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Abstract: In this article, we consider the following quasilinear Schrédinger system:

k
—eAu + u + Ee[A|u|2]u = [u|*~2u |v|f, x € RV,

a+p
2B
a+pf

where € > 0, k < 0 are real constants, N = 3, a, B are integers multiple of constant 2. By using the Mountain
Pass Theorem in a suitable Orlicz space proposed by Abbas Moameni [Existence of soliton solutions for
a quasilinear Schrodinger equation involving critical exponent in RY, ]. Differential Equations 229
(2006), 570-587], we proved the existence of soliton solution (u.,V;) for the above system, and
(Ue(x), ve(x)) = (0, 0) as |e] = 0.

k
—eAv + v + Ee[A|v|2]v = [ule|v|f~2v, x €RV,
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1 Introduction

We consider the following quasilinear Schrodinger system:

k
—eAu + u + Ee[A|u|2]u = [ule=2u [v|f, x €RY,

a+
K 28 P (W)
—eAv + v + —¢g[A|Vv = —— [u[*|v[f2v, x €ERVY,
2 a+p
where N = 3, € > 0, k < 0 are the real constants.
In recent years, much more attention has been devoted to the quasilinear Schrodinger system
k
-Au + Vi()u + —[Aluflu = Af(x, u,v), x €RY,
2 12)

k
—-Av + Va(x)v + E[Alvlz]v = Ah(x,u,v), x €RV,
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Li proved the existence of nontrivial solution by using a change of variable and the Mountain Pass
Theorem when k>0 1is large enough [1]. Let Wi(x)=2Aa(x) +1, V(x) =Ab(x) +1,k=-1 and
A, u,v) = azfﬁ [ule=2ulv|?, Ah(x, u, v) = azf 5 [u]?|v|*-2v, Guo and Tang proved the existence of ground state
solution by using the Nehari manifold method and concentration compactness principle in [2], which is
localized near the potential well int{a~'(0)} = int{b~1(0)} for A large enough. In [3], minimax methods in a
suitable Orlicz space were employed to establish the existence of standing wave solution for a quasilinear
Schrddinger system involving subcritical nonlinearities.

For some systems similar to (1.2), Chen and Zhang have done several contributions. In [4], they obtained
the existence of positive ground state solution by using Morse iteration to define a PohoZaev manifold. They
obtained the existence of positive solution by using monotonicity trick and the Morse iteration in [5]. They
proved the existence of ground state solution by minimization under a convenient constraint and concentra-
tion compactness lemma in [6]. They found the existence of ground state solution by establishing a suitable
constraint set and studying related minimization problem in [7].

By establishing a suitable Nehari-PohoZaev-type constraint set and considering related minimization
problem, the existence of ground state solution for a class of systems was proved in [8]. The symmetric
Mountain Pass Theorem was employed to establish the existence of infinitely many solutions for the quasi-
linear Schrodinger system in RY in [9], which involves a parameter @ and subcritical nonlinearities. By
developing a new iterative technique and suitable estimation, the existence of the entire radial large solution
was established for the modified quasilinear Schrodinger elliptic system in [10].

The study of System (1.1) was in part motivated by the nonlinear Schrédinger equation:

iedz = —ehz + W)z - I(|z]»)z - keAh(|z)))h'(|z|*)z, x € RY, (1.3)

where W(x) is a given potential, k is a real constant, and [ and h are real functions that are essentially
pure power forms. The quasilinear Schrédinger equation (1.3) describes several physical phenomena with
different h, see [11-13] and references therein. We consider the case h(s) = s, I(s) = ,usp?_l, and k < 0. Setting
z(t, x) = exp(—iFt)u(x), one obtains a corresponding equation of elliptic type which has the formal variational
structure

—eAu + V(x)u - ek(AuP)u = ylulP~'u, u>0, x €ERY, (1.4)

where V(x) = W(x) - F is the new potential function. Problem (1.4) has caused a heated discussion. When
k > 0 is small enough, the existence result of multiple solutions was studied via dual approach techniques and
variational methods [14]. The paper [15] established the existence of soliton solution by a minimization
argument. The minimax principles for lower semicontinuous functionals, developed by Szulkin [16], were
used to find solutions in [17]. The Mountain Pass Theorem combined with the principle of symmetric criticality
to establish multiplicity of solutions in [18]. Moameni [19] changed variables to remove nonconvex term and
created a suitable Orlicz space to meet the Mountain Pass Theorem, and proved the existence of soliton
solution for a quasilinear Schrédinger equation involving critical exponent in RY.

