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Abstract: This article is devoted to the global existence and extinction behavior of the weak solution to a fast
diffusion p-Laplace equation with logarithmic nonlinearity and special medium void. By applying energy
estimates approach, Hardy-Littlewood-Sobolev inequality, and some ordinary differential inequalities,
the global existence result is proved and the sufficient conditions on the occurrence of the extinction and
nonextinction phenomena are given.
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1 Introduction

Let Q CRY (N 22) be an open bounded domain containing the coordinate origin x = 0, with smooth

boundary 0Q, |x| = «/Zfilxiz for x = (%, ...,xy) € Q. In this article, we take an interest in the global existence
and extinction behavior of the solutions for a fast diffusion p-Laplace equation with logarithmic nonlinearity
and special medium void

Ix|Su, = div(|VulP~2Vu) = f(u), (x,t) € Q x (0, +o),
u(x,t) =0, (x,t) € 0Q x (0, +), (W]
u(X) 0) = uO(X)’ X € 'Q;

with

_ |lul""?uloglul, if u # 0;

T =1, if u =0,

where p, ¢ € (1,2), and s >0 are three parameters, and the initial datum ug(x) € L*(Q) N Wol’p (Q)
is nontrivial. By the assumption on the parameter g, one knows that lim,.of(u) = 0, and hence, f(u) € C(R).
From a physical point of view, problem (1.1) can be used to describe the flow of a compressible fluid in
a homogeneous isotropic rigid porous medium. In this content, u(x, t) is the density of the fluid, x| acts
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as the volumetric moisture content, |Vu|P~2Vu presents the momentum velocity, and f(u) denotes the source.
The readers can refer to [1] for more details of the background of problem (1.1).

In the recent years, mathematicians have focused their attention on the parabolic models with logarithmic
nonlinearities and have obtained lots of achievements [2-9]. In particular, Chen et al. [10] dealt with problem
(1.1) with s = 0 and p = q = 2. Under some suitable hypotheses on the initial datum, they proved the existence
of the uniformly bounded global solution and the infinite time blow-up phenomenon by utilizing the potential
well method and logarithmic Sobolev inequality. Le and Le [11,12] studied the existence and nonexistence of
the global weak solutions of problem (1.1) with s = 0 and p, q > 2. Exactly speaking, they concluded that if

p > q, then for any uy(x) € W&’p (Q), problem (1.1) admits a global solution; if p < g, then there exists a weak
solution of problem (1.1), which is global provided that uy(x) belongs to some specific stable sets, and blows up
in finite time provided that uy(x) belongs to some specific unstable sets. Compared with the case s = 0, there
are fewer results for problem (1.1) with s # 0. Deng and Zhou [13] considered problem (1.1) with s € [0, 2) and
p = q = 2. They gave some threshold results on the global existence or infinite time blow-up of the solutions in
the cases of subcritical and critical initial energies. Liao and Tan [14] generalized the results in [13] to the case

2sp<q< NN—_pp. Unlike the semilinear case (i.e., p = 2) in which the blow-up solutions blow up att = +o, Liao

and Tan [14] pointed out that the blow-up solutions will blow up in finite time when p > 2, and got the upper
and lower bounds of the blow-up time.

We say that the solution u(x, t) of problem (1.1) possesses finite time extinction property (i.e., u(x, t)
vanishes in finite time) if there exists a T € (0, +o) such that u(x, t) is nontrivial for t € (0, T) but
u(x,t) =0 fort > T. As one of the most remarkable properties that distinguish nonlinear parabolic problems
from the linear ones, finite time extinction can be used to explain certain natural phenomena, such as, the
depletion of the reactants in a chemical reaction process, the extinction of the species in biopopulation
dynamics, and so on. There exist a number of works on the extinction and nonextinction properties of the
weak solutions to problem (1.1) in the case of power nonlinearities and its generalization [15-26], but there is a
little known about the one with logarithmic nonlinearity. Very recently, Deng and Zhou [27] considered
problem (1.1) with s = 0 and p, q € (1, 2), by using integral norm estimates approach and some ordinary
differential inequalities, they obtained the sufficient conditions on the extinction and nonextinction behaviors
of the global weak solutions.

