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Abstract: In this article, we consider the following quasilinear Schrödinger system:
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where > <ε k0, 0 are real constants, ≥N 3, α β, are integers multiple of constant 2. By using the Mountain
Pass Theorem in a suitable Orlicz space proposed by Abbas Moameni [Existence of soliton solutions for
a quasilinear Schrödinger equation involving critical exponent in �N , J. Differential Equations 229
(2006), 570–587], we proved the existence of soliton solution ( )u v,ε ε for the above system, and
( ( ) ( )) ( )→u x v x, 0, 0ε ε as ∣ ∣ →ε 0.
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1 Introduction

We consider the following quasilinear Schrödinger system:
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where ≥N 3, > <ε k0, 0 are the real constants.
In recent years, much more attention has been devoted to the quasilinear Schrödinger system
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Li proved the existence of nontrivial solution by using a change of variable and the Mountain Pass
Theorem when >k 0 is large enough [1]. Let ( ) ( ) ( ) ( )= + = + = −V x λa x V x λb x k1, 1, 11 2 and
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2 , Guo and Tang proved the existence of ground state
solution by using the Nehari manifold method and concentration compactness principle in [2], which is
localized near the potential well { ( )} { ( )}=− −

a bint 0 int 01 1 for λ large enough. In [3], minimax methods in a
suitable Orlicz space were employed to establish the existence of standing wave solution for a quasilinear
Schrödinger system involving subcritical nonlinearities.

For some systems similar to (1.2), Chen and Zhang have done several contributions. In [4], they obtained
the existence of positive ground state solution by using Morse iteration to define a Pohožaev manifold. They
obtained the existence of positive solution by using monotonicity trick and the Morse iteration in [5]. They
proved the existence of ground state solution by minimization under a convenient constraint and concentra-
tion compactness lemma in [6]. They found the existence of ground state solution by establishing a suitable
constraint set and studying related minimization problem in [7].

By establishing a suitable Nehari-Pohožaev-type constraint set and considering related minimization
problem, the existence of ground state solution for a class of systems was proved in [8]. The symmetric
Mountain Pass Theorem was employed to establish the existence of infinitely many solutions for the quasi-
linear Schrödinger system in �N in [9], which involves a parameter α and subcritical nonlinearities. By
developing a new iterative technique and suitable estimation, the existence of the entire radial large solution
was established for the modified quasilinear Schrödinger elliptic system in [10].

The study of System (1.1) was in part motivated by the nonlinear Schrödinger equation:

�( ) (∣ ∣ ) (∣ ∣ ) (∣ ∣ )∂ = − + − − ′ ∈iε z ε z W x z l z z kε h z h z z xΔ Δ , ,N2 2 2 (1.3)

where ( )W x is a given potential, k is a real constant, and l and h are real functions that are essentially
pure power forms. The quasilinear Schrödinger equation (1.3) describes several physical phenomena with
different h, see [11–13] and references therein. We consider the case ( ) ( )= =

−
h s s l s μs,

p 1

2 , and <k 0. Setting
( ) ( ) ( )= −z t x iFt u x, exp , one obtains a corresponding equation of elliptic type which has the formal variational
structure

�( ) ( ∣ ∣ ) ∣ ∣− + − = > ∈−
ε u V x u εk u u μ u u u xΔ Δ , 0, ,p N2 1 (1.4)

where ( ) ( )= −V x W x F is the new potential function. Problem (1.4) has caused a heated discussion. When
>k 0 is small enough, the existence result of multiple solutions was studied via dual approach techniques and

variational methods [14]. The paper [15] established the existence of soliton solution by a minimization
argument. The minimax principles for lower semicontinuous functionals, developed by Szulkin [16], were
used to find solutions in [17]. The Mountain Pass Theorem combined with the principle of symmetric criticality
to establish multiplicity of solutions in [18]. Moameni [19] changed variables to remove nonconvex term and
created a suitable Orlicz space to meet the Mountain Pass Theorem, and proved the existence of soliton
solution for a quasilinear Schrödinger equation involving critical exponent in �N .

Inspired by the above results, we apply the methods in [19] to solve system (1.1) and try to find nonnegative
soliton solution. During this process, it is required that α β, are integers multiple of constant 2.

The main result of this article is the following:

Theorem 1.1. For system (1.1), < ≥k N0, 3, >α 2, >β 2, + <α β 2*, and α β, are integers multiple of constant 2,
then there exists >ε 00 such that for all ( )∈ε ε0, 0 , system (1.1) has a nonnegative solution ( ) ∈u v H,ε ε r

1 and

( ( ) ( )) ( ) ∣ ∣→ →u x v x as ε, 0, 0 , 0.ε ε (1.5)

The article is organized as follows. In Section 2, we reformulate this problem in an appropriate Orlicz
space. In Section 3, we prove the existence of a solution for a special deformation of problem (1.1). Theorem 1.1
is proved in Section 4.
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2 Reformulation of the problem and preliminaries

The energy functional associated with (1.1) is
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By changing variables, we treated this problem in an Orlicz space. From [20] and [19], we changed
variables as follows:
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Since h is strictly monotone and has a well-defined inverse function ( ) ( )= =u f z v f w, . Note that
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Also, for some >C 00 it holds
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1 2 2 , =i 1, 2. Now we introduce the Orlicz space (see [21]):
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From the definition of G, only radially symmetric functions are in this space, and equipped with the norm:
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a constant independent of μ.
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1 2 1 2
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G
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(vii) Suppose Bk is the ball with center at the coordinate origin and radius >k 0. Let <r s and =Q B B\s r.
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Proof. See [20] for the proof of parts (i)–(vi). The proof of part (vii) is similar to the proof of [19]. □

Denote by H
r

1 the space of radially symmetric functions in

� �{ ( ) ( )}= ∈ ∇ ∈H u u L u L: , .N N1,2 2 2

Throughout this article, we use the standard notations. ∫, H
1, EG, L

t, and ∥ ∥⋅ stand for
�
∫ N

, H
1,2, �( )EG

N ,

�( )L
t N , and �∥ ∥ ( )⋅

H
G

N1 , respectively. We use C to denote any constant that is independent of the sequences
considered, and the operation: ( ) ( ) =a b a b a a b b, ⁎ , ⁎ , ⁎ , where ⁎ represents any operation.
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3 Auxiliary problem

