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1 Introduction and main results

In this article, we assume that the reader is familiar with the basic notions of Nevanlinna’s value distribution
theory [1–4]. In the following, a meromorphic function always means meromorphic in the whole complex
plane. By S r f,( ), we denote any quantity satisfying =S r f o T r f, ,( ) ( ( )) as → ∞r possible outside of an excep-
tional set E with finite measure.

Let f be a meromorphic function, and let k be a positive integer. We denote by N r f,k ( )) the counting
function for poles of f with multiplicity ≤ k , counting multiplicity and by N r f,k ( )) the corresponding one for
which multiplicity is not counted. Let N r f,k( )( be the counting function for poles of f with multiplicity ≥ k ,
counting multiplicity and by N r f,k( )( be the corresponding one for which multiplicity is not counted.

Let f be a nonconstant meromorphic function, let a a a, ,…, k1 2
be small functions of f , and let

n n n n, , ,…, k0 1 2
be nonnegative integers. We define the differential monomial of f as follows:

= ′M f f f f… ,

n n k nk0 1( ) ( ) ( )( )

and its degree = + + +γ n n n…
M k0 1

. Let M f M f M f, ,…, n1 2
( ) ( ) ( ) be differential monomials. We define the

differential polynomial of f as follows:

= + + +H f a M f a M f a M f… ,n n1 1 2 2
( ) ( ) ( ) ( ) (1.1)

and define =γ γ γ γmax , , …,
H M M Mn1 2

{ }, =γ γ γ γmin , , …,

H M M Mn1 2

{ } by the degree and the lower degree of H ,
respectively.
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In 1986, Zhu [5] proved the following result.

Theorem 1.1. Let f be a transcendental meromorphic function, and let ≢φ 0( ) be a small function of f. Then

⎜ ⎟ ⎜ ⎟≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+T r f N r
f

N r
f φ

S r f, 8 ,

1

8 ,

1

, .( ) ( )

In this article, we improve Theorem 1.1 as follows.

Theorem 1.2. Let f be a transcendental meromorphic function, and let ≢φ 0( ) be a small function of f. Then

⎜ ⎟ ⎜ ⎟≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+T r f N r
f

N r
f φ

S r f, 5 ,

1

5 ,

1

, .( ) ( )

In 1991, Hua and Chuang [6] proved the following result.

Theorem 1.3. Let f be a nonconstant meromorphic function, and let n m, be two positive integers. Assume that
=Q f f H fm( ) ( ), where ≢H f 0( ) ( ) is a differential polynomial defined by (1.1). Then for any nonzero complex

number b:

(1) If ≥n 3, then ≤ ⎛
⎝

⎞
⎠ +′ −T r f N r S r f, , , ;

m Q Q b

2 1

n( ) ( )

(2) If =n 2, then ≤ + ⎛
⎝

⎞
⎠ +′ −T r f N r f N r S r f, , , , .

m m Q Q b

1 2 1

2
( ) ( ) ( )

In this article, we prove the following result.

Theorem 1.4. Let f be a nonconstant meromorphic function, and let n m, be two positive integers. Assume that
=Q f f H fm( ) ( ), where ≢H f 0( )( ) is a differential polynomial defined by (1.1). Then for any nonzero complex

number b,

(1) If ≥n 3, then ≤ ⎛
⎝

⎞
⎠ +′ −T r f N r S r f, , , ;

m Q Q b

1 1

n( ) ( )

(2) If =n 2, then ≤ + ⎛
⎝

⎞
⎠ +′ −T r f N r f N r S r f, , , , .

m m Q Q b

1 1 1

2
( ) ( ) ( )

In 2019, Charak and Singh [7] proved the following result.

Theorem 1.5. Let f be a transcendental meromorphic function, letϕ be a small function of f such that f andϕ have
no common poles, and let k be a positive integer. If ≠f 0 and ≠f ϕk( ) , then =+f ϕk 1( ) and = ′+f ϕk 1( ) have
infinitely many solutions.

Remark 1.6. Theorem 1.5 is not valid by the following example.

Example 1.7. Let =f ez, and let ≡ϕ 0. Obviously, ≠f 0 and ≠f ϕk( ) , but =+f ϕk 1( ) does not have infinitely
many solutions.

Although Theorem 1.5 is not valid, we have the following result.

Theorem 1.8. Let f be a transcendental meromorphic function, letϕ be a small function of f, and let k be a positive
integer. If ≠f 0 and ≠f ϕk( ) , then ≡ϕ 0. In addition, if ≥k 2, then = +f eaz b, where ≠a b0 ,( ) are constants;
if =k 1, then ″f has infinitely many zeros, except = +f eaz b, where ≠a b0 ,( ) are constants.

Remark 1.9. ≠f 0 refers to the fact that for any ∈z � , it holds that ≠f z 0( ) . ≠f ϕk( ) refers to the fact that for
any ∈z � , it holds that ≠f z ϕ zk ( ) ( )( ) .
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The following examples show that two cases occur in Theorem 1.8.

Example 1.10. Let =f z ez( ) , and let k be a positive integer. Obviously, ≠ ≠f f0, 0

k( ) .

Example 1.11. Let =f z ee
z

( ) . Obviously, ≠ ′ ≠f f0, 0. We have ″ = +f e e e 1

e z z
z

( ). Thus, ″f has infinitely many
zeros.

