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Abstract: For p € {2, 3} and an even integer k, let W,_,(p) be the space of period polynomials of weight k - 2
on T'y(p) with eigenvalue -1 under the Fricke involution. We determine the dimension formula for W;_,(p)
and construct an explicit basis for it using period functions for weakly holomorphic modular forms.
Furthermore, for a quadratic form Q, we define the function F7(z, Q) on the complex upper half-plane as a
generating function of the cycle integrals of the canonical basis elements for the space of weakly holomorphic
modular forms of weight k and eigenvalue -1 under the Fricke involution on Iy(p ). We also show that F~(z, Q)
is a modular integral on I'y(p). Our approach focuses on calculating cycle integrals within [y(p) rather than
T;(p), which allows us to overcome certain technical challenges. This study extends earlier work by Choi
and Kim (Rational period functions and cycle integrals in higher level cases, ]. Math. Anal. Appl. 427 (2015), no. 2,
741-758) which focused on eigenvalue +1, providing new insights by examining eigenvalue -1 cases in the
theory of rational period functions and cycle integrals in this setting.
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1 Introduction and statement of results

For a positive integer p, let Iy(p) be the Hecke congruence subgroup consisting of all 2 x 2 matrices [CCI Z] with
integer entries satisfying ¢ = 0 (mod p). Further, let To(p) be the group generated by I(p) and the Fricke

0 -1/Jp
N

g(y)=1 for yeIyp) and e&c(W,)=C, where CeE {1}

. Let k be an even integer and & be the character on I'y(p) defined as

involution W}, = [

For a meromorphic function f on the complex upper half plane H, we define the action |k,

ab

c d €Ty(p) as

fory =

(f Ikec¥)@) = ec)ez + AV ¥f (y2).
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p -1p
LetT = [é 1 andU = TW, = ‘\/\/; 0\/_]. For p € {1, 2, 3}, we consider a rational function q(z) satisfying
ny-1
QlecWp+q=0 and Y qlkeU"=0, @
n=0
3  ifp=1, : : . . . . .
where n, = 2 ifp=23 Such a function q(z) is called a rational period function of weight k for Ty(p)

and denote by RPF (p) the set of all such functions for C = €1 (see [1-4]). Here, we note that, when p = 1,

W belongs to T'y(1) = SLy(Z), and hence, we only need to consider the case C = +1.

For negative k, if the rational period functions are polynomials, we call them period polynomials of weight
k for Tj(p) and denote by W%.(p) the set of all such period polynomials for C = 1. That is,
ny-1

PeC|z]:deg P <k, PlgeWy+P=0= ) Pl U}

n=0

“(p) =

We define a modular integral on Ty(p) of weight k to be a holomorphic function f on H that has a Fourier
expansion at ®:

©

f(2)= ) ae?™ withsome ny € Z
n=ny

and satisfies
f|k,£CI/Vp =f+ Cq (2)

for a rational function q(z), where C € {+1, -1}. Then, q(z) € RPF (p) (see [1-5]).

The study of period polynomials and rational period functions has been a significant area of research in
the theory of modular forms. Knopp [1,2] initiated the study of rational period functions and their relation with
modular integrals on SLy(Z). Over the years, the theory of period polynomials and rational period functions
has been significantly developed by many authors, and one of the significant advancements in the study of
rational period functions was made by Duke et al. [6]. They provided an effective basis for the space of period
polynomials W* (1) using weakly holomorphic modular forms on SL,(Z) and by using cycle integrals, expli-
citly constructed modular integrals for rational period functions for SL,(Z) arising from indefinite binary
quadratic forms. Indeed, Knopp [1,2] already showed that rational period functions for SLy(Z) have modular
integrals. But his construction is very difficult to compute. Choi and Kim [3,5] extended the results of Duke et al.
to the space WX (p) and modular integrals on Ty(p) for p € {2, 3} and C = 1. This article aims to further extend
these results by studying the space W (p) and rational period functions for I'j(p) for p € {2,3} and C = -1.

For any even integer k and a prime p, let Mi(p) (resp. Sk(p)) be the space of holomorphic modular forms
(resp. cusp forms) of weight k on I(p). For € € {+,~}, we denote by M{(p) the subspace of Mx(p) consisting
of all eigenforms f of the Fricke involution |, W, such that the eigenvalue of f is €1, that is,

M{(p) ={f € Mk(p) : flkWp = f},  Mi(p) ={f € Mi(p) : f Ik Wp = —f}.
Similarly, we can also define two subspaces S;(p) and S;(p) of Si(p) as
k() ={fE€SKD) : flWo =} Sk(p) = {f € SK(p) : f W = —f}.
ab
c d
Further, let Mi(p) be the space of weakly holomorphic modular forms (i.e.,, meromorphic with poles only at the

Here |, is the usual slash operator which is given by (f |xy)(2) = (dety)¥/?(cz + d)™*f(yz) fory = [ € GLyR).

cusps) of weight k for I[y(p) and let My*(p) be the subspace of M(p) consisting of all eigenforms f of the action
|x W, such that the eigenvalue of f is €1. Then, it can be easily seen that

