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Abstract: For a given sequence a = (aj, ...,a,) € R", our aim is to obtain an estimate of E, = |~ 5 .- ;Z;Lla,- .

Several classes of sequences are studied. For each class, an estimate of E, is obtained. We also introduce
the class of convex matrices, which is a discrete version of the class of convex functions on the coordinates.
For this set of matrices, new discrete Hermite-Hadamard-type inequalities are proved. Our obtained results
are extensions of known results from the continuous case to the discrete case.
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1 Introduction

A great attention has been paid on the extensions of known inequalities from the continuous case to the

discrete case, e.g., [1-11] and the references therein. In particular, the study of inequalities involving convex

sequences has been considered by many authors, e.g., [12-16] and the references therein. The notion of convex

sequences is a discrete version of the concept of convex functions. Namely, a sequence a = (ay, ...,a,) € R,
where n = 3, is said to be convex, if (e.g., [17])

@ < Ji t Qi

1= 2 ’

Latreuch and Belaidi [12] established a discrete version of the Fejér double inequality for the class of convex

sequences. We recall that the Fejér double inequality [18] states that, if f:[a,b] ~ R is convex and
a+b

p : [a, b] — R is integrable, nonnegative, and symmetric with respect to the midpoint = then
a+b)f ( f(@ + (b ¢
1175 [peodx < [Foopeods < #J'p(x)dx. D)
a a a
In particular, if p = 1, (1.1) reduces the Hermite-Hadamard double inequality [19,20]
b
a+b 1 f(@) + f(b)
< — < /= 12
%5 ] b_a_!f(x)dx . (12)
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For some results related to inequalities (1.1) and (1.2), see e.g., [21-37] and the references therein. Latreuch and
Belaidi [12] proved that, if a = (aj, ...,a,) € R" is a convex sequence and p = (p,, ...,p,) € R" is a positive
sequence, which is symmetric with respect to "T” then

n

ay + Apii-n < : m+a
T A N EDY IR — 2D 1.3)
2 =1 =l 2 5

n+1l
2

where N = ["T”] is the integer part of ——. The double inequality (1.3) is a discrete version of the Fejér double

inequality (1.1). If p, = 1 for all i, then (1.3) reduces to the double inequality

ay + Gnai-y _ 1 ¢ a + ay
< Vg8t 14
2 nFZ1 ’ 2 a4
which is a discrete version of the Hermite-Hadamard double inequality (1.2). We also refer to [14], where some
generalizations of the above results have been obtained.

Dragomir and Agarwal [26] established two interesting inequalities for the class of differentiable map-
pings. They first proved that, if f: [a, b] —» R is differentiable and |f”| is convex on [a, b], then

< - o(f @] + If' )

1.5
3 (1.5

f@) + f(b) _
2

b
e

Next they proved that, if f: [a, b] —» R is differentiable and V’lﬁ is convex on [a, b] for some p > 1, then
p-1
7, L 7, L K
¢ boa F@pT R w6)
2(p + 2

‘ﬂ®+ﬂm_
2

b
1
5= Jroi

Dragomir et al. [27] considered the class of L-Lipschitzian functions f: [a, b] —» R, namely, the class of func-
tions f satisfying

FOO - fI<Lix-yl, xy€lab]
where L > 0 is a constant. They proved (among many other results) that

f@a) + f(b) _
2

< é(b - a). (1.7)

b
—[rooax

Dragomir [25] considered the class of convex functions on the coordinates. Namely, the class of functions
f:la,b] x [c,d] » R satisfying

() for all x € [a, b], the function f(x, ) : [c,d] 2 y = f(x,y) € R is convex;

(i) for all y € [c, d], the function f(-,y) : [a,b] 2 x » f(x,y) € R is convex.

Note that, if f is convex on[a, b] x [c, d], then f is convex on the coordinates. However, the converse is not true in
general [25, Lemma 1]. Dragomir [25] proved that, if f: [a, b] x [c, d] — R is convex on the coordinates, then

b d
1 c+d 1
b—a-al.f[X’ 2 ]dX+d—c-C[f

bd
[Jreeyayax

[a+b c+d]<l
2 7 2 )72

a+b
— yld
2 y]y

1

<— -
b -a)d- o) (18)

1
4(d - c)

Sfla o) +flad +fbc)+fbd)
< 1 .

b d
1
Siwlayyﬂ*”+f@ﬂDﬂ+ yﬂmw+fwyn®

The aim of this study is to establish discrete versions of inequalities (1.5), (1.6), (1.7), and (1.8).



