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Abstract: This article investigates the geometric and topologic of warped product submanifolds in Riemannian
warped product Q7 x R. In this respect, we obtain the first Chen inequality that involves extrinsic invariants
like the length of the warping functions and the mean curvature. This inequality involves two intrinsic
invariants (sectional curvature and §-invariant). In addition, an integral bound is provided for the Bochner
operator formula of compact warped product submanifolds in terms of the Ricci curvature gradient. We aim
to apply this theory to many structures and obtain Dirichlet eigenvalues for problem applications. Some new
results regarding the vanishing mean curvature are presented as a partial solution, and this can be considered
for the well-known problem given by Chern.
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1 Introduction and motivations

As the warping function determines the properties of the warped product manifold, their geometry and
physics are rich and varied. Studying these objects requires a fundamental understanding of how this function
behaves. Recently, there has been a surge of interest in warped product manifolds, driven partly by their wide
range of applications and their relationship with other mathematical fields. Thus, warped product manifolds
can be applied in many fields of geometry and physics. For example, certain types of black hole spacetime can
be modeled with warped product manifolds in general relativity. The study of vector bundles on algebraic
varieties causes them to arise in algebraic geometry. The use of such manifolds has been used in topology
for the construction of examples of exotic manifolds without smooth structures [1].

Many intrinsic invariants exist for (sub)manifolds in contemporary research. A significant physical and
geometrical aspect of product manifolds extends beyond Hermitian geometry. According to Einstein’s general
relativity, their respective metrics determine the topology of three-dimensional space and one-dimensional
time. In addition to Kaluza-Klein, brane, and gauge theories, product manifolds can be used to solve complex
problems. It is also well-known that many researchers have investigated submanifolds and product manifolds.
We need to give the new forms of Riemannian invariants that are distinct from “classical” invariants to
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address these issues. Furthermore, the new intrinsic invariants for submanifolds should be connected to the
essential extrinsic invariants in a general optimum way. This is why Chen [2] introduced the notion of delta-
invariants on Riemannian manifolds. It was the first author, in the 1990s, who introduced a new family of
curvature functions on submanifolds. It is roughly described by an isometric immersion of a Riemannian
manifold into a real space form that creates the least tension within the space around each point. According to
Chen, the ideal submanifold is one that meets the equality condition, and numerous inequalities are derived as
invariants of this submanifold. The ideal submanifolds of real and complex space forms have been described
by Chen [2], Chen et al. [3]. Furthermore, Petrovic, Dillen, Verstraelen, Tripathi, and Ozgur studied conformally
flat, semisymmetric, and Ricci-semisymmetric submanifolds obeying Chen’s inequality in real space forms
[4-6]. As a result, we discovered the following problems posed by Chen [4]:

Problem 1.1. Suppose that 8B; % 8, is an arbitrary warped product isometrically immersed in E™
(or in Q™(c¢)) as Riemannian submanifold. What are the connections between the warping function and the
extrinsic structures 81 x; 8,?

Problem 1.2. Given a warped product 8; x; $,, what are the necessary conditions for the warped product
to admit minimal isometric immersion in a Euclidean m-space E™ (or in Q™(c))?

Aside from Chen’s optimal inequality for CR-warped products in complex space [7], there have not been
many studies on é-invilliant for warped product structure. It has recently been reported that Mustafa et al. [8]
and other authors in [9-11] have constructed the first Chen invariant for warped product submanifolds on real
space forms and documented the minimality conditions for them. Conversely, product spaces S" x R and
H™" x R have been intensively researched in recent years [12-16]. For example, n = 2, they are two of the eight
models proposed by Thurston in his geometrization conjecture. A generalized Hopf differential was presented
by Abresch and Rosenberg in [17] and used to categorize constant mean curvature surfaces in $2 x R and
H? x R. Since then, numerous studies have been published on this topic about the geometry of submanifolds
in those product spaces, the majority of them are focused on submanifolds with constant mean curvature or
minimal submanifolds. The product spaces $S" x R and H" x R demonstrate greater submanifold geometri-
cally characteristics richer than the space forms $", R?, and H". In this context, the Ricci and Codazzi and
Gauss equations are essential tools in the study of submanifolds. The Codazzi and Gauss equations are defined
intrinsically on submanifolds when the ambient space is a space form. However, the vertical vector % con-
cerning the R direction is implicated in the preceding product spaces. We shall provide the basic equations for
an n-dimensional manifold 8" isometrically embedded into QF' x R in Section 2 such that Q' stands for a real
space forms with constant sectional curvature €. The basic equations in such a scenario consist of only the Ricci

and Codazzi and Gauss equations but also two additional equations generated by %’s parallelism.

Let 7 represent %’s projection on B". Because 7 appears in both the basic equations and the fundamental

theorems for isometric immersions in Qf' x R, the first fundamental form is a symmetric 2-tensor that measures
the scalar curvature of the submanifold, while the second fundamental form is the normal curvature tensor
that measures the curvature of the submanifold in the normal direction. This invariant 7~ is important because
it is used to calculate the length of curves on the submanifold and to define the submanifold’s area.

Here, we present a new approach for constructing §-invariant curvature inequalities for warped product
submanifolds immersed in Riemannian product manifolds of the type Q7' x R, which has been discussed in [14].
Several inequalities for Euclidean spaces and hyperbolic spaces and spheres were also generalized based
on the main results.
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2 Preliminaries

Suppose that (8, g) represents a Riemannian manifold of dimension m. In Riemannian space form,
a Riemannian manifold is described by the following relation for Riemannian curvature tensor R:

R(Z1, Lo, L3, L) = €18(Z1, Z0)g(Zo, Z3) — (Lo, Z)8(Z1, T3 2.1

for any Zy, Zs, Z3, Z4 € X(8B) and it is denoted by B8™(¢).