In this section, we show some results needed to prove Theorem 1.1. Indeed, we consider a special deformation
( )H z w¯ ,ε (see (3.1) in the following) of ( )I z w¯ ,ε first. The functional ( )H z w¯ ,ε satisfies the PS condition and to

which we can apply the Mountain Pass Theorem. Consequently, ( )H z w¯ ,ε has a critical point for each >ε 0. We
can use it to prove Theorem 1.1 in the next section. In fact, we will see that the functionals ( )I z w¯ ,ε and ( )H z w¯ ,ε

will coincide for the small values of ε. This idea was explored in [19,22].
To do this, we shall consider constants θ and l satisfying
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As in Section 2, we can rewrite the functional ( )H u v,ε as a new functional ( )H z w¯ ,ε as follows:
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( )H z w¯ ,ε is defined on the Orlicz space H
G

1. In this section, we shall assume =ε 1, =H H1 , =H H¯ ¯1 .
Some properties of the functional H̄ are stated as follows:

Proposition 3.1.
(i) H̄ is well defined in H
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1 .
(ii) H̄ is continuous in H
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(iii) H̄ is Gateaux-differentiable in H
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1 .

Proof. The proof is similar to the proof of [20]. □

The following theorem is the main result in this section.
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Theorem 3.1. H̄ has a critical point in H
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From (3.3), (3.4), and (3.5), we obtain
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sequence. The following statements hold:

(i) ( )z w,n n is bounded in H
G

1.
(ii) For each >δ 0, there exists >R 0, such that

∣ ∣ ( )∫ ⎟⎜
⎛
⎝ −

∇ + ⎞
⎠

<
→+∞

ε

k

z f z x δlimsup d ,

n
B

n n

2 2

R

c

∣ ∣ ( )∫ ⎟⎜
⎛
⎝ −

∇ + ⎞
⎠

<
→+∞

ε

k

w f w x δlimsup d .

n
B

n n

2 2

R

c

(iii) If ( )z w,n n converges weakly to ( )z w, in H
G

1, then

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))∫ ∫=
→+∞

y x f z f w f z f w x y x f z f w f z f w xlim , , , d , , , d .
n

n n n n

(iv) If ( ) ≥z w, 0n n converges weakly to ( )z w, in H
G

1, then for every nonnegative test function ( ) ∈ϕ ψ H,
G

1

we have

⟨ ( ) ( )⟩ ⟨ ( ) ( )⟩′ = ′
→+∞

H z w ϕ ψ H z w ϕ ψlim ¯ , , , ¯ , , , .
n

n n

Proof. Since ( )z w,n n is a ( )PS C0
sequence, we have

( ) ∣ ∣ ∣ ( )∣ ∣ ∣

∣ ( )∣ ( ( ) ( )) ( )

∫ ∫ ∫

∫ ∫

=
−

∇ + +
−

∇

+ −
+

= +

H z w

ε

k

z x f z x

ε

k

w x

f w x

α β

Y x f z f w x C o

¯ ,
2

1
d

1

2
d

2

1
d

1

2
d

2
, , d 1

ε n n n n n

n n n

2 2 2

2
0

(3.7)
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and

⟨ ( ) ( )⟩ ( ) ( )

( ) ( ) ( ( ) ( ))( ( ) ( ))( )

(‖( )‖)

∫ ∫ ∫

∫ ∫

′ =
−

∇ ∇ + ′ +
−

∇ ∇

+ ′ −
+

′ ′

=

H z w ϕ ψ ε

k

z ϕ x f z f z ϕ x ε

k

w ψ x

f w f w ψ x

α β

y x f z f w f z f w ϕ ψ x

o ϕ ψ

¯ , , ,
1

d d
1

d

d
2

, , , , d

, .

ε n n n n n

n n n n n n

(3.8)

For part (i), pick

( )
( )

( )

( )

( )
( ( ) ( ) ( ) ( ))⎜ ⎟= ⎛

⎝ ′ ′
⎞
⎠
= − − − −ϕ ψ

f z

f z

f w

f w

k f z f z k f w f w, , 1 , 1 .
n

n

n

n

n n n n

2 2

It is easy to see that ∣( )∣ ∣( )∣≤ϕ ψ C z w, ,G n n G and

( )
( )

( )
∣ ∣

( )

( )
∣ ∣ ( ∣ ∣ ∣ ∣)⎜ ⎟⎜ ⎟ ⎜ ⎟∇ ∇ =

⎛
⎝
⎛
⎝
+

−
−

⎞
⎠
∇ ⎛

⎝
+

−
−

⎞
⎠
∇

⎞
⎠
≤ ∇ ∇ϕ ψ

kf z

kf z

z

kf w

kf w

w z w, 1
1

, 1
1

2 , 2 ,
n

n

n

n

n

n n n

2

2

2

2

hence, ‖( )‖ ‖( )‖≤ϕ ψ C z w, ,n n . Substituting ( )ϕ ψ, in (3.8), then

( )
( )

( )

( )

( )

( )

( )
∣ ∣ ( )

( )

( )
∣ ∣ ( )

( ( ) ( ))( ( ) ( ))

(∥( ( ) ( ))∥)

∫ ∫

∫ ∫

∫

⎜ ⎟ ⎜ ⎟

⎜ ⎟

′ ⎛
⎝ ′ ′

⎞
⎠

=
−

⎛
⎝
+

−
−

⎞
⎠
∇ +

+
−

⎛
⎝
+

−
−

⎞
⎠
∇ +

−
+

=

H z w

f z

f z

f w

f w

ε

k

kf z

kf z

z x f z x

ε

k

kf w

kf w

w x f w x

α β

y x f z f w f z f w x

o f z f w

¯ , , ,
1

1
1

d d

1
1

1
d d

2
, , , d

, .