Mi(p) = Mg*(p) ® My ™(p).
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It is well-known that each f € My*(p) has a Fourier expansion at the cusp @ of the form

f@= Y q(mq" (q=e").
nzng
We set ord »f = ng if ng is the smallest integer such that as(n) # 0. We additionally define the space S(p) by
the subspace of My*(p) consisting of weakly holomorphic modular forms with zero constant term in the
Fourier expansion at the cusp . It is known [7,8] that when the genus of T¢(p) is zero, the space My*(p) has a
canonical basis: Let m{ denote the maximal order of a nonzero f € M};S(p) at «, For every integer m = -my,
there exists a unique weakly holomorphic modular form f,f’m € My*(p) with Fourier expansion of the form
at the cusp ®:
fim=a™+ 2 almn)q"
n>mg

and together they form a basis for My*(p).

As previously mentioned, this article focuses on studying the rational period functions for Tj(p) and
modular integrals on I'j(p) in the specific cases where p € {2,3} and C = -1. In this case, the functional
equation (1) can be written as

2p-1
qkW,-q=0 and ) (-D"q[U"=0,
n=0
while the functional equation (2) for modular integrals becomes
f+fhW = q

using the usual slash operator.
The following is our first main result that gives the dimension of the space W;_,(p) for p € {2, 3}
and its relation to the minus space Si(p) of cusp forms.

Theorem 1.1. Let p € {2, 3} and let k be a positive even integer greater than 2. Then, we have
dimW;_,(p) = 2dimS;(p) + 1.

In addition to determining the dimension of the space W;_,(p) of period polynomials, our second result
introduces a method to construct an explicit basis for this space. For the basis construction, we utilize
the Eichler integral of the canonical basis, where the Eichler integral is defined as follows: Suppose that k > 2.

For f € Yar(n)q" € M (p), we define the Eichler integral of f by

Ep(z) = Z as(mn*-kq".
n>-co
n#0

In addition, the period function for f is defined by
r*(f; 2) = (& = &f la-x Wp)(2),
r(f; 2) = (& + Ef la-x Wp)(2),

Tk-1)

@miyk-1-

where ¢ = - We note that for f € Sp(p), the function r¢(f; z) is a polynomial in z of degree at most

k - 2 with coefficients in C. Indeed, this fact follows from Bol's identity. Specifically, for f€ My (p)
and y € SLy(R), we have

D¥Y(f |a-ky) = DK )y
This identity implies that D-1(My5(p)) € S¢*(p).

Theorem 1.2. Let p € {2, 3}, k > 2 be an even integer, and t = dimS;(p). Then, the set
(VP 2+ B U{r (f,; DI0 < |m| <t}

forms a basis for the space W;_,(p).
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To state our third result, consider a positive integer D congruent to a square modulo 4p. In this context,
Qp,p denotes the set of integral binary quadratic forms Q(x, y) = ax? + bxy + cy* = [a, b, c], where p divides a,
and the discriminant D = b? - 4ac. The group Iy(p) acts on Qp, through the operation Q - gQ, where

g= [z f; € Iy(p) and Q € Qp,p. This action is defined by
(A%, y) = (Q ° gH(x,y) = Q(8x - By, —yx + ay).

a p
y 6
From now on, assume that D is positive and not a perfect square. Note that Iy(p)o € I'p(p)o, Where
To(p)o = {g € To(p)IgQ = @} and I'y(p)o = {g € T'y(p)IgQ = O}

For Q = [a, b, c] € Qp,, let Sp be the oriented semi-circle defined by at)* + (Re(7))b + ¢ = 0, with coun-
terclockwise orientation for a > 0 and clockwise for a < 0. Note that Sz = g5 for any g € Iy(p). Let hy
be a generator of Iy(p ). (For a detailed definition of hy, see Remark 5.2.) For a weakly holomorphic modular
form f € My(p) and Q € Qqp, we define

€ Ty(p), then g7'Q(7, 1) = Q(gz, D(yT + 6).

The set of classes I(p)\Qy, is finite. Furthermore, if g = +

r(f) = [z,
Go
where Cy = Cyp(7p) is the directed arc on Sy from 75 € Sp to hy7, with the same orientation as Sp,

and dzp = Q(, z)dr.
While the following result is parallel to [3, Theorem 1.5(I)(ii)], it has an application (see Corollary 1.5)
which is specific to the case under consideration and has no direct analog in the setting adopted in [3].

Theorem 1.3. Let p € {2, 3}. For any even integer k and Q € Qpp, we define the function F~(z, Q) by
F(z,Q) = Z ro(fk:m)ezmmz_

mz-my

Then, the following are true
* The function F~(z, Q) is holomorphic on H and satisfies

F(z,Q) + F(z,Ql-xW,= ) sgn(c)az® + bz + )l - Y sgn(c)(az? + bz + orl,
[a,b,CTEQ) R0 ®)
ac<0 ac<0

where (Q) = {gQ|g € Iy(p)} denotes the class containing Q.
s For k > 2, let Wy(z) be the polynomial given by

Wy(z) = Z sgn(c)(az? + bz + 6)5‘1 - z sgn(c)(az? + bz + 6)5‘1.
[a,b,c]€(Q) [a,b,c]E(WQ)
ac<0 ac<0

Then, Yy(z) belongs to the space Wy_,(p) and can be expressed as

Wy(2) = rp(fr )AL+ (WBDKD + Y (~mry(fy W@

0<|m|<t

With Yy (2) = Cikr-( o 2.

