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Abstract: In this article, we present new fractional integral inequalities via Euler’s beta function in terms of
s-convex mappings. We develop some new generalizations of fractional trapezoid- and midpoint-type inequal-
ities using the class of differentiable s-convexity. The results obtained in this study extended other related
results reported in the literature.
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1 Introduction

One important fundamental mathematical concept playing a vital role in other areas of pure and applied
sciences is inequalities. The applications of inequalities — most of which are subjected to constraints — can bhe
seen in different fields of studies to model many real-world problems, such as information theory, functional
inequalities, and probability theory [1,2]. In mathematical analysis, inequalities are robust tools for comparing
and analyzing functions — more especially — when establishing bounds on integrals. Thus, this study involves
integral inequalities frequently used in modern mathematical analysis.

In addition, many theories of inequalities are often developed by convex functions whose findings are
reported through different generalizations and extensions of convexities, such as s-convexity [3], p-convexity
[4], log-h-convexity [5], harmonically convexity [6], and extended harmonically (s, m)-convexity [7]. For
further studies one can refer previous studies [1,8-10]. Attracting the attention of many researchers due to
their numerous applications, convexities are ubiquitous in mathematics including geometry, optimization
theory, and functional analysis.

In mathematical analysis, one most useful discovery involving a convex function is the Hermite-
Hadamard (H-H) inequality providing the integral mean of the function within a compact interval. This
inequality is defined as follows [11]: If v : [k, k3] = R is a convex mapping, with 1 < Ky, then

Ky
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K+ K
K -K
Ky
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u(Ky) + U(Ky)
—

<

(W)

In addition to mathematics, this interesting inequality has been applied to solve many problems in different
fields of studies including computer science, financial economics, and engineering [12-14]. Some interesting
results and generalizations related to (1.1) can be found in [13,15-17].

In [3], Hudzik and Maligranda defined the class of s-convex functions as follows:
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Definition 1.1. A function v : [0, ®) — [0, =) is called s-convex in the second sense, where s € (0, 1], if
v(pKky + (1 - p)ka) < pSu(ky) + (1 - p)u(ky) 1.2)
holds for all x, k; € [0, ») and p € [0, 1].

Using (1.2), Dragomir and Fitzpatrick [18] established a variant of inequality (1.1) for s-convex mappings
in the second sense as follows.

Theorem 1.2. Suppose that v : [0, ©) — [0, ») is an s-convex mapping in the second sense, where s € (0, 1),
and xy, k; € [0, ®), Ky < Kp. If v € LY([Ky, K,]), then the following inequalities hold:
Kit K U(Ky) + U(Kz)

2571y
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K
1
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— Kl}[U(X) 13

The constant k = 1/(s + 1) is the best possible in the second inequality in (1.3).

In the last three decades, many studies in mathematical analysis massively employed fractional calculus to
report interesting results through different extensions and generalizations of H-H inequalities [1,9, 19-22]. Both
the fractional derivatives and fractional integrals provide variant types of potential tools for handling many
special functions existing in mathematical sciences. This can be achieved by employing useful fractional
operators, such as Riemann-Liouville [23,24], Katugampola [19], Caputo-Fabrizio [25], and Atangana-Baleanu
[26], to study many problems of interest [3,14,27]. Consequently, the Riemann-Liouville fractional integral [24]
and k-fractional integral [28] are defined as follows:

Definition 1.3. Let v € Ly[Ky, k;]. The Riemann-Liouville integrals ],gv and ],fiv of order a > 0 with ky, k%, 2 0
can be defined by

1 X
JEv(x) = @{u - P lu(p)dp, x> K
and

J2000 = [0 - 0 e, x <

whereby I'(a) is the Gamma function and ],?1 L) =T 02_ v(x) = v(x).

Definition 1.4. Let v € Ly[x, k;]. Then the k-Riemann-Liouville fractional integrals of order a > 0 can be
defined by

1 7 ]
a - — -1
JE 4000 krk<a)£(x P u(p)dp, x> K
and
Ky
JE 000 = = [(p - 0t u(p)dp, x <Ko
ok K@) ’ :
where

@) = [prtevdp, R@) > 0,
0

In the following theorem, Sarikaya et al. [29] established a new version of inequality (1.1) through Rie-
mann-Liouville fractional integral.
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Theorem 1.5. Let v : [Ky, K;] @ R be a function with K <k, and v € Li([), k,]). If v is a convex function
on [k, k], then the following holds:

+ + +
M) < ) + 2 v s T,
Many generalizations of integral inequalities exist in the literature for different functions, such as Mittag-
Leffler [30], beta function [27], and Bessel functions [31].
In [32], the extension of Euler’s beta function is presented as follows:

1
By, Yy 0) = Jle‘l(l - p)Wlesindp,  for yy, yy, 0 > 0.
0

Recently, Sarikaya and Kozan [27] proved the generalization of fractional integral inequalities for Euler’s
beta function via convex and differentiable convex mappings along with the following lemma.

Lemma 1.6. Let v : [k, K;] > R be a differentiable mapping on (i, k;) with K < K. If V" € L[k, k], then
the following equality holds:

v(Ky) + U(K)

KZ —=0(K92—K- 2
T B0y 0) - 5 - I@(X)U(X)eiwzf&x—l;vdx
K

(KZ - Kl)V1+V2_
14
(k2 = K1)

1
= o B0 v OV (pR + (1= ) = V(oK + (1~ )],
0

whereby B,(y;, v,; 0) is an incomplete Euler’s beta mapping given by
p
By vy @) = [0 = Apleni®ndh, 0<p<1
0
for y, v, and o > 0.