ε n n

n

n

n

n

n

n

n n

n

n

n n

n n n n

n n

2

2

2 2

2

2

2 2

(3.9)

It follows from ( )y
1

and ( )y
2

that

( ( ) ( )) ( ( ) ( ))( ( ) ( ))( )

(∣ ( )∣ ∣ ( )∣ )

∫ ∫
∫

− + ′ ′

≥ ⎛
⎝ − ⎞

⎠ +

G x f z f w x

θ

y x f z f w f z f w ϕ ψ x

l θ

f z f w x

, , d
1

, , , , d

1 1 1

2
d .

n n n n n n

n n

2 2

(3.10)

Taking into account (3.7), (3.9), and (3.10), we obtain

( ) (‖( )‖) ( ) ( )
( )

( )

( )

( )

∣ ∣ ∣ ( )∣

∣ ∣ ∣ ( )∣

( ( ) ( ))( ( ) ( )) ( ( ) ( ))

∣ ∣ ∣ ∣

(∣ ( )∣ ∣ ( )∣ )

∫ ∫

∫ ∫

∫

∫ ∫

∫

⎜ ⎟+ + = − ′ ⎛
⎝ ′ ′

⎞
⎠

≥ ⎛⎝ − ⎞
⎠ −

∇ + ⎛⎝ − ⎞
⎠

+ ⎛
⎝ − ⎞

⎠ −
∇ + ⎛⎝ − ⎞

⎠

+
+

⎛
⎝ − ⎞

⎠

≥ ⎛⎝ − ⎞
⎠ −

∇ + ⎛⎝ − ⎞
⎠ −

∇

+ ⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠ +

C o o ϕ ψ H z w

θ

H z w

f z

f z

f w

f w

ε ε

θ k

z x

θ

f z x

ε ε

θ k

w x

θ

f w x

α β θ

y x f z f w f z f w Y x f z f w x

ε ε

θ k

z x

ε ε

θ k

w x

l θ

f z f w x

1 , ¯ ,
1

¯ , , ,

2

2 1
d

1

2

1
d

2

2 1
d

1

2

1
d

2 1
, , , , , d

2

2 1
d

2

2 1
d

1
1 1 1

2
d .

ε n n ε n n

n

n

n

n

n n

n n

n n n n n n

n n

n n

0

2 2

2 2

2 2

2 2

Since − > 0
ε ε

θ2

2 and ( )( )− − >1 0
l θ

1 1 1

2
, it follows from the above that ∣ ∣ ∣ ( )∣ ∣ ∣∫ ∫ ∫∇ + + ∇ +z x f z x w xd d dn n n

2 2 2

∣ ( )∣∫ f w xdn

2 is bounded. It proves part (i).
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For part (ii), let �( )∈ ∞
η C

R

N be a function satisfying =η 0
R

on ∕BR 2, =η 1
R

on B
R

c, and ∣ ( )∣∇ ≤η x
R

C

R
.

It follows from part (i) that ( )z w,n n is bounded in H
G

1. Hence, from (3.8) we have

( )
( )

( )

( )

( )
( )⎜ ⎟′ ⎛

⎝ ′ ′
⎞
⎠

=H z w

f z

f z

η

f w

f w

η o¯ , , , 1 ,ε n n

n

n

R

n

n

R

which stands for

( )

( )
∣ ∣ ( )

( )

( )

( )

( )
∣ ∣ ( )

( )

( )

( ( ) ( ))( ( ) ( ) )

∫ ∫ ∫

∫ ∫ ∫

∫

⎜ ⎟

⎜ ⎟

−
⎛
⎝
+

−
−

⎞
⎠
∇ + +

− ′
∇ ∇

+
−

⎛
⎝
+

−
−

⎞
⎠
∇ + +

− ′
∇ ∇

=
+

ε

k

kf z

kf z

z η x f z η x

ε

k

f z

f z

z η x

ε

k

kf w

kf w

w η x f w η x

ε

k

f w

f w

w η x

α β

y x f z f w f z η f w η x

1
1

1
d d d

1
1

1
d d d

2
, , , d .

n

n

n R n R

n

n

n R

n

n

n R n R

n

n

n R

n n n R n R

2

2

2 2

2

2

2 2

By ( )y
2
, we obtain

( ( ) ( ))( ( ) ( )) ( ( ) ( ))≤ ∀ ∈ ∕y x f z f w f z f w

l

f z f w x B, , ,
1

, , .n n n n n n R

c2 2
2

Therefore,

( )

( )
∣ ∣

( )

( )
∣ ∣

( ( ) ( ) )

∣ ( )∣

( )

∣ ( )∣

( )
( )

( ) (∣ ( )∣ ∣ ( )∣ ∣ ( )∣ ∣ ( )∣ ) ( )

∫ ∫

∫

∫

∫ ∫

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟

−
⎛
⎝
+

−
−

⎞
⎠
∇ +

−
⎛
⎝
+

−
−

⎞
⎠
∇

+ ⎛
⎝ − ⎞

⎠
⎛
⎝ +

⎞
⎠

≤
−

⎛
⎝ ′

∇
′

∇ ⎞
⎠

+

≤
−

∇ ∇ +
−

+ + +

ε

k

kf z

kf z

z η x ε

k

kf w

kf w

w η x

l α β

f z η f w η x

ε

k

C

R

f z

f z

z

f w

f w

w x o

ε

k

C

R

z w x

ε

k

C

R

f z f z f w f w x o

1
1

1
d

1
1

1
d

1
1 2

, d

, d 1

, d , d 1 .

n

n

n R

n

n

n R

n R n R

n

n

n

n

n

n

n n n n n n

2

2

2

2

2

2

2 2

2 4 2 4

(3.11)

Also, like [19], it follows from Proposition 2.1(vi) that { ( )}f vn n is a bounded sequence in ∩L L
2 22*. Hence,

