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Abstract: This work investigates the asymptotic behavior of energy solutions to the focusing nonlinear
Schrodinger equation of Choquard type

2+a

0 + Au + |uP2(I*ufP)u=0, p=1+ N’

N2=3.

Indeed, in the energy-critical spherically symmetric regime, one proves a global existence and scattering
versus finite time blow-up dichotomy. Precisely, if the data have an energy less than the ground state one,
two cases are possible. If the kinetic energy of the radial data is less than the ground state one, then the
solution is global and scatters. Otherwise, if the data have a finite variance or is spherically symmetric and
have a finite mass, then the solution is nonglobal. The main difficulty is to deal with the nonlocal source term.
The argument is the concentration-compactness-rigidity method introduced by Kenig and Merle (Global well-
posedness, scattering and blow-up for the energy-critical, focusing, non-linear Schrodinger equation in the radial
case, Invent. Math. 166 (2006), no. 3, 645-675). This note naturally complements the work by Saanouni
(Scattering theory for a class of defocusing energy-critical Choquard equations, J. Evol. Equ. 21 (2021),
1551-1571), where the scattering of the defocusing energy-critical generalized Hartree equation was obtained.
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1 Introduction

This article studies the Cauchy problem for an energy-critical focusing generalized Hartree equation

‘iatu + Au + [ulP~2(I*|ulP)u = 0; (NLS)

Ue=0 = Up-

In this note, the space dimension is N = 3, the wave function is u : R x R¥N - C. Moreover, 0 < a < N and
the Riesz-potential stands for

N-a
2

r

, 0#%x€ERN.

I(x) =
1

al| N -
5]7'[2 20 |x|N-¢a
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Introduced by Ph. Choquard in 1976, the Choquard equation models a one-component plasma [1].
It appears also in Frohlich and Pekar’s model of the polaron, which describes the interaction of an electron
with its own hole [2—4].

If u is a solution to (NLS), one gets a family of solutions

Xovu(R,A-), A>0.
The equation (NLS) is called H* critical, where

N 2+a
Se = — —

2 2p-1)

is the unique index keeping the following Sobolev norm invariant

A5 u(t, A ~)‘

= u)tzt 7Sc.
= o)l

This note treats the energy-critical case corresponding to s, = 1, equivalently

a+2
N-2

The particular case p* = 2 in (NLS) corresponds to the repulsive energy-critical nonlinear equations
of Hartree type. The global existence and scattering versus finite time blow-up of solutions were established
for radial setting in the study by Miao et al. [5]. This result was extended to the nonradial case [6]. For p* > 2,
it seems that the study by Arora and Roudenko [7] is the only work dealing with the energy-critical generalized
Hartree equation (NLS). Indeed, the global well-posedness in H%,s. > 0 was established for small data.
A natural complementing of the study by Arora and Roudenko [7] is to establish the scattering of global
solutions with a precise data size in H !, This is the goal of this note. The argument is the concentration-
compactness-rigidity method used first by [8] in the energy-critical focusing NLS. Note that (NLS) is a part
of the nonlinear evolution equations with nonlocal source term [9,10].

This article naturally complements the work [11], where the scattering of the defocusing energy-critical
generalized Hartree equation was obtained by the third author in the spirit of the study by Miao et al. [5]. This
helps to understand the asymptotic behavior of the energy-critical Choquard problem in different regimes.
Note also that the intercritical regime was investigated by Saanouni [12]. It was also revisited with an alter-
native proof in the study by Arora [13], using a new method suggested by Dodson and Murphy [14], which relies
on a scattering criterion [15], combined with the radial Sobolev and Morawetz-type estimates.

This article is organized as follows: Section 2 contains some technical estimates and the main result.

p:p*::1+

Section 3 is devoted to prove the linear profile decomposition of bounded sequences in H !, In Section 4,

one collects some variational estimates about energy solutions to (NLS). The goal of Section 5 is to obtain the

nonexistence of global solutions. In Section 6, one proves the global existence and scattering of solutions.

Finally, in the Appendix, we prove a scattering criteria and give a second proof of the profile decomposition.
Here and hereafter, for simplicity, one denotes the spaces

I'=U®RY), H'=HERY;
Hy={f€H', f00=f(x) Vxe€RY,
and the norms
et = A1 flers A1 1= 1 e
Finally, T* = T*(uo) > 0 denotes the lifespan for a possible solution to the Schrodinger problem (NLS).

2 Background and main result

This section contains the contribution of this note and some useful estimates.
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2.1 Notations

Here and hereafter, define, for u € H 1,

N =N = P Gl
[RN

F = Fu) = I*|ulP ) ul2u;
1
E(u) = ||Vulf* - N

Definition 2.1. A ground state of (NLS) resolves the elliptic problem
AQ + I*|QPIQP2Q =0, 0= QeEH M
and minimizes the problem

b

inf {E@w) st |[Vul? = Ilulp*(Ia*|u|P*)dx
zuel!

0
RN

According to [16], the following explicit function is a ground state of (NLS),

_N_
0= sincimaly , I @
* NWN-2)]

where § is the best Sobolev injection constant in ||Vu|? > Cl|ju|/y and

T(N) "
NeSINGIR

Note that global solutions to (NLS) such as this ground state may not scatter. Finally, let us denote,
for an interval I C R, the Strichartz spaces

N-a

A

1
2Jm

*

2Np* 2Np*(p*-1)

S = I¥"(I, Lw=), SWI)=I1%(1,L zw ).

2.2 Preliminary

Solutions to the Schrdodinger problem (NLS) will be considered with an equivalent way as a fixed point
of the integral equation:

t
ety + i el AL P 2ulds,
0

where

eltdy = 7:—1(e—iz|~|2)*u_
In the study by Du and Yang [16], a sharp Gagliardo-Nirenberg type inequality related to (NLS) was established.
Proposition 2.1. Let N > 3 and 0 < a < N. Then,

@) [orlul?” Ua*ulP”)ax < Cy ol VulP?", for any u € HY;
(2) the best constant in the previous inequality is
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CN,a T _a+N*
Sn-2

The problem (NLS) has a local solution in the energy space, which is global for small data [7].

