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Abstract: Reflexivity is characterized by the weak-compactness of the unit ball. The weak-compactness of
bounded, closed, and convex sets is characterized through sup-attaining functionals in view of the famous
James’ theorem. The aim of this mathematical note is to provide the construction of bounded, closed, and
convex subsets for which there exists a functional attaining its supremum on such a set but not its infimum.
This construction leads to a characterization of reflexivity in the category of normed spaces and a character-
ization of full norm-attainment also in the category of normed spaces.
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1 Introduction

There are three main algebraic structures involved in Quantum Mechanics: Effect algebras, C*-algebras, and
Clifford algebras. The representation of measurements in a quantum mechanical system via self-adjoint
operators led to the development of the study of the previous algebras. The norm of the self-adjoint operator
represents the magnitude of the measurement. If such self-adjoint operator is norm-attaining on the unit ball
of the Hilbert space, then it means that the measurement achieves its magnitude at a given state. This is why it
is important to study norm-attaining functionals and operators, or more generally, sup- and inf-attaining
functionals and operators on general bounded, closed, and convex subsets.

Regarding the geometric structure of bounded, closed, and convex sets, it is worth recalling the remark-
able Krein-Milman theorem [1], which states that in a Hausdorff locally convex real or complex topological
vector space, each compact convex subset coincides with the closed convex hull of its extreme points. The
Krein-Milman theorem gave birth to the Krein-Milman property [2-4], which deeply connects with Measure
Theory via the remarkable Radon-Nikodym theorem and its subsequent Radon-Nikodym property [5-8].
Actually, a longstanding open problem asks for the equivalence between the Krein-Milman property and
the Radon-Nikodym property, although several partial solutions have been already provided [9-11]. There
are two forms of the Krein-Milman property (weak and strong), which have been recently proved to be
equivalent for Hausdorff locally convex real topological vector spaces enjoying the Bishop-Phelps property
[12]. As expected, the Bishop-Phelps property originated from the well-known Bishop-Phelps theorem [13,14]
and is defined for general real topological vector spaces.

The aim of this mathematical note is to provide the construction of bounded, closed, and convex subsets
for which there can be found functionals attaining their supremum on that sets but not their infimum
(Theorem 3.3). This construction yields a characterization of reflexivity in the category of normed spaces
(Corollary 3.4). This characterization, when stated in the scope of Banach spaces, can actually be derived from
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the classic literature [15]; however, our approach is different and originates from the ambience of topological
vector spaces. Another characterization is provided, which is about full norm-attainment (every functional
is norm-attaining), also in the category of normed spaces, involving supporting vectors of dual operators [16].
A supporting vector is simply a vector at which a bounded linear operator attains its norm. It is shown in
Lemma 3.5 that certain supporting vectors of a dual operator can be computed as functionals which are norm-
attaining at certain supporting vectors of the predual operator. This result allows a characterization of full
norm-attainment in terms of supporting vectors of predual operators (Theorem 3.7 and Corollary 3.8).

2 Preliminaries

Let X be a real topological vector space and consider a non-empty subset C of X. The set of functionals
attaining their sup on C is by definition SA(C) = {f € X* : supf(C)is attained on C}. The set of functionals
attaining its inf on C is denoted by IA(C). Obviously, both SA(C) and IA(C) can be empty. In fact, they are
interesting when C is bounded, closed, and convex.

The notion of supporting vector appears implicitly and scattered throughout the literature of Banach
space theory and operator theory [17-22]. However, it was formerly introduced for the first time in [16].
Let X, Y be real or complex normed spaces and consider a continuous linear operator T: X — Y between
them. The set of supporting vectors of T is by definition

suppv(T) = {x € X : [Tl = [ITI[[[x]]}.

The geometric and topological structure of suppv(T) has been studied differently in [23,24]. Supporting vectors
also have strong applications to applied disciplines, such as Bioengineering, Physics, and Statistics [25,26],
in the sense that supporting vectors serve to solve multiobjective optimization problems that commonly arise
in the previous disciplines, improving considerably previous results obtained by means of weaker techniques,
like for instance Heuristic methods [27-29].

The existence of non-zero supporting vectors of a bounded linear operator implies the existence of non-
zero supporting vectors of the dual operator. Indeed, let X, Y be real or complex normed spacesand T: X - Y
a continuous linear operator such that suppv(T) # {0}, then we will show that suppv(T*) # {0}. If x # 0 satisfies
that ||T(x)|| = ||T]|||x||, then Hahn-Banach theorem assures the existence of a non-zero y* € X* in such a way
that [y*(TO)| = y*IITCON = y*IITNIIx], resulting in [ T**)Il = [y* © Tl = [y* [T} = [T*Iy* ]
As a consequence, y* € suppv(T*)\{0}.

3 Results

Recall that in a Hausdorff locally convex real or complex topological vector space, the closed convex hull of any
bounded subset is bounded as well. This fact will be used in the next lemmas.