If V and V* are generated connections on the tangent bundle T8" and normal bundle T+8" of 8"
n-dimensional Riemannian submanifold of an m-dimensional Riemannian manifold 8™ with generated metric
g, respectively. Following are the Gauss and Weingarten formulas

(l) vzlzz = le'ZZ + H(Zl, .Zz), (ll) ﬁle = _ANZ1 + V%N, 2.2)

1

for each Z;, Z, € X(8") and N € ¥(8"), where V is the connection on 8™, and II and Ay are the second
fundamental form and shape operator (corresponding to the normal vector field N), respectively.
Their relationship is as follows:

&(I(Zy, Zo), N) = §(AnZ1, Z0). 23)
As well, Gauss’ and Codazzi’s equations are as follows:
R(Z1, Z2, Z3, Za) = R(Z4, Zo, T3, Za) + §(W(Z1, Z4), T(Z2, Z3)) - §((Z, Z3), (Zs, Za)).  (24)
(R(Z1, ZZo)* = (zIN(Zs Zs) - TzI(Z1, Zo). @5)
for all Zy, Zs, Z3, Zs € X(B™), where R and R are the curvature tensor of 8™ and 8", respectively.
This is the mean curvature of Riemannian submanifolds H

H = %trace(ﬂ). (2.6)

A submanifold 8" of Riemannian manifold 8™ is said to be totally umbilical and totally geodesic
if II(Z4, Zy) = g(Z1, ZOH and 1(Zy, Z) = 0, for any Z, Z, € X(B"), respectively. Moreover, if H = 0,
then 8" is called minimal in 8™. Furthermore, the kernel or the null space of the second fundamental
form is defined as follows:

B, ={Z € T,B": 1I(Z,Z) =0, forall Z; € T(BM). @.7)

In this context, if we have {e;, ...,e,} be an orthonormal basis of the tangent space T, B™ at some x in 8™,
we give the definition of another important Riemannian intrinsic invariant called the scalar curvature of 8™,
and denoted at 7(x), which is given by

= 2 Ky 2.8)

1<i<jsm

%Kij = K(ei A €)) stand for the sectional curvature of space form 8™(c). In a later proof, it will be frequently
used to illustrate that first equality (2.8) is congruent with the following equation:

) = Y Ky, 2.9)

1<i#j<m

and the scalar curvature 7(L) of r-dimensional subspace of T, 8™ is as follows:

W= ) Ky (2.10)

1<i<jsr

Suppose that {ey, ...,e,} is an orthonormal basis of the tangent space T, 8™ and if e € {e,.1, ...,€,} an ortho-
normal basis of the normal space T+8", then we obtain

I = g(Tl(e, ¢),¢) and [P = 3 3 (I~ 211

r=n+l ij=1
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Suppose that Kj; denotes the sectional curvatures of the plane section spanned by {e;, ¢;} in the submanifold 8.
Therefore, 771-,» and % are the extrinsic and intrinsic sectional curvature of the span {e; ¢;} at x; therefore,
from the Gauss equation (2.4), we obtain

m
K= Ky+ Y (IET; - (TT)2). 212)
r=n+1
A second invariant is known as the Chen first invariant, and the definition is given as x € 8™:
Szm(x) = T(x) - mf{K(n) : ® C T,B", dimm = 2}. (2.13)

Assume that (8 ‘fl, &) and (8 32, g,) are two Riemannian manifolds. Suppose that f is a smooth function defined
on B’fl. Then, the warped product manifold 8" = Bfl Xg 3‘212 of the manifold B‘fl x Bgz is furnished by
the Riemannian metric g = g, + f%g,. Then, for any Z; € X(8%) and Z, € X(8B%), we obtain

V2,Z1 = V27,2, = (ZiInf)Z,. 2.14)
According to units, vector fields Z; and Z; are tangent to Bfl and B‘ZIZ, respectively, and thus derive

K(Zi N Zo) = §R(Zy, Z2)Zh, Z2)
= (V20 Infg(Z2, Zo) - §(V,(ZiInf)Zn), Zo)
= (V20 Infg(Z2, Zo) - §(Vz(ZiInf)Zy + (ZiInf)VZ, 2o, Zo)
=(Vz,ZyInf - (ZiInf)* - Zy(ZiInf).

(2.15)

Suppose that {ey, ...,e,} is an orthonormal frame for 8%, then summing up over the vector fields such that

n o d nood
> DK ne)= ) Y ((%e)nf- efelnf) - (e1nf)?),

j=di+1 i=1 j=di+1 i=1
which implies that
n dy
Y Y Kei A €)= d(AInf) - [VAnf)IR), n=di+ ds. 2.16)
j=di+1 i=1

Nevertheless, for arbitrary warped product submanifolds, it has been shown in [4] that

| d>AA
Y DK(eiAe)= sz 2.17)
j=di+1 i=1
Thus, from (2.16) and (2.17), we obtain
A
7f - A(nf) - [[VAnf)E. 218)

Warped product submanifolds tend to result in the following remarks:

Remark 2.1. A warped product manifold B" = Bfl Xg 332 is said to be trivial if the warping function f
is constant or simply a Riemannian product manifold.