Inspired by the above results, we apply the methods in [19] to solve system (1.1) and try to find nonnegative
soliton solution. During this process, it is required that a, § are integers multiple of constant 2.

The main result of this article is the following:

Theorem 1.1. For system (1.1), k < 0,N > 3,a > 2, f > 2,a + B < 2*, and a,  are integers multiple of constant 2,
then there exists &, > 0 such that for all € € (0, &), system (1.1) has a nonnegative solution (u, v;) € H* and

(ue(x), ve(x)) = (0,0), as |el - 0. 1.5)
The article is organized as follows. In Section 2, we reformulate this problem in an appropriate Orlicz

space. In Section 3, we prove the existence of a solution for a special deformation of problem (1.1). Theorem 1.1
is proved in Section 4.
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2 Reformulation of the problem and preliminaries
The energy functional associated with (1.1) is
£ 1
I, v) = J;a - k) [VuPdx + L|u|2dx
R R
+ %D;[Va ~ kv?)|Vupdx + %R_[dex - ﬁ!}vmwwmx.

By changing variables, we treated this problem in an Orlicz space. From [20] and [19], we changed
variables as follows:

dz =vV-k~1-kuldu, z=h)= %\/—_ku\/l - ku? + %ln(\/—_ku + 1 - ku?),
dw =V-kV1 - kv?dv, w=h®) = %\/—_kv\/l - kv* + %ln(\/—_kv + V1 - kv?).

Since h is strictly monotone and has a well-defined inverse function u = f(z), v = f(w). Note that

J-ku, [u] < \/; ,
h(u) ~ n(u) = -k~1 - ku?,

2 ’ \ -k’
1
N=kv, v < -
RO = k1 - k2,

BN AN,
2 ’ -k’

\/T
z|z| <
f@~

N kI |2l > \/7

h(v) ~

and

1
@)= h(u) \/—_x/——kvz k1= kf(2)?’
W|w|<<\/T
fw)~
kl W|W|>\/7
1
A = ey e

Also, for some C, > 0 it holds

1 1
_— ¢2
o=
2 1
L B e

> 0,1 =1, 2. Now we introduce the Orlicz space (see [21]):

G(®) = f(O)*~ G(2t) < GG(t),

G(t) is convex, G”(t) =

2
A+
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EeRY) = [ GGy < oo]
RN
equipped with the norm:
lule = inf g1 + [ G(Z G0 .
(>0 N
R
Using this change of variable, we can rewrite the functional L(u, v) as
- £ 1 1 £ 1
Liz,w)== | — |Vzfdx + = | |z]*dx + = | — |Vw]dx
2, w) ZBJNM| | Z[JNII ZRIN\/‘_’f' |
1 2
il 2 — a B
* 3 Jwpax- = [r@rimpax
R R

defined in the space

H =

(@w): [IVzldx < o, [G@)dx <, [ [Fwtdx < o, [ Gw)dx < oo}
RrRY RV RrRY RN

From the definition of G, only radially symmetric functions are in this space, and equipped with the norm:
Iz, w)ll = [IVzllz + IVwll2 + |zlc + [Wle,
where L" is the Lebesgue function space with the norm

1
7

[lurax

[RN

lullyr = Asr<o,

Here are some related facts:

Proposition 2.1.
(i) Eg(RYN) is a Banach space.

(i) If w, — p in EgRN), then [ |G(u,) = G@)ldx — 0 and [olf (1) - f@)Pdx — 0.

@iid) If u,(x) = u(x) ae. in RN and | xG(u,)dx - IRNG(y)dX, then u, — u in EG(RM).

(iv) The dual space EXRM) =L>NI*={v:veL™ _[[Rszdx < oo},

W) If 1 € Eg(RY), then v = G'() = 2f ()f'(u), and |v|gs = supy,_ (v, §) < G(1 + [ xG(u)dx), where C; is
a constant independent of u.

(vi) For N > 2, the map: (i, 4,) = (f(uy), f(u,)) from HE into LIRY) is continuous for 2 < q < 22* and is
compact for 2 < q < 22*.
(vii) Suppose By is the ball with center at the coordinate origin and radius k > 0. Let r < s and Q = B,\B,.

The map: (i, ity) ~ (f(1), f(,)) from H into L9(Q) is compact for q < 2.
Proof. See [20] for the proof of parts (i)—(vi). The proof of part (vii) is similar to the proof of [19]. O

Denote by H? the space of radially symmetric functions in
HY ={u:ue [*RN),Vu € IA([RM).