Remark 1.4. We note that F7(z, Q) is a modular integral on Iy(p) since the right-hand side of (3) is a rational
function. If the right-hand side of (3) is 0, one might think that F~(z, Q) is a weakly holomorphic modular form
on Iy(p). However, as described in the following corollary, we can confirm that under certain conditions, not
only is the right-hand side of (3) equal to 0, but also all the Fourier coefficients of F7(z, Q), i.e., the cycle
integrals ro(f, ,,), become 0 as well.
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The following corollary shows that for each m = -my, we have rp(f, ) = 0 under some condition.

Corollary 1.5. Let p € {2, 3} and D be a positive integer that is not a perfect square but is congruent to a square
modulo 4p. For a quadratic form Q = [a, b, c] € Qp and an even integer k, let F*(z, Q) be the function defined

in Theorem 1.3. Denote v = gcd(a, b, ¢), a’ = a/v, b’ = b/v, ¢’ = ¢/v, and d’ = D/v?. If p|D and the Diophantine
equation (pt)> — d'u®> = 4p has an integer solution (t, u) with a’u € pZ, then we have

1o(fim) =0

for eachm =2 -my.

This work extends the understanding of period polynomials with eigenvalue -1 under the Fricke involu-
tion and modular integrals, building upon previous studies such as [6] and [3]. The proofs of Theorem 1.2 and
1.3 are based on the main ideas presented in [6], while our research specifically expands on the results of [3] to
the case of eigenvalue -1 under the Fricke involution. A key distinction of this article from previous work,
particularly that of Choi and Kim [3], is our approach to calculating cycle integrals within I(p) rather than
T'y(p). This shift requires a more refined computational method, enabling us to determine the exact values of
cycle integrals. Our method allows for a more precise and comprehensive understanding of the relationship
between cycle integrals and rational period functions in this setting.

The rest of the article is organized as follows. In Section 2, we provide examples illustrating our main
results, including numerical calculations. Section 3 is dedicated to proving the dimension formula for W;_,(p)
stated in Theorem 1.1. In Section 4, we focus on constructing the basis for W;_,(p), as described in Theorem 1.2.
Finally, the proofs of Theorem 1.3 and the proof of Corollary 1.5 are presented in Section 5.

2 Numerical examples

Let p = 2 and k = 10. In this case, the space S;y(2) is one dimensional and spanned by
45 (2) = (n(2)n(22))8(2Ex(22) - Ex(2)),

where n(z) = ¢*/*[1,-,(1 - q") denotes the Dedekind eta function and Ey(z) = 1 - 24),_,a(n)q" is the normal-
ized Eisenstein series of weight 2. Using [8], one can construct the first three basis elements of the space Miy (2)
as follows:

f10-4(2) =4, (2)
fi00@ =45 (2)(J;(2) - 16)
fr01(®) =285 @)(j; (2)* - 16], (2) - 8332)
and their g-expansions are of the form
fro,-1(2) = q + 16¢* - 156q° + 256q* + 870¢° + ... ,
fro0(@) =1+ 3960q? + 168960q° + 2094840q* + 16625664¢° + .. ,
f1_0,1(Z) =g + 131904¢% + 21947754q° + 1145058304q* + 304802934404° + ... .

Here, j,'(z) denotes the Hauptmodul for I'y(2) described by

)= [ n() ne)|*
’ n(2z) n(z)
=q1 + 4372q + 962562 + 1240002q° + 10698752q* + 7442812045 + ... .

24
] +24 + 4096[
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According to Theorem 1.1, the space Wg(2) is three-dimensional, and by Theorem 1.2, it is spanned by
the polynomials 1 + 1628, ¢1o,—1(z)’ and 7,1)10,1(2), where wlo’m(z) is given by l,blo,m(z) =r( fl_(),m; z).

Using the nth Fourier coefficients of f;; . for n <500, one can explicitly compute the coefficients
of the polynomials iy, ,,. The coefficients of each polynomial are given in Table 1. (The coefficients presented
in this table are rounded off.)

For each f € Miy'(2) and Q € Qg, it follows from the definition of the cycle integral that

r(f) = [, e, @

G

where Cy = Cy(7p) is the directed arc on Sy from 7y € Sy to 8oTo-

We consider two cases.
Case (i) D=8 and Q = [2,0,-1] € Qg: In this case, we find that the smallest positive solution (¢, uop)
of the Diophantine equation (2t)? - 8u® = 8 is given by (t,, up) = (2, 1). Thus, employing [3, Theorem 1.3 (i)],
2 -1
-2 2

we see that the group I'y(2)o/{+1} is generated by % ] € Iy(2)W;, and hence, hy in Remark 5.2 is given by

1
ho:E

2 -1
- 2] Ero(Z)

In (4), we take 7; = i and use the parametrization

17

e

Then, we can compute that the values of rp(fy, ,,) are equal to zero, as expected from Corollary 1.5.

