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Abstract: A new distributionally robust ratio optimization model is proposed under the known first and
second moments of the uncertain distributions. In this article, both standard deviation (SD) and conditional
value-at-risk (CVaR) are used to measure the risk, avoiding both fat-tail and volatility. The new model can be
reduced to a simple distributionally robust model under assumptions on the measurements of reward, CVaR
and SD. Furthermore, it can be rewritten as a tractable semi-definite programming problem by the duality
theorem under partially known information of the uncertain parameters. Finally, the model is tested on
portfolio problems and verified from numerical results that it can give a reasonable decision under only
the first and second moments.
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1 Introduction

The studies on robust optimization have been explosively increased. It has been a popular methodology to deal
with practical problems involving uncertain parameters. Robust optimization immunizes deterministic opti-
mization problems against perturbations of parameters by inducing approaches to tackle uncertainty with
probability distributions. From computational viewpoint, robust optimization usually provides a tractable meth-
odology based on fundamental analysis. We refer to [1–3] for comprehensive guides to robust optimization.

Robust optimization problems contain uncertain parameters but do not require the specific distributions
in models. It is also regarded as the main difference from stochastic programming for optimization problems
with uncertainties [4,5]. For stochastic programming referring to [6], if the specific distribution of uncertain
parameters is assumed differently from the actual distribution, the results may perform badly. Conversely, if
the actual distribution is precisely known, approaches of robust optimization would be overly conservative
and unnecessary. For balancing the specificity of the former and the conservatism of the latter, a dominant
approach is the min-max optimization method, which is considered as finding optimal solutions in the worst
case scenario under all possible probability distributions. Possible distributions are usually defined by certain
properties for example the moment information.

Distributionally robust optimization problems have been developed for about 70 years and the earliest
work can date back to Scarf [7] in 1950s. Most methods about distributionally robust optimization utilize the
duality theory for some problems with moment information (e.g. [8–10]). Many approaches have been
extended to distributionally robust problems with chance constraints which are linear and conic. In this
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case, some distribution properties like average, covariance, and the other supports are known (e.g. [11–14]). In
[15], they transform the linear programming with uncertainty into a deterministic convex programming by
inducing the expectation bounds of distributionally robust. A unified framework for remodelling and com-
puting distributionally robust problems is proposed in [16]. El Ghaoui et al. [17] used a conic programming
approach to deal with portfolio problems with distributionally robust optimization. For robust portfolio
problems, they develop the Value-at-Risk bounds in the worst case which rely on the known bounds on the
means and covariance. Delage and Ye [18] studied distributionally robust problems with uncertain moments
using techniques of stochastic programming and applied the approach to data-driven problems. Then, some
research arise in distributionally robust ratio optimization. For example, Zhao et al. [19] studied the problem
where the ambiguity on the distributions is defined through Wassertein metric and Ji et al. [20] focused on the
problem with linearized stable tail adjusted return ratio (STARR) performance measure. In [21], the distribu-
tionally robust optimization approach is developed to set up a new risk-limiting dispatch model. Liu et al.
proposed a distributionally robust reward-risk ratio model varied from the Sharpe ratio where the ambiguity
set is constructed through prior moment information and the return function is not necessarily linear in [22].
In [23], robust portfolio optimization models for reward–risk ratios are proposed by utilizing Omega, semi-
mean absolute deviation ratio, and weighted STARR. Moreover, Guo and Xu considered distributionally robust
version of the shortfall risk measure in [24]. Recently, Gotoh et al. studied the out-of-sample properties of
robust empirical optimization problems with smooth phi-divergence penalties and smooth concave objective
functions in [25]. In [26], a class of fractional distributionally robust optimization problems are investigated
and studied computationally. Xu et al. [27] studied the distributionally robust bi-level programming based on
worst conditional value at risk (WCVaR) in 2022.

The aim of this article is seeking a robust solution under uncertain distributions for reward-risk ratio
problems. The solution is optimal and feasible for the worst case scenario under all possible probability
distributions. The outline of this article is organized as follows. We first devote to present a distributionally
robust reward-risk model involving both conditional value-at-risk (CVaR) and standard deviation (SD) with
partial information of uncertainty in the next section. By introducing the properties of the new ratio model,
the equivalent model without ratio is proposed in Section 3. In Section 4, the new model with certain moments
can be rewritten as a semidefinite programming which is computationally tractable. In Section 5, numerical
experiments are conducted to validate the new model is robust and comparable for portfolio problems.

2 Distributionally robust reward-risk optimization model

In this work, we focus on the reward-risk model with both CVaR and SD. Recently, a new model considering
both CVaR and SD is presented for robust reward-risk problem in [28]. The model is used to formulate a large
class of financial problems with uncertain parameters. The general model is

X

( ) ( )+ ≤
∈

x ξ

X X R

x

max

s.t. CVaR std *,

,

x

T

F F

where ∈ξ R
n is a random return variable with respect to decision variable X∈ ⊆x R

n, F stands for the true
distribution of ξ , andX denotes as a decision set with many kinds of expressions. In this work, we dedicate to
the nonempty box decision set with the following version:

X { }= = ≤ ≤x e x L Bx U: 1, ,
T (1)

where L,U , B, and e are known lower bound, upper bound, associated matrix, and all one vector, respectively.
It is obvious that X is convex. In this constraint set, the distribution F is fully and accurately required.
However, the distribution F can only be obtained approximately from historical data and then is uncertain
in many practical situations. Typically, partial information of F can be estimated from data sets, e.g. the first
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and second moments etc. Since the uncertain distribution F is replaced by an estimate F̂ with some measure-
ment errors, the obtained solutions with F̂ often fail to satisfy the constraint.