Remark 2.2. If 8" = B‘fl Xg Bglz is a warped product manifold, then Bfl is totally geodesic and Bgz is totally
umbilical submanifold of 8™

A key algebraic figure can be found in the following lemma:

Lemma 2.1. Letl, L,..., I, s be (n + 1)(n = 2) real numbers such that

n

2 n
Z(ti)] = (dl)[Zti2 + s]. (2.19)

i=1 i=1

Then, 2Ll, = s, with equality holds if and only if L + L, = = ...= [,.
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Let 8™ be an n-dimensional submanifold of Q' x R with codimension p thatm + 1 = n + p. Assume that
the R stands for curvature operator for 8" and R for Q" x R, respectively. Let A is the second fundamental
form of 8" such that I : X(8™) © X(8") — XX(B") as §(A,Z1, Z2) = §M(Zy, Zo), 1), for all Zy, Z, € X(BM)
and y € XX(8". If the squared norm of A and II are equal, then ||A|?* = |||/, where II is also a second
fundamental form of B™. If {ey, e,, ..., e,} be a local orthonormal frame of tangent bundle and {&, &, ..., &}
be an orthonormal frame for normal bundle, then we have

0
E =T+ zVaEa = Z(riei + zVaEa: (2.20)
a i a

where 7; and v, stand for smooth functions for all1<i < n and 1 < a < p. The following formulas are given
as fundamental equations for submanifold 8" isometrically immersed into Q7' x R [14]:

ER(Z1, Z2)Z3, Za) = €18(Zo, Z3)8(Z1, Za) + 8(Z1, T)E(Z1, Z3)8(Za, T)
+ g(Z1, 7)g(Z3, TE( Lo, Za) — 8(Z1, Z3)8(Za, Zo)

- §(Zu TE(Z0 Z08(Za T - 620 DEZ0 TREZ T} )
+ g((Zy, Z3), I(Zy, Za)) - 81, Z3), I(Zo, Z4)),
8((VZzID(Zy, Z3), §a) = 8(VZ,IINZ1, Z3), &) = €Va(g(Z1, TV L2 = 8(T, Z)Z0)s (2.22)
ERNZ1, 28, n) = g([(Ag, Ayl Z1, Zo), (2.23)
VT = %Vjﬂj(zl), (2.24)
dvl(Zy) = %W‘%{(Zl) - 8(ALZD, ), (2.25)

for all Zy, Zs, Z3, Z4 € X(BM), and &, n € X(B"). As a result of a straightforward calculation, we obtain
the Gauss equation as follows:

Rija = (St = Sud) + T Tida + TiT 6 — TiT 1S = TiT16u) + ¥ (I, it~ M) (2.26)
r
We are giving an example of a minimal surface in product spaces.

Example 2.1. [18] The horizontal sphere $? x R and vertical cylinders $! x R are examples of product spaces
and helicoids most famous examples of minimal surfaces in $? x R. Let us assume that Mp is a helicoid such
that 8 # 0. We define conformal immersion as

sin¢(uy) cos vy
sin¢(uy) sin vy

cos(u)

Vi

¢(u1) V1) =

such that ¢ satisfied the relation ¢’(w)? =1 + B%sin®¢(wy), ¢”(uy)* = B?sing(wy) cos@(wy), if we consider
that ¢(0) = 0 and ¢’(u;) > 0. We can classify that Mg is a right helicoid if § > 0 and left helicoid if g < 0.
The normal to $? x R in R* is given by

sin@(wy) cos v,
sin¢g(uy) sinfvy
cosP(u)

0

N(ub Vy) =
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The normal to Mg in $? x R is given by

sinfBv;
Ve = 5]
B sing(u)

Now, we calculate that as

ox
ou?’

g

% %
N|= g[a,N] =0, g[aulavl’N] = —f cosPp(uy).

Therefore, g(SZ1, Z») = g§(dZx(Z1), N), we derive the matrix of S in the frame [ o 9o ] is

ou’ ouy

_ﬁcos¢(u1) 01
) (1 0f

2 and vy = Beno) e B = 0, the formula

1
¢ (uy)? 0vy @' (w)
defines a vertical cylinder $? x R and if 8 — o, the surface reduces to horizontal sphere $2 x {t}.

For umbilical point such that cos¢(u;) = 0. We find that 7 = -

3 Main results
The results presented in this section provide solutions to Problems 1.1 and 1.2.

Theorem 3.1. Assuming that B" = Bfl Xg B‘ziz is an isometric immersion into a product manifold QF* x R.
Then, for each point x € B" and each plane section m; C TXBf", fori=1,2, we obtain
() Let m C T,B%, then

n? d
§ga(x) < 7IIH|I2 + d|IV(Anf)IP - dA(nf) + El(dl +2d, - 1) = (di - DIITIP - Lpe. @31
It is only possible to compute the equality of the above inequality at x € B" if and only if there exists
an orthonormal basis {ej, ..., e,} of I,B™ and an orthonormal basis {€,.1, ..., €n} 0f T, XLB" such that
(@) m = Span{e,, e;} and
(b) Shape operators can be expressed as follows:

o IHT 0 013, | O1ge1 O1n
I ! U 0 : :
0 0 u
i A - M M M : :
@ Aes=l 0, 0 0 it | Oggen O
0d1+11 0d1+1d1 Hg:+11d1+1 o :il:+11n
Onl Ond1 Z(;llﬂ Hﬁ;{l
where u = u, + u,. Ifr € {n + 2, ..., m}, then it calculates the matrix
m, 1M O 01, Oz 01n
M, -0y O : : :
0 0 033 -
11 A _ : : M . . .
( ) e Odll 0 0 0d1d1 0d1d1+1 0d1n
0d1+11 0d1+1d1 H91+1d1+1 21+1n
Onl Ond1 H;;dlﬂ H;m
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@) Ifm, C T,BE, then
2 d
85400 < "IIHIP + dVARDIP - &AANS) + | Tl + 2 = D - @~ DITIF - Le. B2