Throughout this article, we use the standard notations. J H, Eg, L', and ||-|| stand for -IRN’ HYZ EG(RY),

LY(RY), and I'll 2wy, respectively. We use C to denote any constant that is independent of the sequences
considered, and the operation: (a, b)*(a, b) = axa, b*b, where * represents any operation.
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3 Auxiliary problem

In this section, we show some results needed to prove Theorem 1.1. Indeed, we consider a special deformation
H.(z, w) (see (3.1) in the following) of I(z, w) first. The functional H.(z, w) satisfies the PS condition and to
which we can apply the Mountain Pass Theorem. Consequently, H¢(z, w) has a critical point for each & > 0. We
can use it to prove Theorem 1.1 in the next section. In fact, we will see that the functionals I(z, w) and H(z, w)
will coincide for the small values of €. This idea was explored in [19,22].

To do this, we shall consider constants 0 and [ satisfying

0
6-2

4<0<22% [>

Let a; > 0 be the value at which E’Z—?’) = % i = 1,2, where & = a|u|*2u|v|?, & = Blu|*|v|P~?v. Set

&(s), if s < ay
&) = %s, ifs>a,

and define
Y0, 8) = xp&ils) + (1= x)&s),

where y, denotes the characteristic function of the set A, which is a bounded domain. For convenience of later
calculation, let A be a ring domain. Set Yi(x, t;) = onl(x ¢)dg, where i =1,2. Set y(x, sy, $3) =y, (x,81) +
Yo (X, 82),Y(x, 81, 82) = Yi(x, 81) + Ya(x, S,). According to [19], the functions y, Y satisfy the following conditions:

0 < 0Y(X, 51, 52) < Y(X, S, 82)(S1,82), VXEA §<0,i=1,2, 7))
0 < 2Y(x, 51, 52) < Y(X, 1, $2)(51, §2) < %(slz, s?), VXELN,s;€ER,i=12. )
Using the modification, the energy functional I(u, v) becomes
Ho(u, v) = %I(l ~ ku?)|Vupdx + %J’|u|2dx
' %_[(1 ~ k)| Tvtdx + %I|v|2dx - ﬁ_[y(x, u, V)dx.
As in Section 2, we can rewrite the functional H.(u, v) as a new functional H.(z, w) as follows:

Az w =5 [—— J— wzpax + - [iF@)kax
3.1

2
2 ﬁWWde ‘2 firawpax - mIY(x,f(Z),f(W))dx.

H,(z, w) is defined on the Orlicz space HZ. In this section, we shall assume ¢ = 1, H; = H, ; = H.
Some properties of the functional H are stated as follows:

Proposition 3.1.
() H is well defined in H.
(i) H is continuous in H}.
(iii) H is Gateaux-differentiable in H}.

Proof. The proof is similar to the proof of [20]. O

The following theorem is the main result in this section.
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Theorem 3.1. H has a critical point in Hé, that is, there exists (0,0) # (z,w) € Hé such that

1 , 1 ,
J-vmvoax + Jrar@onx + [=wwwpax+ [ranrompax
2
a+p

(3.2)

I)’(X,f @), fW)(f(2), f W) (¢, Y)dx = 0,

for every (¢, ) € HL.

We will use the Mountain Pass Theorem like [23,24]. First, let us define the Mountain Pass value

Co = inf sup  H(y(t, 1)),
YET (41,6)€[0,1]%[0,1]

where
t={y € C(0,1] x [0, 1],H§) :y(0,0) =0, Hy(1, 1) < 0, y(1,1) = 0}.

Next, we will prove Theorem 3.1 by the following lemmas.
Lemma 3.1. The functional H satisfies the Mountain Pass geometry.

Proof. From the definition of Y, we have H(0, 0) = 0. Clearly, there exists (2o, wy) that satisfies H(zy, wp) > 0.
Let e, €5 € ng’r([RN) with e # 0 and supp(e;)) C Q, i=1,2. It is easy to see that H(te;, te;) < 0 for the large

values of t. Consequently, there exists (0, 0) # (z, w) € H(l; such that H(z, w) < 0, where z = h(te;), w = h(tey).
Therefore, the functional H satisfies the Mountain Pass Geometry. O

This lemma guaranties the existence of a (PS)¢, sequence (z,, wy), that is, H(z,, wy,) — Co and H(z,, wy,) — 0.
Lemma 3.2. C is positive.
Proof. Set
1 1
- 1.0+ 2 2dy = 2 - 2 2dy = n2
S, ¢ [(z,w) cH}: sjﬁ V2| dx+jf(z) dx=p ,ej'\/__k V| dx+J'f(w) dx = p ’

where 0 < p < 1.
For (z, w) € S, we have [f(z)2dx < p2, [f(w)%dx < p2. By Holder inequality and continuity of f, we obtain