(∣ ( )∣ ∣ ( )∣ ∣ ( )∣ ∣ ( )∣ )∫ + +f z f z f w f w x, dn n n n

2 4 2 4 is bounded. Therefore, it follows from (3.11) that

∣ ∣ ( )∫ ⎟⎜
⎛
⎝ −

∇ + ⎞
⎠

<
→+∞

ε

k

z f z x δlimsup d ,

n
B

n n

2 2

R

c

∣ ∣ ( )∫ ⎟⎜
⎛
⎝ −

∇ + ⎞
⎠

<
→+∞

ε

k

w f w x δlimsup d .

n
B

n n

2 2

R

c

It proves part (ii).
For part (iii), from part (ii) we know that for each >δ 0, there exists >R 0, such that

∣ ∣ ( )∫ ⎟⎜
⎛
⎝ −

∇ + ⎞
⎠

<
→+∞

ε

k

z f z x

lδ

limsup d
4

,

n
B

n n

2 2

R

c

(3.12)

∣ ∣ ( )∫ ⎟⎜
⎛
⎝ −

∇ + ⎞
⎠

<
→+∞

ε

k

w f w x

lδ

limsup d
4

.

n
B

n n

2 2

R

c

(3.13)

We might as well make ⊆ < ⊂B R R BΛ , , Λ
R

c c

R

c

1 1
, and it follows from ( )y

2
that

( ( ) ( ))( ( ) ( )) ( ( ) ( ) )≤ ∀ ∈y x f z f w f z f w

l

f z f w x B, , ,
1

, , ,n n n n n n R

c2 2
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and from (3.12), (3.13), we obtain

( ( ) ( ))( ( ) ( ))∫ ≤ ⎛⎝
⎞
⎠→+∞

y x f z f w f z f w x

δ δ

limsup , , , d
4

,
4

n
B

n n n n

R

c

(3.14)

and

( ( ) ( ))( ( ) ( ))∫ ≤ ⎛⎝
⎞
⎠y x f z f w f z f w x

δ δ

, , , d
4

,
4

.

B
R

c

(3.15)

By (3.14) and (3.15), we have

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))

∫ ∫

∫

∫

−

≤ + −

+ −

y x f z f w f z f w x y x f z f w f z f w x

δ

y x f z f w f z f w y x f z f w f z f w x

y x f z f w f z f w y x f z f w f z f w x

, , , d , , , d

2
, , , , , , d

, , , , , , d .

n n n n

B

n n n n

B B

n n n n

\

R

R R

1

1

(3.16)

Because of ⊂B ΛR

c

1
,

( ( ) ( ))( ( ) ( )) ( ( ) ( ) )≤ ∀ ∈y x f z f w f z f w

l

f z f w x B, , ,
1

, , .n n n n n n R

2 2

1

Then, by the compact embedding theorem and Lebesgue theorem, we obtain a subsequence still denoted by
( ( ) ( ))f z f w,n n , such that

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))∫ ∫→y x f z f w f z f w x y x f z f w f z f w x, , , d , , , d .

B

n n n n

B
R R1 1

(3.17)

It follows from part (vii) of Proposition 2.1 that the map: ( ) ( ( ) ( ))→μ μ f μ f μ, ,
1 2 1 2

from H
G

1 into ( )L B B\q

R R1
is

compact for ≤q 2, combined with ( )y
2
, hence

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))∫ ∫→y x f z f w f z f w x y x f z f w f z f w x, , , d , , , d .

B B

n n n n

B B\ ¯ \ ¯R R R R1 1

(3.18)

Considering (3.17) and (3.18), it follows from (3.16) that

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))∫ ∫− ≤
→+∞

y x f z f w f z f w x y x f z f w f z f w x

δ

limsup , , , d , , , d
2

n

n n n n

for every >δ 0. Consequently,

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))∫ ∫→y x f z f w f z f w x y x f z f w f z f w x, , , d , , , dn n n n

as → ∞n . It proves part (iii).
For part (iv), we know f is increasing and =f 0, hence ( ) ( )≥ ≥f z f w0, 0n n and ( ) ( )≥ ≥f z f w0, 0.

For the second term and the fourth term on the right-hand side of (3.8), we have

( ) ( ) ( )′ ≤f z f z ϕ f z ϕ,n n n

( ) ( ) ( )′ ≤f w f w ψ f w ψ,n n n

and since ( ) ( )⇀z w z w, ,n n weakly in H
G

1, for the right-hand side of the above two inequalities we have

( ) ( )∫ ∫=
→+∞

f z ϕ x f z ϕ xlim d d ,
n

n

( ) ( )∫ ∫=
→+∞

f w ψ x f w ψ xlim d d .
n

n
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By the dominated convergence theorem and the fact that ( ) ( )→z w z w, ,n n a.e. in �N , we obtain

( ) ( ) ( ) ( )∫ ∫′ = ′
→+∞

f z f z ϕ x f z f z ϕ xlim d d
n

n n (3.19)

and

( ) ( ) ( ) ( )∫ ∫′ = ′
→+∞

f w f w ψ x f w f w ψ xlim d d .
n

n n (3.20)

For the fifth term on the right-hand side of (3.8), we have

( ( ) ( ))( ( ) ( ))( ) ( ( ) ( ))( )′ ′ ≤ ∀ ∈y x f z f w f z f w ϕ ψ

l

f z f w ϕ ψ x, , , ,
1

, , , Λ ,n n n n n n

c

and similarly by the dominated convergence theorem, we obtain

( ( ) ( ))( ( ) ( ))( ) ( ( ) ( ))( ( ) ( ))( )∫ ∫′ ′ = ′ ′
→+∞

y x f z f w f z f w ϕ ψ x y x f z f w f z f w ϕ ψ xlim , , , , d , , , , d .
n

n n n n

Λ Λ
c c

(3.21)

Also, we know

( ( ) ( ))( ( ) ( ))( ) (∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ )( )′ ′ ≤ ∀ ∈− −
y x f z f w f z f w ϕ ψ u v u v ϕ ψ x, , , , , , , Λn n n n

