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Abstract: Let A C B be an extension of commutative rings with identity, (S, <) a nonzero strictly ordered
monoid, and S* = $\{0}. Let A + [BS"<] = {f € [BS=] | f(0) € A}. In this study, we determine when the ring
A + [BS"<] is a Noetherian ring. We prove that when S is a strict monoid, if A + [BS"<] is a Noetherian ring,
then A is a Noetherian ring, B is a finitely generated A-module, and S is finitely generated. We also show that
if B is a finitely generated A-module over a Noetherian ring A and (S, <) is a positive strictly ordered monoid,
which is finitely generated, then A + [BS“<] is a Noetherian ring.
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1 Introduction

Throughout this study, a monoid is a nonzero commutative semigroup with identity element. The operation
is written additively, and the identity element is denoted by 0, unless otherwise stated.

Let A C B be an extension of commutative rings with identity, X an indeterminate over B, S a monoid, and
S§* = 5\{0}. The set {f € B[X]|f(0) € A} is a ring denoted by A + XB[X]. The famous Hilbert’s basis theorem
[1, Theorem 69] says that the polynomial ring B[X] over a Noetherian ring B is a Noetherian ring. Hizem
[2, Proposition 2.1] extended this to obtain that A + XB[X] is a Noetherian ring if and only if A is a Noetherian
ring and B is a finitely generated A-module.

As is well known, the polynomial ring over B is isomorphic to a semigroup ring over B. Gilmer [3, Theo-
rem 7.7] generalized Hilbert’s basis theorem to the semigroup ring as follows: for a monoid S, the semigroup ring
B[S] is a Noetherian ring if and only if B is a Noetherian ring and S is finitely generated. Lim and Oh [4, Theo-
rem 2.1] showed that for a torsion-free cancellative monoid S with S N =S = {0}, A + B[S*] = {f € B[S]|f(0) € A}
is a Noetherian ring if and only if A is a Noetherian ring, B is a finitely generated A-module, and S is finitely
generated.

The power series ring analog for Hilbert’s basis theorem is that the formal power series ring B[X] over
a Noetherian ring B is a Noetherian ring. Hizem and Benhissi [5, Theorem 4] showed that A + XB[X] =
{f € B[X]| the constant term of f € A} is a Noetherian ring if and only if A is a Noetherian ring and B
is a finitely generated A-module.

In [6-9] and in [10] rings of power series with exponents in a partially ordered commutative monoid
were studied extensively. Let (S, <) be a strictly ordered additive monoid, and let [B$=] be the set of all
maps f:S— B such that supp(f) = {s € S|f(s) # 0} is artinian and narrow (Definitions 2.2 and 2.3).
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Then, for f, g € [BS*] and s € S, the set X;(f, g) = {(t,u) € S x S|f(t) #0, g(u) # 0, and t + u = s} is finite
[8, (1.16)]. On [BS=], the addition and the multiplication are defined as follows: for f, g € [BS*] and s € S,

(f+8)©®)=f()+g() and (B))= Y  fOgw.
(t.weEX(f.8)
Then, [BS*] becomes a commutative ring with identity e, namely, e(0) = 1 and e(s) = 0 for all s € S*, which
is called the generalized power series ring with coefficients in B and exponents in S. The element f € [BS<]
with ag = f(s) for each s € S is written as f = Y ;csa.X®. The set A + [BS"<] = {f € [BS=]|f(0) € A} is a subring
of [BS=], which is called the composite generalized power series ring of A and B.

We give some simple examples of generalized power series rings. If S is a monoid with trivial order
(i.e, s <t implies s = ¢ for all 5, t € S), then the artinian and narrow subsets of S are any finite subsets of S.
So [BS<] = B[S], the semigroup ring of S with coefficients in B. If S = N is the set of nonnegative integers with
the usual order <, then the artinian and narrow subsets of N are any subsets of N; thus, [B™N<] = B[X].
If N is with the usual order and S = N" = N x_..x N (n times) with the order <, where < is the product order,
then [BN"<] = B[X,, ..., Xy, ring of power series over B with n indeterminates [7, Examples 1, 2, 3].