Proposition 2.2. Let N>3,0<a<N<4+a,anduy € H. Then, there exists T* > 0 such that (NLS) admits
a unique maximal solution
u € Cr(H").
Moreover,
M ueLE O, T, W" W Z)
(2) the energy is conserved E(u(t)) = E(uy);
() i T* < o, then, ||ullsig,r+) = .
Furthermore, there exists 5(||Vuo||) > 0 such that if||e'2u||siw) < &, then, T* = c and

@ lullsigy < 2lle" *uollsiw);
@ [IVullsw) = ||Vuollsw)-

For the reader convenience, the next scattering criterion will be proved in the Appendix.

Proposition 2.3. Let N> 3,0<a<N<4+aqa,andu € C(R, HY bea global solution to (NLS) satisfying
llullsiw) < o

Then, u scatters in H'.
The following long-time perturbation theory [12] will be useful.

Proposition 2.4. Let N>3,0<a<N<4+a.Let T>0,u€ C(H") be a solution to (NLS) and @i € L{(H")
satisfying for some €, A > 0,

Nl irtynsio,ry < As
00 + Ati + F(1i) = e;
IVellso,m) < & lle"[uo = dolllsio,r) < &
Thus, there exists &) = £y(A) satisfying for any 0 < € < g,
llullsio,ry < C(A).

The next linear profile decomposition for bounded radial sequences in H'isa key tool for the scattering
proof [5,17].

Proposition 2.5. Let N > 3,0 < a < N such that p* is an integer. Take (u,) be a bounded sequence in H,ld such
that ||e""‘un||sl([R) > § > 0. Then, for any M € N, there exist a subsequence denoted also (u,) and
() forany1<j<M,aprofiley € H
() for any1<j< M, a sequence (t], A]) € R? satis]ﬁzingfor 1<i#j<Mandn— o,
Mo, M -t
A )U A2

3) a sequence of remainders WM € H_, such that, for /] = et 4y,

l[y{
W )
g /U)Nze() w[ Py

M

M ._ M
M/n -]Zl()l])md)l[ (/\])2 A]] Wn-
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Moreover, ||Vi,|| > 0 and

hm [11m |l AWM||31([R)} 0.

M- o|n—o0

For fixed M, one has the next Pythagorean expansions

M
[Vunl? = Y [IVYIIR + VW2 + 0n(D);
j=1
t] v
E(up) = ZE e E(WM) + 0,(1).

Finally, one recalls the notion of nonlinear profile.

Hartree NLS

Definition 2.2. Let a sequence of real numbers (t,) such that lim,t, = € [-, +co] and vy € H'. One says that

u(t, x) is a nonlinear profile associated to (vo, t,,) if there exists an interval I 2 ¢, (I =

if £ = o) and u(t, x) a solution to (NLS) on I such that

lim |[u(ty) = evy||; =
n

The main result proved in this article is given in the following subsection.

2.3 Main result

[a, ©) or I = (o, al,

The novelty in this work is the next dichotomy of global existence and scattering versus nonexistence of global

energy solutions to the Schrodinger problem (NLS).

Theorem 2.1. Let N>23,0<a<N<4+a, Q be the ground state solution to (1) given in (2) and u, € ik

satisfying
Efuo] < E[Q].

Take u € Cr+(H 1) be the unique maximal solution to (NLS). Then,
(1) T* < = if xuy € I* and

[IVatol| > [IVQY|-

(2) T* = « and u scatters if uy is radial and
[IVuoll < [IVEl.

In view of the result stated in the aforementioned theorem, some comments are in order.

Remarks 2.1.

¢ The condition a > N - 4 avoids a singular source term if p* < 2;
+ the range of space dimensions N containing 3, is {3, 4, 5, 6};

+ the scattering means the existence of ) € H ! such that

lim ||u(t) - eimz/)”Hl = 0;
t—o0

3

@

©)

in the proof of the finite time blow-up, we establish also that there is no global solution to (NLS) in the energy

space if ug € HY and N% - (5 + a)N - a > 0. This extra assumption is related to the method and is needed

in order to apply Young estimate;
the major part of the proof is devoted to prove the energy scattering;
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the scattering in the defocusing regime was proved by Saanouni [11];

in [18];

work [8], which has a deep influence in the NLS context.

the local well-posedness of (NLS) for 1 < p < 2 was investigated for a class of data in weighted Sobolev spaces

the proof of the scattering follows the concentration-compactness-rigidity method due to the pioneering

* the new method of Dodson and Murphy [14], used by Arora [13] in the intercritical regime fails in the energy

critical case.

Section 2.4 presents some technical estimates needed in the sequel.

2.4 Tools

The next consequence of Hardy-Littlewood-Sobolev inequality [19] is adapted to estimate a possible solution

to the Hartree equation (NLS).

Proposition 2.6. Let0 <a <N =1and1<s,r < . Then,

W i1+ g=r+g
Jtreoreoax < Guadiibligls,  V(f.8) € L x Lt
IRN

@ Ffley=y++y

IT*Fglh < Cvasllfllsllglly,  V(f,8) € L* x L.

Definition 2.3. A couple of real numbers (g, r) is said to be H?® admissible (admissible if s = 0) if

[1 1] 2
NS - ==+,

2 r q
where

2N 2N | .

<r< > 3;
N-2s5 " N—Z]’ rN=3
2 2 7 .

<r< =92
1_s r [[1_31], if N=2;
2 .

<r< oo, if N=1
1-2s

aa

Here, (a*) = = Finally, one says that (¢, r) is said to be H™* admissible if

ii-1)-2-
2 r) q 7

where

2N Y 2N
<rs|—— > 3;

N—Zs] ' [N—Z N3

2 ) 2 V.