Lemma 3.1. Let X be a real topological vector space. Let Y be a proper subspace of X. Let C € X, x € X\(Y U (),
and D = co(C U {x}) N Y. If D is dense in co(C U {x}) and f € X* satisfies that f(x) > supf(C) and attains its
infimum on C at some ¢y € CN 'Y, then f|y € IA(D)\SA(D).

Proof. By assumption, f(cy) < f(c) for all ¢ € C. Fix an arbitrary d € D. There are ¢ € C and t € [0, 1] such
that d = tc + (1 - O)x. Then, f(co) < f(c) = tf(c) + (L - O)f () < tf(c) + (1 - OF(X) = f(tc + (1 - D)) = f(d),
meaning that f(cg) = inff |y (D), hence f|y € IA(D). Next, we will show that f & SA(D). Fix again any arbitrary
d € D and consider ¢ € C and t € [0,1] such that d = tx + (1 - t)c. Observe that t <1, since otherwise
d = x € Y, which is impossible. Then, f(d) = tf(x) + (1 = t)f(c) < tf (x) + (1 - )f (x) = f(x). By density of D
in co(C U {x}), we can find d’ € D in such a way that f(d) < f(d") < f(x). As a consequence, f & SA(D). O
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Lemma 3.2. Let X be a real topological vector space. Let A € X and f € X* such that f(A) is bounded above.
Then, B = To(A U {x}) is a closed and convex subset of X satisfying that A C B and f € SA(B). If X is Hausdorff
and locally convex and A is bounded, then B is bounded as well.

Proof. Fix an arbitrary x € X such that f(x) > supf(A) (note that such an x exists because, by linearity, either
f is null or unbounded above). Observe that B :=C0(A U {x}) is clearly closed and convex. Note that
fOO=tfxX)+A-O)fC)2tfCx)+ A -t)f(a) =f(tx+ (1 - t)a) for every a € A, meaning that f(x)=
supf(co(A U {x})) = supf(co(A U {x})) = supf(B). As a consequence, f € SA(B). Finally, if A is bounded
and X is Hausdorff and locally convex, then B is bounded as well. ]

Note that if C is a bounded, closed, and convex subset of a Hausdorff locally convex real topological vector
space, then co(C U {x}) is bounded, closed, and convex as well.

Theorem 3.3. Let X be a Hausdorff locally convex real topological vector space. If there exist a bounded, closed,
and convex subset C of X and f € X*\|A(C), then there exists another bounded, closed, and convex subset D of X
such that C € D and f € SAD)\IA(D).

Proof. In first place, note that f(C) is bounded. Fix an arbitrary x € X such that f(x) = supf(C). We already
know from Lemma 3.2 that D = co(C U {x}) is a bounded, closed, and convex subset of X such that f(x) =
supf(D), i.e., f € SA(D). Let us show that f & IA(D). Indeed, fix an arbitrary element tx + (1 - t)c € D with
t € [0,1] and c € C. Since f €& IA(C), there exists ¢’ € C in such a way that f(c’) < f(c). Next, assume ¢ = 1.
Then, f(c¢") < f(c) < f(x) since f(x) = supf(D) with ¢’ € D. Now, assume 0 <t < 1. Then, f(tx + (1 - t)c")
=tfO)+A-0f () <tf)+A-t)f(c)=f(tx+ (A -t)c) with tx+ (1 -t)c’ED. As a consequence,
f & 1AD). O

It is well known that a normed space is reflexive if and only if it is complete and satisfies full norm-
attainment (every functional is norm-attaining) in view of James’ theorem [20,21]. In [30], James constructed
an example of a non-complete normed space over which every functional is norm-attaining. Refer [31,32]
for other weakenings of reflexivity.

Corollary 3.4. A real normed space X is reflexive if and only if IA(C) = SA(C) for each bounded, closed,
and convex subset C of X.

Proof. If X is reflexive, then weak compactness of the unit ball assures that IA(C) = SA(C) = X* for each
bounded, closed, and convex subset C of X. Conversely, assume that IA(C) = SA(C) for each bounded, closed,
and convex subset C of X. We will prove first that NA(X) = X*, where NA(X) stands for the set of norm-
attaining functionals on X. Suppose on the contrary, there exists f € Sx+, which is not norm-attaining. Then,
f & IA(By). In view of Theorem 3.3, there exists a bounded, closed, and convex subset D of X such thatBy € D
and f€ SAD)\IA(D), contradicting our initial assumption. As a consequence, NA(X) = X*. Finally, let us
prove that X is complete. Assume X is not complete and denote by Z to the completion of X. Consider
z € Z\X with||z|| = 2. Let D = co(B; U {z}) N X, which is clearly bounded, closed, and convex in X and dense
in co(Bz U {z}). Choose z* € S+ such that z*(z) = 2 and denote x* = z* |x. Note that x* attains its infimum on
By because NA(X) = X*; therefore, z* also attains its infimum on B; at the same point. In accordance with
Lemma 3.1, x* € IA(D)\SA(D), contradicting our initial assumption. As a consequence, X is complete. O