As far as we know, there are no results on the extinction and nonextinction of the global solutions to the
parabolic model with both special medium void and logarithmic nonlinearity. How to evaluate the effects of
the singular potential [x| and the logarithmic nonlinearity |u|??u log|u| on the occurrence of the extinction
phenomenon of the global solution to problem (1.1)? The main goal of the present article is to give an answer
to this question. The main results of this article are stated as follows.

Theorem 1.1. Assume that 1<p <2,1<q<2,520, and uy(x) € L*(Q) N Wol’p (). Then the weak solution
u(x, t) of problem (1.1) exists globally.

Theorem 1.2. Assume that max{l, s} < p < q < 2. If the initial data uy(x) satisfies

q+p-p q+p-p

pa+2 pa+2
- +2 — +2
[rsugs ] A xeuge

Q Q

2max < GG 12)

1 2(N-p)-p(N-5s)
p’ p(p-9)

with some B € (0,2 - q), a 2 max . Then the weak solution u(x, t) of problem (1.1) vanishes

in finite time, where C, and Cs are two positive constants given by (3.12) and (3.13), respectively.

Theorem 1.3. Assume that1<q<p<2ands 2 0. If

I|x|‘su02dx >0,
Q
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and

‘E(uo) <0, whenp =gq; (13

E(ug) <0, when p > q.

Then the weak solution of problem (1.1) cannot vanish in finite time, where

1 1 1
E(uo) = [ 1Vuodx - — [ uolt logluoldx + — [Juqttdx.

The remainder of this article is organized as follows. In Section 2, some definitions and notations are given,
and some useful auxiliary lemmas are collected. In Section 3, the global existence result is proved and the
conditions on the occurrence of the extinction and nonextinction behaviors are discussed. The proofs of
Theorems 1.1, 1.2, and 1.3 will be given in Section 3. Finally, a conclusion of this article and the future scope
of our work are provided in Section 4.

2 Preliminaries

In this section, we first introduce some notations and definitions. For a given function f, we define its positive
part f, and negative part f as the forms

fo = max{f, 0}, f =max{-f,0}
Then f=f, - f and|f| = f, + f.. For given p € [1, +»), we introduce the Hilbert space

Whr(Q) =

3
uE LPQ) : a_)L: €IMQ), i=12 ..,N|,
i

endowed with the norm

lllyrngy = §/llpey + 17Uy,
Denote

WyP(Q) = {t € WH¥(Q) : U |og = 0.
Due to Poincaré’s inequality, one can know that
1
p

J'|Vu|p dx
Q

IVullry =

is an equivalent norm to ||ullyrg) in W&’p ().

It is worth noting that the first equation in problem (1.1) is singular at the points where |[Vu| = 0 when
1 < p <2, and hence, there is no classical solution in general. Throughout this article, we work with the weak
solution of problem (1.1) in the sense of the following definition.

Definition 2.1. Let T > 0. A function u = u(x, t) defined in @ x (0, T) is called a weak solution of problem (1.1)
if u € ([0, T); Wy P(Q)), IXI"2u, € I2(0, T; IX(Q)), u(x, 0) = uo(x), and for any ¢ € W,*(Q), it holds that

}lel‘%gpdx + }J—WuP‘ZVu -Vodx = JT'J‘|u|q‘2u10g|u|(pdx. 2.1
0Q 0Q 0Q

Similar to Theorem 2.3 of [14] (or Theorem 3.2 of [11]), the local existence of the weak solution of problem (1.1)
can be guaranteed by the Galerkin approximation method.
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Next, we collect some useful auxiliary lemmas, which play a key role in the later proofs of our main
results.