2 Some lemmas

For the proof of our results, we need the following lemmas.

Lemma 2.1. [3] Let f be a nonconstant meromorphic function, and let k be a positive integer. Then

⎟⎜
⎛
⎝

⎞
⎠

=m r
f

f
S r f, , .

k

( )
( )

Lemma 2.2. [1,3] Let f be a nonconstant meromorphic function, let n be a positive integer, and let a a a, ,…, n1 2

be distinct small functions of f. Then

⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝ −

⎞
⎠

+ + ⎛
⎝ −

⎞
⎠

≤ ⎛
⎝ −

+ +
−

⎞
⎠

+m r
f a

m r
f a

m r
f a f a

S r f,

1

… ,

1

,

1

…

1

, .

n n1 1

( )

It follows from the theorem in [8, p. 247] the following result.

Lemma 2.3. Let f be a transcendental meromorphic function. Then

≤
′

≤ +
T r f

T r f
e

1

4

,

,

3

1

4

,

( )

( )

as → ∞r on a set of positive lower logarithmic density.

Lemma 2.4. [1,3] Let f
1

and f
2

be two nonconstant meromorphic functions. Then

⎜ ⎟ ⎜ ⎟ ⎜ ⎟−
⎛
⎝

⎞
⎠

= + −
⎛
⎝

⎞
⎠

−
⎛
⎝

⎞
⎠

N r f f N r
f f

N r f N r f N r
f

N r
f

, ,

1

, , ,

1

,

1

.
1 2

1 2

1 2

1 2

( ) ( ) ( )

Lemma 2.5. Let f be a nonconstant meromorphic function, let b be a nonzero complex number, and let n be
a positive integer. Then we have

(1) ≥n 3, ≤ ⎛
⎝

⎞
⎠ +′ −T r f N r S r f, , , ;

f f b

1

n( ) ( )

(2) =n 2, ≤ + ⎛
⎝

⎞
⎠ +′ −T r f N r f N r S r f, , , , .

f f b

1

2
( ) ( ) ( )

Proof. By Lemmas 2.1 and 2.2 and Nevanlinna’s first fundamental theorem, we have

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝

′ ⎞
⎠

+ ⎛
⎝ ′

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝ ′

+
′ −

⎞
⎠

+

≤ ⎛
⎝

′ ′
′

+
′ − ′
′ −

⎞
⎠

+ ⎛
⎝ ′ ′

⎞
⎠

+

+ +m r
f

m r
f f b

m r
f f

f
m r

f f
m r

f f b

m r
f f f f b

S r f

m r
f f

f f

f f b

f f b
m r

f f
S r f

,

1

,

1

, ,

1

,

1

,

1 1

,

, ,

1

,

n n

n

n n n

n n

n

n

n

n n

1 1

( )

( ) ( )

( )
( )

(2.1)
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⎜ ⎟

⎜ ⎟

≤ ′ ′ − ⎛
⎝ ′ ′

⎞
⎠

+

≤ ′ + − ⎛
⎝ ′ ′

⎞
⎠

+

T r f f N r
f f

S r f

T r f f N r f N r
f f

S r f

, ,

1

,

, , ,

1

, .

n

n

n

n

( ( ) )
( )

( )

( ) ( )
( )

( )

Then, by adding ⎛
⎝

⎞
⎠ + ⎛

⎝
⎞
⎠′ −+N r N r, ,

f f f b

1 1

n n1
to both sides of (2.1), we have

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ ′ + − ⎛
⎝ ′ ′

⎞
⎠

+

+ +

+

m r
f

m r
f f b

N r
f

N r
f f b

N r
f

N r
f f b

T r f f N r f N r
f f

S r f

,

1

,

1

,

1

,

1

,

1

,

1

, , ,

1

, .

n n n n

n n

n

n

1 1

1

( ) ( )
( )

( )

It follows

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ ′ + − ⎛
⎝ ′ ′

⎞
⎠

++ +T r
f

T r
f f b

N r
f

N r
f f b

T r f f N r f N r
f f

S r f,

1

,

1

,

1

,

1

, , ,

1

, .

n n n n

n

n1 1

( ) ( )
( )

( )

By Nevanlinna’s first fundamental theorem, we have

⎜ ⎟
⎛
⎝ ′ −

⎞
⎠

= ′ +T r
f f b

T r f f O,

1

, 1 .

n

n( ) ( )

Thus, we obtain

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ − ⎛
⎝ ′ ′

⎞
⎠

++ +T r
f

N r
f

N r
f f b

N r f N r
f f

S r f,

1

,

1

,

1

, ,

1

, .

n n n n1 1

( )
( )

( )

From ⎛
⎝

⎞
⎠ = + ++T r n T r f S r f, 1 , ,

f

1

n 1
( ) ( ) ( ), we obtain

⎜ ⎟ ⎜ ⎟ ⎜ ⎟+ ≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ − ⎛
⎝ ′ ′

⎞
⎠

++n T r f N r
f

N r
f f b

N r f N r
f f

S r f1 , ,

1

,

1

, ,

1

, .

n n n1

( ) ( ) ( )
( )

( )