In the following of this article, denote the vector ∈μ R
n as the mean return and let the matrix ∈ SΣ

n be the
covariance of ξ under the true probability distribution F . Therefore, the second-order moments of F are supposed
to be finite.Without loss of generation,Σ is also assumed to be positive definite. Furthermore, P is defined as a set of
probability distributions, of which the first and second moments are equal to that of F . That is

( ) ( ) ( )∫ ∫ ∫=
⎧
⎨
⎩
∈ = = = +

⎫
⎬
⎭

+P p M p ξ ξp ξ μ ξξ p ξ μμ: d 1, d , d Σ ,

R R R

T T

n n n

where +M is the cone set of nonnegative Borel measure on R
n. For simplicity, we denote

=
⎡
⎣⎢
+ ⎤

⎦⎥
μμ μ

μ

Ω

Σ

1

T

T

as the matrix of second-order moment of ξ and assume p is the probability measure which satisfies ∈p P.
In order to evaluate the model, we define a probability distribution set P which contains the true

distribution F . The model is reformulated to consider the worst case on expected reward and risk in this
set. Therefore, we introduce the definitions of robust reward functions and robust risk measurements under
the worst case of the distribution set P.

Definition 2.1. Denote ∈x R
n as the decision vector, ξ as the corresponding reward vector, and P as a given

distribution set including the probability measure p of ξ . Let the reward measure function, CVaR measure-
ment, and SD measurement be ( )E *p , ( )CVaR *p , and ( )std *p , respectively. Then robust reward, robust risk
including both CVaR and SD are defined as follows:

( ) ( ) [ ( ) ( )] [ ( ) ( )]≡ + ≡ +
∈ ∈

E E* inf * , CVaR * std * sup CVaR * std * ,
W

p P

p

W

p P

p p

where the “W” in superscript represents the “worst case.”

Based on the assumption of compactness on the set P , the infimum and supremum can be rewritten by
minimum and maximum, respectively. That is

( ) ( ) [ ( ) ( )] [ ( ) ( )]≡ + ≡ +
∈ ∈

E E* min * , CVaR * std * max CVaR * std * .
W

p P

p

W

p P

p p

Combining with the classical robust reward-risk model in [29–31] and mean-variance optimization (MVO) model
[32], we present a new model of robust reward-risk optimization under an uncertain probability distribution,

X

( )

[ ( ) ( )]+ ≤
∈

E x

x x R

x

max

s.t. CVaR std *,

,

x

W

W (2)

where both CVaR and SD are considered as risk measurements.
The model protects against the probability distribution in the worst case scenario simultaneously taken in

objective and constraints. As presented in [31,33], it is assumed to be overconservative.
From the model above, the constant R* suppose to be priori known at first. Actually, for pursuing

maximum returns, a minimum acceptable expected return may not be determined by investors. Similarly,
a maximum risk aversion bound may not be estimated as well. So it is tough to choose a suitable value in
practice. To address this problem, such ratio optimization models are proposed, see Sharpe ratio model for
example. We will study the ratio optimization model in the next section.
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3 Ratio model of distributionally robust optimization

We first present a ratio model to avoid choosing the prior parameters in (2). Referring to the idea in [31] and
the optimal Sharpe ratio model, we introduce the ratio optimization model associated with model (2). Since
the set P is compact, there is a type of ratio optimization model as follows:

X

( )

[ ( ) ( )]+
∈

∈

∈

E x

x x

x

max

min

max CVaR std

s.t. .

x

p P p

p P p p
(3)

Unlike model (2), the ratio model does not involve the bounds of minimum acceptable expected return or
maximum risk aversion, which need decision-makers to decide. According to Markowitz’ mean-variance
theorem, the ratio model should give an efficient solution. In other words, the decision should be on the
efficient frontier of original model [34].

Next, we show that the ratio model involving both CVaR and SD is efficient in Markowitz’ mean-variance
principle and it decomposes the difficulty of trade-off over reward and risk.

Proposition 3.1. For any distribution ∈p P, the distributionally robust ratio model (3) gives a solution on
the efficient frontier of the corresponding robust mean-variance model.

Proof. On the contrary, we assume that the obtained portfolio x is not on the efficient frontier [34]. Then,
a portfolio X∈x̂ satisfies ( ) ( )≤E x E x̂p p and ( ) ( )≥x xstd std ˆp p , and at least one inequality holds strictly,
for example

( ) ( )<E x E x̂ .p p (4)

Assuming the probability distribution ( )⋅F is standard normal and ( )⋅f is its density function, we have [35]

= −T ECVaR std ,p p p

2

where, for a confidence level α, the constant [ ( )] ( )= ∕ −−
T f F α α1

1 . Hence, the following inequality is easily
obtained

( ) ( ) ( ) ( )+ > +x x x xCVaR std CVaR ˆ std ˆ .p p p p (5)

Combining (4) with (5), we obtain

( ) ( )
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+ > +
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( )

[ ( ) ( )]

( )

[ ( ) ( )]+
<

+
E x

x x

E x

x xCVaR std

ˆ

CVaR ˆ std ˆ
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W
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α
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which is contrary to the assumption that x is the optimum. So model (3) gives a solution on robust efficient
frontier. □

Obviously, the computation of the aforementioned ratio model is complicate, but reasonable in practical
finance problems. Next, we will analyse the model and transform it to a tractable model. First, we introduce
some concave and convex properties of robust reward, CVaR and SD. Referring to the propositions in [30,36],
we present an assumption according to distributionally robust optimization principle.