[r@yrax < Uf (z)zdx]f < po, 3.3)

I
[rowyrax < [If(w)de] <pP. 65
Also, it follows from (y,) and (y,) that

[r e £@, Fowpax = [¥ox @), fawnx + (Y0 f(2), fwnax
i X . 35)
< glff(z)“dx + If(w)ﬁdx] + Z[If(z)de + If(w)de].
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From (3.3), (3.4), and (3.5), we obtain

i 1 1
iz, w) = %Iﬁ vzpax + 3 [if@)pax

1 1
| - wfaxs S Fenpdx - 2 [Y0of@), fmax

2
a+pf

2 2
By —
20 G e P T

2 a
[ (a+ﬁ)l] “@epe?

2 Cp?,

if 0 < p < p, <1 for some p,, then C = (1 -
we have

2
(a+ﬁ)l (a+ﬁ)9)

H.(z, w) = Cp?.
If y(1) = (z, w) and H(y(1)) < 0, then it follows from (3.6) that

1
[ wapax+ [rerax o [ = [Twidx+ [ranrax> g}
thereby giving
sup  H(y(t, 1) 2 sup H(y(t, ) 2 Cpf,
(4,6)€[0,1]%[0,1] Y(t,6)ES,

which combines the definition of Cy, and we have

Co 2 Cpt > 0.

Lemma 3.3. Suppose (z,, wy) is a (PS)c, sequence. The following statements hold:
(i) (2zn, wy) is bounded in H}.
(ii) For each § > 0, there exists R > 0, such that

ﬁ V242 +f<zn)2]dx <,

limsupj

n-+o o

f e +f(wn)2]dx <.

(i) If (zn, wy) converges weakly to (z, w) in H:, then

dim [y0x, (. f ) @) fom)idx = [yx, f@), Fw(F (@), fw)ad

> 0. Hence, for (z,w) € S, with 0 < p < p; <1

(3.6)

(iv) If (24, wy) = 0 converges weakly to (z,w) in HZ, then for every nonnegative test function (¢, ) € H.}

we have

nlilzlo (HI(ZH: Wn): (¢1 w)) = <1;_II(ZJ W)) (¢: w)>
Proof. Since (z,, w,) is a (PS)¢, sequence, we have
Auzn w) = & [ WP + - [Ifaopax + £ [ [vu,Pax
E\“1 n 2 \/—_k n 2 n 2 \/—_k n

+ gfrnpax - 2 Yo fa. i = 6+ o)

3.7
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and

(B2 ), (9, ) = ef 20+ [F(an) ot + ef v
2
a+pf

(3.8

+ [y ampax - ——[yoe, £z, FOF ), W), Y)dx
= o((l(9, WII-

For part (i), pick

6. v) = [% % = (VKT = P2 f @)y VKT = PR ).

It is easy to see that [(¢, Y)|¢ < C |(zn, Wy)|c and

_ku (zn) _kfz (wn)
1 - kf%(zp) 1= kf*(wy)
hence, ||(¢, ¥)|| < C||(zn, Wp)||. Substituting (@, ¥) in (3.8), then

S fom))_ o 1 [, K@
£(@) f(wy) kT 1- K2z

1 _ku(Wn)
wef N [1 e ku(Wn)] Ve + [Fmn)Pax (3.9

2
s 0 F . FomF @), mix

= o(|I(f (), fFw)I).

< (2|Vzy, 2|Vwy)),

Vznl, [1 + [Vwy|

Vo, Vy) = [[1 +

<Hel(zn: W), [ ] |Vz,[*dx + If(Zn)de

It follows from (y,) and (y,) that

=~ 60c, Fan, fmnax + 5 [y0c fan, O @, F @, pax

1(1

> 115 - 3Jwer + repx

(3.10)

Taking into account (3.7), (3.9), and (3.10), we obtain

f(z) f(Wn)]
f'(@n)" f'(wn)
&

> [E - %Jjﬁ IVz2dx + [% - %]J’If(zn)'ZdX

o5 - B[ Epmmax « [ - gfirompax
2

a+f
2e

e 2 1 € 1
P Py | 2 - - = — 2
‘[2 HIIH'VZ"'d“[z G]IJ—_k'VW"'dX
1)1 1

- [1 - 7][5 - 5]j<tf(zn)|2 + F)P)dx.