If z
0
is a zero of f with multiplicity l

1
, then z

0
is a zero of +f n 1 with multiplicity +n l1

1
( ) . Hence, z

0
must be

a zero of ′ ′f fn( ) with multiplicity + −n l1 2
1

( ) . Similarly, if z
0
is a zero of ′ −f f bn with multiplicity l

2
, then z

0

must be a zero of ′ − ′f f bn( ) with multiplicity −l 1
2

, which yields z
0
is also a zero of ′ ′f fn( ) with multiplicity

−l 1
2

. It follows

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

− ⎛
⎝ ′ ′

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

− ⎛
⎝ ′ ′

⎞
⎠+N r

f
N r

f f b
N r

f f
N r

f
N r

f f b
N r

f f
,

1

,

1

,

1

2 ,

1

,

1

* ,

1

,

n n n n n1
0

( ) ( )

where ⎛
⎝

⎞
⎠′ ′N r* ,

f f0

1

n( )
is the counting function for the zeros of ′ ′f fn( ) , which are not zeros of ′ −+f f f bn n1 ( ).

Hence, we have

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

+ ≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ − ⎛
⎝ ′ ′

⎞
⎠

+

≤ + ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

− ⎛
⎝ ′ ′

⎞
⎠

+

≤ + ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+

+n T r f N r
f

N r
f f b

N r f N r
f f

S r f

N r f N r
f

N r
f f b

N r
f f

S r f

N r f N r
f

N r
f f b

S r f

1 , ,

1

,

1

, ,

1

,

, 2 ,

1

,

1

* ,

1

,

, 2 ,

1

,

1

, .

n n n

n n

n

1

0

( ) ( ) ( )
( )

( )

( )
( )

( )

( ) ( )

(2.2)
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Next we consider two cases.
Case 1. ≥n 3. From (2.2), we obtain

⎜ ⎟− ≤ ⎛
⎝ ′ −

⎞
⎠

+n T r f N r
f f b

S r f2 , ,

1

, .

n
( ) ( ) ( )

It follows

⎜ ⎟≤ ⎛
⎝ ′ −

⎞
⎠

+T r f N r
f f b

S r f, ,

1

, .

n
( ) ( ) (2.3)

Case 2. =n 2. From (2.2), we have

⎜ ⎟≤ + ⎛
⎝ ′ −

⎞
⎠

+T r f N r f N r
f f b

S r f, , ,

1

, .

2

( ) ( ) ( ) (2.4)
□

Lemma 2.6. [6] Let f be a nonconstant meromorphic function, and let k be a positive integer. Then

⎟⎜ ⎜ ⎟
⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ +N r
f

N r
f

kN r f S r f,

1

,

1

, , .

k
( ) ( )

( )

Lemma 2.7. [9] Let f be a transcendental meromorphic function, let ≢ϕ 0( ) be a small function of f, and let k

be a positive integer. If ⎛
⎝

⎞
⎠ =N r S r f, ,

f

1

( ), then ⎛
⎝

⎞
⎠ ≠−N r S r f, ,

f ϕ

1

k ( )( ) .

Lemma 2.8. [10] Let f be a nonconstant meromorphic function, and let ≥k 2( ) be an integer. If ≠ ≠f f0, 0

k( ) ,
then either = +f eaz b or = + −f az b n( ) , where ≠a b0 ,( ) are constants and n is a positive integer.

Remark 2.9. ≠f 0 refer to the fact that for any ∈z � , it holds that ≠f z 0( ) . ≠f 0

k( ) refer to the fact that
for any ∈z � , it holds that ≠f z 0

k ( )( ) .

It follows from Theorem 2.2 in [11, p. 423] the following result.

Lemma 2.10. Let f be a nonconstant meromorphic function, and let ≥k 2( ) be an integer. If f and f k( ) have finitely
many zeros, then =f ReP, where R is a rational function and P is a polynomial.

3 Proof of Theorem 1.2

Set =
′
″ ′L

f φ

f φ
. By Lemmas 2.1 and 2.2, we obtain

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝

′ ⎞
⎠

+ ⎛
⎝ ′

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝ ′

+
′ −

⎞
⎠

+

≤ ⎛
⎝ ′

+
′ −

⎞
⎠

+ ⎛
⎝

⎞
⎠ +

≤ ⎛
⎝ ′

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ ⎛
⎝

⎞
⎠ +

m r
f

m r
f φ

m r
f

f
m r

f
m r

f φ

m r
f f φ

S r f

m r
L

f

L

f φ
m r

L
S r f

m r
L

f
m r

L

f φ
m r

L
S r f

,

1

,

1

, ,

1

,

1

,

1 1

,

, ,

1

,

, , ,

1

, .

( )

( )

( )

(3.1)
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From the definition of L, ≢φ 0( ) is a small function of f , and from Lemma 2.1, we have

⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝ ′

⎞
⎠

= ⎛
⎝

′ −
″
′
⎞
⎠

≤ ′ + + ⎛
⎝

″
′
⎞
⎠

+ ≤m r
L

f
m r φ φ

f

f
m r φ m r φ m r

f

f
S r f S r f, , , , , , ,( ) ( ) ( ) ( ) (3.2)

and

⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝ ′ −

⎞
⎠

= ⎛
⎝

′ −
′ − ′
′ −

⎞
⎠

≤ ′ + + ⎛
⎝

′ − ′
′ −

⎞
⎠

+ ≤m r
L

f φ
m r φ φ

f φ

f φ
m r φ m r φ m r

f φ

f φ
S r f S r f, , , , , , , .

