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Abstract: In this article, we first prove that the Hankel determinant of order three of the polynomial sequence
{By(%) = YpsoP(n, K)xK}ps0 is weakly (Hurwitz) stable, where P(n, k) satisfies the recurrence relation

P(n,k) = (an + a))P(n - 1, k) + (byn + by))P(n - 1,k - 1),

with P(n, k) = 0 wherever k € {0, 1, ...,n}. The stability of a polynomial is closely associated with the interla-
cing property, which is based on the Hermite-Biehler theorem. We also show the interlacing property
of the polynomial sequence (U,(x))n=0, Which satisfies the following recurrence relation:

Un(x) = (anX + BUp-1(X) + (Unx?® + vpxX)Uyp_1(X)

based on the Hermite-Biehler theorem. As applications, we obtain the weak (Hurwitz) stability of the Hankel
determinant of order three for the row polynomials of the (unsigned) Stirling numbers of the first kind,
the Whitney numbers of the first kind, and show the interlacing property of Eulerian polynomials, Bell
polynomials, and Dowling polynomials.
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1 Introduction

LetR (resp.N,N*,C) denote the set of all real numbers (resp. non-negative integers, positive integers, complex
numbers), and let x be an indeterminate. We denote by R[x] the ring of polynomials in the indeterminate x
with coefficients in R. A real polynomial f(x) is a polynomial with real coefficients, i.e., f(x) € R[x].

For a nonnegative real sequence a, aj, a, .., an, the sequence is called log-convex (resp. log-concave) if for
all k 21, ax-1ax+1 2 a,? (resp. ax-1ax+1 < a,?). Log-concave sequences often arise in combinatorics, algebra,
geometry, analysis, probability, and statistics and have been extensively investigated, see Stanley [1] and
Brenti [2]. Clearly, log-convexity is closely related to log-concavity. The log-convexity was developed by Liu
and Wang [3]. Many scholars have extended log-convexity to polynomials, see [3-5]. For a polynomial
sequence (@,(X))n=0, it is called x-log-convex if all the coefficients of a.1(X)a,-1(x) - a,f(x) are nonnegative
forn > 1. Itis called strongly x-log-convex if all the coefficients of ap.1(X)an-1(x) = a,(x)an(x) are nonnegative
forn = m > 1. From the definition, strong x-log-convexity implies x-log-convexity. However, the reverse does
not hold. Many famous combinatorial polynomial sequences, including Bell polynomials, Eulerian polyno-
mials, Narayana polynomials, and Dowling polynomials, are x-log-convex and strongly x-log-convex, respec-
tively (see [3-5]).
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For a polynomial sequence a = (a,(x))n>0, We define its Hankel matrix and Hankel determinant of order
p by

ap(x) @(x) a(x) as(x) -
a(x) ax) ax(x) asx) -
H(a) = [ai+j(X)]ijz0 = [a(x) as(x) aa(x) as(x) -
as(x) as(x) as(x) aglx) -

and
an(X)  Ape(X) o Apap-1(X)
Hy@ = | P00 @00 a0
Anap-1(X) Anap(X) =+ Apagp-2(X)

respectively. We say that for a polynomial sequence, the subdeterminant of order two is obtained by selecting
any two rows and two columns from its Hankel matrix and arranging the elements in their original order
according to the intersection points of these rows and columns. It is not hard to see that a polynomial sequence
is x-log-convex if all the coefficients of its consecutive subdeterminants of order two in its Hankel matrix are
nonnegative for anyn = 0 (resp. strongly x-log-convex if all the coefficients of its subdeterminants of order two
in its Hankel matrix are nonnegative).

In this article, we are mainly concerned with the distribution of zeros of the Hankel determinant for
polynomial sequences. In addition, we prove the interlacing property of certain polynomial sequences using
the operator theory. The (Hurwitz) stability is an important property of the distribution of zeros. We say that a
real polynomial is (Hurwitz) stable if all its zeros lie in the open left half of the complex plane, and it is weakly
(Hurwitz) stable if all of its zeros lie in the closed left half of the complex plane. It is clear that the coefficients of
any (Hurwitz) stable polynomial have the same sign. For a real polynomial sequence with positive leading
coefficients, the weak (Hurwitz) stability of the consecutive subdeterminants of order two in its Hankel matrix,
or of the subdeterminants of order two, implies that the polynomial sequence is x-log-convex or strongly
x-log-convex.