_ 1/ _
Co + o(D) + o(||(@, W) = He(zn, wn) - 5 <Hsl(zn> W),

+

%)’(X,f (20), fF(W))(f (), f (W) = Y (X, f (), f (W) |dx

Since £ - £ >0 and (1 - (5 - 3) > 0, it follows from the above that [|Vz,2dx + [If (z))Pdx + [|Vw,fdx +

[If wa)Pdx is bounded. It proves part ().
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For part (i), let n, € C*(RY) be a function satisfying 1, = 0 on Bgjz, Mz =1 on B, and |Vi(x)| < %.
It follows from part (i) that (z,, wy) is bounded in Hcl;. Hence, from (3.8) we have

5 f(zn) f(wn) _
<Hf (ot [f'(zn)”R’ Fom)™ > "o

which stands for

1 (. k@) o, e f(z,,)

1 _kfz (wy) £ flwy)
I [1 1 kfz(wn)]lvw’%dex - Jromnx ﬁf )

2
= o e TG O Gn Fmonax.

By (y,), we obtain
Y, f(@zn), fw))(f (z), fF(wy)) < %(f 2zp), f*(Wp)), VX € By,
Therefore,

_kfz(zn) 1 _kfz(Wn)
SJ'\/_—k[l + 1- ku(Zn)Ler%lanx + SI\/—_R [1 + 1- kfz(Wn)

1= |55 e ronagex
€ I[lf(zn)lv [f (W)l

V] dx

(3.11)

SRR o)
s S O s L[ @R + Y@l FomP + FomIix + o),

Vw,,]dx + 0(1)

Also, like [19], it follows from Proposition 2.1(vi) that {f(v,)}, is a bounded sequence in L* N L?2". Hence,
_[([f(z,l)|2 + [f @), If WP + |f(wy)[*)dx is bounded. Therefore, it follows from (3.11) that

ﬁ V2o +f(zn>2]dx <,

1imsupI

—+00
n B,

&
BIC = T + f(wn)Z]dx <.

It proves part (ii).
For part (iii), from part (ii) we know that for each § > 0, there exists R > 0, such that

€ 16
limsup | |—== |Vz,* + f(z )z]dx < — 3.12
I S vl 12
hmsup_[ = [Vl + f (Wn)z]dx s (3.13)
ot Sl V= 4

We might as well make B; C A, R; < R, Bp, C /¢, and it follows from (y,) that

YO f (), fF(W))(f (zn), f (W) < %(f (z)*, f(wp)?), VX € By,
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and from (3.12), (3.13), we obtain

)
timsup 05, ), SO @ o < [ Z] G
n—+o B;
and
§ 6
[y 1@, s @, fomax <[5, 5| 615
B
By (3.14) and (3.15), we have
| [yoc, £, famnre, fannax - [y f@), Fanx @, faax|
1)
< 5+ | 300 £, PO @), f ) = y06, 2D, FONF @), fw))dx 16
Bg, :

+

_[ YOG £ (@20, f W))(f (20), f(Wn)) = y(X, £ (2), f(wW))(f (2), fF(w))dx |.

Bg\Bg,

Because of By, C A,

Y06 £ ), O @), FOun)) < (@), fOu)D),  Vx € By

Then, by the compact embedding theorem and Lebesgue theorem, we obtain a subsequence still denoted by
(f(2n), f(wp)), such that

Iy(x’ f(Zn),f(Wn))(f(Zn),f(Wn))d.X - _[)’(X’f(l), f(W))(f(Z),f(W))d.X (31’7)

Bp, Bg,

It follows from part (vii) of Proposition 2.1 that the map: (i, &1,) = (f(¢), f(i,)) from H} into LY(Bg\Bg,) is
compact for g < 2, combined with (y,), hence

[ y6e £, Fumf ), fwdx ~ [ yex, @), Fa)f(2), fFw)ax. G18)

Bg\Bg, Br\Br,

Considering (3.17) and (3.18), it follows from (3.16) that

o)
[0 £, Fom(f o), fOmax = [yte, £, FnXF@), fowax | < 5

limsup

n—+o

for every § > 0. Consequently,

[y00 £ @), FO)f ), fwax = [yx, @), F(F(), Fw))ix

asn — oIt proves part (iii).
For part (iv), we know f is increasing and f= 0, hence f(z,) 2 0,f(w,) 20 and f(z) 20, f(w) = 0.
For the second term and the fourth term on the right-hand side of (3.8), we have

f@)f ()¢ < f(z)9,
Fwf Wy < fF(w),

and since (z,, w,) — (z, w) weakly in HZ, for the right-hand side of the above two inequalities we have

lim [fzpdx = [f@)pdx

lim [Fupdx = [fonpar.
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By the dominated convergence theorem and the fact that (z,, w,) = (z, w) a.e. in RY, we obtain

