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Abstract: Based on an equivalent derivative non-linear Schrédinger equation, we derive some periodic
and non-periodic two-parameter solutions of the deformed continuous Heisenberg spin (DCHS) equation.
The ill-posedness of these solutions is demonstrated through Fourier integral estimates in the Sobolev space

 (for the periodic solution in Hg(T) and the non-periodic solution in Hg(R), respectively). When a # 0,

the range of the weak ill-posedness index is1 < s < % for both periodic and non-periodic solutions. However,

the periodic solution exhibits a strong ill-posedness index in the range of g <s< % whereas for the non-periodic
solution, the range is 1 < s < 2. These findings extend our previous work on the DCHS model to include
the case of periodic solutions and explore a different fractional Sobolev space.

Keywords: Heisenberg spin, soliton, ill-posedness, Fourier integral

MSC 2020: 35Q60, 35B35

1 Introduction

The deformed continuous Heisenberg spin (DCHS) equation is an important physical model that has received
significant attention in the past few decades. Mikhailov and Shabat [1] were the first to construct an integrable
SO(3)-invariant DCHS equation, which can be written as

S =S A S + aSX(SX)Z, ()]

where A denotes the cross-product of the vector S(x, t) = (Si(x, t), Sa(X, t), S3(x, t)), with S - § = 1 and (S,)?
=Sy Sx.

The DCHS equations encompass a wide range of equations that can be transformed into various orders of
non-linear Schrédinger (NLS) equations. Porsezian et al. [2] were the first to demonstrate that (1) is gauge
equivalent to the integrable derivative NLS equation, which has applications in two-photon self-induced
transparency and the propagation of ultra-short light pulses in optical fibers. Similarly, Lakshmanan et al.
[3-7] explored higher-order integrable DCHS equations and found that they can be transformed into higher-
order NLS equations by associating the spin vector with the tangent to a moving curve in Euclidean space. For
the higher-dimensional integrable DCHS [8], methods for deriving the corresponding gauge-equivalent NLS
equations have also been proposed [9].
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If a = 0, then (1) reduces to an isotropic Heisenberg spin (IHS) equation [10], which is an exactly integrable
equation and can be considered as the simplest case of the Landau-Lifshitz (LL) equation [11-13]. The following
articles illustrate some typical progress on the LL equation. Alouges and Soyeur [14] established some neces-
sary conditions for the existence of a global weak solution. When the spatial dimension is n = 1 with periodic
boundary conditions, Guo and Huang [15] proved the existence of a unique smooth solution using the tech-
nique of spatial differences. InR3, Carbou and Fabrie [16] proved the local existence and uniqueness of regular
solutions, as well as the global existence when the initial data are sufficiently small. Chang et al. [17] estab-
lished the existence of small-data global solutions in cylindrical coordinates. In normal coordinates, a global
solution with small initial values was also shown to exist [18] under certain norms. In dimensions larger than
three, the global existence and uniqueness of mild solutions were demonstrated [19] under a smallness
condition. Similarly, under a smallness constraint in Morrey spaces, Lin et al. [20] extended this result to
establish the existence of a global solution. Moreover, the solution with small initial data in critical Besov space
was shown [21] to be globally well-posed in dimensions n > 3.

Inspired by studies of heat flow in harmonic maps [22] and the Ginzburg-Landau equation [23], estimates
of the concentration set of the stationary weak solutions of the LL equation have been made [24-26] to analyze
the solution’s behavior near singular points. Moreover, the singularity properties, including finite-time
blowup, have been demonstrated for a special type of solution. In particular, when the topological degree
is one, the equivariant solution exhibits blowup behavior, and its blowup rate was predicted in previous
studies [27-29]. It is well known that exact solutions to the LL equation provide a more intuitive way to study
its dynamic behavior. For further details, we refer the reader to [30-35].

Since (1) is a quasilinear equation, analyzing the well-posedness of the system directly presents significant
challenges. The theory of well-posedness for partial differential equations (PDEs) is not fully developed. As a
result, many studies rely on an equivalent system of the original equation (particularly the equivalent NLS
equation) to demonstrate the well-posedness of solutions to these PDEs. Examples include the Schrédinger
equation with derivative:

2W*

-iW, =AW - ——
‘ 1+ WP

vw -vw

and its equivalent covariant derivative form:
(iD; - DiD))¥y = —ilm(W¥))Y;.

In a similar manner, we use an equivalent complex equation to study the DCHS equation. Let the curvature
K and torsion 7 be defined as

S (Sx X Sxx)

1 -
K=(S¢-S): and 7= 2 ,

respectively.
We apply the following Hasimoto transform [2,36,37]:

ij’[(t, X )dx’

—00

Q=kKxexp

to convert (1) into the following non-linear derivative Schrodinger equation (see [2]):

1
1Q + Qu + 50 0P - ia(IQPQ)x = 0, @

where the parameter a specifies the contribution of the non-linear term (JQJ>Q)y.

Equation (2) is a combination of the cubic Schrodinger equation and the Alfvén equation. If ia(|Q*Q)y
is omitted, (2) reduces to the well-known cubic Schrodinger equation, which has been thoroughly studied.
However, if the cubic term %Q |Qf? is removed, (2) becomes the Alfvén equation, which originates from plasma
physics [38]. For the Alfvén equation, various well-posedness results have been established. Hayashi [39]



DE GRUYTER Ill-posedness of the (non-)periodic traveling wave solution == 3

proved its global well-posedness in H?. Similar results can also be found in [40,41]. Furthermore, Takaoka [42]
examined solutions with rougher initial data and demonstrated local well-posedness in H® with s > % using an

equivalent equation. When the initial condition Q, satisfies ||Q,||;z < /27, Hayashi and Ozawa [43] used mass
conservation to show that the solution is global. However, a soliton-type solution is ill-posed in HS®
for0 <s< % [44].