Let R be a commutative ring with identity and (S, <) be a strictly ordered monoid. Ribenboim [7, 5.2, 5.5]
determined when [RS<] is a Noetherian ring. Brookfield [11, Theorem 4.3] determined an equivalent condition
for [RS=] to be Noetherian as follows: for a positive strictly ordered monoid (S, <), [RS] is a Noetherian ring
if and only if R is a Noetherian ring and S is finitely generated.

Lim and Oh gave necessary conditions for A + [BS“<] to be Noetherian as follows: if A + [BS<] is a
Noetherian ring and (S, <) is a positive strictly ordered monoid, then (1) A is Noetherian; (2) if S is cancellative,
then B is finitely generated A-module and S is finitely generated; and (3) (S, <) is narrow [12, Theorem 2.1].
They also proved the converse as follows: when (S, <) is a positive totally ordered monoid, if B is a finitely
generated A-module over a Noetherian ring A and S is finitely generated, then A + [BS-<] is Noetherian
[12, Theorem 2.10].

In this study, by modifying concepts and results in [11], we extend the results of Lim and Oh [12, Theorems
2.1 and 2.10] to determine when A + [BS"<] is a Noetherian ring. More precisely, in Theorem 3.1, we show that
when (S, <) is a strictly ordered monoid, if A + [BS"<] is a Noetherian ring and S is a strict monoid, then A is
Noetherian, B is a finitely generated A-module, and S is finitely generated. In Theorem 3.7, we also show that
the converse of Theorem 3.1 holds when (S, <) is positive strictly ordered. As a corollary, if (S, <) is positive
strictly ordered, then A + [BS"<] is a Noetherian ring if and only if A is a Noetherian ring, B is a finitely
generated A-module, and S is finitely generated.

2 Preliminaries
We start with recalling concepts and known results, which will be needed in our proofs.

Definition 2.1. [3] A monoid S is said to be

(1) cancellative if s + t = s + u impliest = u for all s, t,u € S,

(2) torsion-free if for any s, t € S and a positive integer n, ns = nt implies s = ¢,

(3) finitely generated if there exists a finite subset {s, ...,s;} of S such that S = (s, ...,S;), where (s, ...,S)
is the set of all elements Y-, k;s; with nonnegative integers k;.

Definition 2.2. ([9]) A partially ordered set (S, <) is said to be

(1) artinian if every strictly descending sequence of elements of S is finite,

(2) narrow if every subset of pairwise order-incomparable elements of S is finite,

(3) an ordered monoid if it is an additive monoid and the order < is compatible with the operation, i.e., for any
S,t,tu€S,s<timpliess+u<t+u.
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Definition 2.3. [9] An ordered monoid (S, <) is said to be

(1) strictly ordered if s < s” impliess +t<s’+ tforalls,s',t €S,

(2) positively ordered if 0 < s for all s € S,

(3) positive strictly ordered if it is both positively ordered and strictly ordered.

For a partially ordered set (S, <), a lower set of S is a subset I of S such thatforallx,y €S, x<y,y eI
implies x € I. We write U(S, <) for the set of lower sets of S ordered by inclusion. Using the result of Higman
[13], Brookfield [11, Lemma 2.2] determined when U(S, <) is artinian without proof. We include a proof for
the reader.

Lemma 2.4. [11, Lemma 2.2] Let (S, <) be a partially ordered set. The following conditions are equivalent:
@) (S, =) is artinian.

(2) For every infinite sequence (s,) of S, there exist i < j such that s; < s;.

3) (S, <) is artinian and narrow.

Proof. (2) © (3) It follows from [13, Theorem 2.1].

()= (2) Let (spn=1 be an infinite sequence of S. Put §;={sjj =i} for each i>1. For each i
put ;= {x € §|x <y for y € §;}. Note that I; is a lower set of S. Since $;2 5,2 ..., we have [ 2 L, 2 ....
Note that s; € I; for each . Since (S, <) is artinian, there existi < j such that I; = I;. Thus, s; € I;, which means
that s; < s, for some k > j > i.