— | <r«< =9

1_3] r [1—3]]’ if N=2;

2 ]+<r 00 if N=1

1-2s ’ o

(6)
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For simplicity, one denotes I'¥ the set of s admissible pairs.
A standard tool to control solutions of (NLS) is the Strichartz estimate [20,21].

Proposition 2.7. Let N > 1 and s € R. Then, there exists C > 0 such that
(D) sup erslle“ullzaqry < CllIVFull;

(2) Sup(q,r)el"s ”J-(-)ei(._T)Af(T)dT ”Lq(LV) < Cinf(a,b)er_SHf”Lal(Lb/)'

To investigate the nonexistence of global solutions to the Schrédinger problem (NLS), one will use the next
variance identity [22].

Proposition 2.8. Let N>3,0<a<N<4+a,andu € Cr(H") be a solution to (NLS) satisfying xuy € L%. Then,
the variance defined on [0, T) by

Vite j|xu(t, X)Pdx
RN

satisfies V. € C¥(-T, T) and

v'=8

[IVulf? - IIu|P*(Ia*|u|p*)dx'.
N

R

3 Profile decomposition

In this section, one proves Proposition 2.5. Taking account of [17], it is sufficient to prove the last equation,
which reads

M | j
N(uy) = Z lpll[_ tr{ zy + N(Wr{w) + 0p(D). N
=1 )
For this, one needs to establish that
0 = Im(A () = Nt = @) = M@ ) = lim b, ®)

where, one denotes the sequence
~1 1 -
@n = =¥ -1 1|
R At A
By re-indexing and adjusting profiles, one can assume that one of the two scenarios happens. The first one
1 1 .
(;{’)2 — o, The second one is (;T)Z - —t.

Take the first case and recall the useful inequality [23], for any m = 2,

[Ix™ = Ix = yI™ = "l < m2™(x =y Tyl + Ix = yly™. ®

is

Let us write
b= [ A )Yl = e = @Ol = 1@+ [ i = GOl el
RY RY
=t = @A+ [ IR L unl?” = 16l a0
[RN

=1 + ()2 + (3.
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Now, by (9), via Sobolev embeddings, Holder estimate and (6), one writes for %

* ~1 * ~1 *
I = |[unll* [1unlP = tn = @ OnlP = 1@ Inl? || 20,

a+N
* ~1 * ~1 *
s||[unlP = up - (¢1 nlP - |(¢1 InlP ||a2gv

<t = GOnl GOl + It = GOl IGOnl 2

a+N

<l = @Ol @ nller + 11t = @ llor 1Bl

DE GRUYTER

= 2*’

(11)

Using the dispersive estimate [24] of the free Schrodinger operator, [[ei-||, < ﬁ“‘”rg for all r = 2,

via (11) and (10), one gets lim,I, = 0.
Now, take the second case and denote

R
() ’
1

Vo = Lty = AD 2 u,AL ) — eyl in HY

Sp ¢

Yl (=sn) = eyl in [¥.
Let us write
L= N(t) = N(tp = (@)n) = M@, D)

= NWn) = N(v, - l/ﬁl(‘sn)) - N(wll(_sn))
= (L) + ()2 + (I)s.

Here, one takes
(1= N(vn) = N(v, = elfbyl) = N(eitayty;
(T2 = N(vn = eiwal) = N(vn - lPll(-Sn));
(I)s = NPty = N} (=s0).

Moreover, the aforementioned first term reads

(12)

13

(14)

(15)

AT A N L A e T L P e A
N N

R R
— |vn = efplP)]dx + I|eiEA¢1|p*[Ia*(|Vn|p* — |etfaylP")]dx
[RN
=) + (e + (s

By (6) via Holder estimate and (9), one obtains
U= [ Aol Yval?” = v = €T = |1 )dx
[RN
S [Vallo [V =~ e P et + vy~ €|t 2

a+N
= ) + (e

(16)

@an

By density argument, one takes y € Cy°(RY) such that ||y - ef4y?| ;1 <1. Thus, by (13), via Holder estimate,

it follows that

)i = [[vn = € et =yl + [[vn = €172 X (v — e[l — .

Moreover, by Holder estimate, one has
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()12 =||lva - eimwl”eimlpl Xt X|p*_1||ﬂ

a+N

(A1 itA; 1 p*-1 itA;1 p*-2 (18)
= va = "l lor "0 = Xl ~ + (Ve = DIz Ilxllr ~ — 0.

Now, one considers the second term. Arguing as previously and taking account of (14), one obtains

U= [ Ivn = " (LA (" = vy - epip)]dx
[RN

< J Ivn = e (L™ = sl vl + PP+ sl )ldx (19)
[RN

-1 itay Pl 1 Pr1y it 1
S (valle + el + 19 Cswllee Dlle™t = ) (=swllzr = 0.

The third term is controlled similarly. This finishes the proof.

4 Variational analysis

In this section, one prepares the proof of the main result by collecting some useful estimates. Taking account
of [16], the ground state Q given in (2) is a minimizer for

Vul[?
Sva= inf [vul -

) {0+ucH} . . ”
S P (L P yx

This ground state is a global solution to (NLS), which does not scatter. Thus, global solutions may not scatter.
Moreover, the equation (1) gives

IVQIE = [ 1ol dx.
|RN

Thus,
a+N a+N
a+2
IVQI? = S,  E@Q) = 5 S¥&

Lemma 4.1. For 6 € (0, 1), there exists § € (0, 1) such that ifue H satisfies
(IVull < [IVQIl; E() < (1 - 8)E(Q) < E(Q),

then,
IVulP < (1 = $)|IVQIP; (20)
VUl = N = §]|Vulf; ()]
E(u) > 0. (22)
Proof. Take the real function f(x) = x - p*;"* xP". Then,
N,a

1 .
FAVUP) = [[VulP = ——5||Vul?
p*SN,a

1
< ||Vu||2 - EN

< E()
<(1- HEWQ).
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The equation f’(x) = 0 is equivalent to

b
-1
X=x*=Sk. =|VQIP.