( )
( ) ( )

( )
( ) ( ) (3.3)

By combining (3.1)–(3.3) and Nevanlinna’s first fundamental theorem, we obtain

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝

⎞
⎠ +

≤ ⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠ +

≤ − ⎛
⎝

⎞
⎠ +

m r
f

m r
f φ

m r
L

S r f

T r
L

N r
L

S r f

T r L N r
L

S r f

,

1

,

1

,

1

,

,

1

,

1

,

, ,

1

, .

( )

( )

( ) ( )

(3.4)

From the definition of L and (3.3), we have

⎜ ⎟⎜ ⎟

⎜ ⎟

=
⎛
⎝

′ − ⎛
⎝

′ −
″ − ′
′ −

⎞
⎠
⎞
⎠

≤ ′ − + ⎛
⎝

′ −
″ − ′
′ −

⎞
⎠

+

≤ ′ − +

m r L m r f φ φ φ
f φ

f φ

m r f φ m r φ φ
f φ

f φ
S r f

m r f φ S r f

, ,

, , ,

, , .

( ) ( )

( ) ( )

( ) ( )

(3.5)

Similarly,

= ′ − ′ − ″ − ′
≤ ′ − ′ +
≤ ′ − + ′ − +
≤ ′ − + +

N r L N r f φ φ f φ φ

N r f φ S r f

N r f φ N r f φ S r f

N r f φ N r f S r f

, ,

, ,

, , ,

, , , .

( ) ( ( ) ( ) )

( ( ) ) ( )

( ) ( ) ( )

( ) ( ) ( )

(3.6)

By combining (3.4)–(3.6), we obtain

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ − ⎛
⎝

⎞
⎠ +

≤ + − ⎛
⎝

⎞
⎠ +

≤ ′ − + ′ − + − ⎛
⎝

⎞
⎠ +

≤ ′ − + − ⎛
⎝

⎞
⎠ +

m r
f

m r
f φ

T r L N r
L

S r f

m r L N r L N r
L

S r f

m r f φ N r f φ N r f N r
L

S r f

T r f φ N r f N r
L

S r f

,

1

,

1

, ,

1

,

, , ,

1

,

, , , ,

1

,

, , ,

1

, .

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

(3.7)

By adding ⎛
⎝

⎞
⎠ + ⎛

⎝
⎞
⎠′ −N r N r, ,

f f φ

1 1 to both sides of (3.7), we have

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ ′ − + − ⎛
⎝

⎞
⎠ +

m r
f

m r
f φ

N r
f

N r
f φ

N r
f

N r
f φ

T r f φ N r f N r
L

S r f

,

1

,

1

,

1

,

1

,

1

,

1

, , ,

1

, .( ) ( ) ( )
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Hence, we obtain

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ ′ − + − ⎛
⎝

⎞
⎠ +T r

f
T r

f φ
N r

f
N r

f φ
T r f φ N r f N r

L
S r f,

1

,

1

,

1

,

1

, , ,

1

, .( ) ( ) ( )

It follows from Nevanlinna’s first fundamental theorem that

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

= +

⎛
⎝ ′ −

⎞
⎠

= ′ − +

T r
f

T r f O

T r
f φ

T r f φ O

,

1

, 1 ,

,

1

, 1 .

( ) ( )

( ) ( )

Therefore,

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ − ⎛
⎝

⎞
⎠ +

≤ + ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+

T r f N r
f

N r
f φ

N r f N r
L

S r f

N r f N r
f

N r
f φ

S r f

, ,

1

,

1

, ,

1

,

, ,

1

,

1

, .

( ) ( ) ( )

( ) ( )

(3.8)

It follows from (3.8) and = +N r f N r f N r f, , ,
1 2

( ) ( ) ( )) ( that

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

≤ + + ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+

≤ + + ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+

≤ + + ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+

T r f N r f N r f N r
f

N r
f φ

S r f

N r f N r f N r
f

N r
f φ

S r f

N r f T r f N r
f

N r
f φ

S r f

, , , ,

1

,

1

,

,

1

2

, ,

1

,

1

,

1

2

,

1

2

, ,

1

,

1

, .

1 2

1 2

1

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

) (

) (

)

Hence, we obtain

⎜ ⎟ ⎜ ⎟≤ + ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+T r f N r f N r
f

N r
f φ

S r f, , 2 ,

1

2 ,

1

, .
1

( ) ( ) ( )) (3.9)

Obviously, ″ − ′ ′ ≢f φ φ f 0. Set

=
′ −

″ − ′ ′
= ″ + ′ ′ +P

f f φ

f φ φ f
G Pφ Pφ φ, .

( )
( ) ( )

Thus, we have

″ − ′ − ≡ ′ ′Pφf f f φ Pφ f .( ) (3.10)

Let z
0
be a simple pole of f , and satisfy that ≠ ∞ ′ ≠φ z φ z0, , 0

0 0
( ) ( ) . Obviously, Pφ and ′Pφ are holo-

morphic at z
0
, so we obtain

=
−

+ + − + − +−
f z

c

z z
c c z z c z z …,

1

0

0 1 0 2 0

2( ) ( ) ( ) (3.11)

where ≠−c c c c0 , , , ,…
1 0 1 2

( ) are constants.