α β α β2 2

and follows from part (vii) of Proposition 2.1 that the map: ( ) ( ( ) ( ))→μ μ f μ f μ, ,
1 2 1 2

from H
G

1 into ( )L Λq is
compact for ≤q 2, hence it follows from the dominated convergence theorem that

( ( ) ( ))( ( ) ( ))( ) ( ( ) ( ))( ( ) ( ))( )∫ ∫′ ′ = ′ ′
→+∞

y x f z f w f z f w ϕ ψ x y x f z f w f z f w ϕ ψ xlim , , , , d , , , , d .
n

n n n n

Λ Λ

(3.22)

It follows from (3.8) and (3.24)–(3.27) that

⟨ ( ) ( )⟩ ⟨ ( ) ( )⟩′ = ′
→+∞

H z w ϕ ψ H z w ϕ ψlim ¯ , , , ¯ , , , .
n

ε n n ε

It proves part (iv). □

Lemma 3.4. If ( )z w,n n is a ( )PS C0
sequence, then ( ) ≥z w, 0n n converges to ( )z w, in H

G

1. Consequently,
( ) ( )= →+∞H z w H z w¯ , lim ¯ ,n n n and ( )′ =H z w¯ , 0.

Proof. It follows from part (i) of Lemma 3.3 that ( )z w,n n is bounded in H
G

1. Hence, there exists ( ) ∈z w H,
G

1 such
that, up to a subsequence, ( ) ( )⇀z w z w, ,n n weakly in H

G

1 and ( ) ( )→z w z w, ,n n a.e. in �N . We may replace
( )z w,n n by ∣( )∣z w,n n , hence ( ) ≥z w, 0n n and ( ) ≥z w, 0. Since ( )z w,n n is a ( )PS C0

sequence, we have

(‖( ( ) ( ))‖) ( )
( )

( )

( )

( )

( )

( )
∣ ∣ ( )

( )

( )
∣ ∣ ( )

( ( ) ( ))( ( ) ( ))

∫ ∫

∫ ∫

∫

⎜ ⎟

⎜ ⎟

⎜ ⎟

= ′ ⎛
⎝ ′ ′

⎞
⎠

=
−

⎛
⎝
+

−
−

⎞
⎠
∇ +

+
−

⎛
⎝
+

−
−

⎞
⎠
∇ +

−
+

o f z f w H z w

f z

f z

f w

f w

ε

k

kf z

kf z

z x f z x

ε

k

kf w

kf w

w x f w x

α β

y x f z f w f z f w x

, ¯ , , ,

1
1

1
d d

1
1

1
d d

2
, , , d

n n ε n n

n

n

n

n

n

n

n n

n

n

n n

n n n n

1 2

2

2

2 2

2

2

2 2

(3.23)

and

(‖( ( ) ( ))‖) ( )
( )

( )

( )

( )
⎜ ⎟= ′ ⎛
⎝ ′ ′

⎞
⎠

o f z f w H z w

f z

f z

f w

f w

, ¯ , , , .ε n n
(3.24)
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It follows from part (iv) of Lemma 3.3 and (3.24) that

( )
( )

( )

( )

( )
( )

( )

( )

( )

( )
(‖( ( ) ( ))‖)

( )

( )
∣ ∣ ( )

( )

( )
∣ ∣ ( )

( ( ) ( ))( ( ) ( ))

(‖( ( ) ( ))‖)

∫ ∫

∫ ∫

∫

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟

′ ⎛
⎝ ′ ′

⎞
⎠

= ′ ⎛
⎝ ′ ′

⎞
⎠

+

=
−

⎛
⎝
+

−
−

⎞
⎠
∇ +

+
−

⎛
⎝
+

−
−

⎞
⎠
∇ +

−
+

+

H z w

f z

f z

f w

f w

H z w

f z

f z

f w

f w

o f z f w

ε

k

kf z

kf z

z x f z x

ε

k

kf w

kf w

w x f w x

α β

y x f z f w f z f w x

o f z f w

¯ , , , ¯ , , , ,

1
1

1
d d

1
1

1
d d

2
, , , d

, .

ε n n ε

2

2

2 2

2

2

2 2

(3.25)

According to [19], we also have

( )∣ ∣

( )

( )∣ ∣

( )
∫ ∫⎜ ⎟ ⎜ ⎟

−
⎛
⎝
− ∇
−

⎞
⎠

≤
−

⎛
⎝
− ∇

−
⎞
⎠→+∞

ε

k

kf z z

kf z

x ε

k

kf z z

kf z

x

1

1
d liminf

1

1
d ,

n

n n

n

2 2

2

2 2

2
(3.26)

( )∣ ∣

( )

( )∣ ∣

( )
∫ ∫⎜ ⎟ ⎜ ⎟

−
⎛
⎝
− ∇

−
⎞
⎠

≤
−

⎛
⎝
− ∇

−
⎞
⎠→+∞

ε

k

kf w w

kf w

x ε

k

kf w w

kf w

x

1

1
d liminf

1

1
d .

n

n n

n

2 2

2

2 2

2
(3.27)

Also, lower semi continuity and Fatou lemma imply

∣ ∣ ∣ ∣∫ ∫∇ ≤ ∇
→+∞

ε z x ε z xd liminf d ,
n

n

2 2 (3.28)

∣ ∣ ∣ ∣∫ ∫∇ ≤ ∇
→+∞

ε w x ε w xd liminf d ,
n

n

2 2 (3.29)

( ) ( )∫ ∫=
→+∞

G z x G z xd liminf d ,
n

n

2 2 (3.30)

( ) ( )∫ ∫=
→+∞

G w x G w xd liminf d .
n

n

2 2 (3.31)

Up to a subsequence one can assume

∣ ∣ ∣ ∣∫ ∫∇ = ∇
→+∞ →+∞

ε z x ε z xliminf d lim d ,
n

n

n

n

2 2 (3.32)

( ) ( )∫ ∫=
→+∞ →+∞

G z x G z xliminf d lim d ,
n

n

n

n

2 2 (3.33)

( )∣ ∣

( )