Moreover, f(x*) = E(Q). Now, since f is positive and strictly increasing on [0, x*], one has (20) and (22). Now,
let the real function g(x) = x - (i)l’*. Then,
vule "
IVulP = N = ||Vulf - [s— = g([IvulP).
N,a
Moreover, g(x)=0 if and only if x=0 or x=x* Thus, g(x)zx on [0,(1-&8)x*]. So, since
0 < ||Vu|]? < (1 - §)x*, one obtains (21). O

Corollary 4.1. Ifu € H' satisfies |Vu|| < ||VQ||, then E(u) = 0.

a+N
SI\?",;Z > 0 is clear. Otherwise, the Lemma 4.1 gives the result. O

a+2
a+N

Proof. The case E(u) = E(Q) =

With a continuity argument via the conservation of the energy and Lemma 4.1, one has the following
energy trapping.

Proposition 4.1. For § € (0, 1), there exists § € (0, 1) such that if uy € H ! satisfies
[IVuol| < |IVQIl;  E(uo) < (1 - 6)E(Q) < E(Q),

then, the maximal solution to (NLS) satisfies for any t € [0, T*),

IVu@®)|P? < (1 - 8)||VQ|[?; 23
IVu®|P? = N(u(t)) = &||Vu(t)|?; (24)
E(u) > 0. (25)

Moreover,
E(u(t)) = [[Vu(®|P = ||Vuo|P.

Proof. For the last point, since E(u(t)) < ||Vu(t)|}% by (23), one has

1 1
E(u(t)) 2 [1 - E]IIVu(t)II2 + F(Ilvu(t)ll2 - N(u(t)))

> [1 - %]HVu(t)HZ.

Taking account of Lemma 4.1, it is sufficient to prove that
IVu(Oll < [IVQIl, vVt € (0, T™).
Assume that there exists ty € (0, T*) such that
IVu@ll < |IVQIl, Vt&(0,t) and [Vu(t)l = [IVOI|.
Thus, by Lemma 4.1, one obtains
[Vu®I < (@ - SIVQIE, Vi € (0, to).
With a continuity argument, it follows that
IVu(to)ll < [IVOl.

This contradiction finishes the proof. O
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5 Nonexistence of global solutions

In this section, one proves the first part of the main result dealing with the nonexistence of global solutions
to (NLS). The next result follows like Proposition 4.1.

Lemma 5.1. For § € (0,1), there exists § € (0,1) such that if the maximal solution to (NLS) denoted by
u € Cp«(H") satisfies (4) and

E(u) < (1-8)E(Q) < E(Q).
Then, holds on [0, T*),
[IVul* > (1 + 8)||VQ|P.

Let us discuss two cases.

(1) xup € I?. Compute

[IVulf* - Ilulp*(Ia*luIP*)dx = p*E(u) - (p* - 1)||Vul?
[RN
<SP*E(Q) - (p* - D(1 + 8)||VQIP
a+N2+a B 2+a
"IN-2N+a N-2

14
<-8(p* - DS

_ N+a
1+ 8)[Sy¥a"

Thus, by the variance identity in Proposition 2.8,

Otllu®)| =8

19l - I|u|p*(1a*|u|p*>dx’
[RN

*

p
<-88(p* - DY .

Thus, integrating twice, one obtains

5

.
IHUCOIR < ~45(p* - DS e2 + 4t [ (x. Vughugdx + [bxa|P.
[RN

This quantity becomes negative for large time. Thus, T* < oo,
(2) Second case uy € H,.
In the rest of this section, take a smooth radial function ¥ € C;’(R") satisfying ¥” < 1 and

XZ
bixm PLoir <y

0, if x| =2
Then, the truncated function i = RZl/)(;) satisfies
p <1, Yu(r)<r and Ay, <N.
Denote the localized virial

ol = [y u®Pdx and V=V,
[RN
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The first derivative reads using the convention of summed repeated index,

3 Vy[u(t)] = My[u(t)] = 23 j a(6)0xparu(t)dx.
[RN

Compute using the equation (NLS),
0:3(Ouit) = J(00.uit) + J(Oxud:u)
= R(10,udkit) — R(i0x0uit)
= RO (-Au - F)) - R@ox(-Au - F))
= R(UokAU - OrliAU) + R(UOKF — OxUF).

Recall the identity
1
EakA(|u|2) - Zalm(akualﬁ) = fR(ljakAu - 6kL_lAu).

Then,

1
[ awm@aru - danuyax = _[akw[gakmuﬁ) - 20RO |dx
RrRY RrRY

1
= [ 22y pax + 2 [ doym@uamx.
|RN N

R

On the other hand,

[awm@ar - aurydx = [ apm(@lar] - 20,aF)dx
RV RN

_ I(Alpﬂ'}' + 2R(OYOraF))dx
RN

= [ oy P @ ax - 2 [ opm@arax
RY RY

DE GRUYTER

* * 2 * *
== J 0l G = % [ oo 0
RY RY

By using the identity VI, = —=(N - a)ﬁ]a, one obtains

Iakkbak(lulp*)(la*lulp*)dx == IM |ufP” (I *|ufP” ydx - Iakw(akla*lulp*)lulp*dx
RY RY RY

* * X *
= [ " (e + - a)jakw[,—’;muv’
[RN [RN | |
Thus,

ok k. 2 * ok
[ awwm@ar - awarydx == [ o P G )dx - = [ ool ) P dx
IRN [RN p [RN

[u?" dx.

2 " " 2 X " «
= [—* - 1] J AP (ulP (Lg*[ufP )dx = —(N - a)_[akt/z[—’gla*wv’ ] ulP*dx.
p IRN p [RN ||

Regrouping previous computation, one obtains

OMy[u®)] =~ [ 42y juPdx + 4 [ 03 YR(@u0m)x
RrRY RN

2 * % * 4 Xk « .

|ulP” dx
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- jazw |uf2dx + 4 Ialakwsﬁ(a,{ua,a)dx ¥ z[% - 1] jmp P (I * )P )dx
N N

l"( ﬁ) uCOP Ju(y) P dxdy.