Proposition 3.2. (Proposition 2 in [36]) If μ is a concave function and ρ is a convex function, then
(a) the ratio ∕μ ρ is quasi-concave;
(b) the ratio ∕ρ μ is quasi-convex;
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(c) the following relationship holds

( )

( )

( )

( )
=

μ x

ρ x

ρ x

μ x

arg max arg min .

x x

Proposition 3.3. (Proposition 2 in [30]) If ρ is a coherent risk measure associated with crisp probability measure
p, then the worst case risk measure ρ

W
associated with ambiguous probability measure P remains a coherent

risk measure.

Here, a risk measure that satisfies the four desirable axioms, that is Subadditivity, Positive homogeneity,
Monotonicity, and Translation invariance, is called a coherent risk measure.

Assumption 1. Denote ( )⋅Ep , ( )⋅CVaR p , and ( )⋅stdp as measure functions of the common reward, CVaR and SD
with measure p, respectively. Assume that the following three statements are satisfied:
(a) ( )⋅Ep is a positive function on R

n and has properties of positive homogeneity and convexity;
(b) ( )⋅CVaR p is a positive function on R

n and satisfies positive homogeneity and sub-additivity;
(c) The SD measure function is a positive function as well as ( )⋅CVaR p .

According to the specific form of reward function, many reward measures satisfy this assumption.
Since we have assumed the compactness of distribution set P, the robust measures in the worst case retain

inherent properties of the above three measures.

Proposition 3.4. Suppose the above three measurement functions satisfy Assumption 1 with a compact distribu-
tion set P, then the worst case reward E

W and robust CVaR and SD [ ]+CVaR std
W satisfy

( ) ( )

[ ( ) ( )] [ ( ) ( )]

= >
+ = + >

E tx tE x t

tx tx t x x t

, 0,

CVaR std CVaR std , 0.

W W

W W

Proof. It is easy to know that “inf” and “sup” operations in robust measures are equivalent to “min” and “max”
since P is compact. Referring to Proposition 3.3, we can obtain the conclusion about E

W straightforwardly.
In addition, according to Assumption 1,

[ ( ) ( )] [ ( ) ( )]

[ ( ) ( )]

[ ( ) ( )]

[ ( ) ( )]

+ = +

= +

= +

= +

∈

∈

∈

tx tx tX tX

t X t X

t X X

t x x

CVaR std sup CVaR std

max CVaR std

max CVaR std

CVaR std .

W

p P

p p

p P

p p

p P

p p

W □

Let the constraint set X in (1) be convex. Then, the convexity of the worst case measurements and
objective functions can be induced.

Proposition 3.5. Let Ep, CVaR p, and stdp:X ⊂ → ++
R R

n with respect to ∈p P and P be a compact distribution
set satisfying Assumption 1, the concavity and convexity of E

W and [ ]+CVaR std
W are straightforward, respec-

tively. In addition, it holds

X
( )

[ ( ) ( )]+
→ -++

the ratio

E x

x x

R is quasi concave

CVaR std

: .

W

W

Proof. We know that CVaR p and stdp satisfy sub-additive from Assumption 1. Let

( ) ( ) ( )= +f x x xCVaR std .
p p p
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For [ ]∀ ∈α 0, 1 , we have

( ( ) ) ( ( ) ) ( ( ) )

( ) (( ) ) ( ) (( ) )

+ − = + − + + −
≤ + − + + −

f αx α x αx α x αx α x

αx α x αx α x

1 CVaR 1 std 1

CVaR CVaR 1 std std 1 .

p p p

p p p p

1 2 1 2 1 2

1 2 1 2

And CVaR p and stdp satisfy positive homogeneity, we have

( ( ) ) ( ) ( ) ( ) ( ) ( ) ( )

( ( ) ( )) ( )( ( ) ( ))

( ) ( ) ( )

+ − ≤ + − + + −
= + + − +
= + −

f αx α x α x α x α x α x

α x x α x x

αf x α f x

1 CVaR 1 CVaR std 1 std

CVaR std 1 CVaR std

1 .

p p p p p

p p p p

1 2 1 2 1 2

1 1 2 2

1 2

Through the definition of convex function, the conclusion on [ ]+CVaR stdp p is easily obtained with measure p.
On the other hand, we can easily obtain the concavity of Ep. According to Proposition 3.3, the concavity of E

W

and convexity of [ ]+CVaR std
W are easily induced. The final conclusion on the ratio can be straightforwardly

obtained in terms of Proposition 3.2. □

According to the above propositions, the following statement can be presented that the ratio model (3) can
be further transformed into a reduced form.

Proposition 3.6. Suppose Ep, CVaR p, and stdp satisfy Assumption 1 with a compact set P. Then distributionally
robust ratio model (3) can be rewritten equivalently to

( )

[ ( ) ( )]+ ≤
= ≤ ≤ ≥

E w

s.t. w w

e w t tL Bw tU t

max

CVaR std 1,

, , 0.

w t

W

W

T

b b

,

(6)

Denote the pair ( )w t*, * as a solution to (6), then =x*
w

t

*

*
solves the ratio model (3). Conversely, if x* is

the optimal decision of (3), and let
[ ( ) ( )]
= +t*

x D x

1

CVaR * *
W
, then ( )t x t* *, * solves the equivalent problem (6).