Lemma 2.1. (Hardy-Littlewood-Sobolev inequality, see [28]) Assume that N=22, 1<u<N, 0<9<yu

and o = ”(;[V—__j). Then, there exists a positive constant k = k(, 3, N) such that
%7—0
uQole -
MOOP 3y < [1ueax @2)
Q le Q

holds for any u € Wg’“(g), where Q C RY is a bounded domain.

Lemma 2.2. (see [29]) Assume that 0 < k < p < 1. Let y(t) be the solution of the following inequality:

dy k
= < 14

t+@ <y, >0,
y(O) =Y > 0,

k
Oy ”
2

withC>0and0 <y < . Then, there are two positive constants n and ¢ such that
0<y(t) <&M

holds for any t > 0.

Lemma 2.3. (see [30]) Assume that 6, 6, and y are three positive constants. Let y(t) be a nonnegative absolutely
continuous function satisfying

dy

hed 0(t) >
dt +&Yt)zy, t>0.

Then, we have

1

W0 2 min‘y(O), [g]e

Lemma 2.4. (see [31]) Assume that o and p are two positive constants. Then we have

YologW < (ep) ' Wo*P for all ¥ > 0
and

|[¥elog¥| < (ea)™ for all 0 < ¥ <1.

3 Proofs of the main results

Proof of Theorem 1.1. Letu(x, t) € C([0, T); WpP(Q)) fulfilling |x|"2u; € L2(0, T; L2(RQ)) and u(x, 0) = ug(x) be a

weak solution of problem (1.1). Since Q is a bounded domain in RY, there is a ball B(0,R) of radius
1

2
Zfilxiz centered at x = 0 such that @ C B(0, R). Recalling thatq € (1, 2), one can choose

B € (0,2 - q) such that g + B € (1, 2). For this selected 5, by Lemma 2.4, one has

R = maXy-(x x,..,x)eq

1
1 < — |ulf.
oglul %W|
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Taking the test function ¢ = u(x, t) in (2.1), one has

1d 1
_— =S 12 = —_ +B
2 dtz[lxl Su“dx + J;quP’dx _£|;|u|‘1 loglujdx < eﬂz[|u|‘1 dx.

Making use of Holder’s inequality, one obtains
2-0-p 4B
2 2
[rsuzax

Q
2-q-
2

s(q+p)
[lursax < | [ixiz-a-p dx
Q

Q

B q+B

2
I|x|‘5u2dx
Q

s(g+B)
|x]2-a-B dx
B(0,R)

IN

a+p
2

)

wy@ - q-PB) 2N+(s—N)(q+B)]z_g_ﬁ
2-q-B
N+ (s-N)q+pB

G

I|X|_S uldx
2

where wy is the surface area of the unit sphere dB(0, 1). Combining (3.1) and (3.2), one arrives at
q+B
2

d 2Cy
- -S7,2 < == -S7,2
th[|x| u“dx < o !;lxl usdx|

which implies that

2-q-P|2-a-
2

t+

~ G2-q-p)
Suldx < |[———
_S|;|x| u“dx < o

I|x|-5u§dx]
Q

Substituting (3.3) into (3.2) suggests that

q+p
2-q-B|z-a-

I|u|q+ﬁdx <G Mt +
Q 8[3

I|x|‘su§dx'
Q

(3.1

(3.2)

(3.3)

(3.4)

Taking the test function ¢ = u;(x, t) in (2.1), and using Lemma 2.4, Cauchy’s inequality and Hoélder’s inequality

lead us to that

1d
-S 2 — p
2l;lxl (ug)=dx + pdt g[qul dx

Ilulq‘zuloglulutdx
Q

I |u|?2u log|u|u.dx + I |u|?2u log|u|u.dx

Q1={x€Q:|u|>1} Qy={x€Q:|u|<1}
1 1
< — | |uf*F Y uldx + w,ldx
o J el + e fud
Q Q,
2-q-p 2(q+p-1)
+B q+B
& & ~ 1 1 s(q+B) 1
< [=+ XS (u)2dx + ———— | |x[fdx + ——| | [x|2-a-B dx u|?*fdx
[eﬁ e £| Pt g £| P03 gl £| |