It follows that the above equation has equalities if and only if there exists an orthonormal basis {e;, ..., e}
of T, 8" and an orthonormal basis {€,+1, ..., &} of THB" such that

(a) m = Span{eg+1, €q4,+2} and

(b) the Shape operators are represented as follows:

+1 +1
I} Mg | Oy O1n
n+1 n+1
drl didy | Odidr1 Oapn
_ n+l
(i) Agy = Og+n1 0g,+14, Uy Hd1+1d1+2 0 Ogy+1n |,
. n+1 .
Hd1+2d1+1 l’lz 0 :
0 0 u :
: : : 0 0
Onl Ond1 0nd1+1 0 u
where u = u; + u,. If r € {n + 2, ...,mj}, thus we have
Iy Mg | O+ 01
r r
il dd | Oddr Oan
i = r r
(iv) Ae = |0gen - 0g+1¢)| Hgerae1 Mgeagez O Ogp+1n |-
: : T r .
Hd1+2d1+1 - Hd1+1d1+1 0
0 0 0 :
. : : : 0 - 0
Onl Ond1 Ond1+1 0 0 0

(v) In the case of equality in (1) or (2), the warped product Bfl Xg Bgl is mixed totally geodesic in Q}' x R.
Moreover, Bfl Xg za;iz is both Bfl-minimal and Bgz-minimal. Thus, Bfl Xg z;;iz is a minimal warped product
submanifold in Q' x R.

Proof. Let iy C TXB‘fl be a 2-plane for x € 8", then we consider the orthonormal basis {ey, ..., €4, €g+1, -, €n}
of T, B" such that{ey, ..., 4} is an orthonormal basis for T, 8 ‘111 and {eq+1, ..., e} isfor , B 32. Similarly, {€,+1, ..., €m}

is an orthonormal basis for TS 8" Given m = Spanie;, e;}, the normal vector e,.; lies in the direction of
the mean curvature vector H, thus from (2.1) and (2.26), we obtain

2
n?||H||> + n(n - 1)[1 - ;||71|2]£ = 2t(x) + ||| [3, (3.3)
which implies that
dy 2 2 n 2 dy n
DI = 2¢(x) + |2 - n(n - 1)[1 - —||7'||2]s - 2 mpY -2y ) IR (3.4)
i=1 n j=di+1 A=1 B=d;+1

Taking these factors into account,

2

d, n
-2) ) I 3.5)

(dl B 2) 4
A S E Hl(§+1
i=1 A=1 B=d;+1

Q =27(x) - n(n- 1|1 - %HTHZ]S @ - 1|4

n
_‘ Z H;-l;l

j=di+1
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The following is the result of looking at (3.4) and (3.5):

= (di = (@ + [ITIP).

an+1

The above equation can be expressed as

dy n n
ZHn+1 — (dl _ 1) O+ Z(Hn+1)2 + Z (Hn+1)2 + z n+1)2 + z z (H
i=1 Jj=di+1 i#j=1 r=n+2 ij=1

Thus, if Lemma 2.1 is applied to the above equation, it becomes, i.e.,
ta = ngl-ll Va € {1: -'-adl}

and

s=Q+ Y (M2+ Y 2+ Y Y ()2

j=di+1 i#j=1 r=n+2 ij=1
Thus, we obtain that
1 n m n
Hn+1Hn+1 > = ; 0+ Z (Hn+1)2 + z (Hl(;+1)2 + z z (lej)z
Jj=di+1 i#j=1 r=n+2 ij=1

We derive the following values from (2.1) and (2.12):

m
K(m) = (1= |[TIP)e + 2 (T, - ()2,
r=n+1
Equations (3.8) and (3.9) are combined to give

K2 (1= |7P)e + 50+ 3 >y

jd1+1
< 1
+ ) (Ml - () + > @ e+ > 3y
r=n+1 i#j=1 r=n+2 ij=1

Taking the last two terms from the equation above, we can obtain the following result:

n
Z (1?2 = Z (T2 + zZ (I 2 + 2T 2 + 2 ) (T2
ij=1 i,j=3 j=3 j=3
i#j i#j

Moreover, for the last term, we obtain

Z Z(H)Z— Z Z(H)2+22 Z(H)2+22 Z(H>2+2(H D2+ Z((H D%+ ().

r=n+2 ij=1 r=n+2 ij=3 r=n+2 j=3 r=n+2 j=3 r=n+2

Furthermore, we have

Y I, + Z ()2 + (THy)2) = — Z (T}, + T3,)%,

r=n+2 r n+2 2r n+2

DXL REAIPUPXLIEID S IL S RPRE

r=n+2 j=3 r=n+2 j=3 r=n+1 j=3

(3.6)

3.7

(3.8

(3.9

(3.10)

(3.11)

(312)

(3.13)

(314)
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After adding (3.11) and (3.12), then using (3.13) and (3.14), and taking account that (I[5)? + Yo, ., (5% =
Yt (IS 12, we obtain

n m n
1
2 AEH2+ Y ) (>
ij=1 r=n+2 ij=1
i#j

-2y Y )+ ()3 + Z(H’”1 > Z(H -2 3 (LT, - () (3.15)
r=n+l j=3 ij=3 r=n+2 ij=3 r=n+2
i#f

m
+ Z (I + II)%.

r=n+2

It follows from (3.10) and (3.15), one derives

K(w)> (1 - [T + 50 + S oamhie YR an?