Iim [f(a)f @i = [f@)f @pax 519
and
tim [Fw)f (unpax = [y o, (320)

For the fifth term on the right-hand side of (3.8), we have

YO f (20, f W) (f(20), f (W)@, ) < %(f (20), f(W))(@, ¥), VX E K,
and similarly by the dominated convergence theorem, we obtain

3gbmﬂMmeuuuﬂmm¢ww=L@J@JWMﬂnfmm¢wm. 321)
N X

Also, we know
YOG £ (20, f W) (f(2), £ (W))(@, ¥) < (ul*2|vif, [ul[vIF2)(@, ¥), VX E A

and follows from part (vii) of Proposition 2.1 that the map: (i, i&,) —~ (f(1), f(u,)) from H} into LI(A) is
compact for g < 2, hence it follows from the dominated convergence theorem that

i [y06, £ (2o), S @), )@, D)X = [y0u @), fOS @S W@ ). 322)
A A
It follows from (3.8) and (3.24)—(3.27) that
nlirﬂo <H£I(Zn: wy), (@, ¥)) = <Hsl(z: w), (¢, ¥)).
It proves part (iv). O

Lemma 3.4. If (z,, w,) is a (PS)¢, sequence, then (z,, wy) =2 0 converges to (z,w) in H.. Consequently,
H(z, w) = lim,-+H(zn, wy) and H(z, w) = 0.

Proof. It follows from part (i) of Lemma 3.3 that (z,, wy) is bounded in HZ. Hence, there exists (z, w) € H_ such

that, up to a subsequence, (z,, w,) — (z, w) weakly in H} and (z,, w,) = (z, w) a.e. in R¥. We may replace
(zn, wp) by |(zn, wy)|, hence (z,, wy) = 0 and (z, w) 2 0. Since (z,, wy) is a (PS)¢, sequence, we have

[@2ﬂm)>

@) fwn)
IVzafx + [z

O(H(I‘i(zn)afz(wn))”) = <H£,(Zn: W), [

ef P+—W%m
\/__k 1- kfz (zn)

1 _ku (Wn)
+4JJ++1—M%m>

2 {y0x, £z, FW)(f (2, fw))ilx

a+p
> . (3.24)

(3.23)

waw+ﬁmmw

and

f@ fw)
f@ fw)

o(|I(f (@), fFw)I]) = <H£I(zm W),
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It follows from part (iv) of Lemma 3.3 and (3.24) that

o J@ jw)
<H£ (o ) [f’(Z)’ Fw)

f@ f(w)
~kf*(2)

1
=¢f = [1 o kfz(z)] VzPdx + [f(2)%dx

L[, kW)
* E.[ﬁ[l 1= K2 w)
2
s g YOI @ T @) fonax
+ oICF@, FnID.

According to [19], we also have

Il ~kf(2)|Vz[?
7%\ 1- k2

[L [
K1 K w)

Also, lower semi continuity and Fatou lemma imply

o 1 [ -kf?(2,)|Vz, )
<
dx < h,,ril},gfg»[\/—_k[ 1= K2z dx,

o 1 -kfz(Wn)|VWn|2
oc s ntef |

8I|VZ|2dX < liminf £I|Vzn|2dx,

n—+o

£I|Vw|2dx < liminf £I|an|2dx,

n—+co

jG(z)de = liminf IG(zn)de,

n—+oo
JG(w)de = liminf IG(WH)ZdX.
n—+oo
Up to a subsequence one can assume

11minfej|Vz,,|2dx = lim sj|Vzn|2dx,
n—+oo

n—+oo

limianG(zn)de = lim J'G(zn)de,

n-+o n—+oo

1 (K@val). 1
lmint ] = [ A Ll L = [ 1- K2(z,)

There exist nonnegative numbers 6;, §;, and &3 such that

lim &f|Vz,dx = &f|Vzdx + 6,
n—+oo

lim J'G(zn)de = J'G(z)de + 6,

n—+oo

. 1 _ku (Zn)|VZn|2 _ 1
e e e = e

Continuing in this way, we can obtain

lim gj|an|2dx = IlVWlZdX + 81

n-+o

lim [Gwn)dx = [GQw)dx + 6,

n—+o

> - <He'<z, W), [M MD + o(IF @), FnDID

] [VwPdx + [£(w)dx

—kf*(2)|Vzy|* ]dx.