DE GRUYTER On discrete inequalities for some classes of sequences == 3

2 Main results and proofs
We first fix some notations. For n 24 and a = (a, ...,a,) € R", we denote by a’ = (a{, ...,a,_;) € R*!
the sequence defined by
a/ =law—al, i=1.,n-1
For a real number q > 1, we denote by a’? € R"! the sequence defined by

al=(a{, ...,a;_¢7.

2.1 Discrete version of inequality (1.5)

Let us consider the set of sequences
A, ={a € R": a’ is convex},
ie, a € Ay, if and only if

aly +ay .
ai < %, i=2,.,n-2.

Our first main result is a discrete version of inequality (1.5), which was established in [26].

Theorem 2.1. Letn 2 4. Ifa = (@, ...,a,) € Ay, then

n

aqta 1 1[n nllal + ap—q
— - —a| < |-n-1-|Z||—F @
2 nlz1 I~ nl2 2 2
where [%] denotes the integer part of %
Proof. We first claim that
m+a
= —Zal —Z i- _J(am @). 22

Indeed, we have

E[ ](am -a)+ lzlal
n-1

-3

i=1

n-1 n-1
= | 2 iau - Ziai]
i=1 i=1

. . n n
i+ — 1a; — Eam + Eai + Zai

——Zal+1+ Zal za]

n-1 n-1 n n-1
= | 23+ Dag - Y iag| + Zam + Zal 2= ) am]
i=1 i=1 =1 =1

+

n n-1
= Ziai - Z ia;
i=2 i=1

n < n'c
o2t Zai + Zai - Zai]
] 2ia & =

n n
= na, - aq + —Ean"' Ea1+ A

a; + an
n—m,-—.
2

Then, multiplying the above identity by % we obtain (2.2).
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We next use (2.2) to obtain

-1
m+a, 1 i 1.
— T~ 2| £ — 2 1= |l - ail,
2 =1 il 2
ie,
aq+a, 1c 1
G 2Yals 2y pa 23
2 nia i=1
where p = (p,, ...,P,-;) € R"1is the sequence defined by
. n .
pizz—z, i=1,.,n-1

Observe that p is symmetric with respect to "T_l Moreover, the sequence a’ is convex. Hence, by the right
discrete Fejér inequality (1.3), we have

n-1 n-1 ’ ’
, ay+ an
Zpiais Zpi]fn,
i=1 i=1
ie.,
n-1 n-1 ’ ’
. onllay+a,-
Zpia’is[z i-— [ 24)
i=1 i=1 2 2
On the other hand, we have
n-1 n [%]n n-1 n
2i-sl-2l - 2 -3
i=1 i=1 i=[%]+1
aln 5] n
=—|-|-2i+ Y i-—|n-1-|7
i=1 '_[ﬂ 2 2
1—2]+1
—Eﬁ_lﬁ £+1+1n_1_£ n+_ _En_l_ﬁ
202 21242 2 2 2 2 2
nin 1[n 1
ST LY S 0| L A e PR o R4 R
202 212 2112
Y R 1 | D (P 4 | 1]
“202 2] 2 2])l2
1 nl|fln n
- — —1— - - -
2" 2)2] 12
_[n "‘“H
2 21
Finally, (2.1) follows from (2.3), (2.4), and the above identity. O

If n is even, then [g] = % Hence, from Theorem 2.1, we deduce the following result.
Corollary 2.2. Let n > 4 be even. If a = (@, ...,a,) € Ay, then

n-2
< T(a{ + ).

m + a 1%
- Ya
2 ng




DE GRUYTER On discrete inequalities for some classes of sequences == 5

If n is odd, then [%] = "T_l Hence, from Theorem 2.1, we deduce the following result.

Corollary 2.3. Letn 2 4 be odd. If a = (a, ...,a,) € Ay, then

- 2
S(n 1)
8n

n

a; + a, 1Z
Y T T,
2 s

(af + ay-y).

2.2 Discrete version of inequality (1.6)

For a real number g > 1 and n 2 4, let us consider the set of sequences
Apq ={a €R": a’® is convex},
ie, a € Ay if and only if

afn® + a4

ai/q < 2 y

Our second main result is a discrete version of inequality (1.6), which was established in [26].