In comparison with well-posedness results, studies on the ill-posedness of PDEs are relatively scarce.
The ill-posedness often depends on the specific solutions. Different solutions may correspond to different
ill-posedness spaces and have varying ill-posedness indices. This variability makes it challenging to obtain
a general ill-posedness result. Although Bigioni and Linares established the ill-posedness for a class of solu-
tions as early as 2001, it remains unclear whether solutions with general initial boundary data or more general
derivative Schrodinger equations also exhibit ill-posedness in certain specific spaces. Notably, the solution
discussed in [44] is considered in the entire space H*(R).

To the best of our knowledge, there are few studies on the ill-posedness of the DCHS equation. In a recent
study [45], we provided a proof of the ill-posedness of the solution and identified an exact index range for
the first time. As far as we know, no other studies have addressed this topic, and further research is needed.
In light of this, we build upon our previous work [45] to further explore the ill-posedness of the DCHS equation,
extending the results to various solutions (periodic and non-periodic solutions) and different fractional
Sobolev spaces (which will be defined below).

Here, we investigate the ill-posedness of (1) and (2). For g = 0, let J° denote the Fourier multiplier
& - (1 + |EP)9/% The spaces H° (including H°(R)) and the periodic space H°(T) (where the period is T) are
defined by the norm ||f||ze = ||J°(f)||;2, where L? is defined over R or T, characterizing complex fractional
Sobolev spaces.

With the initial condition @Q,, the solution of equation (2) is classified as ill-posed in H® (whether in H5(R)
or H5(T)) and can be characterized as follows:

(I) Weak ill-posedness: Let C be a given constant. For any real § > 0, the solution is weakly ill-posed in HS if
and only if

100,06 0) = Qe , (X, Ol < 6,
QC]‘:(U]'(-, T) € H?, ”Qcmn(" T) - QCz,wz(" e ¢
(IT) Strong ill-posedness: For any € > 0 and § > 0, the solution is strongly ill-posed in H* if and only if

100,006 0) = Q0,06 Ol < 6,
100G T) = QeynsCs Dl 2 7,
104, C> Dl = 11 Ol > &7

Given that ||k|| = ||Q]| and x = (S S,)z, there exists an equivalence between the norms of Q and S.
Thus, we can use the norm of Q to estimate the norm of S. Let F = (Fy, F,, F3) and G = (Gy, G, G3). We define
the induced distance as

1

2

d°(F, G) =

Bl

3
Y IIE - Gilfe
=1

which is used to define the vector norm in H? as follows:

1

3 2

Y IIFIR

=1

IEllze =

Similarly, the induced norm of Hg; (Ha(T) and Hg(R)) for the vector S (Where S is the value of § at x = «)
is defined as

ISllegar) = IS/l
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and

I8llzg®) = 118 = Sellarw),

respectively.
It is straightforward to observe that if Q € C([0, T]; H?) is the solution of (2), then the solution of (1)

satisfies S € C([0, T]; HS%”). Similarly, in HSSZ(H) or HSSZ([R), two types of ill-posedness are defined as follows:
(I) Weak ill-posedness: The solution is weakly ill-posed in Hg, if and only if

[18e1.01(X, 0) = Sc,n(X, O)|rzs, < 6,
SL‘J"wf(.’ T) € Ssz’ ||SC],UJ1(.) T) - Scz,wz(', T)HHSSZ > C

(IT) Strong ill-posedness: The solution is strongly ill-posed in H; if and only if

”SCl’wl(X’ O) - SCz,wz(Xr O)HHSSZ <6,
Hscl"”l(.’ T) - SCz,wz(" T)”HSSZ 2 8_1,
11860/ Dllizs, 186, C> Ollers, > €7

Using Fourier analysis, we obtain the following result:

Theorem 1. There exists a solution S(x, t) of (1) in Hg, and the mapping Sy — S(t) is ill-posed. Specifically,
ifa # 0, there exist the following two-parameter solitary wave solutions S ,:
(I) Weak and strong ill-posedness for periodic solutions: If'S. , satisfies the constrained curvature condition

(S " S0 = 24

1 2 2
B1COS[EA1€] +C1] ,

where € = x - ct, Ay = Jc% + 4w, B; = 4vy-a?w + ac + 1, and C; = —ac - 24 -a*w + ac + 1 - 2, then the solu-

tion is weakly ill-posed in Hy(T) for 1 < s < % and strongly ill-posed in Hy(T) for% <s< g
(II) Weak and strong ill-posedness for non-periodic solutions: If S, satisfies the constrained curvature
condition

+

_1
e4iB, e B, e 2
A} Ay A

(Sx : Sx)% = \/E[

where & = x = ct, Ay = N-¢* - 4w, B, = \-wa® + ac + 1, and C; = ac + 2, then the solution is weakly ill-posed
in H)(R) for 1 <s < ; and strongly ill-posed in Hu(R) for 1 <s < 2.

Remark 1. In addition to (1), many more general DCHS models exist. For instance, Lakshmanan and Ganesan
[46] proposed a generalized case that includes linear inhomogeneities (as well as higher-order integrable DCHS
equations), which is given by

St = (Vo + XS A Sy + 1S A Sy = (Y + UyX)Sx = V[Sxx + %SiS] , ®3)
X
where the parameters y, and y, represent the constant coefficients that modulate the linear terms of the spin
field dynamics. The terms with coefficients g, and y, introduce linear inhomogeneities, meaning that the
influence of the respective terms varies linearly with the spatial coordinate x. y is a crucial parameter that
regulates the non-linear effects within the spin field.
To the best of our knowledge, the well-posedness and ill-posedness of (3) remain open problems.