(2) = (1) Suppose that (I;);>1 is an infinite strictly descending chain of lower sets of S. Consider an infi-
nite sequence (Sy)y=1 such that s; € L\l;;1. By assumption, there exist i < j such that s; < s;. Since I; is a lower
set of S and s; € I;, we have s; € I;, which is a contradiction. O

Let S be a monoid. The algebraic preorder (or natural preorder) on S is the relation < defined as follows:
for every s,t € S,

s<t, ifandonlyif s+u=t¢t forsome u € S.

In general, s < t < s does notimply s = t; so < is not always a partial order on S. We collect some known results
on a monoid S with the algebraic preorder < in [11]. A monoid S is said to be strict if s + t + u = s implies
t=u=0foreverys,t,u €S.

Lemma 2.5. Let S be a strict monoid and let s, ..., s, be nonzero elements of S. If Yi-,kis; = 0 for some non-
negative integers k;, then k; = 0 for all i.

Proof. Let sy, ..., S, be nonzero elements of S such that Z?:lkisi = 0 for each k; 2 0. Assume that k; # 0 for some
1 < i< n. Without loss of generality, we may assume that k # 0. Then, 0 =0 + s + (()g — 1)s; + Z;sz,-s,-).
Since S is strict, we have s; = 0, which is a contradiction. O

For a monoid S, we denote by G(S) the largest subgroup of S, i.e., G(S) = {s € S|s + t = 0 for some ¢t € S}.

Lemma 2.6. Let S be a nonzero monoid. Then, the following statements hold:

(1) If S is strict, then G(S) = {0}.

(2) IfS is cancellative with G(S) = {0}, then S is strict.

(3) [11, Lemma 3.1] If (S, <) is a positive strictly ordered monoid, then S is strict.

(4) [11, Lemma 3.2] S is strict if and only if (S, <) is a strictly ordered monoid.

(5) [11, Lemma 3.3] Let S be a strict monoid. Then, S is finitely generated if and only if U(S, <) is artinian.
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Remark 2.7.

(1) For two strictly ordered monoids (S, <) and (S, <), the fact that (S, <) is narrow may not imply that (S, <)
is narrow. For an example, let S = N be an additive monoid. Then, N is a finitely generated strict monoid
and (N, <) is narrow. But if < is the trivial order on N, then (N, <) is not narrow.

(2) Let <’ and < be partial orders on a monoid S such that <’ is finer than < (i.e., s < t implies s <’ ¢ for all
s, t € S). It follows from Lemma 2.4 that if (S, <) is artinian and narrow, then (S, <’) is artinian and narrow.
The converse does not hold; < is finer than the trivial order < on Y, (N, <) is artinian and narrow, but (N, <)
is not narrow.

(3) Let(S, <) be a positive strictly ordered monoid. Then, S is strict by Lemma 2.6. So (S, <) is a strictly ordered
monoid and < is finer than <.

From Remark 2.7, we have the following.

Lemma 2.8. Let (S, <) be a positive strictly ordered monoid. If S is finitely generated, then (S, <) is artinain
and narrow.

We note that if either S is cancellative with G(S) = {0} or (S, <) is a positive strictly ordered monoid, then S
is strict. We now give an example that is a non-cancellative monoid S such that (S, <) is positive strictly
ordered.

Example 2.9. Let S = (N x {0, 1D)\{(0, 0)} = {(n, a)[n = 0,1, ...,a = 0, 1\{(0, 0)}. Define an addition on S as fol-
lows: for x = (n,a),y = (m,b) € S,

x+y=(n+m,ab).

Then, (S, +) is a monoid with identity (0, 1). Since (2, 0) + (1,0) = (3,0) = (2,0) + (1, 1), S is not cancellative.
We now define an order < on S as follows: for x = (n,a),y = (m, b) € S,

x<y, ifn<m, and x=y, ifn=manda-=>.

Then (S, <) is a positive strictly ordered monoid.

3 Composite generalized power series ring of the form A + [BS"<]

Let A C B be an extension of commutative rings with identity, (S, <) a strictly ordered monoid, and S* = S\{0}.
In this section, we determine when a composite generalized power series ring A + [BS"<] is a Noetherian ring.
We first give necessary conditions for the ring A + [BS"<] to be Noetherian. Lim and Oh [12, Theorem 2.1]
provided necessary conditions for A + [BS“<] to be Noetherian when (S, <) is a positive strictly ordered
monoid that is cancellative. We extend [12, Theorem 2.1] to the case when S is a strict monoid.