For real polynomial sequences, many results have focused on the (Hurwitz) stability of the subdetermi-
nants of order two in their Hankel matrices. For example, Fisk [6] and Zhu [7] independently proved that the
consecutive subdeterminants of order two in the Hankel matrices of Bell polynomials and Eulerian polyno-
mials are weakly (Hurwitz) stable. Recently, Liu and Yan [8] obtained that the subdeterminants of order two in
the Hankel matrices of Bell polynomials, Dowling polynomials, ordered Bell polynomials, ordered Dowling
polynomials, and associated Lah polynomials are weakly (Hurwitz) stable.

Fisk [6] conjectured that the Hankel determinants of order three for Bell polynomials, Eulerian polyno-
mials, and Narayana polynomials have zeros distributed in all quadrants and that the Laguerre polynomials
are weakly (Hurwitz) stable. So far, no study has examined the distribution of zeros for the Hankel determi-
nants of order three of combinatorial polynomial sequences.

Inspired by the above works, we consider the distribution of zeros of the Hankel determinant of order
three of polynomial sequences from the perspective of recurrence relations.

Let [P(n, k)]n k=0 be a triangle of nonnegative numbers satisfying the following recurrence relation:

P(n, k) = (ain + a))P(n - 1, k) + (byn + by)P(n - 1, k - 1), @

with P(n, k) = 0 wherever k € {1,2, ...,n}. Let B(x) = Y_oP(n, k)x* be the row polynomials of the triangle
[P(n, k)]n k=0 Many famous combinatorial numbers, such as the (unsigned) Stirling numbers of the first kind

[:] and the Whitney numbers of the first kind wy,(n, k), satisfy the above recurrence. It is natural to consider

the following problem.
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Problem 1.1. Let P(n, k) be defined as in (1). Under what conditions, the Hankel determinant of order three
of (P(X))n=0:
EI(X) Pn+1(x) BHZ(X)
Pis1(x) Buaa(X) PBus(x)
Biio(X) Bus(x) Bra(x)

is weakly (Hurwitz) stable.

In addition, the weak (Hurwitz) stability of polynomials is closely related to the interlacing property,
which is based on the Hermite-Biehler theorem. Many scholars have studied the interlacing property using the
Hermite-Biehler theorem, see [9-11]. In this article, we consider the interlacing property of the polynomial
sequences (U,(x))n=0, which satisfy the following recurrence relation:

Un(x) = (anx + B )Up-1(x) + (Upx® + VX)) U1 (),

based on the Hermite-Biehler theorem. Many famous combinatorial polynomial sequences, such as Eulerian
polynomials, Bell polynomials, and Dowling polynomials, satisfy the recurrence.

The organization of this article is as follows. In the next section, we present a sufficient condition con-
cerning Problem 1.1. Then, based on the Hermite-Biehler theorem and the theory of linear operators preser-
ving Hurwitz stability, we prove that U,-,(x) interlaces U,(x). Next, we present some applications for our
results. In the final section, we propose some questions regarding the distribution of zeros for the Hankel
determinant of order three of polynomial sequences.

2 Preliminaries

A real polynomial f(x) is said to be standard if either its leading coefficient is positive or it is identically zero.
Let f(x) and g(x) be standard polynomials with real zeros, where the zeros of f(x) are 6; <...< 6,, and the
zeros of g(x) are & <...< &,. We say that g(x) interlaces f(x) if degf(x) = degg(x) + 1 and the zeros of f(x)
and g(x) satisfy 6, < & < 6, <...< &1 < 0,. We say that g(x) alternates left of f(x) if degf(x) = degg(x) and
their zeros satisfy & < 6; < & <...< §, < 6,. We use the notation g(x) it f(x) for “g(x) interlaces f(x),”
800 2 f(x) for “g(x) alternates left f(x),” and g(x) < f(x) for either “g(x) it f(x)” or “g(x) <g f(x).”
For notational convenience, let a < bx + ¢ for any constants a, b, ¢ and f(x) <0, 0 < f(x) for any real poly-
nomial f(x) with only real zeros.
The next result is classical.