DE GRUYTER Ill-posedness of the (non-)periodic traveling wave solution == 5

The H° norm of Q is equivalent to the HS%” norm of S. To prove Theorem 1, it suffices to prove the
following equivalent theorem:

Theorem 2. Let a # 0 and & = x - ct; A;, B;, and C; (i = 1, 2) are as defined in Theorem 1. Then, (2) has a two-
parameter solitary wave solution:

Q.o t) = eTlp(£)e V), @)
where ¢(¢) and Y(&) can be given by

2 -1
#(¢) = \/§A1[31 COS[%A@] + Cl] , ©)

C1 tan [%Alf] 1
+ —cé, (6)

JB1+ )G | 2

arctan

v(E) = —
JB1+ GG

or
1
eAZEBz e_AZEBz Cz K
= .2 — , (7)
P& =2 [ yr yE yr
2e44B, + C 1
Y(€) = —3arctan %] + ECE. 8
2

These two types of solutions are ill-posed:

() Solution (4), where ¢(¢) and Y(¢) are given by (5) and (6), respectively, is weakly ill-posed in H5(T)
for0<s< %, and strongly ill-posed in H5(T) for% <s< %

(II) Solution (4), where ¢(¢) and W(&) are given by (7) and (8), respectively, is weakly ill-posed in H5(R)
for0 <s< % and strongly ill-posed in H5(R) for 0 < s < 1.

Remark 2. The Alfvén equation has a class of ill-posed solutions in H(R) for 0 < s < % [44]. As shown in case

(D, when the cubic term %Q |Q|? is added to the Alfvén equation, ill-posed solutions still exist. Additionally,
previous studies have focused only on the weak ill-posedness of soliton-type solutions over the entire space
H5(R). However, Theorem 2 demonstrates that solutions to the derivative Schrodinger equation with the
%Q |Q* term exhibit both weak and strong ill-posedness in H5(R) and H5(T).

Moreover, it has been shown [4] that (3) is geometrically and gauge equivalent to the generalized NLS
equation with linear inhomogeneities:

iQ, + i, Q +1i(y, + upOQ, + (¥, + UX)(Qy + 2 |QFPFQ) + 20,

Q+ QI|Q|2dx" F1Y(Quy + 610RQ) =0. O

Similar to (3), the questions of well-posedness and ill-posedness for (9) remain open.

This article is organized as follows: in Section 2, we construct the (non-)periodic traveling wave solutions
for the equivalent non-linear derivative Schrédinger equation associated with the DCHS equation. In Section 3,
we prove the ill-posedness of the periodic traveling wave solution and present the range of the ill-posedness
index. In Section 4, we establish the weak and strong ill-posedness of the non-periodic solution (soliton
solution) and estimate the corresponding ill-posedness indices.
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2 (Non-) periodic solutions to the DCHS equation

Under the plane wave variable ¢ = x — ct, we assume that the soliton solution of (2) is given by
Qr,(t, X) = 791 P(E)eV ), (10)

where the parameter ¢ represents the wave speed of the traveling wave solution.
By substituting (10) into (2) and separating the real and imaginary parts, we obtain

d 2
co d”b ¢3 [ ] O + wP(E) + —¢3 d;; =0 11)
and
d¢ d¢ dypdg (Y|, _
—C— - 3a ¢2 Zd_fd_f [d—fz]d) =0, 12)

where the parameter a (the same one as in (2)) quantifies the strength of the non-linearity in the system.
Note that (11) and (12) form a system of first-order differential equations with respect to the variable ¢.
To solve this system, from (12), we find

V=g+— dé. 13)

f I3a¢4 +4¢

Substituting (13) into (11), we obtain

ol L0
193z

@° + 3a%9® + 8acg® + 8¢° - 8cag* + 4c?p? + 16wP* - 16¢f = 0. 14)

To solve (14), we define an auxiliary function
d¢
d¢

6

= Y g, (15)

j=0

where h; are the undetermined coefficients.
By (15), the second derivative of ¢ must satisfy the following equation:

2 18

@ EZ $171(E). 16
Substituting (15) and (16) into (14) and comparing the powers of ¢, we obtain

dg ) 6, 1), . [aa

bl =__ = _= = - - - c2p? an

dé ¢ 4 ot + 2 4 9.
Next, in (17), we consider the case where ¢ = 0, which simplifies to

dg ) | @ ac 1] , )

| = -= - - (18)

7 Bl ET A Ry el

For the ordinary differential equation (18), if hg=hy = h3=hs=0, hg <0, h? - 4hohg >0, hy > 0,
and hy < 0, then (15) has the following bell-shaped solution:

2R} - ahghs - [\/h4 4hyhg + h4 sech2 \/E

2hy sech?

o) =
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and a singular solution:

6(5) =

%
2h, cschz[i\/h_z E]
2R} - 4hghg + [\/hf - 4hyhg - h4]csch2[¢Jh’2 f]

By (15), we have hg=hy=h3=hs =0, hy = —%62 -w, hy = —iac - %, and hg = - 16012. Hence, we obtain

16
the following theorem:

Solution 3. Equation (2) has the following solution:

Q = e eV Dg(E), (19)
where & = x - ct and
_ [3a¢? cé
v = [=,-de+ 2 20)

aca;rl’ then the equation has the following trigonometric solution:

DIfa>0c<-2a! and w <

1
1.2 2| 1.2 ’
2|7¢% + w|sect |y 7¢7 + w¢

95 = : , 1 @D
V-aw +ac+1 - [EJ—aZw +tac+1+ 5+ E]sec2[1/1c2 + wf]
and the singular trigonometric solution:
1
2
—2[%‘2 +w csczli./%cz + wE]
o) = ) ) - (22)
V-ckw + ac+1 - [5\/—a2w +tac+1 -5 - E]CSCZ[i JCt+ wE]
D Ifa>0w< —icz, and -2a! < ¢, then the equation has the following bell-shaped solution:
%
—2[%62 + w]sech 2[ —%cz -wé
o) = ) ) = (23)
J-w+ac+1 - 5\/—a2w +ac+1 - % - E]sechzl./—gcz - wf]
and the singular solution:
1
2
—2[%c2 + w]csch z[i —%cz - wf]
d(E) = (24)

V-a?w +ac+1 + [%\/—azw +tac+1+ 5+ %]cschz[ir —icz - wg‘]
Remark 3. Solutions (21) and (22) can be rewritten in a unified form as follows:

4(c? + 4w)

4-a%w + ac + 1 cosz[%\/c2 +4wé|-ac-2J-a*w +ac+1 -2

6(§) =

Similarly, (23) and (24) can also be expressed in a unified form as follows:

-4(c? + 4w)

4cosh2[%\/—c2 - 4wf]x/—wa2 +ac+1 +ac-2J-wa®+ac+1 +2

o) =
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-15

0.5 1.0 1.5

—15}

-2.0+

(c) (d)

Figure 1: Complex plane image of the solution when @(&) takes (21), t = 1, and w = ¢ — ¢%/4. In order to ensure that the image

of periodic solution is drawn continuously, t and x shall meet —% < %\/CZ +4wq(x —ct) € % It is observed from the figure that

the complex plane image of the solution is axisymmetric. Moreover, with the synchronous increase of a and C, the number of times
the complex plane images of the solution around the coordinates origin are intertwined with each other will increase: (a) a = 10,

¢ =-10, w = 15, x € [10.4967, -9.50327], (b) a = 50, ¢ = -50, w = -575, x € [-50.2221, -49.7779], (c) @ = 500, ¢ = =500, w = —62,000,
X € [-500.07, —499.93], and (d) @ = 1,000, ¢ = -1,000, w = -2,49,000, x € [-1000.05, —999.95].
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Remark 4. The evolution of solutions (21) and (23) is illustrated in Figures 1-4, which demonstrate the ill-
posedness of both (21) and (22). By comparing Figures 3 and 4, it is evident that under different parameter
settings, an initial value with a sufficiently small distance at the initial time (Figure 4) can evolve into a solution

with a significantly larger distance at a later time (Figure 3).
1.5
10/\

“1o 05 &_J/ 05 10 s 20

20}

1.0 1.5

(a) (b)

\\m
yo.s )

(c) (d)

Figure 2: Complex plane image of the solution for different but similar ¢ when ¢(&) takes (21), t = 1, and w = ¢ — ¢?/4. It can be seen
that when a is fixed and w = ¢ - ¢?/4, if ¢ changes slightly, the solution will rotate around the coordinates origin: (a) @ = 500,

= -501, w = 24,89,974, x € [-501.07, -500.93], (b) a = 500, ¢ = 502, w = —62,499, x € [-502.07, -501.93], (c) a = 500, ¢ = -503,
w = 25,09,974, x € [-503.07, -502.93], and (d) a = 500, ¢ = -504, w = —63,000, x € [-504.07, -503.93].
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— ¢==503 — ¢=-502 — c=-501 c=—499 c=-498 — c=-504
— c=11 — ¢=105 c=10 ¢=9.5 c=9 — c¢=8 — c=I15

//
/
/

Figure 3: Comparison of the non-periodic solution and periodic solution when t = 1. It can be seen that when c increases, the complex
plane image of the solution accelerates to rotate clockwise, and the heart-shaped ring in the middle also increases: (a) complex plane
image of the solution for different ¢ when ¢(¢) takes (23),t = 1, a = 10, w = ¢ — ¢/4, and x € [-15,15] and (b) complex plane image
of the solution for different but similar ¢ when ¢(£) takes (23), ¢t = 1, and w = ¢ - c?/4.

— ¢=-503 — ¢=-502 — c=-501 c=-499 c=-498 — c=-504

— c=11 — ¢=10.5 c=10 c=9.5 c=9 — c=8 — c=115 e

(a) (b)

Figure 4: Comparison between the non-periodic solution and periodic solution when t = 0. It can be seen that the shape of the complex
plane image of the solution is almost the same when Cchanges slightly, for both the periodic and non-periodic solutions: (a) complex
plane image of the solution for different ¢ when ¢(¢) takes (23),t =1,a = 0, w = ¢ — c%/4, and x € [-15,15] and (b) complex plane
image of the solution for different but similar ¢ when ¢(&) takes (23),t = 0, and w = ¢ - ¢?/4.

3 Ill-posedness of the periodic solution

We establish the ill-posedness property of the solution in (21) and similarly for (22). Equation (21) can be
transformed into the form

1 P -1
o) = \/EA1[31 COS[EA15] + Cl] ,
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where

Ar=~ct+ 4w,
Bi=4V-d*w + ac + 1,
C=-ac-2VJ-a*w +ac+1 - 2.

Thus, (20) becomes equivalent to

1
() = Sah arctan o ZAlfl + lcf
VB + C)G VB + ()G 27
Let
1
dy= EAl;
d5 = \/EAIJ
and define
RU(x) = (B cos(x)? + C;) 2 .
Then,
P(x) = dshlY(dyx),
3a4, G tan(d,$) 1
Y(x) = arctan + —cé.
(B + GG JB1+ )G | 2
Define

C, tan(x)

VB + O)G

arctan

)

P p—
VB + C)G

and
Flll(x) = eig"0OR(x).
Using (19), we define
gl 00 = Q. ,(x, 0) = dse™/2F1l(d yx).

We define the Fourier transform on the interval T, = [-7y, mry] as
1
FASIE) = E_{yf(x)eﬂfdx.

Let Z, = [-y, y]. Then, H%(T,) is complete in the space of C* functions with period Ty and norm
Wllescry = K FANErz,)-

In the following, we study the ill-posedness of solution (21). Since solution (21) is periodic in R, its norm
could be infinite in H5(R). Therefore, we analyze its ill-posedness over a single period. We first estimate its
inner-product norm over an integer period (with a sufficiently large period AT) and then estimate the norm
over a single period T.
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Proposition 4. If a # 0, then the Cauchy problem for equation (2) in H5(T) can be ill-posed, i.e., the mapping
Q, — Q(t) is not uniformly continuous. With the initial condition

Qp = ¢ (%) = dse™/2Flli(d x),
the solution of equation (2) is ill-posed in H5(T). Specifically, we have the following:
D Ifo<s< %, then the solution is weakly ill-posed.
un If 5 <8< then the solution is strongly ill-posed.