B di+1 r=n+l j=3
1 n m
s agnee 3y anyfer Z (I + IT5,)?,
2 i,j=3 r=n+2 ij=3 rn+2

i#j

which implies that

Km) = (1= 7Pge + 5o+ 3 (s Y yapie Y ag

ij=3 r=n+2 ij=3 p=di+1
i#j
From (3.5), we arrive at
2
1 i n? n(n - 1)[ ]
> — 2 + o n+l| _ 2 _ 2
Km > (@ = |I71Pe + 700 + 50| 2 TG = I LIT1E e
(3.16)
1 n
= z (Hn+1)2 + Z z (H )2 + z (Hn+1)2 .
21]3 r=n+2 ij=3 B=di+1
i#]
We can obtain the following equation using (2.9) and (2.17) in (3.16):
n® n(n-1
K(m) 2 5(x) + o) + sz R L
n
+ o Z (T2 Z Z )2+ Y (IgH7,
i,j=3 r=n+2 ij=3 B=d;+1
i#j
where 7(x), i = 1, 2, is the scalar curvature of B?". This implies that
n? d,v nn-1)
600 - Km) < S IHIP - 00 - B+ |2 - - e - )
3.17)

n

Sapys Y Yapre S ag
ij=3 r=n+2 ij=3 B=d1+1

i#j

1
2
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The Gauss equation (2.4) for (x) gives us

a0 = LDy

1 m
|m|2] 1Sy - 7 2 (Mgr + o1y, (3.18)

r n+l AB=d+1 r=n+1

According to equations (3.17) and (3.18), we can state the following.

n? dy(dy - 1) 2 1 . UL
a(x) - K(m) < || HIF - %[1 - d—nﬂF]e— U@y 35y
2 ij=3 r=n+2 i,j=3
i) (3.19)
2 . 2 2 n(n 1) &Vf
) MEph'- Y Y Wyl | = - (- TP - ] R
B=di+1 r=n+l A,B=di+1
Then, the last relation turns into
n? dy(d, - 1 2 n(n-1
0 - K < 5 - EE=1 - 2yl s (MO0 - o e -
)
d;
Z @2y Y e Y @y
k=3 l=d;+1 AB-1
k==l A#B (3.20)
Z Z(H D%+ 2 Z Z Z (ITjy)?
r=n+2 k,l=3 r=n+2 k=3 A=d+1
m n dV
ST e Yy apy- 3y ay- 4L
r=n+2 A,B=d;+1 p=di+1 r=n+l A,B=d;+1 f

In order to solve the previous equation, we can use the following two relations:

n n
> (Eh? + Z (WH2 = 3 (WiH?
A=di+1 A,B=di+1 A,B=dj+1
A#B

and

Y ghr+ Z Z (ITp)? = Z Z (I15)%

A,B=d;+1 r=n+2 A,B=di+1 r=n+l A,B=d;+1

Assertion (3.20) follows as

d
500 — K(m) ${5-(di + 24, = 1) = (dy = DT - 1fe

-2 Z(H"+1>2+ Y Yagprezy Iagiezy 33 anyd 62
r=n+2 k,l=3 a=3 B=di+1 r=n+1 A=3 B=dy+1
ktl
n e &Y
+ S IHIP - =

The first inequality of Theorem 3.1 holds from the above equation and (2.13). For the second case if 7, C T, B ‘;’2,
we consider 1, = Span{eg,+1, €4,+2}. Similar to the first case, the following results can be obtained:

2

Z | = 2¢00 + IO - n(n - 1)[1 - —|I‘7T|2]€ -

a=dy+1

z Hn+1

p=1

_ zz Z Hn+1Hn+1
a=1 B=d;+1
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Next, we will consider

) g, I
a=1 B=di+1

2
¥ = 27(x) - n(n - 1)[1— ||71|2] Z M| - Z H"”
a=dy+1 B=d;+1
The last two equation implies that

2
= (dy - (¥ + [T,

n
[ 5

a=di+1

which implies that

2
=(d - ¥ +

Z Hn+1

a=1

n

2 (hH? + Z Z (e 3.22)
a,p=1 r=n+2 a=p=1

a#f

a=di+1 ﬁ=d1+1

2 n 2
o] 3 mi] -

(5 ne

Similarly, we obtain the following equation when we apply Lemma 2.1:

2

d n
1 1
il 2 519 + | 2 Mo | + 3 (Mggh? + S oS e (323)
a=1 a,p=1 r=n+2 a=B=1
a*p
From (2.1) and (2.12), we find that
m
K(T[Z) = (1 - ”7-”2)8 + Z (Htri]+1d1+1nal+2d1+2 - (H21+1d1+2)2)- (3.24)
r=n+1

Using equations (3.23) and, respectively, (3.24), we obtain

m
K(T[Z) 2 (1 - ||7-||2)8 + z (H21+1d1+1H21+2d1+2 - (H{11+1d1+2)2)

r=n+1
1 2 (3.25)
Zy o+ Znnﬂ + Z (Hn+1)2 + Z Z (11 B)Z
2 a=1 a,p=1 r=n+2 a=p=1
a*f