Theorem 3.1. Let A C B be an extension of commutative rings with identity and (S, <) a strictly ordered monoid.
Suppose that S is a strict monoid. If A + [BS"<] is a Noetherian ring, then the following statements hold:

(1) A is a Noetherian ring and B is a finitely generated A-module.

(2) S s finitely generated.

(3) If (S, 2) is positively ordered, then (S, <) is narrow.

Proof. Let R = A + [BS"5]. We recall that the element f of R with a; = f(s) for each s € S is written
as f= sesasX®.

(D) It is clear that [BS"<] is an ideal of R. So R/[BS"<] = A is a Noetherian ring. Let s € S*. Consider
the ideal XS[BS=] of [BS<] generated by X:

XS[BS<] = {X5g|g € [B><I}.
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Note that G(S) = {0} since S is strict. Since s € S*, X°g € R for every g € [BS<]. Thus X°[B%*] is an ideal of R.
Since R is Noetherian, there exist g, ..., g, € XS[BS<] such that X[B><] = (g, ....g)R. Since each g, = X5f,
for some f; € [BS=], the ideal X[B$=] can be written as follows:

XS[BS<] = X5f;R +...+ Xf,R.

For any b € B, there are h; € R such that

n
bXs = ) X5fh; = X°
i=1

n

Zfihi].

i=1

Since S is strict, G(S) = {0} by Lemma 2.6 (i), and s +t=s (for s,t € S) implies ¢t = 0. Recall that for

f,g €[B>] and s € S, X,(f, g) is the set {(t,u) € S x S|f(t) 0, g(u) # 0, and t + u = s}. Hence, we have
the following:

Xs

n
XS, Zflhll =

i=1

(u,v) € S x §|X5(u) # 0, [Zfihi’(v) #0,andu+v-= s’

i=1

=((s,0)e$><$|

iﬁhi](o) # Ol,

i=1
Xo(f;, hi) ={(u,v) € S x S|fi(w) # 0, hy(v) # 0, and u + v = 0}
={(0,0) € S x §|f;(0) # 0 and h;(0) # 0}.

Therefore, for the element s € S, we have the following:

Zfihi](‘)) = 2 2(fh)) = Y f(0)hy(0).
i=1

i=1 s+y=si=1

b= (bX5)(s)= Y X5(u)

u+v=s

Consequently, b € (f;(0), ...,f,(0))4, and B is a finitely generated A-module.
(2) Let (sp) be an infinite sequence in S. Without loss of generality, we may assume thats, # 0 foralln > 1.
Let I, be the ideal of R generated by X%, ..., X5

L = (X%, .., X)R = XSR +...+ X*R.

Since R is Noetherian, there exists N > 1 such that X5 € Iy for all j > N. Hence, for j > N, X5 = X5if] +...+ X%f,,

where each f; € R. Therefore,

N N N

2X°| € Usupp(X*f)) = U(si + supp(/)):
i= i=

i=1

§j € supp

So s; = s; + t; for some t; € supp(f;), where i <j. Hence, s; <s; for i < j. Note that since S is strict, (S, <)
is a strictly ordered monoid. It follows from Lemmas 2.4 and 2.6 that S is finitely generated.
(3) It follows from Lemma 2.8. O

Note that if a strictly ordered monoid (S, <) is either positive or cancellative with G(S) = {0}, then S is strict
by Lemma 2.6. By applying Theorem 3.1 to these cases, we have the following.

Corollary 3.2. [12, Theorem 2.1] Let A € B be an extension of commutative rings with identity and (S, <)
a positive strictly ordered monoid. If A + [BS><] is a Noetherian ring, then A is Noetherian, B is a finitely
generated A-module, S is finitely generated, and (S, <) is narrow.