—kf2 2
kf*(@)|Vz| ] ix + 6,

DE GRUYTER

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(33D

(3.32)

(333

(3.34)

(3.35)

(3.36)

(337

(3.38)

(3.39)



DE GRUYTER Existence and properties of soliton solution for quasilinear Schrédinger system == 13

—Kf 2 (W) [V |~ 1 [-kf2(w)|Vw/*
1 - kf2(wy) ]dx_ SIJ—_k[ 1 - kf2(w)

where 67, §;, and 8§ are the nonnegative numbers.
It follows from part (iii) of Lemma 3.3 that

Tim [y0x, (. f ) @ fm)idx = [y0e, f@, F)(F (@), fw)ix,

]dx + 84, (3.40)

which together with (3.23) and (3.25) imply

. 1 _kfz (zn) 1 _kfz(Wn)
nlggo ‘8] ﬁ[l 1o K2 (zn)] Vz,|*dx + If(zn)zdx + gj ﬁ[l t T K (wn)] |Vwp[*dx
+ If (wn)ZdXI (3.41)
= tim [y, Fz), O, f()ax.

n-+o A + ﬁ
Taking into account (3.35)—(3.40), the above limit implies §; = 8, = §3 = 8§ = §; = &3 = 0. Therefore, it follows
from (3.35), (3.36), (3.38), and (3.39) that
lim &f|Vz,dx = [|VzPdx,

n-+o

lim IG(zn)de = jG(z)de,

n-+o

lim | |Vw,[2dx = g] |[Vw|*dx,

n—+o

lim _[G(wn)de = _[G(w)de.

n—+oo
By Proposition 2.1, (z,, wy) = (2, w) in E; and we have (Vz,, Vw,) = (Vz, Vw) in I? x L2, Hence, (z,, wy) — (z, w)
in HZ. O

By Lemmas 3.1, 3.2, and 3.4, we obtain Theorem 3.1.

4 Proof of Theorem 1.1

To prove Theorem 1.1, we need to find a critical point for the functional I. It follows from [19] that the
functionals I, and H, will coincide for the small values of €, every critical point of H, will be a critical point
of L.

Without loss of generality, assume £? instead of € in the functionals H, and L, i.e.,

_ er 1 1 elr 1

Az, w) = [ 1wapax + 3 [ir@pax + 5 [ —1vwpax
2

a+p

1
v 2Jrapax - == fvoor@, raax

and

- 1 gr 1
- 2 il ) - 2
L(z,w) = |Vz|*dx + 2‘[|z| dx + 5 IJ—_k |[Vw|*dx

er 1

7I Jk
1 2

+ g Jwea- L fr@rrmra.
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It follows from Theorem 3.1 that there exists a critical point (z,, w;) € Hé of H, for each € > 0. Set (ug, V) =

(f ze), f (We)).

The following lemmas are crucial for the proof of Theorem 1.1.

Lemma 4.1. The sequence (U, V.o is strongly convergent to (0, 0) whene — 0, in H! x H', ie.,

”(u&‘! Vé‘)”Hle1 - 0, as € = 0.

Proof. Let (0, 0) # (¢, ) € C;» be a nonnegative function with (supp(¢), supp(¥)) C , and Hi((¢, ¥)) < 0.
Set y,(ti, &) = h(tig, t). Hence, we have

He(y,(1, 1)) = He(h(9, ) = He(¢, ¥) < Hi(9, ) < 0.

It follows from the definition of the Mountain Pass value that
Hy(ze, w;)=inf  sup  H(y(t, t))
YET (41,6)€[0,1]x[0,1]

< sup  H(y,(t, &)
(t,12)€[0,1]%[0,1]

= sup  Hi(h(tg, t))

(t,1)€[0,1]%[0,1]

= sup  Hitp, o).

(4,6)€[0,1]x[0,1]
And following the maximum property of function, we obtain

H(zg, wg) < sup He(t9, th)
(t,62)€[0,1]%[0,1]

th tlz
= Sup (~kgDIVpPdx + == | [Vpdx + —- [ p?dx
(t,6)€[0,1]x[ [ J 2 -[ z.[
2t}

2t 2ty ty
e o R [ L

I¢“¢ﬁdx]
-1 4.1

€22 o
< 1 - koMIVoPdx + -L [¢2dx

(I1t2):£}3][ [ 2 .[( *)|Vp|~dx + 2J¢

2

¥ —I(l ky?)|viprdx + Ilﬁzdx at1+t2ﬁ

< 8CA(¢’ lp))

where A(¢, ¥) is a function about (¢, ), C > 4. Now, as in the proof of part (i) of Lemma 3.3 we obtain
f(z) fwy)

f/(zn)’ f/(wn)

1 2 1 1 2 1

N I | L 2 o= _ 2= 2 4.2)
_8[2 ]J’\/__|Vzn|dx+‘~3[2 ]I\/__kanldx

+ [1 - —][— - —]j(lf(zn)F + [fw)P)dx.

