ ),
Wt D107 Komoe
where ¢ = —— pomD .
Letn = a —Za)l’, we now use Sobolev-Poincaré inequality, and by inserting (3.20) into (3.19), we obtain
1-a)p 1-ap 1 - ayp oo
(M) =11+ SR S/ Y P ) .
M(t) 2|1 5| el 2 20 - ap - J)'gl(s) s
1 1 a- a)p]+oo .
"l ; (s)ds| Aulp -~ ——|jaulp
Al[ 2(1 - a)p 2 _(l:gz [l Aul| " llAu]| o

1
pé1 - a) ¢
+ =] Jlz(x, p, O"dpdx + (1 - @)pH () + [ako - ] lull?
m E[‘o[ mN™-1 P

-1
- wff—qt)(#lﬂuz(t)”ﬂ s gll2C, 1, DI - (1 - a)pEy

Therefore, by substituting (3.21) into (3.12) and using Lemma 3.1, we have

(m - Dy, Ne m
L(0)2|1 - 0)G - Tl]H-*’(ouut(t)um
m - 1)|u,|Ne 1-
+ |- 66 - %} lzC, 1 DIRH) + €1+ %} el
A-ap . G _ 1 _(A-ap '
. g‘ ; 1=+ [1 - ap ; {gl(s)ds
oo (3.22)
1 _ 1 _ A-ap )
. A1[1 T ; {gz(s)ds lIAul|
1
1 _
+ 2D (1200, p, D dpax + (1 - apH (D)
m Q0
G »
+ glako - N llully, + (K - (1 - a)p)E;.
At this point, we choose a small enough and using (Hs), such that
A-aop . [__ 1 _a-aop|f if,_ 1 _a-ap|f
5 1+ [1 20 - ap 5 {gl(s)ds + Py 1 20— ap 5 {gz(s)ds > 0.
Simplified, we obtain
+00 1 +00 1
{gl(s)ds + A—l‘orgz(s)ds -
and N so large that
C
aky - mNin_l >0,
Q-ap G 1 _a-op|y i1 _a-ap|f
2 [l 200-ap 2 ‘!’ SO wa—ap T 2 { g/s)ds > 0.
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Once a and N are fixed, we pick € small enough that

m - Du,Ne m-1 Ne
(1—9)C0—%>0, (1—6)C0—%>0, K-e1-ap>0

and

L(0) = H1%(0) + eIuO(x)ul(x)dx > 0.
Q

Thus, (3.22) takes the form

1
L) > G H() + ull + 1wl + [[lzx, p, Omdpdx + ulfp | (3.23)
Q0

for a constant C, > 0. Consequently,
L(t)=2L(0)>0, Vte][0,T).
Next, according to inequality (a + b)? < 2P7(a? + b?) (a > 0,b > 0, p = 1) and Lemma 3.3, we obtain that
1
1-6

Lia(t) < GH(t) + Iutudx + (KtEp)io
Q

<GlH®) + J’u[udx + (KTE))i (324)
Q

Kki(KTE;)
SGlH(t) + dx + —————— |lulb|.
I HO !;uzu Gy
Similar to literature [10] and using Lemma 2.1, we know
1
1-6
Judx || < caltiul? + nowg? + uip),
Q
which implies for a constant C, > 0, then
1
Leo(0) < GlH(O) + P + 18wl + [ f120x p, D" dpx + ||u||5'. (3.25)
Qo
Combining (3.23) and (3.25), we deduce that for some Cs > 0,
L(t) = GsLia(0).
Integration over (0, t) yields
0 _%
L(t) 2 |L71-6(0) - Cs t| . (3.26)
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Therefore, by L(0) > 0 and (3.26), we have lim,_p+L(t) = +oo, where T* < %L‘ﬁ(o).
Part (ii): Setting Hy(t) = —E(t), by Lemma 3.1 and (3.2), we obtain

H'(t) = ~E"() 2 Co(llueOllm + ll2C, 1, O)ll)-
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Thus, using (H), such that
k
0 < -E(0) = Hy(0) < Hy(t) < ;1 lulfp.

We then define
Li(t) = H{"(6) + eMy(t), Ve €0, 7),
where ¢ are positive constants to be specified later, and

p-2 p-m
2p ’ p(m -1

M(t) = qu[dx, 0 < 61 £ min
Q

Then,
Lt=01- 01)H1'91(t)H’(t) +eM(t), Vte]0,T).

Similar to (3.13)-(3.26), we also prove any solution of (2.1) blows up in finite time T* for E(0) < 0.
This completes the proof. O
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