Denote, for simplicity, Mg = My,. By using the properties of ¢, one has

- —(N a)”(akw(x)—akw@»(k %)

RYRY

OMglu(t)] < C TR MR = IAwR(I #[ufp")ul?” dx

Lx-y)

——<N @ J J @0 = 90 = 37— OO Q) dxay.

RYRY

Following lines in [11], one has

(M) = I (Vh(x) - VlPR(Y)) IZ L(x = MU uOo P dydx

RY¥xRN

= [1ur" auptyax + of | e dx|.
RY {Ix>R}
Thus, using the equality AYg(r) - N =0ifr <R,

W)= Z(Np a)(M)+2[ _llf ALl dx

N-a " *
_—2[ p +N[1-p—]|j|uv’ (I lul? )dx+o{IX|j>R}(1 Jul?"Yu?” dx

. Z[pi - 1] | @~ Ml ax

{IxI>R}

==t [ @ of [ ax
RY {Ix|>R}

By using Hardy-Littlewood-Sobolev inequality, one has
a
_[ (T ulP)lufP"dx = ||u|I” B R)Ilull” w = ||u||pzzv IluIIL (|x|>R)||u|| i
{lx|>R}
Thanks to Hardy-Littlewood-Sobolev and Strauss inequalities via the mass conservation and Sobolev injec-
tions, one obtains

* * * p*_l_l
[ Gty dx s 9l - ¥,
{ixI>R}
. 21
<||VuP

1
RV VUl 2xry [0l

(a+N)(1+N)

= — e VUl ¥o-o

N(N-2)
So, by Young inequality, since N2 - (5 + a)N — a 2 0, there exists C(R) » 0 when R — o, such that

(1+N)(a+N)
R(N 1)(a+N) ||vu|| N(N-2)

* * C
OMelu(D) < AUl ~ 4 [ " Gl dax + 25 +
[RN
< 4lVulP - 4 [ P Gl )dx + CRYA + [Vulp).
[RN
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Compute using the previous lemma

@+ o)lvulf - Ilulp*(la*lul”*)dx =p*E(w) = (p* - 1 - &)||Vulf
[RN

<p*E(Q) - (p* - 1 - &)1 + 8)||VQIP

a+N2+a [2+a _ ) Nra
< - -gla+ e
N-2N+a |N-2 S]( 0)|SKa

*

14
<-@(p*-1) - e+ 8)NSha".

Finally, taking R > 1, there exists € > 0 such that
O:Mgu(t)] < -e¢ forall 0 <t < T*
By integrating twice the previous estimate, one obtains

0 < Vi < Va(0) + V(0) - %tz forall 0 < ¢ < T*.

This implies that T* < « and the proof is achieved.

6 Global existence and scattering of radial solutions

Let us recall for any time slab I C R, the Strichartz spaces

2Np*(p*-1)

* ZN* Sk
S() = I2°(I, L),  SYI) = L¥"(I, L ).

Remarks 6.1.
2Np* 2N] *( *_1)
(D) 2% 3 ) €T and @p*, =0 €T

(2 S=S(R) and S! = SY(R).

One says that the statement (SC)(up) holds if:

For uy € H' with [[Vuol| < ||VQ|] and E(ug) < E(Q), the corresponding solution to (NLS) is global
and satisfies

u € SY(R).
By using Sobolev injection and Strichartz estimate, one has
lle"4uollst = [|Ve" Yuols = ||Vutg|.

Thus, if ||Vuy|| < 1, by the small data theory in Proposition 2.2, (SC)(uo) holds. Now, for each § > 0, define
the set

Ss={ug € Hy, Elugl <8 and |[[Vuo| < [[VOI}.
Define also
E.=sup{6 >0 st ug€ Ss= (SC)(up) holds}.
The goal is to prove that E; = E[Q]. By contradiction, assume that
E. < E[Q]. (26)

Then, there is a sequence u, of solutions to (NLS) such that the data u,o € H' satisfies [Vl < |IVQ||
and E[uy,o] > E; as n = « and (SC)(un,0) does not hold for any n.
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The goal in this section is to show the existence of a critical solution u. to (NLS) with data u., such that
[[Vucoll < [|VQ||, E[uc] =E. and (SC)(uco) doesnothold.

In the next result, the constant 6§ is given by Proposition 2.2.

Lemma 6.1. Let a sequence u, € H,ld satisfying
IVun|| < [IVQIl and E(un) — E

Assume that ||e"Yuy||sigy 2 & > 0 and that the profile decomposition of u, satisfies one of the two following
hypothesis

@D liminf,E(W

t
- (/\,%)Z )) < EC;

l

1 1
2) liminan(l/)ll —(;—2)2)) = E.. Moreover, if s} = - (;2)2 — §* € [~o, +o] and U is the nonlinear profile associated
to (Y, sy), then Uy is global and |Uysiw) < .

Then, (SC)(uy) holds, for a subsequence and large n.

Proof. Thanks to the profile decomposition, one has

Mo il
U = Z = “al? w/ v + WM
=1 n

=1
M
1 i t] . "
_;@y¥w[wﬂaj+m'
Moreover,
(IVQIP > [|Vuy|
M .
= DIV + [IVW|? + on(1)
M t)
= ZII ¥ [— A])Z]HZ + IV + on(D);
ia
and

j

E. < E(up) = ZE + E(WM) + 0n(1).

Ol’)2
By Corollary 4.1, one obtains, for 1 <j < M,
in{E| /|- t E(WMi =0
min E|y/| ~ 7557 || B0 2 0.
One discusses two cases.
(1) Take for a subsequence limnE(I/)ll( (11)2)) < E.. Write
1
— 1 .
lpl[ ()ll)z - ||Vl/’ ” < ||VQ||,

1

(7l1)2

) < Ec + op(1) < E(Q).