Case (ii) D =17 and Q = [2,1, -2] € Qy72: In this case, we find that the smallest positive solution (&, u;)
of the Pell equation t? - 17u® = 4 is given by (&, w;) = (66, 16). Thus, employing [3, Theorem 1.3 (ii)], we see
that the group I'y(2)o/{+1} is generated by

(41 -32
hQ—[_32 ZS]EFO(Z).

Table 1: Period polynomials ¥y, ,

m Vio,m

-1 (g + Mz + @z® + a3z’ + auz* + asz® + agz® + a;z7 + agz®
ao = 1.02451271598830368183811479
a; = 6.55650787199323284456976181
ay = —21.1732627970916094246543723
a3z = —45.8955551039526299119883328i
ay = 74.1064197898206329862903031
as = 91.7911102079052598239766656i
ag = —-84.69305118836643769861748923
a; = -52.4520629759458627565580946101
ag = 16.3922034558128589094098366260
1 by + bz + szZ + b3Z3 + b4Z4 + b5Z5 + b(;Z6 + b7Z7 + ng8
by = —62.288700133050683836166471
by = —320.28798029493018540749723i
b, = 1111.29980274971413261410707
bs = 2242.015862064511297852480621
by = -3889.54930962399946414937476
bs = —4484.031724129022595704961231i
bg = 4445.1992109988565304564282926
b; = 2562.30384235944148325997784605i
bg = —996.61920212881094137866354050659
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In (4), we take 7y = —% + gi and use the parametrization
-1, @ei" 2 <0<cos? 528417 :
4 4 2 2,177

Then, one can estimate the values of rp(f;, ,,) which are listed in Table 2.
Here, each coefficient was rounded off to 30 digits. Meanwhile, one has

{la, b, c] € (Q)lac < 0} ={[2,1,-2],[-2,1,2],[2,-3,-1], [-2,-3,1], [4, 1, -1], [-4, 1, 1]},
{la, b, c] € (WyQ)|ac < 0} ={[-4,-1,1], [4, -1, -1], [2, -1, -2], [-2,-1, 2], [2, 3, -1], [-2, 3, 1]}.

Thus, we find that

> sgn(c)(az? + bz + ¢)* - Y sgn(c)(az® + bz + c)* = 96z - 67223 + 134425 - 7682’
[a,b,c]€(Q) [a,b,c]e(W2Q)
ac<0 ac<0

Thus, one should have an equality
To(f10,0)1 + 1628) - rp( fi0.-0%101(2) + 1o(fig ¥y, 1(2) = 96z - 67223 + 1344z° - 76877,

which can be verified numerically from the values listed in Tables 1 and 2.

3 Proof of Theorem 1.1

We begin this section by noting that the matrix u = [_01 2] satisfies the following properties:
. ‘uvvp = _va’

« uUu = W,U»SW, for every integer 0 < { < 2p,

+ For a polynomial P(z) of degree at most k - 2, the equality (-1)*/2P(-z) = —P(z)|;-xt = 0 holds if and only
if P(z) = 0.

Then, for a period polynomial P(z), we have the following proposition:

Proposition 3.1. Let P(z) € W,_,(p) be a period polynomial for Tj(p). Then, the polynomial P(-z) obtained
by substituting -z for z in P(z) also belongs to the space W;_,(p).

Proof. Using the properties of the matrix u, we can show that (-1)¥/2P(-z) = —(P |,-xu)(z) satisfies the defining
conditions of the space W;_,(p). First, we have

Pyt = (P 2-kt)l2-x Wy = 0, 5
which follows from the fact that P |,- uWyu = P |-k W, = P = P |, u%. Furthermore, by using the property

©U% = W,U%~9W, and a straightforward calculation, we obtain

2p-1
Y (D)"P |,xulU" = 0. 6)

n=0

Table 2: Values of ro(fl‘oym)

m ro(fiom)
-1 4.027374283154171407760693455241
0 -34.297639056538750053187841038i

1 -211.3807536117333711051672376i
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Equations (5) and (6) together imply that P |,-xu € W;_,(p), which completes the proof. O

Let us consider two important subspaces of the space W;_,(p):
Wiy = {P € Wip(p) : P(2) = P(-2)},
Wiy =1{P € Wiy(p) : P(z) = -P(-2)}.

In other words, W,, is the subspace of even period polynomials in W,_,(p), while W, is the subspace of odd
period polynomials.

Proposition 3.2. The space W;_,(p) can be decomposed as a direct sum of its even and odd subspaces:

Wieo(p) = W2y & W5,

Proof. Given a period polynomial P(z) € W;_,(p), we can express it as a sum of its even and odd parts:

_P@)+P(-2)  PQ2) - P(-2)

B 2 2 ’

P@2) - P(2)
2

P(z)
It follows from Proposition 3.1 that w € W, and € W, ,. Hence, we obtain the asser-
tion. O

Let us now turn our attention to the following lemma that will be instrumental in proving our main result:

Lemma 3.3. [9, Proposition 3] For p € {2, 3} and € € {+,-}, there exist the following isomorphisms:
Mg(p) = Wi, and  Sg(p) = Wis,.