Theorem 2.1. (Hermite-Biehler theorem) Let F(x) = f(x?) + xg(x?) € R[x] be standard. Then, F is weakly
(Hurwitz) stable if and only if both f and g are standard polynomials with only nonpositive zeros, and g < f.

Let C[z] denote the set of all polynomials in z with complex coefficients, and let Cp,[z] = {f € C[z] : deg
f < m}. The notion of Hurwitz stability has been extended to polynomials in more than one variable. Let
Cla, 2, ...,Zn| denote the set of polynomials in the variables z, z, ...,z over C. A polynomial Q(z, z, ...,Zn)
€ Clz, z, ...,Zn] is weakly (Hurwitz) stable (resp. Hurwitz stable) if Q(z, 2, ...,zn) # 0 for all (7, 2, ...,z,) € C™
with Rez; > 0 (resp., Rez; > 0) for 1 < i < m. The following is a classical result concerning linear operators that
preserve the Hurwitz stability of multivariate polynomials [12].

Theorem 2.2. Letm € N and let T : Cp[z] — C|z] be a linear operator. Then, T preserves weak Hurwitz stability
if and only if
(@) T has a range of dimensions at most one and is of the form T(f) = a(f)P, where a is a linear functional
on Cy[z] and P is a weakly Hurwitz stable polynomial, or
(b) the polynomial
m
Tiw + 1) = Y [m

k=0

T(Z9)Ww"),

called the algebraic symbol of T is weakly Hurwitz stable in two variables z, w.
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3 Main results

Now, we are in the position to provide a sufficient condition for Problem 1.1.

Theorem 3.1. Let [P(n, k)], k=0 be defined as in (1), and let B(x) = Yk=oP(n, k)x¥ be the row polynomials of the
triangle. Suppose that a;, b, = 0, By(x) is weakly (Hurwitz) stable for n = 1, and Py(x) is either a constant or
weakly (Hurwitz) stable. Then, the Hankel determinant of order three of (B(X))n=0 is weakly (Hurwitz) stable.

Proof. From the recurrence relation (1), for n = 1, we have
B(x) = (ain + az + (bin + b)x)B-1(x). (2

Let s, = ain + ay, t, = bin + by. Using this property and the properties of the determinants, for the Hankel
determinant of order three of (B,(X))n>0, We have

B(x)  Bua(X) Bua(x)
P10 Baa(x)  Buas(x)
Bria(X) Bues(X)  Brea(x)
1 Spar + GreaX (Spet + GradO)(Snaz + LraaX)
BI(X)B‘[+1(X)BI+2(X) 1 Spep + tpeoX (sn+2 + tn+2X>(3n+3 + tn+3x)
1 Spaz + teaX (Snes + GnadX)(Snva + naaX)
= BOOB (B2
1 Sn+1 F tneaX (Sn+1 * LreaX)(Spe2 + LpaoX)
0 Spea = Spa1 + (tn+2 - tn+1)X (sn+2 + tn+2x)(sn+3 + tn+3x) - (Sn+1 + tn+1X)(sn+2 + tn+2x)
0 Sp+z = Spe1 ¥ (bnvs = bre)X (Snez + GnadX)(Snea + buaaX) = (Spat + GnstX)(Snez + bneaX)
= B(X)B+100)B2(X)
Sns2 = Spet + (tnea = Gpa)X (Spaz + Gna2X)(Spas + GrasX) = (Spar + GreaX)(Snaa + tnaX)
Sn+3 ~ Spe1 t (tn+3 - tn+1)X (Sn+3 + tn+3x)(sn+4 + tn+4-x) - (Sn+1 + tn+1x)(sn+2 + tn+2x)
WOOB1(0)Bre2(X)
Sn+2 = Spe1 (tn+2 - tn+1)x (sn+2 + tn+2X)(Sn+3 + tn+3x) - (Sn+1 + tn+1x)(sn+2 + tn+2X)
Sn+3 = Sp+z * (tnes = trea)X (Sps3 + GrasX)(Snea + breaX) = (Spez + GnadX)(Snez + bneaX)