(3.5
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If & and ¢, are sufficiently small such that :—/13 < 1. Then from (3.5), it follows that

e(qg-1) ~
2gq+p-1)
d a+ 66
— p a+p .
dt£|w| dx < _§[|u| dx + G,
where
Z'q;ﬁ
sqp) | "
C1=4p |x|2-4-B dx _4p a+h
&ep 500 &ep
and
- v I | |s p Wy N+s
4£2e(q 1) 00 4eze(q 1) N+s
Summing up (3.4) and (3.6), one immediately obtains
2q+p-1)
2q+p-1) R e
C2-q-
_I Vupdx < ¢, O(Tqﬁ)f + [ [reudax ] + G, @7
Q

Integrating (3.7) with respect to the time variable over the interval (0, T') yields that

2q+p-1) +1
52 2-q-B| 2-a-p
q+p- 2
efCy 5| Co2-q-
Ilvulpdx < LCO‘Z B MT + I|x|‘su§dx
. q+p ep .
por w
eBG qip 2
+ GT + ||VuplPdx - ——-C, ¢ [x[Suddx|

which means that, for any T € (0, +%), the WP norm of the weak solution u(x, t) is finite in [0, T). That is
to say, the weak solution u(x, t) of problem (1.1) is global in the sense of W'? norm. The proof of Theorem 1.1
is complete. O

Proof of Theorem 1.2. Motivated by the method introduced by DiBenedetto [32], one can select, modulo
a Steklov average, the test function ¢ = |u|P%u, in (2.1) to obtain

d
= Jixreupear + 22

+1
pa + 2 dt I' SPdx
Q

@r
68)
= it o doglulax <  fug e Fax.
Q ﬁQ

1 2N-p)-p(N-5)

, and by virtue of Holder’s
p’ p(p-s)

Recalling that max{l,s}<p<q<q+f<2 and a= maxl—

inequality and Hardy-Littlewood-Sobolev inequality, one has

_ (N-p)(pa+2) (N-p)(pa+2)
p(N-s)(a+1) p(N-5) y P(N-$)(a+1)

_[IXI‘S(u ) N-p dx

lel‘suf‘”zdx <
Q Q

[reax
Q
pa+2

p(a+1)
ﬁwmwm :

(N-p)(pa+2)
< CgKIi(N )@+
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which means that

platl)
pa+2

_pla+)

+2  _N-p _
¢ M| [usuiax| < firuspax, 69
Q Q
where
1- (N-p)(pa+2)

p(N-s)(a+1) _ (N-p)(pa+2)

B a)N _ p(N-s)(a+1)

G=| [ redx =[ RV ,

N-s

B(0,R)

and x = k(p, s, N) is the embedding constant given in Lemma 2.1. On the other hand, by applying Holder’s
inequality again, one obtains
2-q-8 q+p+pa

s(q+ppa) |7 e
x| 2-a- dx] I|x|‘suf“+2dx’ : (3.10)
Q

[ugreta <
Q

Q

Letting

(@) = [Ixuredx,
Q

and summing up (3.8), (3.9), and (3.10), one arrives at

(1 a+ +B+pa
O * GO < GO, (311)
where
_pla+l)
c =P8 :ali(z;; MR 2 (312
and
qufzﬁ
a+?2 siq+prpa)  |""
;=L ; [ Wl z=er ax
BO.R) (3.13)
_pa+ 2 ) wn@2-q-p) 2N+spaz+_(;:g)(q+ﬁ) Zp_f_zﬁ
- B |2N+spa+(s-N)q+P) '

1 2N-p)-p(N-5)

Remembering that{l,s} <p<g<q+f<2andaz max[—g, or=3)

’, one can check that

o< P@arl patqtp

1.
pa+ 2 pa + 2

And then, by our assumption (1.2) and Lemma 2.2, one can claim that there exist two positive constants £ and n
such that, for any ¢ > 0,