E@W|-
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Lemma 4.1 implies that

E|y)|- bl AR b
a2l T bz

2 p* p*
1 t! t!
v - " wf[——{‘ ] lﬁll[ 1 dx

oyt

2 1 p* 1 p*
Sl ot o
WL ey 1 an

=

z |V,
Thus,
M | tj
Ec < E(wy) = C[Vy'|P + 2 E W[— Q|| FEWAD + on(D.
j=2 n
So,
liminf E|yp /|- t <E, V2<j<M
o 7 I
. j
Let U; be the nonlinear profile associated to (1, —(;;-)2). Then, for large n,
[ ¢
VG = |- (A’;)zy +0u(1) < VOl
! @7)
| t]
) = jl——1
EW) = EY]| - ,{)2” + 0,(1) < E(Q).

Then, with Proposition 4.1, one has
EU) = VG OIF = VU 0)|[*.
By the aforementioned estimates, one has
M
2 VP < (Vi + 0a(1) < [[VQIP.
j=1

So, there exists j, > 0 such that for j = ji, [|[V¢/|| is small enough. With Strichartz estimate, it follows that
|l 4pJ||s1wy < & given by the small data theory. Then, the integral formula via the small data theory gives

Ullsiwy = VIl V) 2 .
Now, take for g > 0, the near solution

M) 4 —t]
@A

Hn,s = Z i N-2 Y s _]’ ”ei.AM/nM(EO)H\Sl(R) < &,
=N Al

and the rest

M(&o) 1 '_tr{ .
Rpg, = — = Ul =5, —|| - FHnpg)-
n,& ]; ()lr{)NZZ ] (/»{,{)2 /1,{ 7:( rl,é‘o)

Thus,

Un = Hp g, + Ry g, ||ei'ARn’£0||s1([R) < 2&.
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Using (27), one writes

IVHy | = [IVQIF.

Moreover,
M(eo) Y
* 1 t-t
2D n
|| Hnellsw) < 2 U;[ » ,—-l dt
T [,;[v =Nehiea AD? " A [ 2w
V&) 1 (t-t) v
< pyN=L iyl de
@A LA A
Np*-2
1 t -tk
) —=Uil " T d
replin<epgnjeer | )2 L (> A || aw
Np*-2
= (An) + (Bp).
Now, there exists C; independent of M(¢&;) such that
][] M(eo)
ZIES DI W 75988
j=1 1+jy
M(&) o,
< Z||U||SI(R> + 2 vyl
1+j,
< C().
Arguing as previously, the orthogonality condition gives
lim(B,) = 0
n
Thus,
(| Hn,eoll o2 = (o
L? (R,LNp*-2)
Moreover, for large n,
e 2(tn = Hr e O)llsicry < e W' @llsigey = 0.
Now,
M(eo) _t] M(eo) Y
1 ty 1 ty
VR, ‘®)=|| V
” n,so”S([R) ]zl (/U)Nz ][(/1])2 )t] Z A])Nz ][(A])Z )t]”
S'‘(R)
M(ep) 1 -t . M(&) 1 -t . P2
= We*| 2 —F=Ulome —2U| 5he 77
=1 (M) 2 AD* A =1 (M) 2 AD* A
M(go)

2

LU[‘_%{ ;’
=Rt (T s

M(&) 1 t] .
Ul—5
NG 7

_ - *
- 2)(2p -0 Io

A

4 ‘ U‘ —t] ] P2 Ul._tr{ ;y
D2 A T

17
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Take a term of the previous quantity expansion

I =||I* #Ul'_t’{ 4] R —— U, ~l IU[ i)
| e e G LaD2 M| GO Gk 2k o
1=p*-2
x L ofcd ;] SWET
et jer AT G M| @A A
1=p-2
PRy p— -l L gyl - — o b
an™ W 7% <A’<)N1 A2 A Gk 2k
o2
1. —tX - 1 -t -
RS i (RS IS i (S
1 —tl . 1 k. e
- | —[ L af
e jer A’z (Hawr) Arlf)ak(lg_z) A Ax
=p-2
p*-2
B B °]U[_tk ’ - U‘_tk ]
(A,’f)N_l (Ak)z k k(Ak)z (Ak)NZZ k(/'{k)Z
1 —ty
I G U |
n

where (IT) is a mixed term. Now, with the triangular and Hardy-Littlewood-Paley inequaliti

TCORUTRAPID SN | V2| e e S 8 PR e 1 B U[ -
S'(R) = rep 5l a ]e”#{(l‘{])u j (/1,{)2’ Ar{ (/M()N—l (Ak)z (Ak)z
[1l=p*-2
p*-1
I O e ] I
T T N=2 YKl Sk~ S’
@' 1@ 2 ®
o U[ —t] ] 1 U‘_tk ] ek
= N-z-j 2 kb2 2K y2? y
) i (T ¥l [ X e (S PR
X 2(N- 1)%\1 2) N = k )
. (Ar) X .
< - Ul(--t] -t , # k.
Gl G| j

* r1
P [[R,L?]

2Np*(p* - 1)

Here, r, = v

and one used the estimate

95 lls < [1\1i5" 119l
Thus, with the orthogonality property of the profile decomposition, it follows that
VR g,lls'r) = O.

Then, applying the perturbation theory in Proposition 2.4, the property SC(u,) holds.

DE GRUYTER

il

—————

es, one obtains
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(2) By Proposition 4.1, one obtains, for 2 < j < M,
Y =0, [V~ 0.

Thus, [|[VW]|| - 0 and

1 .1 1
u, = = Sy, — |+ W.
! WWZLM]”

Taking the scaling

zn= O U ), W= AT WAL ).

