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1 Introduction

Let R" be the n-dimensional Euclidean space. The symbol o denotes the origin in R". The unit sphere in R"
is denoted by $™1. A convex body in R" is a compact convex set with non-empty interior. Denote by K7 the set
of all convex bodies in R that contain the origin in their interiors. We write 4* for k-dimensional Hausdorff
measure in R™.

The Gauss image measure was discovered by Boroczky et al. in their groundbreaking work [1]. Let A be
an absolutely continuous Borel measure on $"1. For a convex body K € K, the Gauss image measure A(K, -)
of A via K is a spherical Borel measure defined by

AK, w) = Mag(w))

for each Borel set w C $"1. Here, a is the radial Gauss image. We write p, to denote the radial function of a
convex body K € K. For p € R, the L, Gauss image measure was introduced in [2] and can be defined by

dA,(K, -) = pPdA(K, ).

A characterisation problem for the L, Gauss image measure is called the L, Gauss image problem recently
proposed by Wu et al. [2]. Such type of problem is an analogue of the L, Minkowski problem concerning the L,
surface area measure. The L, Minkowski problem and its related problems have been extensively studied in
last three decades; see [3-52]. The L, Gauss image problem asks what are the necessary and sufficient con-
ditions for a Borel measure g on the unit sphere $"* to be the L, Gauss image measure of a unique convex
body K. Namely, this problem is to find a convex body K C R" such that

l’l = AP(K’ )

on $™1, and if such a body exists, to what extent is it unique?
It will be seen that when u has a density f and A has a density g, the L, Gauss image problem is equivalent

to solving the following Monge-Ampére equation on $":

Vh+hv | RP
& + hol | qung + n2

det(V%h + hI) = f(v), (W)
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where h : $*"1 - R is the unknown function on $"*1, V is the covariant derivative with respect to an ortho-
normal frame on $"71, and I is the unit matrix of order n — 1.

The case where p = 0 is the Gauss image problem. The existence and uniqueness results of its solutions
were established in [1], and the existence of smooth solutions was obtained in [16]. In [2], the L, Gauss image
problem was solved for p > 0, while for p < 0, it was solved in the even case. The Gauss image problem was
very recently developed to the Musielak-Orlicz case in [23]. The corresponding Minkowski problem in this
setting may be called the Musielak-Orlicz-Gauss image problem. The existence of solutions to this problem was
studied in [23] using a variational argument. Alternative approach based on a parabolic flow was provided
in [53].

In this article, we will consider the regularity of the solution for the L, Gauss image problem, which are
inspired by the recent and important works of [3,5,54,55]. The support function and polar body of a convex
body K € K7 are denoted by hx and K*, respectively. Then our regularity result can be stated as follows:

Theorem 1.1. Suppose that dy = fdH " 1 anddA = gdH " ' with0 < ¢ < f,g < gonS" L. Forp €R,letK € K}
satisfy dA,(K*, -) = fdH "1 on S""1. Then
(i) 0K is C! and strictly convex, and hy is C' on R™\{o};
(i) if f, g are both continuous, then the restriction of hg to S™! is in C*# for any B € (0, 1);
(iid) if f,g € CA(S™™) for B € (0, 1), then hy is C># on S™.

The organisation of the article is as follows. In Section 2, we list some notions and basic facts regarding
convex bodies and the L, Gauss image measure. In Section 3, we will establish Theorem 1.1 according to
the famous regularity results by Caffarelli [56,57].

2 Preliminaries

2.1 Basics regarding convex bodies

In this section, we introduce some basic facts and notions about convex bodies which will be used later.

For general references, see the books of Gardner [58] and Schneider [59], and the references of [1,21,37].
The Euclidean norm and inner product on R" are denoted by |-| and (-,-), respectively. For x € R™{o}, we

will use X to abbreviate ﬁ Denote by 0K and clK the boundary and closure of a convex body K, respectively.

Associated to each convex body K € K7 are the support function h = hg : $"! = R and the radial func-
tion p = pg : "1 > R, which are respectively defined by

h(v) = max{{(v,y) : y € K}, p(u)=max{A: Au € K}.