Theorem 2.4. Letn 2 4,p > 1, and% + % =1Ifa = (@, ...,ay) € Apg, then

1
q+a, 18 n-1y". npl
R LR o | MR e .
i=1
Proof. Making use of (2.3) and Hélder’s inequality, we obtain
1
a + ay 1n 1n—1. 1n—l nppnl q
— - —)a|<=)|i--|ais— l—— a’{l 2.6)
2 nizz1 l nizz1 2 'Tn le Z

On the other hand, since a € 4,4, making use of the right discrete Hermite-Hadamard inequality (1.4),
we obtain

n-1 q q
ai+a
Ya¥sn-n——"1 2.7
i=1
Then, combining (2.6) with (2.7), we obtain (2.5). O
Remark that
S|, np [%]n AL [ n) [%]n Y n_[%]_ln Y
Zl-— = — -1 + i-—=| = — =1 + Z —=-j
i=1 2 i\ 2 l_[ﬂ]ﬂ 2 =1\ 2 j=1 2
2
Hence, we obtain
n
2(n P
- 22[— - i] if n is even,
. np | a2
Z L= E - n-1

n
-

[\
M""

I
-

14
[g - i] if n is odd.

Thus, from Theorem 2.4, we deduce the following results.
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Corollary 2.5. Let n > 4 be even, p > 1 and% + % =11Ifa = (a, ..,ay) € Apg, then

1

1[n- 1y

< =
n

n-1
2

Ly
2

MN\:

20 (af? + a;_19)1.

M + ap 1%
-=Sa
2 ng

1

Corollary 2.6. Letn > 4 be odd, p > 1 and% + % =1Ifa=(a, ..,an) € Apg, then

1

0 . [n-t Z
a + a 1 1(n-1)7 4 &(n 1
@b lygl<l 3% -] | @+ ap
2 nig n{ 2 i\ 2

2.3 Discrete version of inequality (1.7)
The following result provides a discrete version of inequality (1.7), which was established in [27].

Theorem 2.7. Letn =2 2 and a = (ay, ...,a,) € R". We have

< (n-2)(n-1)L
n

1

n
Mt an _ 1 Z , 2.8

2 =

lai-aj|
[i-jl

where L = max cLjE{L .0} 0 ¢]']-

Proof. For n = 2, (2.8) is obvious. So, we may suppose that n > 3. For all natural number k = 2, we can write
ay as

A = (ax = Ag-1) + (-1~ Ax-2) + ...+ (@2 — @) + @,
ie.,

k
a=a+ ) (@-a), k=23,.. 2.9)
j=2

Making use of (2.9), we obtain

n n
dai=a+ ) ay
i=1 k=2

k

@+ Y (@ - aiy)
j

n
:a1+ Z
k=2 j=2

n k
=+ (-Da+ Y ) (a-a-1)

k=2 j=2
n-1 k n

=na;+ ) ) (@ - aj) + 2 (4 - @)
k=2 j=2 j=2
n-1 k

=na;+ ) D (@ - aj-) + (- D(an - a),
k=2j=2
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which implies that

n-1 k

1 ¢ a1+a,, 1 n-1 m + ay
— = + — + — —_ —_
- Z R kZZJZZ(a] @-1) + ——( - @) 2
n-1 1 n-1_ ntk
=m|l - -—|ta =+ = aj - a;-
1 n 2] n[ n ] kzzjzz( j J 1)
n-1 k
—a) + =~ Z 2 (@ - ajp).
k 2j=2
Hence, it holds that
1 n W+ a 1 n-1 k
_Z 12n Ian-a1|+—ZZ|a1-azll
nig N = z] 2
n-2)n-1
LoD, 2)( ) Z(k 1)
-2)(n-1
_-am-n
n
which proves (2.8).
We also have the following result.
Theorem 2.8. Letn 21 and a = (a, ...,a,) € R". We have
2

a1+an_l"
n &%=

where M = max{la; - aj : i,j € {1, ...,n}}.

Proof. For n =1 or n = 2, (2.10) is obvious. For n = 3, from the proof of Theorem 2.7, we have

1k
a1+a 17
—Z e (an-a1)+—Z 2 (@ - aj-),
kZ] =2
which implies that
1 ¢ m+a 1tk
_Zai_ 9 - |an a1|+_ZZ|a/_a]1|
nia N y=2j=2

n-2 M
< M+ — k-1
2n nkzl( )

n-

= 2n —ZJ

n- —2 -1
_n-2, (-n-D
2n 2n
_n—ZM
2 b

which proves (2.10).

The following examples show that the upper bounds of |—— &z a"

are not comparable in general.