I¢awﬁdx]

a2, W) = Ho(zn wa) - 1<H o n>,[

Combining (4.1) and (4.3), we obtain

[— - —]I T Vaax s 32[— - —]j NE
w15 - 2larer + vompacs ecag, v,
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Therefore,

1 2\ 1
R 2
5 G]Iﬁ|an|dx

[P + IFwnRdx < 249, ).

1 2 1
o — 2 2,
[2 G]Iﬁ |Vz,|*dx + &

-

Hence, substituting (ue, v:) = (f(2), f(W;)) in (4.3), then

[+ mepyvuspax + [+ ppivvtax + [(uf + vedx < 249, v).

Therefore,

I(ue, V)llgixgt = 0, as & — 0.
Lemma 4.2. Let N > 2. There is a constant C = Cy, such that
C
0 < ue(x) € —57|ue)llg,  Vx #0,
x|~
C
0 < ve(x) £ —=7 [[e@llgt, VX #0,
x| %
for any (u,v) € H! x H'.

This lemma is liking [25].

Lemma 4.3. For every compact set Q C RY such that Q is nonempty, ||(Ug, Ve)|l1=g)x1=(0) ~ 0 as € = 0.

Proof. For each € > 0, it follows from Lemma 4.2 that

C
0<u(x) < M—NT,ZHME(X)HHl, Vx # 0,

C
0<vx) < lxl—NT_Zva(x)HHl, Vx %0,

which together with the result of Lemma 4.1 obviously means
(e, Vlli=(@)x1=0y = 0, as & = 0.

Next, we prove that Theorem 1.1.

Proof. By Lemma 4.3, we have

maAX(f (o), f(we)) = (0,0), ase—0.

15

4.3

(4.4)

4.5)

From (4.5), VN, N; > 0, there exists & > 0, such that maxyep(f(ze), f(W;)) < (N, Nz) for every 0 < ¢ < &,.

Using the test function (¢, ¥) = [(f(zfs,)(;;)vl)+, v (vafi];;)m* , we obtain
_| g (f(ze) = N)s (f(we) - N).
0= <Hs (Zn, Wn)y f/(zg) ) fl(Wg) ]>
- 1 —kf*(zn) _
B J'\/__k [l * 1- kfz(Zn)] Vzo[dx + If(zn)(f(ze) N).dx
k2 (w,
* EI \/i_k {1 * 1 _]]:f(ZV(VW))] |VWn|2dX + J’f(Wn)(f(We) - N).dx

2
a+p

IY(X,f (2, fW))(f (2e) = N+, (f(We) = N))dx
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_ 1 —kf%(zy)

_Slﬁ[l T1- ku(zro]
1 _kfz(Wn)

' Elﬁ[l RS
2

a+p

VznPdx + [ f(n)(f(ze) = N)dx

RMA

TwnPx + [ Fwn)(Fwe) - N)sdx

RMA

[ 0 £@), FO(f(2e) = N)w, (F ) = W),

RMA
where F = (RMA) U {x : (f(z), f(We)) 2 (Ny, N2)}. From (y,), we have
(F @), fw)((f(2e) = N)+, (f (W) = N)u) = y(X, f(Z0), fFw)I(f(2e) = N)o, (f (W) — N).) 20, Vx € A

Thus,

L[ k@) L[ - m)
J = [1 f1- kf2<zn>] wafaxs e [1 T k2w

] [Vwn*dx = 0,

from which we obtain
(f(ze), f(Wp)) < (N1, Np),  Vx € RMA.
Let (N1, Ny) = (a4, @), therefore
YOG (20), f(wn)) = (af T @0)f P (wn), B @)f P (W), VX € RMA,
and it follows that (H.(z,, wy), (¢, ¥)) = 0, we have

1
-k

e v gdx + [faf Gpax + et Tmupax + [Fouf Gupax

-k

2
= o ﬁ_[(a If @)I**f @If W)lP @, B If @)1 If W) 1P~ wn)$)(f (20, f " (wi))dx,
for every (¢,¥) € H} and 0 < ¢ < &. Therefore, I,(z,w) has a critical point (z,w;) in H} for every
€ € (0, &). (I
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