Then,
IVzn]| = [[Vun|| < [V
and
Zn = Y4 ) + W, VW] — 0.
Moreover,
IVTi(sp) = Vi (sp)l| = .
Then,

Zn = ll(sr}’ )+ Wnla
E(Ui(sp) = E@'(s2)) + 0n(D) ~ Ec;
VTSIl = [V (Sl + 0a(D) = [[VYy]| + 0a(1) < [[VQ|.
This case follows by applying the long time perturbation theory in Proposition 2.4 with e =0, @i = U

and ug = z,. O

The proof of the next result, about the existence of a critical solution with a pre-compact flow, is omitted
because it follows like in he study by Miao et al. [5].

Proposition 6.1. Assume that E. < E[Q). Then, there exists a global solution u. to (NLS) with data u. o such that
[[Vucoll < |IVQll, Eluc] =E. and (SC)(uco) does not hold.

Moreover, there exists a real function A : (T, T*) = R, such that the following set is pre-compact in H !

K = Lu[t L] te (T, T*)
A7 A0S *’

6.1 Rigidity theorem
The aim of this subsection is to establish the following Liouville-type result.

Theorem 6.1. Let N > 3and 0 < a < N < 4 + a. Letu, € Hy, satisfying (3) and 5) andu € C((T,, T*), H.,) be the
maximal solution to (NLS). If there exists a real function A : (T, T*) - R. such that the following set is pre-

compact in H',
1

X *
K = ‘Wuclt, m], te (T*, T )

Then ug = 0.
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. . . 1 . .
Proof. Let u = u, given in the previous theorem and v = ﬂuc(-,;). One discusses two cases.
Az

(1) First case: infA(t) > Ay > 0. Following lines in the study by Miao et al. [5], one has T* = . Moreover,
by Hardy inequality

u
I
I

and the variational analysis, one has, for any ¢ > 0, there exists R(¢) > 0 such that

-I.|x|>R(e)

Indeed, with Hardy-Littlewood-Sobolev inequality, via the fact that Vu € L”(R, L?), one has

| =

< Vul|, VYN=3
v 71l

2
B wuplacs [ e axay <.

[xI>R(&)ULy|>R(e)

|x[?

I*up p* < p* p*
LT ey < QP P
[x|>R(&)V1y|>R(e)

= C||Vu||Lz(|X|>R(E)>||Vu||1’

£
<—.
2

Take the truncated variance defined in Section 5,

Vo= [4p00MuCxPdx.
[RN
Taking account of computation in section 5 via Hardy inequality, one writes

1 H 3
TVE = IV~ [ 1 e ax + ox(D).
|RN

By computing using the variational estimates, we obtain

F[ |V ] _{I1vull ]2 ) [ V| |

IvQIF)  LIvell)  LIvell
l ||Vu||] [
Vol (vl

vulf - I|u|P (Tl ydx |

2p*
S [ Il Qe ydx
|RN

IIVQII2

Now, since p* > 1, there exists Cs > 0 such that F(x) > Csx for 0 < x <1 - 6. Thus, by Proposition 4.1,
one obtains

Vg > Csl|[Vuolf*-
On the other hand, by Hardy and Hdélder inequalities,
e
Vil = 2R |3 va[—]aw dx
v \R
R
<R I |[uVu|dx
{IxI<2R}
u
—Vu

I
< R2||Vuo|f2.

< R?

1
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Then, integrating in time, one obtains
tlIVuo|* = [Vz(t) = Vz(0)| = R¥||Vuol*.
This gives uy = 0.

(2) The case infA(t) = 0 follows similarly as in the study by Kenig and Merle [8]. O

6.2 Proof of the global existence and scattering

Now, we are ready to establish the second part of Theorem 2.1. Theorem 6.1 applied to u,, via Proposition 6.1,

gives uc o = 0. This contradicts the equality ||uc||siry = . This absurdity means that (26) is false. Thus, the H'
scattering holds by Proposition 2.3.
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Appendix

This section contains two parts. The first one is about a proof of the scattering criteria in Proposition 2.3, and
the second one gives an elementary proof of the linear profile decomposition in Proposition 2.5.

A.1 Proof of a scattering criteria

Let us prove Proposition 2.3. By Duhamel formula, one writes

u - ey, = iIei("s)A?‘ds;
0
¢ - up= iIe"“‘fds;
0

©

u(t) - e = -i [eilt-95ds,

Take the admissible pair (q,r) = (2p*,
Sobolev inequality, it follows that

1V(u - e"9)|lsw)
(T [l Ul 29U g gy rry + 1T Ul 2R@IW) U™ 2Ul |10 ()17

Np* 2) € I. Thanks to Strichartz estimate and Hardy-Littlewood-

A

17
=

oy VU] 2"
P (o)L 2™ ) L ((t,),LNp"-2)

A

2(p*-1)
Il 19l -

Letting ¢ > 1 so that [|u||s1;») < 1, one obtains
Vu € S(R).
Then,

. 2p*-1 .
V(U - €%¢)||sr) < Hu”;]?t,w))”vu”s(t’w) -0, if t— oo,

This achieves the proof.

A.2 Proof of the profile decomposition

This subsection contains a variant proof of Proposition 2.5. This elementary proof is available for an integer p*.
Taking account of [17], the last equality is the only point to prove. It is sufficient to prove that

Nuy) = ZN

j=1

” + N + on(D).

i ” o

il t
()
First step: one proves that

M

2

j= 1(/1/)

t]
A])Z /1/

N

= 2N

J=1

Nz¢1[
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By re-indexing and adjusting profiles, one can assume that there exists 1 < My < M such that

()

(,11)2 =0, for any 1 <j < My;

| tn
@Ady?

) — oo for any My <j < M.