Proof. First, we verify the equivalence of models (3) and (6). It would be proven in two steps. In the first step,
model (3) is clarified to equivalent to

( )

[ ( ) ( )]+ =
= ≤ ≤ ≥

E w

w w

e w t tL Bw tU t

max

s.t. CVaR std 1,

, , 0.

w t

W

W

T

b b

,

(7)

Let
[ ( ) ( )]
= +t

x x

1

CVaR std
W
which is obviously not less than 0. For any feasible point x of model (3), let =w tx

and according to the positive homogeneity of Ep, CVaR p, and stdp, we can straightforwardly obtain that ( )w t,

is feasible for model (7). Therefore,

X X

( )

[ ( ) ( )]
( )

( )+
≤

∈ ∈

E x

x x

E wmax

CVaR std

max ,

x

W

W
w t

W

, 1

whereX andX1 are the respective sets of constraints for (3) and (7). On the other hand, suppose one feasible
solution of (7) is ( )w t, , we can obtain =x

w

t
is feasible for (3) and

X X

( )

[ ( ) ( )]
( )

( )+
≥

∈ ∈

E x

x x

E wmax

CVaR std

max .

x

W

W
w t

W

, 1

Combining the above inequalities, we can easily obtain that the optimal function values of (3) and (7) are

the same. In addition, the optimal solutions of models (3) and (7) are formed as x* and ( )t x t* *, * (or =x*
w

t

*

*
and

( )w t*, * ), respectively, where
[ ( ) ( )]
= +t*

x x

1

CVaR std* *
W
.
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Second, the equivalent of problems (6) and (7) should be proved. We focus on a solution of (6) denoted as
( )w t*, * , and then prove [ ( ) ( )]+ =w wCVaR * std * 1

W . It should be noted that two problems (6) and (7) are
different only in the first constraint (i.e. one is inequality and the other is equality). Denote ( )w t,

0 0 as one
optimal solution of problem (6). On the contrary, suppose ( )w t,

0 0 satisfies

[ ( ) ( )]+ <w wCVaR std 1.
W0 0

According to Assumption 1, there exists a constant a satisfying

([ ( ) ( )] )+ ≥ >−
w w aCVaR std 1.

W0 0 1

In addition, since the positive homogeneity of measures in 3.4, we obtain

[ ( ) ( )] [ ( ) ( )]+ = + ≤a w w aw awCVaR std CVaR std 1.
W W0 0 0 0

Obviously, ( )aw at,
0 0 is feasible for problem (6).

We focus on the objective value of (6) at point ( )aw at,
0 0 with >a 1, we have

(( ) ) (( ) ) (( ) )= >E aw β aE w β E w β .
W T W T W T0 0 0

Clearly, it is contrary to the assumption that ( )w t,
0 0 is one optimum of problem (6). So the first constraint is

equality at the optimum. Therefore, the equivalence between (6) and (7) is proved. In summary, we prove two
models (3) and (6) are equivalent. For more details refer to [36]. □

The equivalent model (6) has good properties (like convexity) to analysis, reformulation, and computation
for distributionally robust problems. We will discuss in next part from optimization viewpoint.

4 An semi-definite programming (SDP) reformulation for the
distributionally robust model

In this part, we will use moment theorem to transform the objective and constraints to the form of semi-
definite programming which is tractable in computation.

In Section 1, it is known that P denotes a probability distribution set, in which the distributions have the
same first and second moments as the true distribution F of the assets’ reward ξ . Referring to [30], the reward
objective, SD and CVaR function can be written as

( ) ( ) ( ) ‖ ‖ ( ) ( ) ( )∫ ∫= = = +
−

− −∕ +
E X x ξp ξ X x X β

α

x ξ β p ξd , std Σ , CVaR min

1

1

d .

R

T T

β

R

T1 2

n n

Then model (6) has the following form:

( )

( ) ( ) ‖ ‖

∫

∫+
−

− − + ≤

= ≥ ≤ ≤

∈

∈
+ ∕

w ξp ξ

β

α

w ξ β p ξ w

w e t t tL Bw tU

max min d

s.t. max min

1

1

d Σ 1,

, 0, ,

w t p P

R

T

p P β

R

T T

T

b b

,

1 2

n

n

(8)

which is the so-called robust “counterpart” in optimization.
From the above model, we easily know that the equivalent problem has complicated parts with max-min

in objective and constraints. Therefore, optimization techniques will be used to simplify the model in next
part. The dual variables ∈h R0 , ∈h R

n, and ∈ ×
H R

n n are introduced to the equality constraints in the
objective function of (8), respectively. Similarly, introduce dual variables ∈k R0 , ∈k R

n, and ∈ ×
K R

n n to
the equalities of the risk constraint. We transfer the minimization in objective and maximization in con-
straints to their dual problems, respectively.
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Proposition 4.1. The bi-level max-min problem (8) can be reformulated to

⟨ ⟩

( ) ≤

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
− ≥

= ≥ ≤ ≤

M

φ w

w

w

M

w e t t tL Bw tU

max Ω,

s.t. 1,

0

1

2

1

2

0

0,

, 0, ,

M w t

T

T

b b

, ,

1

1

1

(9)

where

( ) ( )=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
∈ ∈ ∈ ∈+ × + ×

M

H h

h h

R h R h R and H R

1

2

1

2

, , , .