( )∣ ∣

( )
∫ ∫⎜ ⎟ ⎜ ⎟

−
⎛
⎝
− ∇

−
⎞
⎠

=
−

⎛
⎝
− ∇

−
⎞
⎠→+∞ →+∞

ε

k

kf z z

kf z

x ε

k

kf z z

kf z

xliminf
1

1
d lim

1

1
d .

n

n n

n n

n n

n

2 2

2

2 2

2
(3.34)

There exist nonnegative numbers δ1, δ2, and δ3 such that

∣ ∣ ∣ ∣∫ ∫∇ = ∇ +
→+∞

ε z x ε z x δlim d d ,
n

n

2 2
1 (3.35)

( ) ( )∫ ∫= +
→+∞

G z x G z x δlim d d ,
n

n

2 2
2 (3.36)

( )∣ ∣

( )

( )∣ ∣

( )
∫ ∫⎜ ⎟ ⎜ ⎟

−
⎛
⎝
− ∇

−
⎞
⎠

=
−

⎛
⎝
− ∇
−

⎞
⎠

+
→+∞

ε

k

kf z z

kf z

x ε

k

kf z z

kf z

x δlim
1

1
d

1

1
d .

n

n n

n

2 2

2

2 2

2 3 (3.37)

Continuing in this way, we can obtain

∣ ∣ ∣ ∣∫ ∫∇ = ∇ + ′
→+∞

ε w x ε w x δlim d d ,
n

n

2 2
1 (3.38)

( ) ( )∫ ∫= + ′
→+∞

G w x G w x δlim d d ,
n

n

2 2
2 (3.39)
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( )∣ ∣

( )

( )∣ ∣

( )
∫ ∫⎜ ⎟ ⎜ ⎟

−
⎛
⎝
− ∇

−
⎞
⎠

=
−

⎛
⎝
− ∇

−
⎞
⎠

+ ′
→+∞

ε

k

kf w w

kf w

x ε

k

kf w w

kf w

x δlim
1

1
d

1

1
d ,

n

n n

n

2 2

2

2 2

2 3
(3.40)

where ′δ1 , ′δ2 , and ′δ3 are the nonnegative numbers.
It follows from part (iii) of Lemma 3.3 that

( ( ) ( ))( ( ) ( )) ( ( ) ( ))( ( ) ( ))∫ ∫=
→+∞

y x f z f w f z f w x y x f z f w f z f w xlim , , , d , , , d ,
n

n n n n

which together with (3.23) and (3.25) imply

( )

( )
∣ ∣ ( )

( )

( )
∣ ∣

( )

( ( ) ( ))( ( ) ( ))

∫ ∫ ∫

∫

∫

⎜ ⎟ ⎜ ⎟
⎧
⎨
⎩ −

⎛
⎝
+

−
−

⎞
⎠
∇ + +

−
⎛
⎝
+

−
−

⎞
⎠
∇

+
⎫
⎬
⎭

=
+

→+∞

→+∞

ε

k

kf z

kf z

z x f z x ε

k

kf w

kf w

w x

f w x

α β

y x f z f w f z f w x

lim
1

1
1

d d
1

1
1

d

d

lim
2

, , , d .

n

n

n

n n

n

n

n

n

n

n n n n

2

2

2 2

2

2

2

2 (3.41)

Taking into account (3.35)–(3.40), the above limit implies = = = ′ = ′ = ′ =δ δ δ δ δ δ 01 2 3 1 2 3 . Therefore, it follows
from (3.35), (3.36), (3.38), and (3.39) that

∣ ∣ ∣ ∣

( ) ( )

∣ ∣ ∣ ∣

( ) ( )

∫ ∫
∫ ∫
∫ ∫
∫ ∫

∇ = ∇

=

∇ = ∇

=

→+∞

→+∞

→+∞

→+∞

ε z x ε z x

G z x G z x

ε w x ε w x

G w x G w x

lim d d ,

lim d d ,

lim d d ,

lim d d .

n

n

n

n

n

n

n

n

2 2

2 2

2 2

2 2

By Proposition 2.1, ( ) ( )→z w z w, ,n n in EG and we have ( ) ( )∇ ∇ → ∇ ∇z w z w, ,n n in ×L L
2 2. Hence, ( ) ( )→z w z w, ,n n

in H
G

1. □

By Lemmas 3.1, 3.2, and 3.4, we obtain Theorem 3.1.

4 Proof of Theorem 1.1

To prove Theorem 1.1, we need to find a critical point for the functional Īε. It follows from [19] that the
functionals Īε and H̄ε will coincide for the small values of ε, every critical point of H̄ε will be a critical point
of Īε.

Without loss of generality, assume ε
2 instead of ε in the functionals H̄ε and Īε, i.e.,

( ) ∣ ∣ ∣ ( )∣ ∣ ∣

∣ ( )∣ ( ( ) ( ))

∫ ∫ ∫

∫ ∫

=
−

∇ + +
−

∇

+ −
+

H z w

ε

k

z x f z x

ε

k

w x

f w x

α β

Y x f z f w x

¯ ,
2

1
d

1

2
d

2

1
d

1

2
d

2
, , d ,

ε

2

2 2

2

2

2

and

( ) ∣ ∣ ∣ ∣ ∣ ∣

∣ ∣ ∣ ( )∣ ∣ ( )∣

∫ ∫ ∫

∫ ∫

=
−

∇ + +
−

∇

+ −
+

I z w

ε

k

z x z x

ε

k

w x

w x

α β

f z f w x

¯ ,
2

1
d

1

2
d

2

1
d

1

2
d

2
d .

ε

α β

2

2 2

2

2

2
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It follows from Theorem 3.1 that there exists a critical point ( ) ∈z w H,ε ε G

1 of H̄ε for each >ε 0. Set ( ) =u v,ε ε

( ( ) ( ))f z f w,ε ε .
The following lemmas are crucial for the proof of Theorem 1.1.