With the help of Lemma 3.3, we can now provide a concise proof of Theorem 1.1:

Proof of Theorem 1.1. By Proposition 3.2, the space W,_,(p) decomposes as a direct sum of its even and odd
subspaces:

dimW,_,(p) = dimW, 7, + dim W, .
Applying the isomorphisms from Lemma 3.3, we obtain
dimWy_y(p) = dimM(p) + dimS;(p) = 2dimS;(p) + 1,

which is the desired result. O

4 Proof of Theorem 1.2

Proposition 4.1. For f € Sy (p), the following statements are equivalent:
1 (f;2) = a((\/ﬁz)k‘2 + 1) for some constant a € C.

& = o € My(p).
* f€ DMy (p)).

Proof. We will show (i) © (ii) and (i) & (iii).
@) = (@): Assumer=(f; z) = ot((\/?z)"‘2 + 1) for some a € C. Then, & - C% =-(& - Cﬁk)|2_kwp. From the
definition of &, we also have & - % =(& - C%)Iz_kT. SinceT'y(p) is generated by +T and + W}, any y € Iy(p) can

a

be expressed as a product of an even number of +W), and any number of +T. Therefore, & - o € My ( p).



DE GRUYTER Cycle integrals and rational period functions == 9

a

(i) = (@): Suppose & — o € M, (p) for some a € C. Then,
1
C—kr_(f; 2)= (& + &f -k Wp)(2)
a a a
Sf—][—[af—]]
a

= (JP2) + .

k

a
=— + I/‘/p
Ck

2-k

() = (iii): Assume r(f; z) = a((\/pz)*"? + 1) for some a € C. By (i) = (ii), we have & - C% € My5(p).
Then, f = D¥&; = DK(&; - ) € DU (M5 (p)).

(ili) = (i): Suppose f=DKlg for some g€ My (p). Note that Ex(2) = Ypmo neo@r (NI = g(2)
— ag(0). Then

r'(f; 2) = a(g(2) - ag(0) + (g(2) — ag(0)l-k Wp) = —cag(0)(\/P2)*2 + D). O
Lemma 4.2. Suppose k is a positive even integer. Let p be 1 or a prime for which Ty(p) has genus zero, and let

t = dimS; (p). Consider the quotient space V = S,!g'(p )/Dk‘l(Mz!’__k(p)). Ift 2 1, then V is a 2t-dimensional vector
space with a basis given by

(o) 10 < Im] < 1},
Here, [ f] denotes the equivalence class of fin V.

Proof. Let m; be the maximal vanishing order of weakly holomorphic modular forms in My (p). It is known
from [10] that

My, =-mg-1=-t-1

The space Sy(p) is spanned by { frm - m#0, m2-t}. The functions f,_, . € M, (p) have Fourier coefficients
satisfying

fz_—k’t+1 = q_[_l + O(q_t))
fz_—k,[+2 = q_[_z + O(q_t))

foi=a + 0@,

and consequently,

DKy =G+ 0> € S (p),
DKy =aqE+ 0(q) € S (),

DY, =aqt+ 0(q7) € S(p),

Thus, D¥"Y(M,_,(p)) is spanned by {f,;m :m 2t + 1}. Itis now clear that the set{[f,;m] : 0 < |m| < t}islinearly
independent in V and spans V. O
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Lemma 4.3. Let p € {2,3} and f € S;"(p). Then, the period polynomial r(f; z) belongs to the space Wi_,(p).

Proof. We have
Ef = Ef -k Wy = (Ef = Ef -k Wp)la-k W = 0.

Further, using the relations & = & |,-x T and TW, = U, we can rewrite Cl—kr‘(f; z) as & = &g |- U. Then

2p-1 2p-1
> CDXEr = & L WplkUF = Y (-DK(Er = & [rx Uk U = 0.
k=0 k=0
Thus, ér‘( f; z) belongs to the space Wi_2(p), as desired. O

Proof of Theorem 1.2. By Lemma 4.3, we can define a linear map r™: S; (p) = Wj_,(p) that sends f € S, (p)
to its period polynomial r~(f; z). Proposition 4.1 implies that r~ induces an injective linear transformation

T S (p)IDK UMy (p) = Wia(D)K(JP2)K2 + 1).