Corollary 3.3. Let A C B be an extension of commutative rings with identity. Let (S, <) be strictly ordered, where
Sis cancellative with G(S) = {0}. If A + [BS"<] is a Noetherian ring, then A is Noetherian, B is a finitely generated
A-module, and S is finitely generated.
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Let S and S’ be monoids. A map ¢ from S to S’ is a monoid homomorphism if d(0) = 0 and a(s + t) =
a(s) + a(t) for all s, t € S. Given two ordered monoids (S, <) and (S’, <), a map ¢ from (S, <) to (§’,<") is a
homomorphism of ordered monoids if o is a monoid homomorphism, and s < t implies o(s) < o(t) for all
s, t € S, and a homomorphism o of ordered monoids is strict if s < t implies o(s) < o(t) for all s, t € S.

It is known that if S = (s, ..., S,) is a finitely generated monoid, then there is a surjective homomorphism
o :N*" > § which is defined by a(k) = kgs; +...+ ks, for k = (k, ...,k;) € N [14, Theorem 1.2]. If S is, more-
over, strict, then we have the following.

Lemma 3.4. Let S be a strict monoid that is finitely generated. Then, there is a surjective strict homomorphism
from (N*, <) to (S, <) for some n.

Proof. Let S = (sy, ...,Sp) be a finitely generated strict monoid. Note that since N" and S are strict, it follows from
Lemma 2.6 that (N", <) and (S, <) are strictly ordered monoids. We define a map ¢ from (N, <) to (S, )
as follows:

o: Nt =S agk)=ks +..+ ks, for k=(k, ...k, €N

Then, o is a surjective monoid homomorphism by [14, Theorem 1.2]. It follows from Lemma 2.5 that if
0+ x €N then0 # g(x) € S.Ifa, b € N*witha < b,thenb = a + ¢ for some 0 # ¢ € N", Since o0 is a monoid
homomorphism, a(b) = g(a) + o(c) and 0 # g(c) € S. Hence, a(a) < a(b) in S. Therefore, o is strict. ([l

Let R be a commutative ring with identity, and let (S, <) and (S’, <") be strictly ordered monoids. We recall
that the element f€ [RS*] with a; = f(s) for each s € § is written as f= ) csa.X5. If 0: (S, <) = (S, <)
is a strict homomorphism of ordered monoids, then ¢ induces a ring homomorphism @ : [RS<] - [RS"="], which
is defined by a(f) = Y esa:X°® for f= 3 csa:X° € [RS<] (see [8, p. 78]). It is shown in [8, 1.17] that if o
is surjective and there exists a homomorphism of ordered monoids 7: (S, <) — (S,<) such that g~ 7
is the identity map, then & is surjective.

The following is a special case of [8, 1.17].

Lemma 3.5. Let R be a commutative ring with identity, and let ¢ : (S, <) = (8, <") be a strict homomorphism
of strictly ordered monoids. If (S, <) is narrow and o is surjective, then the induced ring homomorphism

G : [RS<] ~ [RS"*'] is surjective.

Proof. It follows from [8, p. 78] that the induced map & : [RS<] —» [R®"*'] is a ring homomorphism. Let
f = YoesayX® € [RS<]. Then, supp(f”) is artinian and narrow in §’. Since g is surjective, there is a map
7 from S’ to S such that o ° 7 is the identity map on S’. Since o is strict and (S, <) is narrow, 7(supp(f")) is
artinian and narrow in S. Put f:= Zser(supp(f/))ag(s)Xs. Then, f€ [RS<] and G(f) = f’. Hence, @ is surjec-
tive. (I

Remark 3.6. (1) If (S, <) and (S, <) are strictly ordered monoids, and <’ is finer than <, then [RS<] is a subring
of [R>=. In particular, if (S, <) is narrow, then [RS<] = [R5=] (see also [8, 1.18]).

(2) In Lemma 3.5, the condition that (S, <) is narrow is necessary. We give an example such that the
induced map @ is not surjective when the map o is surjective. Let K be a field. Let < and <’ be the trivial order
and usual order on N, respectively. The identity map o : N — N is a surjective strict homomorphism of strictly
ordered monoids from (N, <) to (N, <"). Note that [KN=] = K[X] and [K N<1 = K[X]. Then, there does not exist
surjective ring homomorphism from K[X] to K[X]. Hence, the induced map & is not surjective.