Lemma 4.1. The sequence ( ) >u v,ε ε ε 0 is strongly convergent to ( )0, 0 when →ε 0, in ×H H
1 1, i.e.,

‖( )‖ → →×u v as ε, 0, 0.ε ε H H
1 1

Proof. Let ( ) ( )≢ ∈ ∞
ϕ ψ C0, 0 ,

r0, be a nonnegative function with ( ( ) ( )) ⊂ϕ ψsupp , supp Ω, and (( )) ≤H ϕ ψ, 01 .
Set ( ) ( )≔γ t t h t ϕ t ψ, ,

1 1 2 1 2 . Hence, we have

( ( )) ( ( )) ( ) ( )= = ≤ ≤H γ H h ϕ ψ H ϕ ψ H ϕ ψ¯ 1, 1 ¯ , , , 0.ε ε ε1 1

It follows from the definition of the Mountain Pass value that

( ) ( ( ))

( ( ))

( ( ))

( )

( ) [ ] [ ]

( ) [ ] [ ]

( ) [ ] [ ]

( ) [ ] [ ]

=

≤

=

=

∈ ∈ ×

∈ ×

∈ ×

∈ ×

H z w H γ t t

H γ t t

H h t ϕ t ψ

H t ϕ t ψ

¯ , inf sup ¯ ,

sup ¯ ,

sup ¯ ,

sup , .

ε ε ε

γ τ t t

ε

t t

ε

t t

ε

t t

ε

, 0,1 0,1

1 2

, 0,1 0,1

1 1 2

, 0,1 0,1

1 2

, 0,1 0,1

1 2

1 2

1 2

1 2

1 2

And following the maximum property of function, we obtain

( ) ( )

( )∣ ∣ ∣ ∣

( )∣ ∣ ∣ ∣
( )

( )∣ ∣

( )∣ ∣

( )

( ) [ ] [ ]

( ) [ ] [ ]

( ) [ ] [ ]

∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫

∫ ∫ ∫

≤

=
⎧
⎨
⎩

− ∇ + ∇ +

+ − ∇ + ∇ + −
+

⎫
⎬
⎭

≤
⎧
⎨
⎩

− ∇ +

+ − ∇ + −
+

⎫
⎬
⎭

≤

∈ ×

∈ ×

∈ ×

H z w H t ϕ t ψ

ε t

kϕ ϕ x

ε t

ϕ x

t

ϕ x

ε t

kψ ψ x

ε t

ψ x

t

ψ x

t t

α β

ϕ ψ x

ε t

kϕ ϕ x

t

ϕ x

ε t

kψ ψ x

t

ψ x

t t

α β

ϕ ψ x

ε A ϕ ψ

¯ , sup ,

sup
2

d
2

d
2

d

2
d

2
d

2
d

2
d

sup
2

1 d
2

d

2
1 d

2
d

2
d

, ,

ε ε ε

t t

ε

t t

α β

α β

t t

α β

α β

C

, 0,1 0,1

1 2

, 0,1 0,1

2
1

4

2 2

2
1

2

2 1

2

2

2
2

4

2 2

2
2

2

2 2

2

2 1 2

, 0,1 0,1

2
1

2

2 2 1

2

2

2
2

2

2 2 2

2

2 1 2

1 2

1 2

1 2

(4.1)

where ( )A ϕ ψ, is a function about ( )ϕ ψ, , >C 4. Now, as in the proof of part (i) of Lemma 3.3 we obtain

( ) ( ) ( )
( )

( )

( )

( )

∣ ∣ ∣ ∣

(∣ ( )∣ ∣ ( )∣ )

∫ ∫

∫

⎜ ⎟= − ′ ⎛
⎝ ′ ′

⎞
⎠

≥ ⎛
⎝ − ⎞

⎠ −
∇ + ⎛

⎝ − ⎞
⎠ −

∇

+ ⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠ +

H z w H z w

θ

H z w

f z

f z

f w

f w

ε

θ k

z x ε

θ k

w x

l θ

f z f w x

¯ , ¯ ,
1

¯ , , ,

1

2

2 1
d

1

2

2 1
d

1
1 1 1

2
d .

ε n n ε n n ε n n

n

n

n

n

n n

n n

2 2 2 2

2 2

(4.2)

Combining (4.1) and (4.3), we obtain

∣ ∣ ∣ ∣

(∣ ( )∣ ∣ ( )∣ ) ( )

∫ ∫

∫

⎛
⎝ − ⎞

⎠ −
∇ + ⎛

⎝ − ⎞
⎠ −

∇

+ ⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠ + ≤

ε

θ k

z x ε

θ k

w x

l θ

f z f w x ε A ϕ ψ

1

2

2 1
d

1

2

2 1
d

1
1 1 1

2
d , .

n n

n n

C

2 2 2 2

2 2
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Therefore,

∣ ∣ ∣ ∣

(∣ ( )∣ ∣ ( )∣ ) ( )

∫ ∫

∫

⎛
⎝ − ⎞

⎠ −
∇ + ⎛

⎝ − ⎞
⎠ −

∇

+ ⎛
⎝ − ⎞

⎠
⎛
⎝ − ⎞

⎠ + ≤ −

θ k

z x ε

θ k

w x

l θ

f z f w x ε A ϕ ψ

1

2

2 1
d

1

2

2 1
d

1
1 1 1

2
d , .

n n

n n

C

2 2 2

2 2 2

(4.3)

Hence, substituting ( ) ( ( ) ( ))=u v f z f w, ,ε ε ε ε in (4.3), then

( ∣ ∣ )∣ ∣ ( ∣ ∣ )∣ ∣ (∣ ∣ ∣ ∣ ) ( )∫ ∫ ∫+ ∇ + + ∇ + + ≤ −
u u x v v x u v x Cε A ϕ ψ1 d 1 d d , .ε ε ε ε ε ε

C2 2 2 2 2 2 2 (4.4)

Therefore,
‖( )‖ → →×u v ε, 0, as 0.ε ε H H

1 1 □

Lemma 4.2. Let >N 2. There is a constant =C CN , such that

( )
∣ ∣

‖ ( )‖

( )
∣ ∣

‖ ( )‖

≤ ≤ ∀ ≠

≤ ≤ ∀ ≠

−

−

u x

C

x

u x x

v x

C

x

v x x

0 , 0,

0 , 0,

ε ε H

ε ε H

N

N

N

N

2
1

2
1

for any ( ) ∈ ×u v H H,
r r

1 1.