= + ′ − + ″ − +φ z φ z φ z z z φ z z z
1

2

…,
0 0 0 0 0

2( ) ( ) ( )( ) ( )( ) (3.12)

= + ′ − + ″ − +Pφ z Pφ z Pφ z z z Pφ z z z
1

2

…,
0 0 0 0 0

2( ) ( ) ( ) ( )( ) ( ) ( )( ) (3.13)

′ = ′ + ′ ′ − + ′ ″ − +Pφ z Pφ z Pφ z z z Pφ z z z
1

2

….
0 0 0 0 0

2( ) ( ) ( ) ( )( ) ( ) ( )( ) (3.14)
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By substituting (3.11)–(3.14) into (3.10), and comparing the coefficients of
−z z

1

0

, we obtain

″ + ′ ′ + =Pφ z Pφ z φ z 0.
0 0 0

( ) ( ) ( ) ( ) ( )

That is, =G z 0
0

( ) .
Next we consider the following two cases.

Case 1. ≢G 0. Sinceφ is a small function of f , then by Nevanlinna’s first fundamental theorem and Lemma 2.1,
we have

⎜ ⎟ ⎜ ⎟≤ ⎛
⎝

⎞
⎠ + ⎛

⎝
⎞
⎠

+ ⎛
⎝ ′

⎞
⎠

+

≤ ⎛
⎝

⎞
⎠ +

≤ +
≤ ″ + ′ ′ + ″ + + ″ + ′ ′ + ″ + +

≤ + ⎛
⎝

″ + ′ ′ + ″ ⎞
⎠ + ″ +

≤ + + +
≤ +

N r f N r
G

N r
φ

N r
φ

N r φ

N r
G

S r f

T r G S r f

m r P φ P φ Pφ m r φ N r P φ P φ Pφ N r φ S r f

m r P m r
P φ P φ Pφ

P
N r P S r f

m r P N r P N r P S r f

T r P S r f

, ,

1

,

1

,

1

,

,

1

,

, ,

, 3 2 , , 3 2 , ,

, ,

3 2

, ,

, , 2 , ,

3 , , .

1
( ) ( )

( )

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

)

(3.15)

From Lemma 2.1, we have

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠ = ⎛

⎝
″ − ′ ′

′ −
⎞
⎠

≤ ⎛
⎝

″ − ′ ′
′ ′ −

⎞
⎠

+ ⎛
⎝

′ ⎞
⎠

+

=

⎛

⎝

⎜
⎜⎜

⎛
⎝

⎞
⎠′

⎞

⎠

⎟
⎟⎟

+ ⎛
⎝

′ ⎞
⎠

+ ≤

′ −
′

′ −
′

m r
P

m r
f φ φ f

f f φ

m r
f φ φ f

f f φ
m r

f

f
S r f

m r m r
f

f
S r f S r f

,

1

,

, , ,

, , , , .

f φ

f

f φ

f

( )

( )
( )

( ) ( )

(3.16)

From the definition of P, we have

⎜ ⎟
⎛
⎝

⎞
⎠ = ⎛

⎝
″ − ′ ′

′ −
⎞
⎠

N r
P

N r
f φ φ f

f f φ
,

1

, .

( )

Since ≢φ 0( ) is a small function of f , we have =T r φ S r f, ,( ) ( ), it follows =S r φ S r f, ,( ) ( ). Hence,
we obtain ′ =T r φ S r f, ,( ) ( ).

Next we consider the following three subcases.
Case 1.1. Let z

0
be a pole of f with multiplicity ≥l 1

1
( ), but ≠ ∞φ z

0
( ) . It follows that z

0
is a pole of ′ −f φ

and ″ − ′ ′f φ φ f with multiplicity +l 1
1

and +l 2
1

, respectively. In this case, the multiplicity of the poles
in the numerator is not greater than that in the denominator. Hence, z

0
is not a pole of

P

1 .
Case 1.2. Let z

0
be a pole of f with multiplicity ≥l 1

1
( ) and = ∞φ z

0
( ) . From =N r φ S r f, ,( ) ( ), we can deduce

that the zeros of this type of P is S r f,( ).
Case 1.3. Let z

0
be a zero of ′ −f φ with multiplicity ≥l 1

2
( ), but not the zero of f . It follows that z

0
is zero

of ″ − ′f φ with multiplicity −l 1
2

. From

″ − ′ ′ = ″ − ′ + ′ − ′ ′ = ″ − ′ − ′ ′ −f φ φ f f φ φφ φφ φ f φ f φ φ f φ ,( ) ( )

we have

=
″ − ′ ′

′ −
=

″ − ′ − ′ ′ −
′ −P

f φ φ f

f f φ

φ f φ φ f φ

f f φ

1

.

( )

( ) ( )

( )

It follows that z
0
is a simple pole of

P

1 .
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Thus, we have

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝

⎞
⎠ = ⎛

⎝
″ − ′ ′

′ −
⎞
⎠

+

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+

N r
P

N r
f φ φ f

f f φ
S r f

N r
f

N r
f φ

S r f

,

1

, ,

,

1

,

1

, .