Proof. Using the scaling and time-shifting properties of the Fourier transform, we obtain:

C

d
P - L - o

Next, we compute the norm under different initial conditions:

o, = o IE = [ @ 1T, )@ - Fol Erde
HS|T

dgy

j @7

d41

dSl

Fad 11)[— - —] - —7—”(1—‘[1])[— -

(25)

T(F[u)[r) - %ﬂ] - @(f(ﬂ”)[n@ - o

_ ds
=dy Z_I (dun)® _d41
y
dyy

= P["+ P+ pJY,

where

2
q

—|| d
2dy ’l:

2
{1 @ | et ‘T(F[”)[n - |- ey -
Z

41

dgy

2
d41 _ C1 d41 _ G

1 <
2dy FE )[ d42 2dy

F(E [1)[ d41 _ i]

s

= (d4 )Zs+1 J <’1>sd51 ‘7.‘(1:‘[1])[
41

fi41

2 2

2s+1 s -
=(day) J m d41 d42

1141

d42 2dy

If N; (j =1,2) and N are large integers, then we have the following approximation:

N?
— - — ATA ]
Cj——N}'——N, wj—st——.

4
Assuming N; < N, without loss of generality, we obtain
1 %AS %AS 1s-1
dy = N ds; = N2NP,  |dy - dy| = |Ny = N N1,
With the estimation
di dp)

we conclude that

P =o.
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Letn = If y is a positive integer, let y 2 N and y = N. Considering the Fourier transform on the unit

sphere n € Bl(N 1-375), we apply the mean-value theorem and the Cauchy-Schwarz inequality:

] F(F [1])[d41 _ 2241]

2
|

Pl = hass+D) J' s
'141
€1
1 "2y
~wses ] [ [ emyoar | an

Zy | dun__ «a

dy | dgp' 2dg

13 oy
sy [ [ apl [ @y @rdg| dy (26)

Zy | da_ a dn__a

ag | Ty " 2dy Tdy " 2dy

G
T 2dy

I (FEMYOPAC | dn

dy @

Tdy, ™ 2dy

= NMs*2s | 1

e
=N s - N [l [ IGEY@PRAg | dn.

7y dg

dgg dgp 2dy

By the Fubini theorem,

_a
1 2dy

[m| | ey | ay

dg _ a

Vo
1 Tdy  2dy
G G
d41 n- 2d41 0 n= Zd41

[n | 1wEmy@racan- [n [ 1oEmy @Ry

0 do o _Yodan o«

nd4z 2dy d41 rld4z 2dy

y dg -
na LG
dy ¢+ 21141)!141 2y ¢ 2dy

[iFEmy@r [ ndndg - ij WOF [ ndndg
Z_TC; Uﬁlﬂ d41 C 2d41)3ﬁ @7

)4
dy

L ; | e (o|2[<*+ —]
2d41

_cl

I |(FE) <(>|2[<*+ ]

d41

d42
Gl 1l
[d41] 1o

d¢

[@
du

dp| _
[ -

T2 JI(T(Fll])) (C)IZ[U ]

d41
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Note that
dy? - dp? N - N§* _ (N - Ny)NST N - N,

dy? - N)Ls N7s - N

Then, by (26) and (27), we have

pit< vty - g | WORc e o] [1 342]
41

441

= N#5*2572 [Ny — Nof? I |(FEM)(C )IZ[ ] a¢

Zy.
dg

(28)

= N2AS*25°2 |\, ~ N2|2N2[1‘§“] I(FEDY DI

17 ZL’
dgy

= N7V Ny = NP (| (FFI) (¢ )IIZ2
L

Zy
dyy

Similar to the computation of Py,

2s+1
= (da )ZS*l[d‘”] | e
41 7y

dyy

2
dn

T(F[”)[n - %1] - T(F[”)[rl - %42]

C1 2
T 2dn

- iwesy b [ J ey a
an |1 2d42

_a _a
"~ 2dn n 2d41

v [ ] acl ) [ ity ©pa | an

- Zd42 (29)

a
n= 2d41

| j (M) ()PACdn
Zy

E Zd 12

__2
dy n 2d 4

a

1
~ N—/\s+23 -
T 2dy 2d42

&1

1
~ Nz/ls+23
2d41 2

14 Zy
dy

HYIP
|

% Zy
dy

= N2 |N, — N2 [|(FCFIY | ’

Note that

+00
2X2

IR ”LZ([R> It (X)”LZ(R) IBl cos(2x) + By + 2C1dx -

This implies that the estimates of the supremum in (28) and (29) for pY diverge to infinity, because |F|
is a function with period 7.
Moreover, using the Plancherel theorem, we can estimate F as follows:

||¢(F )”LZ(Z ||h[1](X)||L2(T )
Em d

1 r
m
dy 2dx (30)
Bl COS(ZX) + By + 2G;

d41




DE GRUYTER

Similarly,

I(FEM)Y|P

% Zyr

dy

Ill-posedness of the (non-)periodic traveling wave solution

dy 0
_ _[ 2dx _[ 2dx
0 By cos(2x) + By + 2C4 B1 cos(2x) + By + 2C;
d41
y
Woodx ¢ odx
< | ¥
0 B, + 2G4 C1
d41
_ 2yn Lo
(B +2C)dy  Gdy
V
=——N1,
d41
= [IxRICO|?
I Tyn
dyy
y
d4l 2
. 2x%dx
Bl cos(2x) + By + 2Cy
d41
yr
dn 0
) ‘]‘—1 2xCdx I 2x%dx
0 By COS(ZX) + By + 2G4 By COS(ZX) + By + 2G;
d41
yn
dy , o )
< J— 2x*dx . J- x“dx
0 By + 2¢, I G
dy
_ 2V37T3 . y3]-[3
3By + 2C)dy®  3Cida?®
Vo
= —N
d41

Similarly, we can estimate the lower bound of (¥(F))’,

IFEMYI?
17

d41

yr
A 0
dj‘— 2x2dx J— 2x2dx
’ By cos(2x) + By + 2C; B, cos(2x) + By + 2C;
d41
yr
dJ‘ J x2dx
L+ G Bl +2C;
d41
3.3 3,3
3By + Cdy®  3(By + 2C)dy?
3
~ V_N—l.