The second inequality of Theorem 3.1 can be found using the same method as (3.5) and (3.21). Considering the
case, 1 C TXB?, then the equality holds if and only if in (3.8), (3.10), (3.17), (3.18), and (3.21), equalities are
preserved. Based on this, we obtain the following result:

Hn+1 Hn+1 H = HZ;ZL (3.26)
m n m
2 (Mt + @+ 3 (M + M) =0, (3.27)
r=n+2 j=3 r=n+2
m
2 (Myaggeq + o+ 1y) = ZH"” =0, (3.28)
r=n+1
m m d; n
Z (Hn+1)2 + Z Z (H )2 + Z Z (Hn+1)2 + Z Z z (HZQB)Z =0. (3.29)
k,1=3 r=n+2 k,I=3 a=3 B=di+1 r=n+2 A=3 B=d;+1

k#l

Equation (3.28) confirms that the warped product Bfl Xg Bgl is both Bfl-minimal and Bgz-minimal warped
product submanifold in Q' x R. Based on our results, we conclude that the warped product submanifold
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Bfl Xg Bgl is minimal in Q' x R. The other case will be classified into two ways based on vector fields e,.
Based on the assumption that r = n + 1, here is what we define

"+ I = Mg = .= g,
and
n n dy dy n
2EHE= 3 A= 3 @ihr=3 ) @ghr=o.
j=3 j=3 k,1=3 a=3 B=d;+1
kil
This condition can be represented by the following matrices:
u, THT 0 01, | Oz 01,
;" U, 0 : :
0 0 u
i A - : : : . : : :
( ) en+1 0d11 0 0 - u 0d1d1+1 Odln
0d1+11 0d1+ld1 Hg:+11d1+1 HS;}M
Onl Ond1 g;llﬂ Hﬁrtl

where y = u; + u, gives (i) of Theorem 3.1. As well, if r € {n + 2, ...,m}, then it must follow that

n n d, dy n
My + M, = ) ()2 = ) (2= ) (MpP= ) 2 (Mgp?=0.
j=3 j=3 k,1=3 a=3 B=di+1
k#l
That is equivalent to the second metric:
M, I 0 015,  O1g1 01n
M, -I 0 : : :
0 0 O -
. A — H : H : : :
() A, O0gp 0 0 Oad,  Ogygy+1 Ogyn
0g+11 Oae1ay Mgrager - Mgein
Om 0nd1 Hrr1d1+1 H;n

It is evident from the first two conditions that Bfl Xp 331 is mixed totally geodesic submanifold in QF* x R.
It is also necessary for the equality sign in (ii) to hold if the following two matrices are satisfied:

+1 +1
I3y Mg, | Ot O1n
n+1 n+1
d11 didy 0d1d1+1 Odln
_ +1
(i) Ae,., =|0g+n Ogera | &4 Mgiigez 0 Oa+1n
. n+1 .
: Hd1+2d1+1 Uy 0 :
: 0 0 u :
: : : 0 . 0
Onl Ond1 Ond1+1 0 0 u
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Riemannian

where u = u; + u,. If r € {n + 2, ...,m}, thus we have

1T} la | O 01,
M1 tdy, | Oadi+1 Odpn
(iv) Ae =|0g+n - Oa+1d, | Mogs1de1 Mgergez O Ody+1n |-
: : H21+2d1+1 _H21+1d1+1 0 :
0 0 0 :
: : : : 0 - 0
Om Ond1 Ond1+1 0 0 0

invariants for warped product submanifolds = 13

It is also determined by the above that Bfl Xf Bgl is both 8 ‘111-minimal and B‘ziz-minimal warped product sub-
manifold in Q' x R, which suggest that the warped product submanifold Bfl Xf th is minimal in QF* x R. O

A wide range of distinct geometrical properties can be obtained from immersion in warped product
manifolds. It is now possible to find the inequalities for the Riemannian manifolds with constant sectional
curvature € {1, 0, -1} that can be presented as a product manifold Q}' x R. The following result is obtained,
the result is relevant to the application of the warped product submanifold in S x R with € = 1.

Theorem 3.2. Assume that B" = Bfl Xg 332 is an isometric immersion into a Euclidean sphere S™ x R.

Then, for each point x € 8" and each plane section 1; C TXB?, fori=1,2, we obtain the following for

(@ mC T8
63311()() <
(b) For m, C T,B%

(Sglziz(X) <

2 d
ZAHIP + & [VAnS)IP - dAdnf) + ‘71@ +2d, = 1) = (& =~ DIITIP - 1}-

2 d
%IWIIZ + @|IVAnf)I - doA(nf) + [f(dz +2di - 1) = (dy - DI|TIP - 1’-

According to Theorem 3.1, the above inequality implies equalities.

Proof. Now, we consider the constant sectional curvature ¢ = 1 and Q' = $™ for the product manifold S™ x R.
Then, inserting the proceeding value in (3.1) and (3.2), we obtain the result. O

Here, we present the application of the warped product submanifold in H™ x R with ¢ = -1.

Theorem 3.3. Assume that B" = Bfl Xp B;fz is an isometric immersion into a Hyperbolic spaces H™ x R.
Then, for each point x € 8" and each plane section m; C T,BY", for i = 1, 2, we obtain the following for

(@ mC T,B8% ormC T,B%

anl(X) <
(b) For m, C Txﬁgz

SBgZ(X) <

2
IHIE + o [Vanf)IP - danf) -

2
ZIHIP + dVanf)IP - dany) -

d
5 (i + 24— 1) = (& - D|ITI - 11

d
(@ + 21 = 1) = (dp = DT - 1t

According to Theorem 3.1, the above inequality implies equalities.