We easily see that pi(u)u € 9K for allu € S™%.
The polar body of K € K7 is defined by

K*={x€R":(x,y)<1forall y € K}.
It easily follows from this definition that K* € K}, and (K*)* = K. Moreover,
Px = 1hg,  hg =1/pg-. 2.1
For each v € $", the supporting hyperplane Hx(v) of K € K" is defined as follows:
Hg(v) = {x € R": (x,V) = hg(v)}.
Let 0 C 9K with K € K. The spherical image of o is given by

k(o) = {v e S$S"1: x € Hyg(v) for some x € g} C S*1,



DE GRUYTER The regularity of solutions to the L, Gauss image problem == 3

Suppose that gx C 9K is the set consisting of all x € oK for which the set vg({x}), often abbreviated as vx(x),
contains more than a single element. As is well known that H " (gx) = 0 (see Schneider [59, p. 84]). Suppose
that for each x € dK\ag, vg(x) is the unique element in vg(x). Therefore, we define the function

Vg . aK\O'K - Sn_l,

which is called the spherical image map (also known as the Gauss map) of K. Sometimes it is convenient
to write 0K\ox by 0’K.
The reverse spherical image vg}, of K € K" at n C $", is defined as follows:

vi(n) = {x € 0K : x € Hy(v) for some v € n} C dK.

The set i, C S"! consisting of all v € $"! for which the set v (v) = v ({v}) contains more than a single
element is of A " 1-measure 0 (see Schneider [59, Theorem 2.2.11]). v,}l(v) has the unique element for
v € $"1\n,, which is denoted by vg'(v). Thus, we define the reverse spherical image map by

Vgt s S\ — 0K,
From Lemma 2.2.12 of Schneider [59], it is continuous.
The radial Gauss image of K € K% for a Borel set w C $*™', denoted by ax(w), is defined as follows:
ax(w) = {v € S : p(uWu € Hg(v) for some u € w} C $"1,

If w = {u} is a singleton, we frequently write ax(u) rather than ax({u}). Set wg = {u € $"* : p(Wu € gx} C S*L
Apparently, for each u € wg, ag(u) contains more than one element. Since H " (wg) = 0 from Theorem 2.2.5 of
[59], the radial Gauss map of K (denoted by ax) is the map which is defined on $" !\wg that takes each point u in its
domain to the unique vector in ax(u). Therefore, with respect to the spherical Lebesgue measure, ax is defined
almost everywhere on $™ .

The reverse radial Gauss image ag(n), for K € K with a Borel set  C $™, is defined as follows:

ag(n) = {u € S : p(wu € Hg(v) for some v € n} C $"°1,

Analogously, we write ag(v) rather than ag({v}) for n = {v}. Apparently, az(v) has the unique element denoted
by agx(v) with v € $"1\n,.. Therefore, we can define the reverse radial Gauss image map

ag SN > SML

Thus, a is defined almost everywhere on $"! because the set 1, has spherical Lebesgue measure 0.
According to the definitions of ax and ay, it is not difficult to see that for all A > 0,

Qy = ag, Oy = ag. 2.2)
It was proved in [21] that if K € K7, then for each n C $"71,
ag(n) = ag-(n), 2.3)
and if v & n,, then
v € ag(n) © ag(v) € n. (2.4)

2.2 Basics for L, Gauss image measure

For a Borel set w C $"1, the surface area measure Sx of a convex body K is a Borel measure on $™! which is
defined by

Sk(w) = H (vl (w)) = H™({x € 0K : vg(x) N w = BY). (2.5)
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The following integral representation was given in [1]: If A is an absolutely continuous Borel measure and
K € K7, then

[ ravara,w = [ fanarw) 26)
Sn*l Sll’l

for each bounded Borel f: $S™! - R.
It has been proved in [21] that for K € K™ and each bounded Lebesgue integrable function f: $*! - R,

[ ravppapar=iw = [ x, vy @dH ). @7
st K
Let p € R. The L, Gauss image measure of K € K o is given, in [2], by
[ ravar@, w = [ flanpbaenaw) @8)
Sn—l sn—l

for each continuous f: $*! — R. By combining (2.6) with (2.8), we see
dAp(K: ) = p}(JdA(Kr )
Together (2.4) with (2.8), it can also be, equivalently, written by
2(K, 0) = [ppandic,w) = [ pp(av)dAw)
w ag(w)

for each Borel w C S™1.
Let u = X with x € 9K for K € K7, and dA = gdH "' with g : $*! - [0, ). Replacing K by K* in (2.8),
and using (2.3) and the fact that (K*)* = K, it follows that

[ ryda,ae vy = | faxypfaxu)gaar ). 29
i i
By substituting fp," for f in (2.7), we obtain
[ ravariaw = [ x, veCOpxFEAH ™ 0). 210)
st K
Thus, it follows from (2.9), (2.10), and (2.1) that
J— SOMRE,v) = ajK<x, w(x»%dﬂ "), @11)