In Section 2, it was mentioned that the existence of non-zero supporting vectors of an operator implies the
existence of non-zero supporting vectors of the dual operator. The converse to the previous sentence is only
possible under full norm-attainment. Next lemma provides a sufficient condition to obtain supporting vectors
of a dual operator.
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Lemma 3.5. Let X, Y be real or complex normed spaces and T : X - Y a continuous linear operator. Then,
suppv(T*) 2 {y* € Y*: T™!(suppv(y*)) N suppv(T) # {0}}.
IfNA(X) = X*, then
suppv(T*)\{0} € {y* € Y*: T~"(suppv(y*)) N suppv(T) * {0}}.

Proof. Fix an arbitrary y* € Y* and take a non-zero x € T-Y(suppv(y*)) N suppv(T). Then, [y*(T(x))| =
I*INTEOI = 1* 1ITI||]x]]- This chain of equalities, together with the fact that ||[y*  T|| < |[y*||||T||, implies
that [[y* o T|| = [y*[||IT|l. As a consequence, [|[T*(y*)|l = |ly* ° TI| = |ly*[[[IT]] = [ly*[[lIT*], meaning that
y* € suppv(T*). Let us assume now that NA(X) = X*. Take any supporting vector y* € suppv(T*)\{0}.

By assumption, there exists x € Sy satisfying that y* o T € X* attains its norm at x, ie., |(y* o T)(x)| =
[ly* ° TJ||. We will prove next that x € suppv(T). Indeed,

IY* IITOON 2 y*(TODI = 1™ = DO = ly* o Tl = IT*@I = IT*Iy*Il = Iy* T,
reaching the conclusion that | T(x)|| = ||T]|, i.e.,||T(x)|| = ||T]- It only remains to show that x € T-Y(suppv(y*)),
which holds because [y*(TOO)| = |[Y*IIITI = [Y*INIT)]I- O

From Lemma 3.5, we can derive an immediate corollary, whose proof we omit for simplicity.

Corollary 3.6. Let X, Y be real or complex normed spaces and T : X — Y a continuous linear operator. Suppose
that NA(X) = X*. If suppv(T*) # {0}, then suppv(T) # {0}.

We will finalize this note with a characterization of full norm-attainment in terms of supporting vectors
of dual operators.

Theorem 3.7. A real or complex normed space X satisfies that NA(X) = X* if and only if for every normed space Y
and for every continuous linear operator T : X — Y such that suppv(T) # {0},

suppv(T*) = {y* € Y*: T"(suppv(y*)) N suppv(T) # {0}}.

Proof. Assume first that NA(X) = X*. Take any arbitrary normed space Y and any arbitrary continuous linear
operator T : X — Y such that suppv(T) # {0}. According to Lemma 3.5,

suppv(T*) 2 {y* € Y*: T"Y(suppv(y*)) N suppv(T) # {0}
and
suppv(T*)\{0} C {y* € Y*: T Y(suppv(y*)) N suppv(T) # {0}}.

It only remains to show that if y* =0, then T (suppv(y*)) N suppv(T) # {0}. Indeed, if y* =0, then
suppv(y*) = ¥, so T (suppv(y*)) =X, meaning that T (suppv(y*)) N suppv(T) = suppv(T) # {0}.
Conversely, assume that for every normed space Y and for every continuous linear operator T: X — Y such
that suppv(T) # {0},

suppv(T*) = {y* € Y*: T"Y(suppv(y*)) N suppv(T) # {0}}.

Suppose on the contrary that NA(X) # X*. There exists x* € X* which is not norm-attaining. Then, take Y = X
and T = Iy. Observe that suppv(x*) = {0}, and T"X(suppv(x*)) = {0}, meaning that T"X(suppv(x*)) N suppv(T)
= {0}, hence

x* & {y* € Y*: T (suppv(y*)) N suppv(T) # {0}}.
Finally, suppv(T*) = X*; therefore,
suppv(T*) # {y* € Y*: T"!(suppv(y*)) N suppv(T) * {0}}. O
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Theorem 3.7 can in fact be rephrased as follows.

Corollary 3.8. A real or complex normed space X satisfies that NA(X) = X* if and only if for every normed space
Y and for every continuous linear operator T : X — Y, suppv(T*) # {0} implies suppv(T) # {0}.

Proof. If NA(X) = X*, then we simply call on Corollary 3.6. If NA(X) # X*, then we simply take Y = Ror C
and T = x* a non-norm-attaining functional on X (note that T* : Y* — X* satisfies that suppv(T*) # {0} because
Y* is finite dimensional). O

The proof of Corollary 3.8 can be readapted for completeness purposes.

Scholium 3.9. A real or complex Banach space X is reflexive if and only if for every Banach space Y and for
every continuous linear operator T : X — Y, suppv(T*) # {0} implies suppv(T) # {0}.
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