T

n n n n n

1

0

1 1

0

( )φ w is the minimal value of the following problem:

‖ ‖ ⟨ ⟩+ +
−

+

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
≥ ≥

∕
β w

α

M

M

w

w β

M

min Σ

1

1

Ω,

s.t.

0

1

2

1

2

0, 0,

β M

T

T

,

1 2

2

2 2

2

(10)

where

( ) ( )=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
∈ ∈ ∈ ∈+ × + ×

M

K k

k k

R k R k R and K R

1

2

1

2

, , , .

T

n n n n n

2

0

1 1

0

Proof. First, we focus on the value of objective function in robustness. The objective function in the worst case
scenario is actually a minimization problem over the probability variable p,

( )

( )

( )

( )

∫

∫

∫

∫

=

=

= +

∈ +
w ξp ξ

p ξ

ξp ξ μ

ξξ p ξ μμ

min d

s.t. d 1,

d ,

d Σ ,

p M

R

T

R

R

R

T T

n

n

n

n

(11)

where +M denotes the nonnegative Borel measure cone in R
n.

Actually, the optimal variable of the semi-infinite programming (13) is also a nonnegative measure p.
Specifically, the first equality ensures that p is a probability measure. The other two equalities are consistent
with the known first and second moments, respectively.

From the dual theorem (Lemma A.1 in [14]), the dual problem of (11) can be obtained,

⟨ ⟩

⟨ ⟩

+ + +

+ + ≤ ∀ ∈

h h μ H μμ

h h ξ H ξξ w ξ ξ R

max , Σ

s.t. , , ,

h h H

T T

T T T n

, ,

0

0

0 (12)
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where ∈h R0 , ∈h R
n, and ∈ ×

H R
n n. Since ≻Σ 0, the property of strong duality holds [37]. Then the primal (11)

and dual (12) are solvable and have the equal optimal objective value. By defining the combined variable

( ) ( )=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
∈ ∈+ × +

M

H h

h h

R h R

1

2

1

2

, ,

T

n n

1

0

1 1

0

we rewrite the dual form (12) by matrix inner production,

⟨ ⟩

[ ] [ ]

( ) ( )

≤ ∀ ∈
∈ + × +

M

ξ M ξ w ξ ξ R

max Ω,

s.t. 1 1 , .

M R

T T T T n

1

1

n n

1

1 1 (13)

It should be noted that the inequality in (13) can be transformed to the SDP form:

[ ] [ ]

⎛

⎝

⎜
⎜⎜

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
−

⎞

⎠

⎟
⎟⎟

≥ ∀ ∈ ⇔

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
− ≥ξ

w

w

M ξ ξ R

w

w

M1

0

1

2

1

2

0

1 0,

0

1

2

1

2

0

0.
T

T

T T n

T

1 1

Therefore, the objective part in (8) can be reformulated to

⟨ ⟩

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
− ≥

M

w

w

M

max Ω,

s.t.

0

1

2

1

2

0

0.

M

T

1

1

1

(14)

Second, we consider the robust constraint function

( ) ( ) ‖ ‖∫+
−

− − +
∈

+ ∕
β

α

w ξ β p ξ wmax min

1

1

d Σ .

p P β

R

T T 1 2

n

According to the classical saddle point theorem, the constraint function can be equivalently expressed as

( ) ( ) ‖ ‖

( ) ( ) ‖ ‖

‖ ‖ ( ) ( )

∫

∫

∫

+
−

− − +

= +
−

− − +

= + +
−

− −

∈
+ ∕

∈
+ ∕

∕
∈

+

β

α

w ξ β p ξ w

β

α

w ξ β p ξ w

β w

α

w ξ β p ξ

max min

1

1

d Σ

min max

1

1

d Σ

min Σ

1

1

max d .

p P β

R

T T

β p P

R

T T

β

T

p P

R

T

1 2

1 2

1 2

n

n

n

It should be clarified that the interchange of “max” and “min” is allowed according to the saddle point theorem
proposed by Shapiro and Kleywegt [38] (see also Natarajan et al. [39] or Delage and Ye [18], for example).

Next, we derive an SDP reformulation to the “max” part of the above equation, which is an expectation
maximizing problem on the worst case probability distribution:

( ) ( )

( )

( )

( )

∫

∫

∫

∫

− −

=

=

= +

∈
+

+
w ξ β p ξ

p ξ

ξp ξ μ

ξξ p ξ μμ

max d

s.t. d 1,

d ,

d Σ ,

p M

R

T

R

R

R

T T

n

n

n

n

(15)
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where +M represents the nonnegative Borel measures on R
n. Similar to the above derivation, we derive

the dual form of (15) by the dual theorem

⟨ ⟩

⟨ ⟩ ( )

+ + +

+ + ≥ − − ∀ ∈+

k k μ K μμ

k k ξ K ξξ w ξ β ξ R

min , Σ

s.t. , , ,

k k K

T T

T T T n

, ,

0

0

0

where ∈k R0 , ∈k R
n, and ∈ ×

K R
n n. So the constraint on the worst case CVaR and SD can be equivalent to

the following SDP:

‖ ‖ ⟨ ⟩

[ ] [ ] ( )

+ +
−
≥ − − ∀ ∈

∕

+

β w

α

M

ξ M ξ w ξ β ξ R

min Σ

1

1

Ω,

s.t. 1 1 , ,

β M

T

T T T T n

,

1 2

2

2

2 (16)

where

( ) ( )=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
∈ + × +

M

K k

k k

R

1

2

1

2

.