For K € K7, we use Dhy to denote the gradient of hy in R™. If hy is viewed as restricted to the unit sphere
$™71, then the gradient of hg on $™! is written by Vhy. Since hy is differentiable at 4™ almost all points in R"
and is positively homogeneous of degree 1, h is differentiable for {1 almost all points of $"1. We suppose
that h is differentiable at v € $™ ' and v = vg(x) is an outer unit normal vector at x € dK. Then it follows that

X = Vgi(v) = Dhg(v). (2.12)

From this, we easily see
hi(v) = hie(vk(x)) = (X, vk () = (Dhg(v), v), (213)
X = Dhg(v) = Vhg(v) + hg(W)v, 2.14)

IDhxW)E = h2(v) + [VheW)R. (2.15)
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It follows from (2.5), (2.12), (2.13), (2.14), and (2.15) that for v € $""1, the integral representation (2.11) implies

Vhe(v) + hx(W)v hg P(v)
[Vh(v) + hgW)V] | (RE(v) + [Vhg(V)P)?

dA, (K™ v) = g dS(K, v). (2.16)

If K € K" has a C? boundary with everywhere positive Gauss curvature, then for v € $*1,
dS(K, v) = det(V2hg(v) + hxg(W)DdH " (v). 217

Therefore, we deduce from (2.16) and (2.17) that if ¢ has a non-negative function f, i.e. du = fdH" ! on $™ 7,
then the L, Gauss image problem can be formulated as finding solutions to the following Monge-Ampére
equation on $"%:

Vh'+ v Rl
2h* * -
g |vh* + h*vl ](lvh*lz + h*z); det(v h + h I) f(v);

where h* = hg-.

3 The regularity of the solution

This section is devoted to the study of the regularity of solutions to the L, Gauss image problem. Namely,
we will prove Theorem 1.1. Let us first recall some basic notions and facts required in this section. We refer to
the papers [3] and [5] for more details.

In the following, we assume that K is a convex body. If 9K contains no segment, then we say that K is strictly
convex; if K has a unique tangential hyperplane at x € 0K, then we say that x is a C'-smooth point. Apparently, hx
is C' on $" 1 if and only if K is strictly convex. In addition, 0K is C* if and only if each x € 9K is Cl-smooth.

Let Q be a convex set in R". We say that z € Q is an extremal point if z = Ax + (1 - A)x; for x, x; € Q
and A € (0,1) implies that x, = x; = z.

The normal cone of a convex body K at z € K is defined by

NK,z) ={x €R": (x,y) <{(x,z) forall y € K},
which is equivalent to
N(K,z) = {x € R": hg(x) = {x, z)}.

When z € intK, we have N(K, z) = {0}, and when z € 9K it follows that dimN(K, z) > 1.
The face of K with outer normal x € R" is given by

F(K,x)={z € K: hg(x) = {x, z)}, (3.1)
which lies in 0K provided x # o, and
F(K, x) = 0hg(x). (3.2)
Here, 0hg(x) is the subgradient of hy, which is defined by
Ohx(x) = {z € R": hg(y) = hg(x) + (z,y — x) foreach y € K},

Obviously, it is a non-empty compact convex set. Note that hx(x) is differentiable at x if and only if dhx(x)
consists of exactly one vector which is the gradient of hg at x.

Let ¢ be a convex function defined in an open convex setQ of R™. We use D¢ and D?p to denote its gradient
and its Hessian, respectively. Besides, we define

Ny(9) = LEJl?a(P(X )s

for any Borel subset J C Q. The Monge-Ampere measure Uy is [1¢(l9) = HY(Ny(3)). Let ¢ be C? smooth.
Then the subgradient d¢ is equal to the gradient Dg. Thus, it follows that

1,(9) = H(Dp(9)) = [ detD2p)dH™. (33)
g
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Note that the surface area measure S of a convex body K in R" is a Monge-Ampére type measure with hg
restricted to the unit sphere $™! since it satisfies

Sk(w) = H™ Y

U F(K, v)] = 7{"'1[ U ohg(v)
VEW VEW

= Uy, (W) 3.4)

for any Borel w C S™L.

Noting that a convex function ¢ is the solution of a Monge-Ampére equation in the sense of measure
(or in the Aleksandrov sense), this implies that it solves the corresponding integral formula for y, rather
than the original formula for det(D?@).