X

1
vl

a + bix (Spaz + tre2X)(Sne3 = Spe1 + (fnez — bps1)X)
= BOOROOR 200 ) + bix (Sps + tass)(Snea = Sz + (tusa = bra)X)
@ + bix (Speg + tpaoX)(2a1 + 2b1X)
= BOOBa0ORw20) | g + bix (pes + tasz)(2a + 201x)

= B(X)Ps100)Bu2(x)(a@1 + b1ix)[2(Sps3 + tnasX) = 2(Spea + treoX)]
= 2B100OB OB 2(xX)(ar + bix)3.
Since ay, by = 0, the polynomials By(x), B+1(X), B+2(x) are weakly (Hurwitz) stable, and the product of two

stable polynomials is also stable; then, the Hankel determinant of order three of (B,(X))nzo is weakly (Hurwitz)
stable. 0

Next, we prove the interlacing property of the polynomial sequence (U,(x))n=0, Which satisfies the fol-
lowing recurrence relation:

Up(x) = (ax + B)Un-1(X) + (wé* + vx)Uy_1(x), ®)

where a (resp., B, u, v) denotes a;, (resp., B,, Uy, vs). Liu and Wang [13] have proven the interlacing property
for such sequences using recurrence relations. They demonstrated that if ux? + vx < 0, for x < 0, then
Un-1(x) < Up(x). In this article, based on the Hermite-Biehler theorem and the theory of linear transformations
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preserving Hurwitz stability, we present a new approach to proving the interlacing of polynomial sequence
(Un(X))n=0- We only assume that the zeros of U, (x) are in (-, 0) for n > 2. By Theorem 2.1, to prove that U,-1(x)
interlaces U,(x), we consider the weak (Hurwitz) stability of the polynomial F,(x), denoted by

F(x) = Up(x®) + xUpa(x*)
for n = 2. We have the following main result.
Theorem 3.2. For n 2 2, suppose that

@D (nu+2a)>0,a20,20,u<0,v=0,and (va - 3uf)n-4af +2=0; or
@) nu+2a=0,a20,820,andv 2 0.

Then, the polynomial E,(x) is weakly (Hurwitz) stable, and U,_1(x) < Up(x).
Proof. By the recurrence relation (3), we have
1 d
F(X) = [(ax* + x + B) + E(ux3 + VX)E Up-106%) = T(Up-1(x2)),

where T = (ax® + x + B) + %(ux3 + vx)% is a linear operator on C,[x]. Since the zeros of U,(x) are in (-, 0),
Un(x?) is weakly (Hurwitz) stable.
Letx=a+ bi, y = ¢ + di, where a,c > 0 and b,d € R. Then, xy + 1 # 0. Since

xy[(nu + 2a)x? + 2x + 2B + nv] + 2(ax® + x + B)
20y + 1) ’

Ty + D" = (xy + )"
it suffices to prove that
xy[(nu + 2a)x? + 2x + 2B + nv] + 2(ax* + x + B) # 0.

-1+ 1= (u +2a)(2B + nv)
nu+2a

Assuming that it is not the case, whennu + 2a # 0, (nu + 2a)x> + 2x + 28+ nv =0 = x =

=1+ 1= (nu+ 2a)(2f + nv)
nu+2a

When nu +2a >0, 20, and v >0, we have Re < 0. It follows that (nu + 2a)x2 +

2x + 2B + nv # 0, so that

_ 20ax* + x + B)
Y= T + 2003 + 202 + (2B + n)x]
_ 2@+ x + B)(nu + 2a)x° + 2X* + (2B + nv)X) 4
|(nu + 2a)x3 + 2x2 + (2B + nv)x|?
= M(ax? + x + B)((nu + 2a)x3 + 2X% + (2B + nv)x),

2
- <
| (nu+ 2a)x3 + 2x% + (2B + nv)x [? 0.