T

n n

2

0

1 1

Furthermore, the inequality in (16) can be rewritten as two inequality constraints:

[ ] [ ]

[ ] [ ]

≥ − − ∀ ∈
≥ ∀ ∈

ξ M ξ w ξ β ξ R

ξ M ξ ξ R

1 1 , ,

1 1 0, .

T T T T n

T T T n

2

2

Equivalently,

[ ] [ ] ≥ − − ∀ ∈ ⇔ +

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
≥ξ M ξ w ξ β ξ R M

w

w β

1 1 ,

0

1

2

1

2

0.
T T T T n

T

2 2

In summary, the constraint’s dual form is obtained as

‖ ‖ ⟨ ⟩+ +
−

+

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
≥

≥

∕
β w

α

M

M

w

w β

M

min Σ

1

1

Ω,

s.t.

0

1

2

1

2

0,

0.

β M

T

T

,

1 2

2

2

2

2

(17)

By substituting (14) and (17) into the objective and the first constraint of model (8), respectively, we can easily
obtain model (9). □

Note that the subproblem (10) is still very complicated. In the next part, we further simplify the subpro-
blem. Denote

( ) ( )= =u w t M U M M w t β, , , , , , , .1 1 2
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The single-layer minimization problem is presented as follows:

⟨ ⟩

‖ ‖ ⟨ ⟩+ +
−

≤

+

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
≥ ≥

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
− ≥

= ≥ ≤ ≤

∕

M

β w

α

M

M

w

w β

M

w

w

M

w e t t tL Bw tU

max Ω,

s.t. Σ

1

1

Ω, 1,

0

1

2

1

2

0, 0,

0

1

2

1

2

0

0,

, 0, .

M M w t β

T

T

T

T

b b

, , , ,

1

1 2

2

2 2

1

1 2

(18)

Obviously, (18) is more tractable in computation than (9). The following proposition is presented to illustrate
solutions of two models referring to Proposition 4.1 in [29].

Proposition 4.2. If ( )=U M M w t β* *, *, *, *, *
1 2

is an optimum of (18), then ( )=u M w t* *, *, *
1

is an optimum of (9).
Conversely, if ( )′ = ′ ′ ′u w t M, ,

1
is an optimum of (9), then ( )′ = ′ ′ ′ ′ ′U M M w t β, , , ,

1 2
is an optimum of (18), where

( )′ ′M β,
2

is an optimum of model (10) with ( ) ( )= ′ ′M β M β, ,2 2
.

Proof. Let ( )=U M M w t β* *, *, *, *, *
1 2

be an optimum solution of model (18), then the pair ( )=u M w t* *, *, *
1

can
be proved to be an optimum of problem (9). First, we prove that ( )=u M w t* *, *, *

1
is feasible as follows.

Since ( )=U M M w t β* *, *, *, *, *
1 2

is an optimum solution of model (18), it can be obtained that

‖ ‖ ⟨ ⟩+ +
−

≤

+

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
≥ ≥

∕
β w

α

M

M

w

w β

M

* * Σ

1

1

Ω, * 1,

*

0

1

2

*

1

2

* *

0, * 0.

T

T

1 2

2

2 2

It is obvious that ( ) ≤φ w* 1 because of definition of ( )φ w* . In addition to other constraints in model (18),
we can easily show that ( )=u M w t* *, *, *

1
is feasible for problem (9).

Second, we show that ( )=u M w t* *, *, *
1

is an optimum solution of (9). Suppose ( )=u M w t* *, *, *
1

is not
an optimum solution of (9), there must exist an optimum ( )=u w t Mˆ ˆ , ˆ, ˆ

1 . Denote values of objective function
in maximization problem (9) as ( )ϕ w t M, , 1 , then

( ) ( )≥ϕ w t M ϕ w t Mˆ , ˆ, ˆ *, *, * .1 1
(19)

Therefore, for the first inequality of (9) related to subproblem (10), there exists a solution ( )β Mˆ, ˆ
2 of the

subproblem (10) with =w ŵ. It is obvious that ( )=U w t M β Mˆ ˆ , ˆ, ˆ , ˆ, ˆ
1 2 is feasible to model (18). But the inequality

of objective values (19) implies that U* is not a solution of (18). It is a contradiction to prior assumption.
So ( )=u M w t* *, *, *

1
is an optimum solution of (9).

Conversely, denote ( )′ = ′ ′ ′u M w t, ,
1

as an optimum solution of model (9), ( )′ = ′ ′ ′ ′ ′U M M w t β, , , ,
1 2

is proven
to be a solution of (18). Here, ( )′ ′β M,

2
is an optimum solution of subproblem (10) with = ′w w .

In fact, suppose that ( )′ = ′ ′ ′ ′ ′U M M w t β, , , ,
1 2

is not an optimum solution of problem (18), there exists
a solution denoted as ( )′ = ′ ′ ′ ′ ′U M M w t β* *, *, *, *, *

1 2
. According to the above proof, we obtain that the pair

( )′ ′ ′M w t*, *, *
1

is a solution of (9), and the following inequality of objective values

( ) ( )′ ′ ′ ≥ ′ ′ ′ϕ M w t ϕ M w t*, *, * , , ,
1 1

which contradicts to that ( )′ = ′ ′ ′u M w t, ,
1

is an optimum of problem (9). Hence, the conclusion is obtained. □

It is obvious that the final version (18) is actually a SDP model, which is tractable in computation.
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5 Application in portfolio problems

In this section, the final distributionally robust reward-risk model (18), which considers both CVaR and SD in
risk measurement, is used to solve portfolio problems. In the first part, the proposed model is experimented on
two market data to validate its robustness and effectiveness. Next, the corresponding Mean-CVaR ratio model
without SD is compared to show the distinction with the proposed model through simulation analysis.