(2.10)

O

- %Z;Llai provided by Theorems 2.7 and 2.8
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Example 2.9. Letn 2 2 and a = (a, ...,a,) € R", where

In this case, we have

1 1 1
M = max —,——,‘ :i,je{l,...,n}]=1——,

i ] n

1_1

S | L 1 .. o1
L = max i (LjE{, ...,n}i%] =max5:l,]G{1,...,n},l¢] =

n—2M=(n—2)(n—1)L= (n—2)(n—1).
2 n 2n

Hence, inequalities (2.8) and (2.10) are the same.
Example 2.10. Letn > 2 and a = (@, ...,a,) € R", where
a=1i, i=1,..,n

In this case, we have

M=max{|i-j|:i,j€{,..,n}}=n-1,

L = max :i:j: Ii,jE{l, ...,n},l.#:j =1:
n-2 . (n-2)(n-1)
2 M_ 2 3
(n-2)(n- l)L_ (n-2)(n-1)
n n '

Observe that
(n—2)(n—1)LS n-2

M,
n 2

which shows that (2.8) is more sharp than (2.10).

Example 2.11. Letn > 3 and a = (a, ...,a,) € R", where

1 .
=1 a=2, a,-=7+1, i=3..,n

In this case, we have

M =max{|a; - aj| : i,j € {1, ...,n}}

= max 1,%,1 - %, % - %‘ (L,jE {3, ...,n}]
=1
and
L= max['Tlf :;jl i EL ni ¢j]
=max[l, i i D’ i(li_—lz)’ilj (L, jEL3, ..,n}i ¢j]

=1

DE GRUYTER

’
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Hence,

n-2 _n—2<(n—Z)(n—l)_(n—Z)(n—l)L
2 2 n n ’
which shows that (2.10) is more sharp than (2.8).

2.4 Discrete versions of inequalities (1.8)

Let A = (ajj)i<isn15j<sm be a real matrix of size n x m, where n,m = 3. We first introduce the following
definition.

Definition 2.12. We say that A is a convex matrix, if
() for alli =1,..., n, the sequence A(i, ) = (aj, ...,aim) € R™ is convex;
(ii) for all j =1,..., m, the sequence A(, j) = (@, ...,a) € R" is convex.

The following result provides discrete versions of inequalities (1.8) established in [25].

_____

n+m
4 (AN, Ny + ANym+1-Ny T Ont1-Ny Ny + At 1-Nym+1-Ny)

n m

1
2 Y (@iny, + Gmea-ny) *+ 2 (AN, + Gnei-ny))
i=1 J=1

— + — a;i 2.11)
[m n 121121 Y

1 n m

|2 (@ + am) + Y (@ + anj)]

2\ia j=1
n+m

IA

IA

IA

IA

(all gt Am t anm)’

where N, = [ ]andN [””]

Proof. Let i € {1, ...,n}. Since A(i, -) € R™ is a convex sequence, by the double discrete Hermite-Hadamard
inequality (1.4), we have

m
ai,Nm + ai,m+1—Nm < l Z azl + alm
2 " m ia '

If we sum the above inequality over 1 < i < n, we obtain

n
_Z(al N, T Aim+1- Nm

n

z Z Ez aj1 + Ai). (2.12)
i=1j=1 i=1

—_

<L
m!
Similarly, let j € {1, ...,m}. Since A(;, j) € R"is a convex sequence, by the double discrete Hermite-Hadamard
inequality (1.4), we have

aNn’j + a"+1_Nﬂ’j < 12a <
2 “neT 2

If we sum the above inequality over 1 < j < m, we obtain
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1 m 1 n -m 1 m
3 2. (@ Qi) S 3 D a5 < o) (@ + ay). (2.13)
j=1 i=1j=1 j=1

Summing inequalities (2.12) and (2.13), we obtain

1 n m 1 1 n m 1 n m
2 2 @in, * QGimer-ny) + 2 (@nyj + Gt )| S | = + =2 D ay < 2 Y (@i + am) + Y (@ + ay)|. (214
i=1 j=1 m - M= i=1 j=1
Using the left-hand side inequality in (1.4), we obtain
an, Ny + Ans1-Ny N, 1 <
<=)a
2 nizz1 b

and

AN, m+1-Ny, T An+1-Nym+1-Np,

2

1 n
s — zai,mﬂ—Nm-
nia

Summing the above two inequalities, we obtain
n

n
E(aNn,Nm + Ana1-NyNyy T ANpm+1-Ny ¥ Ana-Nym+1-Nyy) S Z(ai,Nm + A m+1-Nyy)- (2.15)
i=1