In order to obtain the regularity of the solution to the L, Gauss image problem, we first convert
the original Monge-Ampére equation (1.1) on the unit sphere $"! into a Euclidean Monge-Ampére equation
on R™, Thus, we will pay attention to the restriction of a solution h of (1.1) to the hyperplane tangential
toS"tate € $ML

Lemma 3.1. For K € K" and e € $™™', we define that ¢ : e — R with ¢(y) = hg(y + e). If h = hy is a solution

of (1.1) for non-negative functions f and g, then in the sense of measure ¢ satisfies

g Do(y) + (p(y) - (Dp(y),y)) - e
[Do(y) + (p(y) = (Dp(y), y)) - €|

Here,

]detDZf/)(y)=</J(y)”‘1ID<ﬂ(y)+(¢(y)-<D¢(y),y>)-eI"®(y) onet. (35)

i
o(y) = V1 IYIW-
a+pP:

Proof. Let h = hx be a solution of equation (1.1) for K € K. Then from (2.17), (2.14), and (2.15), we have that
forv € S,

Dhg(v)

_pp-l . .
8| Dyt LT V) = M DRI WIAH () 56)

For e € $™, assume that B, denotes the hyperplane in R™ which is tangential to $"™! at e and e* denotes
the orthogonal complement of {se : s € R} inR". For y € e*, we have y = 2?:_11))1- e;, where {ey, ...,e,-1} is a basis
of e*. We define the radial projection I : et — $* from P, = e + e* to $™, where II(y) = (y + e)//1 + |y]*.
Since

(M), e) = 1+ hP, 37)
it follows that for the mapping y = v = II(y) its Jacobian determinant is

|JacI| = (1 + |y)™>. (3.8)

Suppose that ¢ : et = R is the restriction of hx on B. Thus,

()

Ao = ==

(3.9)

Then by (3.1) and (3.2), we have that

29(y) = F(K, II(y))|et. (3.10)
It follows from the homogeneity of degree 1 and the differentiability of hx that

Dhg(y + e) = Dhg(v),
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where v = TI(y). Thus, we can deduce Dg(y) = Dhg(y + e)|et = Dhg(v)|e*.
Let

Dhg(v) = Do(y) - oe (3.11)
for some undetermined constant o € R. By (2.13), we see
hg(v) = (Dhg(v), v). (312)
In addition, we have
v=TI(y) = (v + &)1+ VP,  hx(v) = p(0)/{1+ P (313)
By substituting (3.11) and (3.13) into (3.12), we have
e+ () = (Dp(y), y). (3.14)
Together (3.11) with (3.14), it follows that
Dhg(v) - Do(y) = (9(y) — (Do(y), y)) - e. (315)

According to (3.4), we easily see that for a Borel set 3 C e+,

I (v, €)dSk (V). (3.16)
()

Thus, it follows from (3.10), (3.3), (3.6), (3.15), (3.8), and (3.9) that

w"-ll U (FK,v)let)| =
ven(9)

J’dewzq)(y)dwn i(y) = J' v, e)dS(v)

n(9)
= [ et IO gy
i [| Dhy(v) |]

_1Do(y) + (p(¥) - (Dp(y),y)) - el f (ﬂ(y))

Pl T dH ().
-0[ o Do(y) + (9(3) - DOy YY) - € 1+ yP)" PAHTO
8|1 Do(y)+ () - (Do), y) e

From this, we have that ¢ satisfies (3.5) on e*.
In the following, two important lemmas by Caffarelli [56,57], see also [5,54,55], are crucial for the proof
of Theorem 1.1. O

Lemma 3.2. (Caffarelli [56]). Let A, > A; > 0, and let ¢ be a convex function on an open bounded convex set
Q C R" such that

Al < detDz(p < /12
in the sense of measure.

(D) If ¢ is non-negative and W = {y € Q : ¢(y) = 0} is not a point, then W has no extremal point in Q.
(i) If @ is strictly convex, then ¢ is C.

Lemma 3.3. (Caffarelli [57]). For real functions ¢ and f on an open bounded convex set Q C R", let ¢ be strictly
convex, and let f be positive and continuous such that

detD?p = f

in the sense of measure.

(i) Eachz € Q has an open ball B C Q around z such that the restriction of ¢ to B is in C*#(B) for any B € (0, 1).

(i) Iffisin CP(Q) for some B € (0, 1), then each z € Q has an open ball B C Q around z such that the restriction
of ¢ to B is in C>F(B).
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By virtue of the above lemmas, we are able to prove Theorem 1.1.