Proof. Now we assume that QF = H™ and constant sectional curvature &€ = -1 for the product manifold
H™ x R. Then using these values in (3.1) and (3.2), we obtain required result. O
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4 Generalized the results for space form Q"
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Our final result is obtained by concluding that R = 0, which implies that 7 = 0, given Theorem 3.1.

Theorem 4.1. Assume that B" = B‘fl Xs Bgz is an isometric immersion into a space form Q7. Then, for each point
X € B™ and each plane section m; C TXBf", fori=1,2, we obtain

(1) Letm C TxBfl, then

n® 1
8 ga(x) < ?IIWII2 + dy|[V(Anf)| > + Edl(dl + 2dy - De - € — dpA(Inf).

4.1

It is only possible to compute the equality of the above inequality at x € B" if and only if there exists
an orthonormal basis {ey, ..., &,} of T,B8" and an orthonormal basis {€y+1, ..., €u} of TB" such that

(a) m = Span{e,, e;} and

(b) Shape operators can be expressed as follows:

(i A

where u = u, + . If r € {n + 2, ..., m}, then we have the matrix

(i) Ag =

@ Ifm C T,B%, then

n* 1
63200 < T IIHIE + &IVANIP + Sda(ds + 2d; - De - € = doAn).

It follows that the above equation has equalities if and only if there exists an orthonormal basis {e,,

+1
o Ip 0 01g, | O1g11 01n
n+1 . . .
I u, O
0 0 u
1 Odll 0 0 .u 0d1d1+1 Odln
+1 +1
0d1+11 0d1+1d1 Hgl+1d1+l gﬁln
+1 +1
Onl Ond1 Zd1+1 Hgn
m I o 010, | O1g11 01n
r r . .
Iy -y O
0 0 Oy -
0d11 0 O Od1d1 0d1d1+1 Odln
O +11 Og+1ay | Mgrger - Magen
r r
On1 Ond1 ndy+1 Hnn

of I, B" and an orthonormal basis {e,.1, ..., én} of T:B" such that

(@) 1, = Span{egs1, eq+2} an

d

(b) The shape operators are represented as follows:

(i) A

€n+1

4.2)

e €}

n+1 n+1
I3y H1d1 014,41 O1n
n+l n+1
di11 didy 0d1d1+1 Odln
— n+1
= 0d1+11 Od1+1d1 Hl Hd1+1d1+2 0 0d1+1n s
. n+1 .
: Hd1+2d1+1 Uy 0 :
: 0 0 u :
: : : 0 0
Onl Ond1 Ond1+1 0 o 0 u




DE GRUYTER Riemannian invariants for warped product submanifolds == 15

where u = u, + u,. If r € {n + 2, ...,m}, thus we have

r r
P e T O1dye1 e Oy
r r
rn o Mg | Ogde ce Ogg
. T T
(iv) A, =|0a+n - - Ogra| Hgerae1  Hgrrgez 0 Ogy+1n |,
. . . . 1 r .
Hd1+2d1+1 - Hd1+1d1+1 O
0 0 0 :
: - : : : 0 . 0
Ot =+ = Opg Ondys1 0 w0 0

(v) If the equality holds in (1) or (2), then Bfl Xg Bgz is mixed totally geodesic in space form QF'. Moreover,
Biil Xg 332 is both Bfl-minimal and Bgz-minimal. Thus, Biil Xg 332 is a minimal warped product submanifold in
space form QT

5 Several applications of the obtained Dirichlet eigenvalue
inequalities

Determining the upper bound of the eigenvalue of the Laplacian on a specific manifold is an essential aspect of
Riemannian geometry. This pursuit aims to examine eigenvalues, which arise as solutions to the Dirichlet
boundary value problems for curvature functions. Understanding these eigenvalues is crucial, and one key
objective is to establish their upper bound. This approach is particularly valuable when considering the
diverse range of boundary conditions on a manifold and focusing on the Dirichlet boundary condition. An
appropriate Laplacian limit on the given manifold can be defined by determining the upper bound of the
eigenvalue. As an example, when we have the compact domain X in a complete noncompact Riemannian
manifold, then we have the Dirichlet boundary condition whose first eigenvalue is v,(Z) > 0

Ac+va=0onX and o=0 on 9%, (5.1)

This equation corresponds to A where ¢ is a nonzero function defined on B™. Then, v,(8") is expressed
as infyu,(Z).

If Dirichlet boundary conditions are considered, the Dirichlet eigenvalues are identical to the Laplace
eigenvalues. The eigenvalues of differential equations are of significant interest to many branches of mathe-
matics, including number theory, mathematical physics, and number theory. Among their most notable results
is their ability to characterize a domain’s geometry. For instance, the first Dirichlet eigenvalue of a domain
relates to its diameter, while the higher eigenvalues reflect the domain’s curvature and its embedding within
Euclidean space. Additionally, the Dirichlet eigenvalues play a crucial role in solving the heat equation on a
domain, where they determine both the eigenfunctions and the rate of decay of the solution. Based on the
assumption that o is the non-constant warping function on the compact warped product submanifold 8"
In this case, the minimum principle on v; leads to (see, e.g., [19])

[veizav > v, [ oyav. 52)
8" 8"
As a result, equality can only be achieved if and only if

Ao = vy0. (5.3)