( )
( )

( )

(3.17)

By (3.15)–(3.17), and Nevanlinna’s first fundamental theorem, we obtain

⎜ ⎟ ⎜ ⎟≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+N r f N r
f

N r
f φ

S r f, 3 ,

1

3 ,

1

, .
1

( ) ( )) (3.18)

Case 2. ≡G 0. That is,

″ + ′ ′ + ″ + ≡P φ P φ Pφ φ3 2 0. (3.19)

Let z
0
be a pole of P with multiplicity l. Then z

0
must be either a zero or a pole of φ.

In fact, if =φ z a
0

( ) , where ≠ ∞a 0,( ) is a constant, then z
0
is a pole of ″P φ with multiplicity +l 2, a pole of

′ ′P φ with multiplicity at most +l 1, and a pole of ″Pφ with multiplicity at most l. Thus, by (3.19), we know that z
0

is a pole of ″ + ′ ′ + ″ +P φ P φ Pφ φ3 2 , a contradiction.
Hence,

⎜ ⎟≤ + ⎛
⎝

⎞
⎠

≤N r P N r φ N r
φ

S r f, , ,

1

, .( ) ( ) ( )

We define ⎛
⎝

⎞
⎠− ′ ′″N r* ,

f φ φ f0

1 is the counting function for the zeros of ″ − ′ ′f φ φ f , which are not zeros

of ′ −f f φ( ), and ⎛
⎝

⎞
⎠− ′ ′″N r*

,

f φ φ f0

1 as the corresponding function where the multiplicity is not counted.

Let z
0
be a zero of ″ − ′ ′f φ φ f , but not the zero of ′ −f f φ( ). Then z

0
is a pole of P. It follows from

≤N r P S r f, ,( ) ( ) that

⎜ ⎟
⎛
⎝ ″ − ′ ′

⎞
⎠

≤ ≤N r
f φ φ f

N r P S r f*
,

1

, , .
0

( ) ( ) (3.20)

Let z
1
be a pole of f with multiplicity ≥l 2

1
( ), but ≠ ∞φ z 0,

1
( ) . Obviously, z

1
is a pole of ′ −f f φ( ) and

″ − ′ ′f φ φ f with multiplicity +l2 1
1

and +l 2
1

, respectively. From the definition of P, we deduce that z
1
must be

a pole of P with multiplicity −l 1
1

. Hence, we have

⎜ ⎟≤ + + ⎛
⎝

⎞
⎠

≤N r f N r P N r φ N r
φ

S r f, , , ,

1

, .
2
( ) ( ) ( ) ( )( (3.21)

Set

=
′ −

″ − ′ ′
=

′ −

⎛
⎝ − ⎞

⎠
− ′

′ −
′″

g
φ f φ

f φ f φ

φ f φ
.

f φ

f φ

φ

φ

3 3

2 2

( )

( )

( )

Let z
0
be a simple pole of f with ≠ ∞ ′ ≠φ z φ z0, , 0

0 0
( ) ( ) . Then by (3.11) and (3.12), we obtain

=
−

+ − + − +−
g

φ z c
λ z z λ z z

4

…,

0 1

2 0

2

3 0

3

( )
( ) ( )

where ≠− −
λ λ0, , ,…

φ z c

4
2 3

0 1
( ) are constants. Hence, ≠ ∞g z 0,

0
( ) , and ′ =g z 0

0
( ) .

Next we consider two subcases.
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Case 2.1. ′ ≢g 0. It follows from that φ is a small function of f that

⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟≤ ⎛
⎝ ′

⎞
⎠

+ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′

⎞
⎠

+ ≤ ⎛
⎝ ′

⎞
⎠

+N r f N r
g

N r
φ

N r
φ

N r φ N r
g

S r f, ,

1

,

1

,

1

, ,

1

, ,
1 0 0

( ) ( ) ( )) (3.22)

where ⎛
⎝

⎞
⎠′N r,

g0

1 is the counting function for the zeros of ′g , which are not the zeros of g .

By Nevanlinna’s first fundamental theorem and Lemma 2.1, we have

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟

⎛
⎝ ′

⎞
⎠

− ⎛
⎝

′ ⎞
⎠

= ⎛
⎝ ′

⎞
⎠

− ⎛
⎝ ′

⎞
⎠

− ⎛
⎝

′ ⎞
⎠

+ ⎛
⎝

′ ⎞
⎠

= − ⎛
⎝ ′

⎞
⎠

+ +

= − ⎛
⎝ ′

⎞
⎠

+

N r
g

g
N r

g

g
T r

g

g
m r

g

g
T r

g

g
m r

g

g

m r
g

g
S r g S r f

m r
g

g
S r f

, , , , , ,

, , ,

, , .