This lemma is liking [25].

Lemma 4.3. For every compact set �⊂Q
N such that Q is nonempty, ‖( )‖ ( ) ( ) →×∞ ∞u v, 0ε ε L Q L Q as →ε 0.

Proof. For each >ε 0, it follows from Lemma 4.2 that

( )
∣ ∣

‖ ( )‖≤ ≤ ∀ ≠−u x

C

x

u x x0 , 0,ε ε HN

N

2
1

( )
∣ ∣

‖ ( )‖≤ ≤ ∀ ≠−v x

C

x

v x x0 , 0,ε ε HN

N

2
1

which together with the result of Lemma 4.1 obviously means

‖( )‖ ( ) ( ) → →×∞ ∞u v ε, 0, as 0.ε ε L Q L Q □

Next, we prove that Theorem 1.1.

Proof. By Lemma 4.3, we have

( ( ) ( )) ( )→ →
∈

f z f w εmax , 0, 0 , as 0.
x

ε ε

Λ
(4.5)

From (4.5), ∀ >N N, 01 2 , there exists >ε 00 , such that ( ( ) ( )) ( )<∈ f z f w N Nmax , ,x ε εΛ 1 2 for every < <ε ε0 0.

Using the test function ( )
( ( ) )

( )

( ( ) )

( )
= ⎛⎝

⎞
⎠

−
′

−
′

+ +
ϕ ψ, ,

f z N

f z

f w N

f w

ε

ε

ε

ε

1 2 , we obtain

( )
( ( ) )

( )

( ( ) )

( )

( )

( )
∣ ∣ ( )( ( ) )

( )

( )
∣ ∣ ( )( ( ) )

( ( ) ( ))(( ( ) ) ( ( ) ) )

∫ ∫

∫ ∫

∫

⎜ ⎟

⎜ ⎟

⎜ ⎟

= ′ ⎛
⎝

−
′

−
′

⎞
⎠

=
−

⎛
⎝
+

−
−

⎞
⎠
∇ + −

+
−

⎛
⎝
+

−
−

⎞
⎠
∇ + −

−
+

− −

+ +

+

+

+ +

H z w

f z N

f z

f w N

f w

ε

k

kf z

kf z

z x f z f z N x

ε

k

kf w

kf w

w x f w f w N x

α β

y x f z f w f z N f w N x

0 ¯ , , ,

1
1

1
d d

1
1

1
d d

2
, , , d

ε n n

ε

ε

ε

ε

n

n

n n ε

n

n

n n ε

n n ε ε

2

2

2

2

2

2
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�

�

�

( )

( )
∣ ∣ ( )( ( ) )

( )

( )
∣ ∣ ( )( ( ) )

( ( ) ( ))(( ( ) ) ( ( ) ) )

∫ ∫

∫ ∫

∫

⎜ ⎟

⎜ ⎟

=
−

⎛
⎝
+

−
−

⎞
⎠
∇ + −

+
−

⎛
⎝
+

−
−

⎞
⎠
∇ + −

−
+

− −

+

+

+ +

ε

k

kf z

kf z

z x f z f z N x

ε

k

kf w

kf w

w x f w f w N x

α β

y x f z f w f z N f w N x

1
1

1
d d

1
1

1
d d

2
, , , d ,

F

n

n

n n ε

F

n

n

n n ε

n n ε ε

2

2

2

\Λ̄

2

2

2

\Λ̄

\Λ̄

N

N

N

where �( ) { ( ( ) ( )) ( )}= ∪ ≥F x f z f w N N\Λ̄ : , ,N

ε ε 1 2 . From ( )y
2
, we have

( ( ) ( ))(( ( ) ) ( ( ) ) ) ( ( ) ( ))(( ( ) ) ( ( ) ) )− − − − − ≥ ∀ ∈+ + + +f z f w f z N f w N y x f z f w f z N f w N x, , , , , 0, Λ .n n ε ε n n ε ε

c

Thus,

( )

( )
∣ ∣

( )

( )
∣ ∣∫ ∫⎜ ⎟ ⎜ ⎟

−
⎛
⎝
+

−
−

⎞
⎠
∇ +

−
⎛
⎝
+

−
−

⎞
⎠
∇ =ε

k

kf z

kf z

z x ε

k

kf w

kf w

w x

1
1

1
d

1
1

1
d 0,

F

n

n

n

F

n

n

n

2

2

2

2

2

2

from which we obtain

�( ( ) ( )) ( )≤ ∀ ∈f z f w N N x, , , \Λ̄.ε ε

N

1 2

Let ( ) ( )=N N a a, ,1 2 1 2 , therefore

�( ( ) ( )) ( ( ) ( ) ( ) ( ))= ∀ ∈− −
y x f z f w αf z f w βf z f w x, , , , \Λ̄,n n

α

n

β

n

α

n

β

n

N1 1

and it follows that ⟨ ( ) ( )⟩′ =H z w ϕ ψ¯ , , , 0ε n n , we have

( ) ( ) ( ) ( )

( ∣ ( )∣ ( )∣ ( )∣ ∣ ( )∣ ∣ ( )∣ ( ) )( ( ) ( ))

∫ ∫ ∫ ∫

∫
−

∇ ∇ + ′ +
−

∇ ∇ + ′

=
+

′ ′− −

ε

k

z ϕ x f z f z ϕ x ε

k

w ψ x f w f w ψ x

α β

α f z f z f w ϕ β f z f w f w ψ f z f w x

1
d d

1
d d

2
, , d ,

ε ε ε ε ε ε

n

α

n n

β

n

α

n

β

n n n

2 2

2 2

for every ( ) ∈ϕ ψ H,
G

1 and < <ε ε0 0. Therefore, ( )I z w¯ ,ε has a critical point ( )z w,ε ε in H
G

1 for every
( )∈ε ε0, 0 . □
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