Theorem 1.1 and Lemma 4.2 show that the spaces S, (p)/D¥\(M;2,(p)) and Wi—o(p)/{((\/p2)*? + 1) have
the same dimension, so 7~ is an isomorphism. Furthermore, Lemma 4.2 ensures that the set

(P2 + B U (f s 20 < Iml < 8}

forms a basis for the space W;_,(p). O

5 Proofs of Theorem 1.3 and Corollary 1.5

We first note that the stabilizer group Io(p)e =1{g € Iu(p)IgQ = Q} and Ty(p)o = {g € I'y(p)IgQ = Q}
is an infinite cyclic group. More precisely, we have the following proposition:

Proposition 5.1. [3, Theorem 1.3] Let p be one or a prime, D be a positive integer that is not a perfect square, but
is congruent to a square modulo 4p. Consider a quadratic form Q = [a, b, c] € Qp, with v = gcd(a, b, ¢),
d’ =DV’ a’ = a/v, b’ = b/v, and ¢’ = c/v. We define 8 € To(p) subgect to the following conditions:

+ Ifp|D and the Diophantine equation (pt)*> — d’u* = 4p has an integer solution (t, u) with a’'u € pZ, then we set

pty + bug cu
1 2 0
=— € L(p)W,,
5o N2 a1 pto - by |~ P
2

where (ty, Ug) is the smallest positive solution of (pt)?> — d’u*> = 4p with p|a’u,.
* Otherwise, we set

t+bu

5 Cc'uy
= €
gQ , tl _ b/ul rO(p):
- al 2

where (t, W) is the smallest positive solution of the Pell equation t> — d'u> = 4 with p|a’u;.

Then, g, generates I'j(p)o\{£1}.
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Remark 5.2. If the condition in Proposition 5.1() is satisfied, we define hgy as hy = gé; otherwise, if the condition
in Proposition 5.1(ii) holds, we define hg as hq = g,. In either case, noting that Ty(p)o S To(p)o, we can easily

deduce that I(p)o is an infinite cyclic group generated by hg.

The following lemma provides a fundamental relation between the cycle integrals associated with
a quadratic form Q and the integrals over the fundamental domain ¥ for Iy(p).

Lemma 5.3. Let p be a prime, f € Mi(p), ¥ be the standard fundamental domain for Ty(p), and Q € Qp,p
with D > 0 not a perfect square. For any 7y € Sp, we have

[ rnge= Y [ roas,

Co(t0) 1€@s,nF

where (Q) = {g0Q|g € Ty(p)}.

Lemma 5.3, inspired by [6, Lemma 1], can be obtained by similar arguments as in the proof of [6, Lemma 1].
For the reader’s convenience, we provide a proof of Lemma 5.3.

Proof. Let To(p) = Iy(p)/{+1} and define

fo) ifrev,

f(r)=[0 if 7 ¢ F.

Note that f(7) = 2 ( f lk&)(®) holds on Co except for a discrete set of points. This allows us to write

[rodn=[ 3 Fremads,

€T,
Co Co & o(p)

= Y Y [Frekomarg

gETW(p)/To(p)e TE€T(P)o Co

= 3 [Tremarg

gE€N(p)/To(p)o So

= Y o

gE€Ty(p)/To(p)o Se0

The last equality follows from the change of variables w = g7 and the transformation properties of modular
forms. More precisely, letting w = g7, we have

dg = j(g™L, w) *drg.
Hence,
[T ke @aze = [F ryjte, vr¥ar,
So So

= [F wyig. g )i, w)kdg

8So

= [F @iz

8So

Therefore, we arrived at the desired result

[rodn= 3 [ @, -

Co a€@) s,nF
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Proposition 5.4. Let f, (7) = f;_ mg (7). Then, the basis elements f, . of the space My (p) satisfy the following
properties:

Ji Of (@)
h@-jj@®
[ Of @)1

S - @ o

at T = z is given by

* The expansion

fi Of (@) _ ,
Aot T L S0
h@-j@ 50k
converges uniformly on compact subsets in T for fixed z € H having sufficiently large Im(z) with
Im(z) > Im(7).

Proof.
* We first observe from [8, p. 322] and [3, p. 756] that

dj,
p 5+2 1 p
fk(z)fz k(Z) fgl(z)_ p = 2]1'1 dz °
Using this identity, a direct computation yields
fk( )fz k(Z) =1 _ Z)f;;(f)fz_—k(z)

@@ e @@

+ -1 .+
. 1) 9,
= lim(-1) il @
=7

Tz

_r
dr

i

Recall that
fim =@y )lkA;;,rka,m+m,;(j; )=q ™+ 0(q™Y),

where Fip(x) is a monic polynomial of degree D in x. Moreover, the modular forms A;, 5+20 Ay reo
and 4,,,  satisfy the identity AI; sv2 = Ay r Ay, and the exponents [y and Ly are related by by = —I; - 1
(see [8, p. 322)).