We now prove the converse of Theorem 3.1 when (S, <) is a positive strictly ordered monoid. Using
[11, Lemma 4.2], Brookfield [11, Theorem 4.3] showed that if R is a Noetherian ring and S is finitely generated,
then [R$<] is a Noetherian ring. However, [11, Lemma 4.2] requires an additional assumption that (S, <) is
narrow (Remark 3.6 (2)). Therefore, we provide Lemma 3.5, which corrects [11, Lemma 4.2]. Using Lemma 3.5
and following the arguments as in the proof of [11, Theorem 4.3], we establish the following theorem.
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Theorem 3.7. If B is a finitely generated A-module over a Noetherian ring A and (S, <) is a positive strictly
ordered monoid that is finitely generated, then A + [BS"<] is a Noetherian ring.

Proof. Since (S, <) is a positive strictly ordered monoid and S is finitely generated, it follows from Lemmas 2.6
and 3.4 that there is a surjective strict monoid homomorphism 7 : (N", ) — (S, <) for some n. Since (S, <) is
positive strictly ordered, we have s <t = s <t for all s,t € S. Thus, the identity mapi: (S,<) » (5,2) is a
surjective strict monoid homomorphism. Hence, the composite map o =1 ° 7: (N*, <) — (S, <) is a surjective
strict monoid homomorphism. Note that (N", ) is narrow by Lemmas 2.4 and 2.6. It follows from Lemma 3.5
that ¢ induces the surjective ring homomorphism @ : [BY"<] — [BS<], which is defined as follows: for each

f= ZuewaX" € [BY1],
o(f) = ) aX™.
ueN”n
Since ¢ is a surjective strict monoid homomorphism and (N", <) is a positive strictly ordered monoid,
we have that ¢(0) = 0 and o(N"™*) = $*, For each f = Y csa.X® € [BS"<], supp(f) is artinian and narrow.
Since (N", <) is artinian and narrow, ¢ '(supp(f)) is an artinian and narrow subset of N™. For each
s € supp(f), choose us; € N" such that g(us) = s. Put X = {u; € N"|s € supp(f)} € N**, Note that X is artinian
and narrow. Consider f =, cxa,X". Then, f € [BY'<]and @(f) = f. Hence, we have that G(a) = a fora € B
and a([BY"<]) = [BS"<].
We also note that there is a ring isomorphism p : [BN'<] - B[X, ..., Xp1, which is defined as follows:

for each f= 3o, kyeni@X® € [BY <],

K

p(f)= Y aXi .. X
ueNn

We note that p(a) = a for a € B and p(l[BN"*ﬂ]) = (X, ...,Xn)B[X, ..., Xn]. Now, we have the following (com-
mutative) diagram:

o

[B™=] [B5=]

B[Xi,...,X,]

Here, the ring homomorphism ¢ : B[X,, ..., X,] = [B>] is surjective, which is defined as follows:
for each f’ € B[X, ..., Xy,

o(f) =a(f), where fe [BY'<], with p(f) = f".
Note that A + IIBN"*ﬂ] is a subring of IIBN*]]. Hence, we have the following:

T(A + [BY"]) = A + [BS"],
p(A + [BY"<]) = A + (X, .. X)BIXi, .o, Xl

It follows from [2, Proposition 2.1] that A + (X3, ...,Xp)B[X, ..., Xn] is a Noetherian ring. Since p is an iso-
morphism, A + [[BN"*’s]] is a Noetherian ring. Hence, A + [BS"<] is a Noetherian ring. O
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Note that if (S, <) is a positive totally ordered monoid that is finitely generated, Theorem 3.7 is exactly
same as [12, Theorem 2.10]. By combining Theorems 3.1 and 3.7 for the cases when (S, <) is a positive strictly
ordered monoid, we have the following.

Theorem 3.8. Let A C B be an extension of commutative rings with identity and (S, <) be a positive strictly
ordered monoid. Then, A + [BS"<] is a Noetherian ring if and only if A is a Noetherian ring, B is a finitely
generated A-module, and S s finitely generated.

As a corollary, we recover [11, Theorem 4.3].

Corollary 3.9. [11, Theorem 4.3] Let A be a commutative ring with identity and (S, <) be a positive strictly ordered
monoid. Then, [AS=] is a Noetherian ring if and only if A is a Noetherian ring and S is finitely generated.
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