( ) ( )

( )

(3.23)

Referring to line -8 and line -6 in [1, p. 57], we obtain

′ − =N r g N r g N r g, , ,( ) ( ) ( ) (3.24)

and

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

− ⎛
⎝ ′

⎞
⎠

= ⎛
⎝

⎞
⎠

− ⎛
⎝ ′

⎞
⎠

N r
g

N r
g

N r
g

N r
g

,

1

,

1

,

1

,

1

.
0

(3.25)

From (3.24), (3.25), and Lemma 2.4, we have

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎛
⎝ ′

⎞
⎠

− ⎛
⎝

′ ⎞
⎠

= + ⎛
⎝ ′

⎞
⎠

− ′ − ⎛
⎝

⎞
⎠

= ⎛
⎝ ′

⎞
⎠

− ⎛
⎝

⎞
⎠

−

N r
g

g
N r

g

g
N r g N r

g
N r g N r

g

N r
g

N r
g

N r g

, , , ,

1

, ,

1

,

1

,

1

, .
0

( ) ( )

( )

(3.26)

By (3.20), (3.21), and the definition of g , we have

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

+ ⎛
⎝

⎞
⎠

≤ + ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+ ⎛
⎝ ″ − ′ ′

⎞
⎠

+

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+

N r g N r
g

N r f N r
f

N r
f φ

N r
f φ φ f

S r f

N r
f

N r
f φ

S r f

, ,

1

, ,

1

,

1

*
,

1

,

,

1

,

1

, .

2 0
( ) ( ) ( )

( )

(

(3.27)

Combining (3.22), (3.23), (3.26) with (3.27), we obtain

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

≤ ⎛
⎝ ′

⎞
⎠

+

≤ ⎛
⎝

⎞
⎠

+ − ⎛
⎝ ′

⎞
⎠

+

≤ ⎛
⎝

⎞
⎠

+ +

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+

N r f N r
g

S r f

N r
g

N r g m r
g

g
S r f

N r
g

N r g S r f

N r
f

N r
f φ

S r f

, ,

1

,

,

1

, , ,

,

1

, ,

,

1

,

1

, .

1 0
( ) ( )

( ) ( )

( ) ( )

( )

)

(3.28)
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Case 2.2. ′ ≡g 0. Then ≡g A, where A is a constant.

If =A 0, then ≡′ −

⎛
⎝ − ⎞

⎠
″ − ′
′ −

′
0

φ f φ

f φ

f φ

φ

φ

2

( ) . Hence, we obtain that either ≡φ 0 or ′ − ≡f φ 0, a contradiction. Thus, ≠A 0.

Hence, we have

⎜ ⎟′ − ≡ ⎛
⎝

″ − ′
′ −

−
′ ⎞
⎠

φ f φ A
f φ

f φ

φ

φ
.

2

( ) (3.29)

Set = ′ −
F

f φ

φ
. Then by (3.29), we obtain

= ′F
A

φ
F .

3

2

2( ) (3.30)

Obviously, ≢F 0. Thus, we have = ⎡
⎣⎢
⎛
⎝

⎞
⎠′

⎤
⎦⎥F

A

φ F

1 1

2

2
.

Set =H
F

1 . Then we have = ⎛
⎝

⎞
⎠

′
H

BH

φ

2

, where = ≠B A 0

2 . Hence, =H h2, ′ = ′H hh2 , where h is a mero-

morphic function. It follows ′ = ⎛
⎝

⎞
⎠h

φ

B

2

2

2

( ) . Hence, ′ =T r h S r f, ,( ) ( ).

Since = ′ −h
φ

f φ

2 , we have

⎜ ⎟= ⎛
⎝ ′ −

⎞
⎠

= ′ +T r h T r
φ

f φ
T r f S r f2 , , , , .( ) ( ) ( ) (3.31)

From (3.31), Lemma 2.3, and ′ =T r h S r f, ,( ) ( ), we deduce that ′ ≤T r f S r f, ,( ) ( ), a contradiction.
By (3.18), (3.28), and (3.9), we obtain

⎜ ⎟ ⎜ ⎟≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝ ′ −

⎞
⎠

+T r f N r
f

N r
f φ

S r f, 5 ,

1

5 ,

1

, .( ) ( )

This completes the proof of Theorem 1.2.

4 Proof of Theorem 1.4

Obviously,

⎜ ⎟ ⎜ ⎟ ⎟⎜
⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

+m r
f

m r
Q

f
m r

Q
S r f,

1

, ,

1

, ,

γ γ
Q Q

( ) (4.1)

where = = +γ γ m γ
Q Q f H( ) .

By (4.1) and Nevanlinna’s first fundamental theorem, we have

⎜ ⎟ ⎜ ⎟⎟⎜≤ + ⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

+T r f T r Q N r
f

N r
Q

m r
Q

f
S r f, , ,

1

,

1

, , .

γ

γ γ
Q

Q Q

( ) ( ) ( ) (4.2)

Since + = +m γ T r f T r f S r f, , ,
H

γ
Q( ) ( ) ( ) ( ), then by (4.2) and Lemma 2.1, we obtain

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎟

⎟

⎜

⎜

+ ≤ + ⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

+

≤ + + ⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠

+ − ⎛
⎝

⎞
⎠

+

m γ T r f T r Q N r
f

N r
Q

m r
Q

f
S r f

T r Q m γ N r
f

N r
Q

γ γ m r
f

S r f

, , ,

1

,

1

, ,

, ,

1

,

1

,

1

,

H γ γ

H H H

Q Q

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎟

⎟

⎜

⎜

≤ + + ⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠

+ −
⎡
⎣⎢

⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠
⎤
⎦⎥

+

≤ + + ⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠

+ − +

T r Q m γ N r
f

N r
Q

γ γ T r
f

N r
f

S r f

T r Q m γ N r
f

N r
Q

γ γ T r f S r f

, ,

1

,

1

,

1

,

1

,

, ,

1

,

1

, , .