Note that when nu+2a>0, 20, a20, u<0, v=20, and (va - 3uf)n —4af +2 =0, we have
Re((ax? + x + B)((nu + 2a)x3 + 2x% + (2B + nv)X)) > 0, which contradicts Rey = ¢ > 0. Consequently,

where M =

xy[(nu + 2a)x? + 2x + 2B + nv] + 2(ax? + x + B) = 0.

Therefore, T[(xy + 1)"] is weakly (Hurwitz) stable in x and y. By Theorem 2.2, F,(x) is weakly (Hurwitz) stable.
Conversely, when nu + 2a = 0, (nu + 2a)x? + 2x + 2B+ nv =0 = x = —WTW. When = 0, v 2 0, the real

parts of the zeros of 2x + 28 + nv = 0 are not positive. It follows that 2x + 28 + nv # 0, so that

2ax* + x + B)
[2x* + (2B + nv)x]
_ 2@+ x + B)2X + (2B + n)x) (5)
|2x% + (2B + nv)x]?
= M(ax? + x + B)(2x% + (2B + nv)x),

2
T+ 2B + nv)x|

where M = <0.
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Note that when a > 0, 8 = 0, and v = 0, we have Re((ax? + x + B)(2x* + (2B + nv)x)) > 0, which contra-
dicts Rey = ¢ > 0. Consequently,

xy[2x + 2B + nv] + 2(ax* + x + B) # 0.

Therefore, T[(xy + 1)"] is weakly (Hurwitz) stable in x and y. By Theorem 2.2, F,(x) is weakly (Hurwitz)
stable. O

4 Applications

In this section, we present some applications of the main results.
The (unsigned) Stirling numbers of the first kind, denoted as [Z] count the number of ways to form k
disjoint cycles from a set of n elements, and they satisfy the following recurrence relation:

n-1 1

k-1

n
k

bl

+(n—1>[",;

forn, k> 1.
The row polynomials of [Z] are the rising factorials defined as (x), = x(x + D(x + 2)...(x + n - 1).
Then, by Theorem 3.1, we have the following result.

Proposition 4.1. The Hankel determinant of order three of the rising factorials (x), is weakly (Hurwitz) stable.

It is well known that the Whitney numbers of the first kind, wy,(n, k), are the coefficients of the char-
acteristic polynomial of Dowling lattices Q,(G) [14], and they satisfy the following recurrence relation:

Wn(n,k) =0 +mn-Dw,(n-1,k) +w,(n-1,k-1).

Let wa(X) = YjeoWm(n, K)xX be the row polynomial of wy(n, k). Then, by Theorem 3.1, we have the
following result.

Proposition 4.2. The Hankel determinant of order three of wy(x) is weakly (Hurwitz) stable.
Now, we are in the position to present some examples of Theorem 3.2.

Example 4.3.

(1) The Eulerian polynomial A,(x) = ¥,ee, X9 enumerates n-permutations based on the number of des-
cents, where &y, is the symmetric group on the set[n] = {1, 2, ...,n} and 7 = mm, ... T, € &p. It is well known
that [15] A,(x) has only nonpositive real zeros and satisfies the following recurrence relation for n > 1:

Ap(x) = ((n = Dx + DAp1 00 + X1 = X)A54(X).
By Theorem 3.2, we have A,_1(x) < A,(X).

(2) The nth type B Eulerian polynomial, By(x) = Y ,e X%, is the generating function for signed n permu-
tations based on their type B descent numbers. B, denotes the nth hyperoctahedral group, which is the set
of permutations 7 of {+1, 2, ...,+ n} satisfying m(-j) = -n(j). For 7 = mm, ... m;, € By, the type B descents
are defined as Desp() = {j € {0,1,2, ..., n — 1} : 7 > 74} and desg = |Desg|. It is well known that B,(x)
has only nonpositive real zeros and satisfies the following recurrence relation for n > 1:

Bu(x) = (21 = DX + DBua(x) + 2x(1 = X0B;1(0).