5.1 Model verification on two market data

In this test, we verify the proposed model (18) on the portfolio problem with two market. First, the market data
and parameters are given. Second, we output the results of the distributionally robust model vs the robust
model under the ellipsoid uncertainty. Finally, the proposed model is compared with the Mean-CVaR ratio
model without SD in [30,31,33] to show the validation of our motivation.

5.1.1 Market data and settings

We use the examples of real Hang Seng Index data referring to [28,30,40]. The two sectoral sub-indices: Hang
Seng Finance Index (HSNF) and Hang Seng Utilities Index (HSNU) are selected as the financial assets to
construct the portfolios. The history data (1,000 samples) of their daily returns are chosen from January 3,
2017 to January 22, 2021.
– HSNF: the first 500 samples in the history data have mean return 1.1455 with 0.4589 SD; the latter half 500

daily returns have the average 0.7264 with 0.4389 SD.
– HSNU: the 500 samples in the first period of history data have mean return 0.7522 with 0.1412 SD; the latter

half 500 ones have mean return 0.3648 with 0.1270 SD.

Conveniently, according to the feasibility of portfolio problems. The parameters in problem (18) are set as:

( ) ( )= ⎡⎣
⎤
⎦ = = =B L U α

22 4

5 26
, 0, 0 , 14, 13 , 0.95.b

T

b

T

Besides, define P as the distribution set of the measure p on R
n with the same first- and second-order

moments as the true distribution F . In this test, the first-order moments μ is estimated by calculating the mean
history returns of two assets. Since the estimation errors between the sample covariance matrix Σ̂ and the true
Σ may probably accumulate. We use the shrinkage method in [41,42] to estimate the second-order moments Σ,
which linearly combines the sample covariance matrix Σ̂ and a simple definite matrix.

5.1.2 Contrast with the robust model under the ellipsoid uncertainty Pπ

In this comparison, we focus on the robust reward-risk ratio models in [28,30,31,33] under an ellipsoid
uncertainty Pπ . It should be noted that the robust models in [30,31,33] do not contain SD as a part of risk
measure. For the sake of fairness, we add this part to their models as follows:

( )

( ) ( )+ ≤

= ≤ ≤ ≥

∈

∈

E w

w w

e w t tL Bw tU t

max min

s.t. maxCVaR std 1,

, , 0,

w t p P

p

p P

p p

T

b b

, π

π

(20)
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where { ‖ ‖ }= = + + ≥ = ≤P p p π Aη π Aη e Aη η: , 0, 0, 1π

T0 0 . Actually, the contrasting model (20) is similar
with the first case of robust reward-risk model in [28]. We can see that model (20) and our model (18) have
the same economic meaning but under the different uncertainty sets of assets’ reward variable ξ .

The parameters in (20) are chosen as follows:

( )= ⎡⎣
⎤
⎦ =A π

3 7

4 6
, 0.5, 0.5 .

T0

The other settings are the same as the above in 5.1.1.
The semidefinite programming problems (20) and (18) can be solved by SDPT3 solver. The allocation

obtained with the proposed model is (0.6172, 0.3828), which is different from the solution (0.5257, 0.4743) of
model (18). In other words, for the same problem, the portfolio choice will be different under different
uncertainty distribution sets. So the investors would choose some preferable uncertainty distribution sets
of variables with personal preference and practical situation.

5.1.3 Comparison with distributionally robust Mean-CVaR ratio model

In this experiment, we compare (18) with the following Mean-CVaR ratio model,

( )

( )

−

− ≤
= ≤ ≤ ≥

E w ξ tr

w ξ tr

e w t tL Bw tU t

max

s.t. CVaR 1,

, , 0.

w t

W T

b

W T

b

T

b b

,

(21)

which does not involve standard variance in [31]. Here, the parameter rb represents the risk-free reward.
Since the risk-free reward is not concerned in this article, we set =r 0b for consistency with our model.

Then, (21) is reduced to the problem with the uncertainty distribution set P,

( )

( ) ≤

= ≤ ≤ ≥

∈

∈

E w

w

e w t tL Bw tU t

max min

s.t. maxCVaR 1,

, , 0.

w t p P

p

p P

p

T

b b

,

(22)

We firstly evaluate the performance of models (22) and (18) on history rewards in Section 5.1.1. Numeri-
cally, model (22) gives an allocation of assets (0.6580, 0.3420). Meanwhile, the result obtained with our model is
(0.5257, 0.4743).

Now we apply the above two allocations to future data (45 days) of HSNF and HSNU, which are shown
in Figure 1.

From Figure 1, it is obvious that the volatilities of two returns are distinct to the history data. Furthermore,
we compute the expected returns of the next 45 transactions with the above two allocations, respectively.
Figure 2 outputs the comparison of the next 45 daily expected returns obtained by model (22) and our
model (18).

As shown in Figure 2, two allocations obtained by (22) and (18) result in similar mean returns around 0.75.
However, the corresponding volatilities are distinct apparently. Furthermore, the corresponding mean
returns, variance, and CVaR of the obtained portfolios are calculated as shown in Table 1, respectively. It
should be noted that both variance and CVaR by the proposed model (18) are smaller than the distributionally
robust Mean-CVaR model (22). This indicates that the risk measurement combining SD and CVaR is actually
feasible and effective.