3
d41

15

(31

(32)
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Equations (31) and (32) indicate that (#(F))’ is in a scale of 7 N‘ Combining (25), (28), (29), (31), and (32),

we have the estimate in HS[T i ]
41

1
< N—z/ls+23—1 |N2 - ]VllzF

Ty
dgy

_ 2
ol - b wzll [

We integrate the function in one period and choose the period as follows:

a2l

1 ==,
da dyn d41 d41 d41

Then, we have the estimate in HS T%]

41
1960t = ol S NN, = NP
"
If -2As + 2s + 1 < 0, let b = |-24s + 2s + 1]. Then, we can control the distance between solitons
NZ - N1 = 6N£s, (33)

to control the norm

[ _ 2 ~ C2NT2es—b o2
||(pC1 w1 C2, wzH IT < CE*N*#7" < (6 )
s

where € > 0 is a constant, and € and & are any real values larger than 0.
Similarly, we can estimate the lower bound of F(F)

yn
dyg 0
2dx 2dx
IFEmE = | j
147 ym 0 Bjcos(2x) + By + 2C4 B1 cos(2x) + By + 2C;

. d41
yn
(Tl dx } dx (34)

B+ G B1 +2C;
d41
V -

=N,
d41

Combining (30) and (34), we then compute the norm of ¢! in HS[T i ]
’ 41

e \=ap I|n|28|¢(ﬂﬂ>[n - —]Fdn
H® Td);1 d41
1 + _1
- N[Zﬂs](zs 1)N2$[1 sz]“h[l](X)HZ (35)
YTy
dyy

~ N%S)\*‘ZS—lL
dy

We then have the estimate of the norm of ¢/*! in H*

TL]
dy

1 - -
[25A5 = N®7L
H|T1
dy

(36)
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Assume that the solution is ch,wj(x, T) at t = T. By the translational invariant of the traveling wave

solution and (36), we have
2 — 1 2 ~ 2s-1
100,000 DIE (= llglfLIE ) = N7
H|T1 H|T1
dg dg

On the other hand,

Qg (X, T) = €7 ¥TeW0= g (dyi(x - ¢)T).

Restricting ch’wj(x, T) on the sphere B, y1(Tc;), we can choose ¢; and w; to determine the phase. Then,
combining (30) and (34), we have

106,006 T) = Qey O DIF (1 =11ey 06 DI + Q0,06 DIF
L L

Ty L

dyy

Ty
dyy

Ty
dy

m
dy

= ds? J' hI(d(x - ¢T))dx
b

Tdy
1

ds?| |00

Ty
dy

Ls-1_ Y
= NEAS_l_’
d41

So

v
dy

= [ @+ 10,0, - G0y @Pdu
)4
Tdy

2 N|Qgy 0,6 T) = Qe (X, T)IIZZ
L

1000, T) = Q, 0,0, TI
HTy
dyy

Ty
dy

= N2s+3As-1 y
d41

Furthermore,

“ch,wl(X, T - QCZJ(‘)Z(X’ T)“2 > N2%-1

HS

T1
dy

In the following, we study the separability of the wave packet. We select g and ¢ such that the wave

exhibits separability on the scale of N2, Specifically, we need to choose N such that NzAs+es > (T§)™.
Given the phase difference N; — N, = SN from (32), we obtain:

1 1
T(c - @) = T(N, - Ny) > max|—, —| = N2%.
d41 d42

As a summary,

[1Qe,0,06 0) = Qe 0, (X, O <6,
H

S|

T1
dyy

0y D) € H{TL ), 10,006 T) = 006 DI
HS

2 E.

T1
dy
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Then, this force A > 0 and s > 0 to be
1
[(A,s)|1 - Es)m >0, -2As+25+1<0,25 - 1< 0].

We then have the range of the weak ill-posedness index s:
1
0<s<—.
557
Similarly, if we solve the system

1
l(A,s)|1—EsA>0, —2As+23+1<0,23—1>0],

we obtain the strong ill-posedness index s as follows:

1 3
—<§< —, O
2 2

4 Ill-posedness of the non-periodic solution

In this section, we study the ill-posedness of (23) and (24). Since equation (23) is not periodic in R and has finite
energy in H(R), we can apply the Fourier transform over the entire real line. We define the Fourier transform
of a Lebesgue integrable function f: R — C as

1T
FANE) = = [ Fooeba,

where ¢ is any real number.
Let (x) = (1 + |x|2)5. Then, the Sobolev space H5(R) is a complete space of C* functions with the norm

Fllzsw) = 1K F2(F N N2w)-
Note that
sech(x) = 2(e* + e™)1,

Then, the solution in (23) can be transformed to

1
— — -1
e V40X [—a? + ac + 1 + eV 40X [—wa? + ac + 1 + ac + 2'

—-c2 - 4w

o) = ﬁ‘

Let

A2= /_C2_4w, B2=\/m: C2=aC+2.

Then, (23) is transformed to

_1
eAZEBZ . e‘Aszz N &] 2

At the same time, (20) is in the form of

(&) = -3arctan

2e%4B, + Cz] Lo

2
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Let
dy = Ay,
ds = \/E & s
A;
and

h[z](x) = |edX + p~AX 4 &] 2.
2
Then,
o(x) = dshl?(dyx).
Let
ZGAZXBZ + G
gP(x) = -3arctan| ——|,
2
and

FI2(x) = eig“opl2l(x).
By (19), we define

AP0 = Q. ,(x, 0) = dsel®/2F12(dyx),
The transformation formula in R is

FAoP)E) = ﬁ(F )[d% - 2%4]

- 19

Proposition 5. If a # 0, then the Cauchy problem for (2) can be ill-posed in H*(T}). Specifically, the mapping

Q, — Q(¢) is not uniformly continuous. Given the initial condition

Qo = 2(x) = dse!™/2F12)(dyx),

the solution of (2) can also be ill-posed in H5(R). More precisely, we have the following:

D Ifo<s< then the solution is weakly ill-posed.
D If0<s< 1, then the solution is strongly ill-posed.