Now, for 1 <j < k < My, we computed with some integrations by parts

”f 1 |- ”f ,
A =N ) —z W= - ) NW
(0= M2, (A,{)M )|~ 2N
1‘yp*M°1 X*M°<*<*
= [ [rtc-» —= 55| || =] | - 2P o dxdy
RVRY ]=1 (Ar{)T An k= 1(/1k) 2 An j=1
A he
y 1
_[_[ I(x - y) |_| [A/] — lek[a dxdy.
11+ +IM0 P, RNRN jk=1 ,{ A2 n
hyt+-+hpgy=p*,
U h)#(p*,p*)
Thus, with Hardy-Littlewood-Sobolev inequality and denoting for short I-==J[RNX[RN Y
L(x-y) My | AP s "
e 3 Dap | Ll | vt o
! ll+~+lM0=p*,J— (AN jk=1| (A] ) ) M (Af)NTZ /1,5
h1+"+hM0=p*,
L, hj)#(p*,p*)
M, 1 NT 1 lj 1 NT_Z 1
g An A A
DN |8 | R S yl I—] Yo ex| | dxdy,
l1+»~+lM0=p*,'[ ¢ jk=1 Ar{ A )‘rll( Arll(

hy+e-+ Ry =p*,
@,hp)#(p*p™)

j
where without loss of generality, one assumes that , for 1 <j < M, yield % — o and l; # 0. Then,

My
= ) N@WJ) + 0,(D).

J=1

Z Mw[

A

Now, an expansion gives

e S DD >
womfE o] £ttt g
RO F=TC¥) i UY) I Y, )’” : =
. p*
My 4 M 1 %, .
= ||| 2 ] > e b Y| —
el ‘ j= 1()[1)N22 An j=1+M, (/1])1\]22 Al
M, M tl P
X 1 4 | x
Z + ) e Gl ¢1[f] dx
=1(A)) NT /Ir{ j=1+My (/11)Nz2 A
M P M i
2w 2| ax
RrRY j=1 j=1

Thus,
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M, M 1 / P
B < L= |3 —57| 55|+ 2 e i vl
j= 1()[]) An j=1+My (A ) 2 A
W o u o, p* P*( 0y ' p*
12—l "z o] 2 v 290)| | dxdy
1A 2 n =1+M, (/11) 2 il j=1
K y k.
My 1 x| M g [ x
< 2 Ila(x -y N2 Y55 e Dy YA
e+ + Kyy=p*, il ahz (M | Q)2 Ay
hy+--+hy=p*
kit hi#2p*
M Moy t e
1 1 il Y g Yy
<[] ~M¢IF M —zem ¢[F] dxdy.
i=1| (A) 2 n v=1eMy | (Ay) 2 n
Thus, taking account of Corollary 2.6, one obtains
Mo 9 O M 1 LAV I g
Bos 2 |—=s W[F N | W= AR T e
ky+-+ ky=p*, /1(2(1) ) n) ||2Np* j’=l+Mg(A]’) 3 n 2Np
hy+e-+ hy=p*, a+N n a+N
Ki+hi#2p*
M, 1 i hi M
i =ity A i
x |_| D) Y F . o ) lle ! v ||2Np*
i=1(A]) 2 n (211% =1+My (A) 2 N
M ; o A Ky M, N M o A hi
I S S -
< Y |'|||wf|| [ |[e o) Tl T1 | e ey
ki+-+ky=p*, j'=1+My 2N i=1 i’=1+M, 2N
hy+-+hy=p*, N-2 -
kithi#2p

For M, < j < M, via Hardy-Littlewood-Sobolev inequality, the free kernel Schrédinger decay and a density

argument [25], one obtains

| tj (/1])2
||w/[— A,)Z]uw

N-2
Thus, (B,) — 0. This finishes the first step. Now, one writes using Hardy-Littlewood-Sobolev injection

w2y~

N[WM] < sup N[etBwM]
t

< a* . * : *
<sup I(l e WA W " dx

t

< sup ||e"AWM1||2”
N-2

Then, by the asymptotic smallness,
lim (lim A[WM]) = 0

My~ n—oo
Take M =1 and ¢ > 0. By Sobolev injections, Holder inequality and Proposition 2.1, one obtains

sup Nfuy] + sup N[W] <
n n

Thus, one can choose M; > M and N; > 0 such that for n > N,
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(G = INTup = WM = Nlua]| + INIWM - W] - NTWM]|
< Jla(x = W) = WHMOOY (Un(y) = W) = n(Oun(y))? |dxdy
* J L(x = MIWM(x) = WO (Wal(y) - WHM(y)P" = (WM oW (y)?"|dxdy

< J J 1= T lmoptaap wteon wii)laxay
i+l= lk+lk P*RNRN 1<j,1<p
l] ix<p*
£y Hfao( ¥ [1 W COBWA ) WA GO Wiyl dxdy
i+l=ikt k= PRNRY 1<j,l<p
ij,ix<p
Ui+ Ml+lk Myt Myt
S 02l W5 2 IR WA -
+l=icHle=p*, a+N a+N U+U=u+h=Py a+N a+N
ijpl<p* i le<p*
Thus,
1i+ix M, l+lk M ii+ix M, Li+lx
Cys 2 |l nII' IIW "2n 2 IR Wy
ij+lj=ik+lk=p 8 N-2 ll+lj=ik+lk D, N-2 N-2
ij, ik <p* ij,ik<p
1i+ix M, l+lk M ii+ix M, Litlx
s 2 llttn | [TWR ™ 2n 2w I W Iy
ij+lj=ik+lk=p N-2 l]+lj=l'k+lk D, N-2
ij,ik<p* Uj,ik<p

M, L+l

< 2 Wil

ij+lj=ik+lk=p N-2
ij, i<p*

<E

By the first step and the profile expansion, one takes N, > N; such that for n > N,

e A<A’)2 l/)l[ ]

M
wM - wh = e ab*
! " J%M(A])NNZ ()lﬁ‘ y
7

So, with the first step, one takes N3 > N such that for n > N3,
Taking account of the last three inequalities with right hand side €, one obtains

Z (A’)Nze an)z W[/\n]

Nlu, - W] - ZN
j=1

By the profile expansion,

]
Nze (n)Z lpf <e.

NIWRT = Wt - N|
(W2 > e

Jj=1+M

- N[WM]|| s e

This finishes the proof.
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