Using the Cauchy integral formula, we can express the polynomial Fy n+m;({) as

Fep® 1 U
Fomem(§) = zmagc, - ¢ R D@y,

where C” is a counterclockwise circle centered at ¢ in the t-plane. Changing variablest — g = e*™ and using
Ay52(2)
4,(2)

the identity gy = - with £(z) = j; (z), we obtain

1 Ay sir(2)q™ !

i @ - OB, @)

Fk m+mk(()

1 § prz k(Z)q m-1
"2 e (t2) - ¢ )4, )’k”(Z)

fz k(z)q m-1
2n13§ T -¢ @
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where C is a counterclockwise circle centered at 0 in the g-plane with some radius. Replacing { with t(z)
and multiplying by (4, Y(1)A; . (T), we arrive at the integral representation

i} fi Of L @q™™!
in® = 34 T - @

Let z € H with sufficiently large Im(z) and let K be any compact subset of {T € H : Im(z) > Im(7)}. Choose
A > 1such that Im(z) > A > Im(7) for all 7 € K. Changing variables g ~ z in (7) and deforming the contour
by Cauchy’s theorem, we have

DiTk

—Zm‘mzd z.

fl;m('[) J’ fk (T)fz k( )

t(z) - t(7)

We now move the contour of integration downward to a height A’ < Im(7) for all 7 € K. We can take
A’ > 0 such that

fe O (@
(@ - t(0)

has no poles on {t + iA": —% <t< %} as a function of z. As we do this, each pole 7 of G(7, z) in the region

Zm'mz

G(t,2) =

1 1
R=jz€H :—E<Re(z)<5andA’<Im(z)<A

contributes a term 2ri - Res,-,,G(7, z) to the equation. Note that the poles of G(7, z) occur only when z
is equivalent to T under the action of T'y(p), and there are only finitely many such poles in R. To calculate
the residues, we can use the following alternative formula for G(z, z):

ez (A (D)l (D5, (2)
Uy @) (t(2) - t(1))
(Ag@))’m,;,rk(r)[%(t(z) - t<r))]
— —____p-2rmimz
o Uy @y, (2)(t(2) - t(T)

G(t,2)=

which follows from the identity

AI;&Z—kAI;,rk _ Aoy Do _ 1 d]; _-ldt

Ay Ay T2t dz  2midz
Using the fact that
o . 1n
— p—2lmtT =
e if y 1[0 1],

2milim(z - y1)G(7,2) = 1
z=yT -2mimyr; -k ; n
te j(y, ) if y # t[o 1],

for any n € Z, we obtain the equation

1

2t
J G(t,2)dz = f;  (v) — €2 £ Y j(y, T) ke 2mimyt,
L y

satisfying y7 € R.

where the sum runs over some finite set of y € I'( p)\[[(l) rll]|n Sy4
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Multiplying both sides of the equation by ™™ yields

1..,,
P

g~2mmv I G(t,z)dz | =

Lo

. 8

e—anvfI;m(T) — e 2mimu 4 Zi(y: T)—ke—zmmyr—zjrmv
Y

Fi Of (@)

PN ‘ is continuous on the set

The function

<t<

3

N | =
N | =

Q=KXL+MT—

and therefore bounded on Q. Consequently,

Frf @l
-t ¢ M

for all (7, z) € Q and for some constant M € R.(. This implies

1G(z, 2)| = |e™™|

%+A’i
e—anv I G(T, Z)dZ < e—an(v—A’)M <M

S

since v > A’ when m > 0. Moreover, for the sum },j(y, ) ke">"m-2mv appearing in (8), we can show that

< ZU(V: T)l—ke—mm(v—lm(yr))
4

< ZU(V’ T)l—ke—ZTrm(v—A)
4

<N- e—an(v—A)

E I.(V T)—ke—Zm'myT—anv
)
y

for some constant N € R, for all 7 € K. Combining this with (8) yields

e—Zrm'rvaI;m(T)l <1+M+N- e—erm(v—A)

for all 7 € K, which implies

Ifk_m(r)| < emez(l + M) + e~ 2nmv-A)N ©

for some constants M and N independent of m and for any 7 € K. From bound (9), it follows that

lf;;m(T)ezmmq < e—Zrm'r(Im(z)—v)(l + M) + e—erm(Im(z)—A)N.

Since Im(z) - v > 0 for any v € K and Im(z) - A > 0, the Weierstrass M-test implies that Zmz_mk—fk’ m(z’)ez’”'mz
converges uniformly on K. Moreover, by [8, Theorem 4.2],

i} , [k @ (7)
2mimz — _“47K° 7K 7
mgmk—f en(0 Uy@ - ;@)

which completes the proof. ]
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Proof of Theorem 1.3 (i). By Proposition 5.4 (ii), for Im(z) sufficiently large, we have

Z 7rQ(fk—’m)e2nimz - z ] J'fk_,m(’[)dTQ p2nimz

mz-my, m=-my, Co

F(z,Q)

I z f];m(r)ezmmz dr,

Co mz-my

i @y @
COJ,, HORTHON

where Cy can be any smooth curve joining an arbitrary point 7 € H to ho7. As in the proof [6, Theorem 3],
one can show that F7(z, Q) extends analytically to H with a convergent Fourier expansion.
Let p € {2, 3} and D be the closure of #* U ¥ where F* is the fundamental domain for I'y(p) described

n [11] and F is its image under z ~ —é. Then, #* U ¥ is a fundamental domain for Iy(p). By Lemma 5.3,

[, @)
P =35 e Li@-j@"

where the sum is over all ¢ € (Q) such that S; N int(D) # &, with 4, = S, N D.
We note from [3, (11)] that

a
— 4+

p

b
SiapgND#B © ac<0 or [ac>0 and ‘E>

]. (10)