Proof. Similar to (25), we have
02, = 02 1wy = _[(E)Slﬂfz(tpq LE) = ool )(E)PdE

= P{” + P+ P,

where
PP = (day=¢ 85 \piny - 9| - ygpon( 9, - G 2
1 41 J n d421 2 n 9 d42'7 2
d? d G d ¢
Pz[]= (d41)23+1j(0)s dZ ’772(1‘"[2])[ A 2(114 ] 77(13[2])[ Za Fiz]
R
d2 d2 c 2
= o[ B - 22 ey -
’ " i ay  dh| " ~ 2dy

(37)



20 — Penghong Zhong et al.

DE GRUYTER

Assuming n = 9 we perform the Fourier transformation on the unit sphere n € Bl(Nl‘%"s).

2(14]"
We can estimate le, as with (26), to obtain

2

B el T
=(d41)28+1—5;N“[1‘f“]j [ 7Eehgap | an
d41 R|{da &
A" 2y
s(dﬂ)z“ld—s;zv“[l‘f“]j [ | [ rrepras| an
4 R|, du__cl du_ el
Tdy ™ 2dy Tdy ™ 2dy
1
d2 . - 25141
= )12 ety IFAEEBPAB | dn.
41 @_L
Tdyp " 2dy
Denote
o n_ﬁ
= [n [ 1@rdpan.
0 du_cl
dyy 2dy

By Fubini’s theorem, we can change the order of integration

dg
[’B 2dy ] dy

1= [iFyEeygye [ ndndp

d
=‘ I ITz(F”)(B)IZ[ H[ 42] —1]dﬁ.
2d41
Moreover, we set
0 ”‘ﬁl

A= [0 [ iryEeye)rapan.

—0  dyg cl

Tdy ™ 2dy

Similarly,

1l
T2dy

1 2
=3 [ e )(B)IZ[ + 1] ap.

[
d41

Let Nj (j = 1,2) and N be large positive integers with the following relation:

N?
]
:M:N’ wj=_lvjﬂs_7
_1
b [JEOP N a1 )T
d4]=2N] s d5j= 5} :N] s a#* 0'
ZNI-S

Assume that N; < N,. Then, we have

|dys - dag| = [Ny — No|N2As1,

(38)

(39)

(40)
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Similarly,
dy’ = dyg® _ AN{" —AN7° Ny = NgN®' Ny - Ny
dy? AN N’ N
and
4 e _ Mo N :Nl‘Nz
2y 2y gy gt N

Combining (38)-(40), we obtain

P < NS 2N, - M| (B - B
ol
d41

- [ 42]

= NIy = Ny (| F(FDI s,

-~ N%As—2+ZSINl - NyJ|1-

= N¥s-2425|N, — Ny WM%G)M

and, similarly,

dz d 2s5+1
PZ[Z] ~ (d41)23+1ﬂ[ﬁ] J-MIZS
R

di\dy
_a 2
d2d s+ 2s[1—lxs] T 2dy
e A [ I LR
a R |p
42
d521d4225+1 e} G 23 As] '7 26141
ST |2da K Fy(F2)(@)Pdad
diy 2dy  2dy I__[ |F A F (@)l n
2dg,
JBde | o et e,
di 2dy  2dg 2 L

= NiAs-3+2s N, - N1|2||7:§(F[2])”i2

We compute
_1,150)2 _1,156)2
da? _dg? _|NCTEL NN (N; = NN~
d412 d422 N;)Ls N%As 1 2 ’
1 2
and so,
[2] dg  dg G ’
=(d 2s5+1 _ 2 237:F - - =
(ds) Lg %]ﬁ| G

d  d3\(dy !
=(d 2s+1| 251 _ [ 42] 2s
(dar) Lé %]ml ym

25
= N Ny - N | P

= No#s 25N, = Ny)P||FU

Ill-posedness of the (non-)periodic traveling wave solution

2
ﬁﬂ@%@wv+ia%ﬁ

ﬁ(Flﬂ)[n - %ﬂ] - "Fz(F[Z])[

2
[ i [

21

41

(42)

(43)
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Let K = C,/B,, where C is a constant. Thus, we have

IFEIE. = 12001

_ J' dx
TJer+er+K
;Z o (44)
dx dx
<=+ |=
eX e
0 —00
<C.
Similarly, we have
|F 52|12 = |Ixh2100) |12
_ T x2dx
T Je+er+K
- 5)
x2dx x2dx
< | —+
I eX I e X
0 —00
<C.
If 1 - ;s > 0, substituting (45) with (41) and (42),
P1[2] <¢ —%As—1+2$(Nl - N,)?,
PP < N3 25(N, - N2,
Combining (43) and (44), the following holds:
PP < ENASH25(N, - Np)2.
If—%/ls -1+2s<0, %As -3+2s<0,and %As -4+ 25 <0, (37) satisfies
C(Ny - Np)?
2 2
ok, = Perlfe < =35>
where
. 1 1 1
b=Min{|-=As =1+ 2s|, | =As =3 + 25|, | =As — 4 + 2s]|}.
2 2 2
Then, we can control the distance between solitons
NZ - N1 = 6N*&
to control the norm
@, = @) s < Cs2N%sb < C82, (46)

According to (44), there is an upper bound of ||FlZJ||iz. Moreover, the lower bound of it can be estimated
as follows:

IFIZ: = 100

+00

dx

—00
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2 K
——arctanh| ——|, K>2,
VK2 -4 VK2 - 4 ]
=11, K=2,
;—ZarctanL +m|, 0K<2
V-K2+4 V-K2+4 o ’
>C(a) > 0,
where C(a) is a constant that depends on a.
So, we have
dz +00 2
2 . J2s+1°5 25 [2] -
||¢c,w||H§ d4 d42 _J;|'1| 77_2(F )[ 2d4] d’]

~ N;As(23+1)N—1N23 1_%’13]”1:'[2]”2Z
L

= Nihs+2s-1

In the following deduction, we consider the time-dependent solution (i.e., the solution Qc[j,zl)j(x, T)att=T).
As we know, the solitary wave satisfies the translational invariance property. Thus, we have

1 _
102 Ty = gy fo = NV¥257L

By
Al2] Al2]

102, ¢, T) = Q2 ¢, DI = [+ 1uPy10%, ) - 0%, (wdy,

R

we have
1QA, ¢, T) = Q2 ¢, D 2 N¥|1Q12, ¢, T) - Q&L ¢, T2 47
In addition, we noted that

Q2 (x, T) = e eWx-aDdghi2kdy(x = G)T),

Gj,

S0 we restrict QC[]_ZL]_(T) on the sphere B(dej)—l(ch). At the same time, different values of ¢; and w; can be used
to avoid the superposition of peaks, such that

102, ) = QEL, ¢, DI =110, ¢, DI + 1102,,¢, DI

= ds? [ H2P(dyi(x - )T)dx
. 48)
~ 2
= d—gdstHF[z]HLz

~ N;/\s—l'
By (47) and (48), we have

QL. T) = Q2L Dlfye = Nitsw2sL

€1, W1 C2, W2

We now consider the possibility of dispersion for the soliton solution. If chjfl)j(T) is within Bg,y1(Tc;)

1

for j =1, 2, we can select g and ¢ to ensure dispersion at the scale of N2, Specifically, we choose N such
that N2As+es (T8)™. Simultaneously, we maintain N; — N, = SN#, as used in (45). This yields

i i] ~ N—%/\s.

T(g - a) = T(N; - Np) » max|——,
d41 d42
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Based on the aforementioned analysis, to achieve weak ill-posedness, A and s (s > 0) must satisfy
the following conditions:

1 1 1 1 1
‘(A, s)1 - E/ls >0, —E)ms +2s <1, E/ls +2s <1, EAs +25 <3, E/ls +2s < 4],

which indicates that the ill-posedness index is
0<s< 1
5

Similarly, in order to obtain the strong ill-posedness of the solution, the set of A and s is as follows:
1 1 1 1 1
[(A, S - Eﬂs >0, —E/ls +2s <1, EAS + 28 >1, E/ls + 28 <3, E)ts + 28 < 4],

which indicates that the range of s is

0<s<1 |
Proof of Theorem 2. With Propositions 4 and 5, Theorem 2 is now proved. O

Proof of Theorem 1. If f(x) is square-integrable in 7,, the Plancherel theorem states that
Jrreorax = [ircr@prde,
T Zy

which can be used to estimate the relationship between Q and S as follows:

101, = [(@FIF(@@ P
Z

v

= [0 0Sul + 1Sul + S5)dE
YA

y

= J'<5>s(|7:1(|81x|)(5)|2 + 1F1S2xDOF + 1F71(1SsxDE)P)AE
Z

4

= I(E)SIEIZ(Iﬂ(ISﬂ)(E)IZ + 1FSDOF + 171(1SsDE)P)AE
Z

4

- 2
||S||H;Z+1(Ty).
Hence, we have
2 ~ 2
”Q”HS(TV) - ”S”HSSZ*l(Ty)- (49)

S; (j =1,2) falls on the sphere, and §; - §; = 1. Furthermore, the components of the vector §; are non-
intersecting traveling wave solutions. Hence, it may be assumed that Sy,;, = S2i, (i = 1, 2, 3). Then, we have

101 - Qollyecry = [CEFIFHQI® - FQE)PdE
Z

v

II

I(E)s(l(ﬁ(Ql)(E)lz + 1FUQ)EF - 2F(QIOIIFHRQIE)DAE
R

I

I(E)S(IQllz + Qo = 21Q411Q;1dE
R

N

I(f)s(llsmx = S2, M+ [1S12, = S22y NP+ 13,2, = S32,MP)dE
R
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[}

j(f)slflz(lﬂ(lsl,l = S21DOP + 1F1(IS12 = S2.2D@F + [F1(1S13 = S23DEP)dE
R

13

(IS - Sz||%13sz+1(Ty),
which indicates
IS; = Sz||§fssz+1(ry) =1Q; - Qz”%{S(TV)' (50)
Similar to (49) and (50), the non-periodic case admits the following isometric isomorphism relationship:
10l = UMy 181 = Selfyiey = 1101 = Qulfre- (51)

With the equivalence relationship (49)-(51), and Theorem 2, we complete the proof of Theorem 1. O

5 Conclusions

In this article, we studied two distinct types of two-parameter solitary wave solutions for the DCHS equation
(1. Using the derivative Schrédinger equation, we constructed these solutions and analyzed their ill-posedness

in both the periodic space Hg(T) and the non-periodic space Hx(R). Although different spaces were used to

evaluate the two solutions, the range of the weak ill-posedness index was identical: 1 < s < ; Notably, s = %
emerges as a critical index that determines the ill-posedness behavior. However, the strong ill-posedness

indices differed between the two cases. By extending the analysis used in the weak cases, we found that

the periodic and non-periodic solutions cannot be well-posed in a bounded subset of Hg; with indices % <s< g
and 1 < s < 2, respectively.

In both weak and strong cases, it is important to note that our discussion focused exclusively on the setting
where a # 0. Whether the ill-posedness index range remains the same as a approaches zero (lim,_.¢) remains
an open question, and further investigation is needed in our future work. Additionally, since the solutions
considered in this article assume g = ¢ = 0, another interesting avenue for future research is to explore the ill-
posedness properties when ¢, ¢, # 0.
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