In other words, the rewards in the worst case scenario with respect to the proposed model are merely
a little bit smaller than that of model (22). It also shows that the robustness of our model. Consequently,
the proposed model may be applicable as a competitive and reasonable portfolio strategy for conservative
investors.
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5.2 Simulation analysis

In this subsection, we present two examples to illustrate the distributionally robust portfolio problems with vs
without considering SD. Here, we only focus on the comparison with the distributionally robust Mean-CVaR
model (22) through market data simulation and Monte Carlo simulation.

Figure 2: Comparison on the predicted returns of models (18) and (22).

0 5 10 15 20 25 30 35 40 45
0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

time

re
tu
rn

HSNF
HSNU

Figure 1: Future returns of two assets in next 45 transactions.

Table 1: Comparison of mean return, variance, and CVAR of two portfolios for future returns

Method Mean return Variance CVaR

The proposed model (18) 0.7485 0.1908 0.8609
The Mean-CVaR model (22) 0.7747 0.2889 0.9416
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5.2.1 Market data simulation analysis

To verify the effectiveness of the proposed model, we introduce four real-world datasets, including Ken
French’s Fama French with 25 assets (FF25) and 100 assets (FF100), SP500 index, and Shanghai Stock
Exchange Composite Price Index (SHCI). The four assets are collected from the datasets FF25, FF100, SP500,
and SHCI from the time period from February 7, 2022 to January 31, 2023. The mean of daily returns and
the covariance matrix in this example are given in Tables 2 and 3, respectively.

We solve the semidefinite programming problem (18) and (22). Here, we omit the box constraint on
weights of assets. The obtained optimal portfolios are displayed in Table 4, respectively.

Then, for the confidence level 0.95 ( =α 0.05), we calculate the mean return, variance, VaR, and CVaR
of two portfolios, respectively. The obtained results are listed in Table 5.

From Table 5, we can find out that the presented model leads to a presumptive variance (about 10%
smaller) and very similar mean return, VaR, and CVaR. This observation is consistent with the corresponding
optimal portfolios in Table 4. For instance, since the variance of SHCI is more than twice as much as the others,
the weight obtained by our model is indeed much lower than that by the robust Mean-CVaR model. It verifies
the effectiveness on involving the standard deviance in the proposed model.

Table 2: Portfolio mean returns

Mean return

FF25 0.0002689
FF100 0.0003391
SP500 0.0002141
SHCI 0.0004857

Table 4: Optimal portfolios with models (18) and (22)

Method FF25 FF100 SP500 SHCI

The proposed model (18) 0.06230 0.4674 0.3383 0.1320
The Mean-CVaR model (22) 0.0000 0.4737 0.3443 0.1820

Table 3: Covariance matrix of returns

FF25 FF100 SP500 SHCI

FF25 0.0003479 0.0002463 ‒0.0000228 0.0000210
FF100 0.0002463 0.0002370 ‒0.0000118 0.0000322
SP500 ‒0.0000228 ‒0.0000118 0.0002450 ‒0.0000368

SHCI 0.0000210 0.0000322 ‒0.0000368 0.0008837

Table 5: Mean return, variance, VaR, and CVaR obtained with models (18) and (22)

Method Mean return Variance VaR CVaR

The proposed model (18) 0.0003118 0.0001073 0.0169 0.0211
The Mean-CVaR model (22) 0.0003228 0.0001185 0.0170 0.0212
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5.2.2 Monte Carlo simulation analysis

In the example, the discrete sample space of random returns consists of 10,000 samples are generated via the
Monte Carlo approach by assuming the same joint normal distribution. The expected values and the covar-
iance matrix of returns of these four assets are the same as in Tables 2 and 3, respectively. Then, mean return,
variance, VaR, and CVaR of the samples can be calculated in the same way. The corresponding results of
the Monte Carlo simulation are shown in Table 6.

Upon comparing the results in Table 6 to those that correspond to the optimal portfolio in Tables 5, we see
that the CVaR values differ by only a few percentage points, depending upon the number of samples, and
likewise for the VaR values. In addition, the behaviours of mean return and variance in Monte Carlo simula-
tion are also similar to those in Table 5.

6 Conclusion

In this article, motivated by distributionally robust optimization models, we propose a new distributionally
robust ratio model which concerns both CVaR and SD as risk measures. By introducing measurement assump-
tions of reward, CVaR, and SD, the ratio model can be reduced to a distributionally robust model without
ratios. Given the first and second moments of distribution, it can be equivalent to a semidefinite programming
problem by the duality theory. Compared with the existed distributionally robust models, the new model not
only considers CVaR, but also involves SD in measuring the risk. It should give an allocation without too large
volatility. For investors, it would be a conservative case with reasonable rewards. However, like the other
distributionally robust models, the proposed model is sensitive to different distribution forms of uncertainties
as well. On the other hand, it indicates that distributionally robust models usually depend on the chosen
distribution parameters. Numerical experiments validate that the new model is effective and reasonable by
comparing with the robust model under ellipsoid uncertainty and the corresponding Mean-CVaR model.
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Table 6: Mean return, variance, VaR, and CVaR obtained with models (18) and (22) of Monte Carlo simulations

Method Mean return Variance VaR CVaR

The proposed model (18) 0.0003599 0.0001083 0.01694 0.02107
The Mean-CVaR model (22) 0.0003641 0.0001196 0.01698 0.02124
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