By Theorem 3.2, we have B,_1(x) < By(x).
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©)

@)

5

(6)

5

The Bell polynomial is defined by

xK,

2 |n
B, =

where m denotes the Stirling numbers of the second kind, which enumerate the number of partitions of a set

with n elements into k disjoint nonempty subsets. It satisfies the following recurrence relation for n > 1:
Bp(x) = xBn-1(x) + xBj_1(x).

It is well known that B,(x) has only nonpositive real zeros [16]. By Theorem 3.2, we have B,_1(x) < By(x).
The Dowling lattice Q,(G) is a class of geometric lattices introduced by Dowling [17]. The Dowling poly-

nomial D,(m, x) = ZLOWm(n, k)xk was introduced by Benoumbhani [18], where W,(n, k) denotes the
Whitney numbers of the second kind. It satisfies the following recurrence relation for n > 1:

Dp(n; x) = (x + 1)Dyp(n - 1; x) + mxDy(n - 1; x).

It is known that Dp(m,x) has nonpositive real zeros [16]. By Theorem 3.2, when m =1, we have
Dp(n - 1; x) < Dy(n; x).
It is known that the flower triangle [F, x]n k=0 satisfies the recurrence relation (see [19, A156920])

Fix= A+ KE-1x + 2n - 2k + DE-q 51,

where Fyoo =1 and F,x = 0 wherever k € {1, 2, ...,n}. Then, its row polynomial F,(x) satisfies the recur-
rence relation

Fa(x) = [(2n + Dx + 1B + x(1 — 20F00).

The polynomial F,(x) has only nonpositive real zeros. By Theorem 3.2, we have F,_1(x) < F(x).
Let dp x be the number of the augmented André permutations in &, with k - 1 left peaks. Denote

Dy(x) = ) dypx.
k=1

It is known that
dnerk = Kdng + (n = 2k + 3)dp k-1,
where d; 1 = 1. Note that
Dpa(x) = (n + DxDn(x) + x(1 = 2X)Dy(x),

and the degree of Dp(x) is I'%'I. For further details, see [19, A094503] and Foata and Sciitzenberger [20].
The polynomial D,(x) has only nonpositive real zeros. By Theorem 3.2, we have Dy,_1(x) < Dy(x).

Open problems

In this article, we mainly provide a sufficient condition for the Hankel determinant of order three of B,(x) =

Yk=oP(n, k)x¥ to be weakly (Hurwitz) stable, where P(n, k) satisfies the following recurrence relation:

P(n, k) = (ain + a))P(n - 1, k) + (byn + by))P(n - 1, k - 1),

with P(n, k) = 0 wherever k € {1, 2, ...,n}. It is natural to consider the distribution of zeros of the Hankel
determinant of order three for row polynomials of combinatorial sequences that satisfy other recursive
relations.

Question 1: For combinatorial sequences that satisfy the recurrence relation

P(n, k) = (ak + @)P(n - 1, k) + (bik + b)P(n - 1, k - 1),

with P(n, k) = 0 wherever k € {1, 2, ...,n}, what is the distribution of the zeros for the Hankel determinant
of order three of B,(x) = Yy_oP(n, k)xk?
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Question 2: For combinatorial sequences that satisfy the recurrence relation
P(n, k) = (an + ak + a3)P(n — 1, k) + (byn + bk + b3)P(n - 1,k - 1),

with P(n, k) = 0 wherever k € {1, 2, ...,n}, what is the distribution of the zeros for the Hankel determinant
of order three of By(x) = Y-oP(n, k)x*?

Many famous combinatorial sequences, such as Eulerian numbers, Stirling numbers of the second kind,
and Whitney numbers of the second kind, satisfy the above recurrence relations. It is interesting to study
the distribution of zeros for the Hankel determinant of order three of their row polynomials.
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