As in [3, p. 750], each arc A, corresponding to the first condition in the right-hand side of (10) is deformed to
a curve B, within © having the same endpoints as Ay, but leaving z and —p—lz in the same connected component
C determined by B,. By Proposition 5.4 (i),

J' fk (T)fz k( )
WOk RGN

fi Of (2

= —-sgn(a)(27mi) Res;=; +(Z) = ].;(T)

(at? + bt + c)lé‘l]

=-sgn(a)(az? + bz + ¢yl

For A, corresponding to the second condition on the right-hand side of (10), z and —p—lz are already in the same
connected component [3, p. 757]. Therefore,

f S @@ S @@
qu;(z) - j;(T)  en e ]p (2) - Jy (T) [a,b,cTE(Q)

ac<0 ac<0

F(z,Q) = sgn(a)(az® + bz + ¢yl
[a,b,c]€(Q)

bls|a
z>p+c|

As in [3, p. 757], for some open neighborhood of z,

k1

2
F(2,Q) +F(z,Qh-xWy= Y sgn(c)az®+bz+cy'+ Y sgn(c)|cpz® - bz + E] an
la,b.cTE(Q) [a,b,cTE(Q) p
ac<0 ac<0

By the identity theorem, (11) holds for any z € H.
Let Q" = W,Q = Wy[a, b, c]. Then, Q" = [cp, -b, a/p] = [A, B, C], so

k1
Y sgn(c)|cpz? - bz + ﬁ] = Y sgn(A)Az2+ Bz + C)
la,b,cTe(Q) p [4,B.CIEW,Q)
ac<0 AC<0
=- > sgn(c)(az* + bz + ¢yl
[a,b,c]le(W,Q)
ac<0

Hence, by (11), the theorem follows. O
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Proof of Theorem 1.3 (ii). We first note that in Theorem 1.3 (i) F~(z, Q) is a modular integral. This implies that
the polynomial Wy(z) is a period polynomial for a modular integral F~(z, Q), and hence, ¥y(z) € W;_,(p)
for p € {2, 3} and an even integer k > 2 (see [1, 4,5]). Thus, by Theorem 1.2, there exist some complex number
a; such that

Y(2) = agl + (P2 D) + Y amihy (@),

0<|m|st

with t = dimS;(p) and ¥ ,(2) = 27" (i3 2).
Note that Fy m(z) = & fk-m(z) is a modular integral for period polynomials ¥ ,,(z), that is,

1
U m(2) = c_kr_(fk_”"; 2)= (&, + &1 Lk Wp)(2).

If we define G(z) = F7(2, Q) = Xo<m|<@mFk,m(2) — o, then
G(z +1)=G(2),
G(2) + G-k Wy = Yo(2) - ao(q + (JP2)D) - ) Am¥Py ;m(2) = 0,

0<|m|st
which implies G € My~ (p).

If G is nonzero, then we have ord .G = —t, which contradicts the fact m,_, = -1 - t. Thus G = 0, and so

F(z,Q =a+ ) anFim(2).

0<|mlst
Comparing Fourier coefficients, we obtain that
ao = 19(fo)
and for nonzero m with -t <m < t,
am = (=M ro(fi -
Therefore,

Wy(2) = rp(fr )AL+ (BDKD + Y ()} rp(fy o W@

0<|m|<t

as desired. O

Proof of Corollary 1.5. To prove the assertion, we first find the condition for the right-hand side of (3) to be 0.

For g,, the generator of I5(p)e/{£1} defined in Proposition 5.1, we first claim that if 8o € Wplo(p),
then (Q) = (W,Q), and if 8 € Iu(p), then (Q) # (W,Q). Assume 8 = Wy for some y € Iy(p). For any
6 € Ty(p), we have

8Q = 6g,Q = SWppQ = Sy'W,Q
for some y” € Iy(p). Hence, (Q) € (W,Q). Now, for any § € Iy(p),
S(MQ) = SW,Q = §Wg,Q = SWWppQ = 6yQ € (Q).

Therefore, (W,Q) € (Q), and hence, (Q) = (W,Q). Conversely, suppose (Q) = (W,Q). Then, yQ = W,Q for some
y € Ty(p), implying y! = W, € W,IH(p) and y'W,Q = Q. However, since 8o € In(p), we have YW, € Wlu(p),
which is a contradiction. Thus, (Q) # (W,Q). Therefore, if 8 € W,Iy(p), then the right-hand side of (3) becomes
zero, and otherwise, the left-hand side of (3) is a rational function.

Note that since I'y(p) is generated by +T and +W}, any y € Iy(p) can be written as y = g4, ... i, with each
Y; € {xT, +Wp} and an even number of y; equal to +W),. Therefore, as shown above, the fact that the right-hand
side of (3) is 0 is sufficient to confirm that F7(z, Q) is a weakly holomorphic modular form of weight 2 - k
on [y(p). Noting ord.F~(z, Q) must be less than equal to m; and m,_, = -m; - 1, we have F7(z,Q) = 0.
Now, using Proposition 5.1, the assertion follows. O
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