H H H

H H H

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

Thus, we have

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎟⎜+ ≤ + + ⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠

+

≤ + + ⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠

+

≤ + ⎛
⎝

⎞
⎠

+

m γ T r f T r Q m γ N r
f

N r
Q

S r f

T r Q m γ N r
f

mN r
f

S r f

T r Q γ N r
f

S r f

, , ,

1

,

1

,

, ,

1

,

1

,

, ,

1

, .

H H

H

H

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

It follows

≤ +T r f
m

T r Q S r f,

1

, , .( ) ( ) ( ) (4.3)

By (4.3) and Lemma 2.5, we prove Theorem 1.4.

5 Proof of Theorem 1.8

Suppose ≢ϕ 0. By Lemma 2.7, we have ⎛
⎝

⎞
⎠ ≠−N r S r f, ,

f ϕ

1

k ( )( ) , a contradiction. Hence, ≡ϕ 0.

Next we consider two cases.
Case 1. ≥k 2.

Since f is a transcendental meromorphic function, then by Lemma 2.8, we deduce that = +f eaz b, where
≠a b0 ,( ) are constants.

Case 2. =k 1.

Suppose that ″f has finitely many zeros. Then by Lemma 2.10 and ≠f 0, we deduce that =f e
Q

P
1 , where

P Q, are polynomials. It follows from ′ ≠f 0 that

′ =
′ − ′

≠f
e P Q Q

Q
0.

P

2

( )
(5.1)

Obviously, ′ − ′ ≢P Q Q 0 and ′ ≢P 0.
Next we consider two subcases.

Case 2.1. There exists z such that ′ − ′ =P z Q z Q z 0( ) ( ) ( ) .
Let z

1
be a zero of ′ − ′P z Q z Q z( ) ( ) ( ). By (5.1), we have =Q z 0

1
( ) . Hence, ′ =Q z 0

1
( ) .

Thus, we obtain

′ − ′ = −P z Q z Q z z z φ z ,

l
1

1

1( ) ( ) ( ) ( ) ( ) (5.2)

and

= −Q z z z φ z ,

l
1

2

2( ) ( ) ( ) (5.3)

where ≥l l, 2
1 2

( ) are positive integers andφ z φ z,
1 2

( ) ( ) are two polynomials with ≠ ≠φ z φ z0, 0
1

1
2

1
( ) ( ) . It follows

from (5.3) that

′ = − −Q z z z φ z ,

l
1

1

3

2( ) ( ) ( ) (5.4)

where = + − ′φ z l φ z z z φ z
3

2
2

1
( ) ( ) ( ) ( ). Obviously, = ≠φ z l φ z 0

3
1 2

2
1

( ) ( ) .
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By (5.3) and (5.4), we have

′ − ′ = ′ − − −
= − ′ − −
= −

−

−

−

P z Q z Q z P z z z φ z z z φ z

z z P z z z φ z φ z

z z φ z ,

l l

l

l

1
2

1

1

3

1

1

1
2 3

1

1

4

2 2

2

2

( ) ( ) ( ) ( )( ) ( ) ( ) ( )

( ) [ ( )( ) ( ) ( )]

( ) ( )

(5.5)

where = ′ − −φ z P z z z φ z φ z
4

1
2 3

( ) ( )( ) ( ) ( ). Obviously, = − ≠φ z φ z 0
4

1
3

1
( ) ( ) .

It follows from (5.2) and (5.5) that = −l l 1
1 2

. Then by (5.2) and (5.4), we know that z
1
is a zero of both

′ − ′P z Q z Q z( ) ( ) ( ) and ′Q z( ) with the same multiplicities.
Suppose that the distinct zeros of ′ − ′P z Q z Q z( ) ( ) ( ) are z z z, ,…, s1 2

with multiplicities are m m m, ,…, s1 2
,

where s m m m, , ,…, s1 2
are positive integers. It follows

′ − ′ = − − −P z Q z Q z A z z z z z z… ,

m m
s

m
1 2

s1 2( ) ( ) ( ) ( ) ( ) ( )

where A is a nonzero constant and + + + = ′ − ′ = ′ + ≥m m m P Q Q P Q Q… deg deg deg degs1 2
( ) . Furthermore,

we have

′ = − − −Q z z z z z z z φ z… ,

m m
s

m
1 2

5

s1 2( ) ( ) ( ) ( ) ( )

where φ z
5

( ) is a polynomial. Thus, we obtain ′ ≥ + + + ≥Q m m m Qdeg … degs1 2
. Then we deduce that Q

is a nonzero constant.

Since =f e
Q

P
1 and ′ ≠f 0, we obtain ′ = ′ ≠f e P 0

Q

P
1 . Thus, we obtain = +P z az b

1
( ) , where ≠a b0 ,

1
( )

are constants. It follows that = +f eaz b, where b is a constant.
Case 2.2. ′ − ′ ≠P Q Q 0.

From ′ − ′ ≠P Q Q 0, ≢Q 0 and ′ ≢P 0, we know that ′P and Q are nonzero constants. Thus, = +P az b
2

and =Q b
3
, where ≠a 0( ), b

2
and ≠b 0

3
( ) are constants. It follows that = +f eaz b, where b is a constant.

This completes the proof of Theorem 1.8.
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