Proof of Theorem 1.1. We first define
Y(e,0) ={ve S :(v,e)>1,

fore € $"1and 0 < ¢ < 1. Since hg is continuous on $™! for K € K™%, we have 0 < 4 <1 and & > 0 such that
hg(v) = 6, for v € clY(e, i), where 4 and § depend on e and K. Moreover, there exists 0 < € < 1 depending
on e and K such that if some v € clY(e, 1) is the outer normal at x € 0K, then

e<|x| <1/e. (3.17)
Noting that for y € e,
) = (¢ + 1+ DP.
we can define
B = ITY(Y(e, 1)).

Suppose that ¢ : et — R satisfies the conditions of Lemma 3.1. Let y € Z,, from (2.12), (3.15), and (3.17),
we obtain

. (3.18)

™ | =

e < |Do(y) + (9(y) = (Dp(¥), y)) - | <
Since

e+y

=1+ Iv|?

Yy € clZ,, we easily obtain that ¢ also has an upper bound depending on e and K for y € clZ,. Since it is
assumed that for positive constants ¢ and ¢, 0 < g < f, g < 6. According to Lemma 3.1 and (3.18), we obtain
that there exists A € (0,1) depending on e and K such that for y € =,

>

A < detD?p(y) < % (3.19)

For K € K, we first prove that 0K is CL. That is, for any z € 0K, dimN (K, z) = 1. Assume the contrary and
let zy € 0K be such that dimN(K, zo) > 2. Let e € N(K, zg) N $™ 1. According to the definition of support
function, and together with z, € 6K, we obtain that for y € &,

o(y) 2y + e, 2).
We easily see that
YyEL=TTYNK,z) NY(e, ) & p(y) =(y + e,z fory€E,.
Let ¥(y) = (y + e, zp). Then

=0 fory€ezx

o) ~ YO}, 0 for y € E,\L.

From (3.19), and together with the fact that i is the first degree polynomial, it follows that for y € Z,,

A < detD*p(y) - PO < 1

Since dimZX > 1, we have

L =T(N(K, 20) N Y(e, 1) = {y € Ec : 9(y) - ¥(y) = 0}
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is not a point. In addition, by the choice of e, the origin o is an extremal point of X. From (i) of Lemma 3.2,
we obtain a contradiction.

Next, we further show that ¢ is strictly convex on clZ, for e € $"1. Obviously, Z, is a convex set in R""1,
For0<w<1and y,,y, € E with y, #y,, we let thate + (wy, + (1 - w)y,) is an outer normal at z € 9K.
That is,

e+ (wy, +(1-w)y, € NK,z).
Since z € 9K is a smooth point, it follows that
e+y, ¢ N(K,z) and e+y, € N(K,2z).
This implies
o) > (z, e + ).
Thus, we can see
wo(yy) + (1= we(y,) > (z, e + (wy, + (1= w)yy)) = p(wy, + (1 = w)y,).
Therefore,
wo(yy) + (1= we(y,) > p(wy; + (1 - w)y,),

i.e., ¢ is strictly convex on an open bounded convex subset in R". According to (ii) of Lemma 3.2, it follows from
(3.19) and the strict convexity of ¢ that for any e € $*, ¢ is C! on Z,. From this, it follows that hx is C* on
R™{o}, and the boundary oK contains no segment. This implies that the proof of (i) in Theorem 1.1 is com-
pleted. O

Let’s start with the proof of (ii) in Theorem 1.1. According to the conditions of Theorem 1.1 that f and g are

continuous, and recalling that ¢ is C! on clZ, for any e € $™°1, we obtain that the right-hand side of (3.5) is
continuous. From (i) in Lemma 3.3 together with the strict convexity of ¢ on &, it follows that there is an open

ball B C E, centred at o such that ¢ is C*# on B for any 8 € (0, 1). From this, we see that hg is locally C*# on
$"71, Therefore, from the compactness of $*~', we obtain that hy is globally C%# on $"~1. The proof of (ii) in
Theorem 1.1 is completed.

Finally, we prove (iii) of Theorem 1.1. Note that ¢ is C* on B. Since f and g are Cf on $™1, it follows that
the right-hand side of (3.5) is C#. On the basis of (ii) of Lemma 3.3, we obtain that ¢ is C># on an open ball B C B
of e centred at o. This gives that hg is locally C># on $". Therefore, hx is globally C># on $"! from the
compactness of $"°1. In view of this, we finish the proof of (iii) in Theorem 1.1.
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