0 <y(t) < &™, (3.14)
Choosing

pa+2

2Cs ]W

Cy

1
Tp > max O,Hlnf
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then it follows from (3.11) and (3.14) that

d C at
d—)t) —4y”£a+§) <0, t=T,

Integrating both sides of the aforementioned inequality with respect to the time variable on [T, t], one has

G2-p
0<yrh(0) < yRh(Ty) - 2L - ),
which suggests that there exists a
2(pa +2) 2
re a+
I'e|h I+ 2= yp raiz (Tp)

such that

lim y(¢) = lim I|x|‘5uf“+2(t)dx = 0.
=Ty~ t=Ty~ o

Moreover, one can conclude that

[irsudx = [ixreure2@edx - o
Q Q

_ 1
ast - Ty fora = 0 and

pa+l

pa+2 pa+2
I|x|‘3u+(t)dx < lel‘sdx lel‘suf“+2(t)dx]
Q Q Q
1
Pﬂ*; pa+2
WN pa+
< [——RN-s _[x‘su"’“+2 t)dx
N-s X[ uf(e)
Q
-0

ast - Ty fora > —%.
On the other hand, by using the similar way, one can show that Iglxl‘s u-(t)dx will also vanish in finite
time. Thus,

Jieucoiax = fixrusoax + firou-@ax

Q Q Q
will vanish in finite time. The proof of Theorem 1.2 is complete. O
Proof of Theorem 1.3. Denote

1 1 1
E(u(t)) = —||VulPdx - — [ |u|?log|u|dx + — [ |ul7dx.
o s

A direct calculation shows that

L) [t

which implies that

EQu(t) = E(uo) - [ [Ixr=(ue)dxdr. (3.15)
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Set
M(t) = 1j|x|‘su2dx
> .
Q
Taking the derivative of M(t) with respect to t, and using (3.15) lead us to

q-p
q

M0 = -pEe) + - [l loghugax + 7 [lupax
Q Q

q

t
= -pE) + J [lxrs(uotaxdr + L E [lutlogiulax + - flunax (316)
0Q Q Q

q-p
q

> -pE(uy) + I|u|‘1 log|u|dx.
Q

If p = q. Then from (3.16), one can immediately see that, for any ¢t = 0,
M(t) = M(0) - pE(up)t. (317)
Keeping in mind that
M(©) = [ uddx > 0
Q

and E(up) < 0, then (3.17) gives us that M(t) > 0, which means that the solution u(x, t) of problem (1.1) cannot
vanish in finite time.
If p > q. Then by Lemma 2.4 and Hélder’s inequality, one has

MO > -pE(uy) + - [luitlogluiix
Q
- — u +B
>-pEw) -~ E[|u|q dx (318)
G -9 a+p
2 -pE -——MM(t)) 2.
PEG) = = 2 M ()

Remembering that
M(0) = j|x|-8u02dx >0
Q
and
E(uo) <0,

by combining (3.18) with Lemma 2.3, one can conclude that

. eBpqE(uo) w
M(t) 2 min —_— >0
® G(p -

M(0), l-
Thus, the solution u(x, t) of problem (1.1) cannot vanish in finite time. The proof of Theorem 1.3 is com-

plete. O

4 Conclusions

In this article, we deal with the global existence and extinction behavior of the solution for a fast diffusion
p-Laplace equation with logarithmic nonlinearity and special medium void. By analyzing the effect of the
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singular potential |x|" and the logarithmic nonlinearity |u|?"%u log|u| on the global existence and extinction
behaviors of the solution, along with the modified energy estimates approach, Hardy-Littlewood-Sobolev
inequality and some ordinary differential inequalities, the global existence of the solution is proved
and sufficient conditions on the occurrence of the extinction and nonextinction phenomena are obtained.

Our next work is to study the numerical extinction and nonextinction phenomena of the parabolic
problems like (1.1). We hope to give some numerical examples and applications for our theoretical researches
in the near future.
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