We know that the boundary for compact support is covered by B; x {dy}. Implementation of the integration
along the base manifold 8% in Eqs (3.1) and (3.2), we obtain the following result.
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Theorem 5.1. Assume that 8" = Bfl X¢ B 32 is a compact warped product submanifold into a product manifold

o x R. Then, we have

2
_[ agfl(x)dvs% _[ HIEAV + vyds _[ (Inf)2dv

B{ix{dy B{Ix{dy , B{ix{dy 5.4)
+ I l[?l(dl +2dy - 1) = (dy - D||TP - 1]€]dV,
Bix{dy
for m C TBfl. Moreover, we have
j 8 500AV
{d}xB5?
(5.5)

s”; J' HIEAV + vyds J' (nf)2av + J'

{di}x 85> {di}x B {d}x B

[%(dz +2d, - 1) - (dy - D||TIP - 1]s]dv,

for m, C TBZIZ.

Proof. We obtain the result easily by replacing o = Inf in (3.1) and (3.2) with the Stokes theorem condition
IAodV = 0 for compact support. O

In the following, we present the applications of Brochler formulas:

Theorem 5.2. Assuming that 8" = Bfl Xg Bgz is a compact warped product submanifold into a product manifold
QT x R. Then, we have

j Ric(VInf, VInf)dV

Bix{dy
Uy n*v,
> [ 85u00av- o [ mpav .6
B8Ux{dy} 2 gl
1 2. 1 2.
v d.
+d—1 j [1 +(d - D||TIP - [é(d1 +2d, - 1)]8]dV— j |IV2Inf|RdV,
? g8} Bix{d;)
for m C TBfl. Moreover, we have
J' Ric(VInf, Vinf)dV
{d}x B3
v nv
> j 8 4#0)AV(OAV - = J' \|H|EdV 67
2 jx B 2 e
1 2 1 2

| [1+(dz—1)||7'||2‘[%(d2+2d1‘1)HdV_ | Iwmpfay,

2
{d}x 85 {di}x Y2

for m, C TBZZ.
Proof. A Laplacian whose first eigenfunction is ¢ is equal to div(Va) for 8" connected to the first non zero
eigenvalue vy, so that, Ao = —v;0. As a result, recalling Bochner’s formula (see [1]), the differentiable function o

at the Riemannian manifold has the following relation:

1
SAINGIE = [[P%0lf + Ric(Va, Vo) + g(Va, V(ao)).
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The Stokes theorem tells us that we have to integrate the previous equation to obtain the following result:

j |[V2o|dV + j Ric(Va, Vo)dV + _[ £(Va, V(Aa))AV = 0. 58
Bx{da} Byx{da} Byx{dy}

Now, using Ag = -v10 and making some rearrangement in Eq. (5.8), we derive

1
[ ivolpav = - [ vopav+ [ Ricwo, voyav| (5.9
Bixidy} Bt Bixld}
Integrating in (3.1) and (3.2) and using the above equation, we obtain the desired results. O

6 Chern’s problem: Finding the conditions under which warped
products must be minimal

Our solution to the Chern problem [20] in this section is to provide a partial solution to why a warped
submanifold must be minimal in a product manifold Qf' x R.

Corollary 6.1. Let 8™ = Bfl Xg B‘ziz be an isometric immersion of a warped product submanifold into a product
manifold Q}' x R. Then, for each point x € B" and each m C TXB‘f1, we have

d
85,u(x) + dA(Inf) < & [V(Anf)IP + El(dl +2d, - 1) - (di - DIITIP - e,
and if the equality satisfies, then 8" is minimal.
The second result is:

Corollary 6.2. Let B" = Bfl Xg Bgz be an isometric immersion of a warped product submanifold into a product
manifold Q' x R. Then, for each point x € 8" and each 7, C TXB‘ZiZ, we have

d
85,600 + did(Inf) < ||V(Anf)IP + 72(612 +2dy - 1) - (dp - DITIP - e,
and if the equality satisfies, then 8™ is minimal.

Remark 6.1. Finally, we noticed that Theorem 3.1 is the solution of Problem 1.1. Furthermore, Corollaries 6.1
and 6.2 are the solution of Problem 6.2.

7 Conclusion remarks

Riemannian submanifolds have intrinsic and extrinsic invariants. Creating connections between these invar-
iants is one of the fundamental problems of submanifold theory. This pursuit is motivated by Nash’s renowned
theory of isometric immersion, which suggests that viewing each Riemannian manifold as a submanifold in a
Euclidean space is significant and influential [21]. In this context, the squared mean curvature is the primary
extrinsic invariant, while the Ricci curvature and the scalar curvature act as the primary intrinsic invariants
[5]. Furthermore, the Chen delta invariant, one of the numerical invariants in algebraic topology, assumes
significance in measuring the degree to which a loop in space does not represent the boundary of a surface.
Specifically, if a loop functions as a boundary, the Chen delta invariant attains zero value. Otherwise, it
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quantifies how much the loop deviates from being a boundary. The applications of the delta invariant span a
broad spectrum within mathematics, including differential geometry, differential topology, and algebraic
geometry and algebraic topology. For instance, researchers have employed it to investigate the topology
and geometry of moduli spaces of algebraic curves, examine the geometry of the Kéhler-Einstein metric on
a complex manifold, and explore the topology and geometry of configuration spaces of particles in a Euclidean
space. Moreover, the delta invariant finds practical applications in physics, particularly in topological field
theories. Several applications have also been made to physics, including studies of topological field theories
[2,22,23].
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