Similarly, we have

m
ANy Ny ¥ ANpm+1-Nn _ 1
5 S 2 Ay,
j=1
and
m
An+1-Ny Ny, T An+1-Ny,m+1-Ny, < 1
7 *m Zlanﬂ—Nn,j-
=
Summing the above two inequalities, we obtain
m m
7(61N,[,Nm + ANy m1-Ny + An+1-Ny Ny ¥ Anal-Nym+1-Ny) S Z(aNn,j + Api1-Nyj)- (2.16)
j=1

Summing (2.15) and (2.16), we obtain

n+m
4

(AN Ny + ANym+1-Nyy + Ant1-Ny Ny + At 1-Nym+1-Ny)
n m (2.17)

< 2 Y @in, * QGmea-ny) + 2 (Anyj + Aner-ny )|
i=1 =1

Similarly, using the right-hand side inequality in (1.4), we obtain

1< an + anl
Z i1 2

i=1
and
1< . Qi * anm
nZim< =g

which implies that

n

n
Z(ail + Ajm) < E(an + App + Qi + Ay (2.18)
i=1
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Proceeding as above, we obtain

< m

Y (@ + ay) < 5 (@ + @ + an + Q).
j=1

Summing (2.18) and (2.19), we obtain

1 n m
3 Y (@i + am) + Y (@ + ay)| < (an + @ + Q1 + Q)
i=1

n+m

=1 4

Finally, (2.11) follows from (2.14), (2.17), and (2.20).
We provide below an example to check the validity of Theorem 2.13.

Example 2.14. Let n = m = 3. In this case, we have N, = N, = 2. Furthermore, we obtain

n+m 6
4 (an,n, * ANym+1-Np + Qne1-Ny Ny, T Ant1-Nym+1-Ny) = Z(az,z + Gy + g + () = 6ay,

-1
2

2ia1 j=1 i= Jj=1

1 n m
_[Z(ai,Nm + Qimer-ny) + Q2 (@nyj + Anai-n,j)

3 3 3 3
Y@z + aip) + Y (a+ az,j)] =Y+ ) ay,
i=1 i=1 j=1

[% * %Ji%au =

i=1j=1

w N

3 3
Z Zaij;
i=1j=1

il

1| < u 1
2 Y (@ + @im) + D (@ + ay)| = 2
i=1 =1

3 3
Y (an + ap) + ) (@ + az)
i=1 =1

and

n+m 3
—(an + O + A1 + Ap) = E(an + (g3 + A3 + A33).

Hence, (2.11) reduces to

3 3 3 3 3 3
2 1 3
6an< ) ajp+ ) Gy < 3 YDa;< E[Z(an +ap) + ) (ay+ as;')] < E(an + a3 + (3 + az).
i=1 j=1 i=1j=1 i=1 J=1

Consider now the matrix

A:

1 2 4
21 2}
4 36

(2.19)

(2.20)

(2.21)

It can be easily seen that A is a convex matrix in the sense of Definition 2.12. On the other hand, we have

6ay = 6,
3 3
Qi+ Y ay; =11,
i=1 j=1
233 50
T2 2a=,
3 iSja 3
= 3 39
2 Y (an + a;) + ) (@ + az)|= >
i=1 j=1
3 45
E(an + g3 + A3 + Ap) = R

which confirms the validity of (2.21).
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3 Conclusion

a;+ an

For a given sequence a = (aj, ...,a,) € R", some upper bounds of the term E,, = |—;

~¥iL,a;| are obtained.
Namely, we first considered the class of sequences a € R" such that

a’ = (|lay - @y, ...,|an — Ap-q]) € R™1

is convex. For this class of sequences, a discrete version of inequality (1.5) [26] is established (Theorem 2.1).
We next considered the class of sequences a € R™ such that a’? = (Ja; — @Y, ...,|Jan — a,-1|7) € R"! is convex
for some real number q > 1. For this class of sequences, a discrete version of inequality (1.6)[26] is proved
(Theorem 2.4). We also derived two upper bounds of E, for an arbitrary sequence a € R". The first one

lai—aj|
li-jl

(Theorem 2.7) involves the real number L = max 2, €{1, ..,n},i# ji. The obtained inequality is

a discrete version of inequality (1.7) [27]. The second upper bound (Theorem 2.8) involves the real number
M = max{|a; - aj| : i,j € {1, ...,n}}. We finally introduced the notion of convex matrices A = (a;)1<i<n1sj<m»
which is a discrete version of the notion of convex functions on the coordinates considered in [25]. For this set
of matrices, discrete versions of inequalities (1.8) [25] are proved (Theorem 2.13).
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