While the above lemma was the estimates of the right-hand side of (1.1), the following results give the left
estimates.

Lemma 1.7. [27] Let v : [k, K;] — R be a differentiable mapping on (k, Ky) with 1§ < K. If " € L[Kq, kz], then
the following equality holds:

Ky 4
K+ Ky . _ 1 ~otcg-kp? _ (k- 1)
2 :B(Vls VZ) G) Z(KZ _ Kl)y1+y2—1 ;!—@(X)U(X)Q(sz)(xm)dx - 2 lZlAﬁ; (15)
1
where
1
2
A = Jﬁp()ﬁ, Vas GV (P + (1 = p)ra)dp,
0
1
2
Ao = [(~B,n v5 OV (oK + (1 - pIK2)dp,
0

1
D= =By v W' (P2 + (1~ )i,
1

2

1
A= [BL 0 v OV (R + (1= P, p
1

[}

for y;, v, 0> 0.
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Changing the variable of identity (1.5), we have the following remark:

Remark 1.8. [27] From the assumption of Lemma 1.7, the following identity holds:

K
K+ K ) 1 -otky-xp)?
W7 BV Vo5 O) — W{@(x)v(x)emz—xwmdx
1 (1.6)
2
Ky — K
= L2 (180,15 0) + B 15 Ol + (1= p)R) -~ V(o + (1= PRI,
0
Proposition 1.9. [27] When the order of the integrals is changed, one can obtain the following:
1
2
[1B,0 v 0) + B, vis )1dp
0
1
2 @7

p 2p
j,w-la - Vrrlescludadp + H(1 - Ve Lerledsdadp
0 00

]
Juy o%w\»—\

= Eﬁ(KL Ky, O) — ﬁ%(lﬁ +1,K; 0) - ﬁ%(Kz +1,K; 0).

Motivated by the work of Sarikaya and Kozan [27], who generalized integral inequalities connected with
(1.1) via classical convexity involving Euler’s beta function, we opt to use the class of s-convexity to establish
new fractional inequalities which generalized results in [27]. We also obtained some new bounds for trape-
zoid- and midpoint-type inequalities via differentiable s-convexity. The results presented in this study provide
extensions of some earlier works including the inequalities of Riemann-Liouville fractional integral and k-
Riemann-Liouville fractional integral.

2 Main results
In this section, we present new results of H-H type using Euler’s beta function.

Theorem 2.1. Suppose that v : [k, K;] = R is an s-convex function on [k, k;], where s € (0, 1] and 1 < K. Thus,
the following inequality is satisfied for y,, y,, 0 > 0 and beta mapping B(y;, V,)

[Kl + Ky
Y]
2

B(Y1» Vo; O)

K
-a(ky-Kk1)?
S ——————— | 0(x)v(x)etnu-rndx
S, - Y1ty 1J-
T @1

S[By + S, yy 0) + BV Y, + 55 0)] 2 )

where

0(x) = (I = X1 x = k)21 + (i = X)X = k)L,

Proof. From s-convexity of a function v, we obtain

c @+ u(@m)

q+70
v < 5

2

Taking 5 = pig + (1 - p)K; and , = px, + (1 — p)Ky, we obtain
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K+ K

< Upr + (1~ p)ky) + v(pke + (1 — p)K1)
> .

< 2.2
. 2.2)

Both sides of equality (2.2) can be multiplied by p™ (1 - p)"leqa’s and the result obtained can be integrated
with respect to p over [0, 1] as follows:

250

K+ K
2

1
fp’"‘l(l - p)le wndp
0

1 1
< [ - py oo + (1 - pykesaadp + [t - p) (- p)k + pry)e s,
0 0

Changing the variables gives the following:

Ji = xmic =yt + (g, = x7x - )Y

K

K+ K
2

By Vyy 0) <

25(; — )V

-0(kp-xp)*

X D(X)etrna-rndx.
Thus, the first part of (2.1) is proved. In order to prove the second part, we use the definition of s-convexity
v(pr + (1= p)ig) + (1 = p)ig + piy) < [p* + (1 = p)*](u(iy) + v(Ky)) 23)
for every p € [0,1] and s € (0, 1].
We now multiply both sides of (2.3) by p"™(1 - p):lesi’s and integrate the result therein with respect to
p over [0, 1] as follows:

K
1 ~o(kg—xp)?
—————— | [k — )" = k)2 + (ke — )27 1(x — k)M u(x)eteerdx
25(1c, — I )1tra1 .I

(k2 — K1) "

< MU 15, 15y 0) + By, + 55 O] .

Corollary 2.2.
(1) Taking y, =y, = 1 in Theorem 2.1, we obtain

K+ K
2

~o(kg—xp)? v(Ky) + vk
U(X)e(xz*xg(x}xl)dx < M,
(s+1)

zs—lu (2.4)

1 b
T (g - K1)Q(G);[

where Q(c) = I;epdfmdp, g> 0.
(2) Choosing o — 0 in inequality (2.4), we then obtain inequality (1.3).

Corollary 2.3.
(1) In Theorem 2.1, choosing iy = 1,k = a (or Ky = a, k; = 1), we obtain

K

-1 - otkpkp’
(X - Kl)a + (KZ - X)a ]U(X)e(xz—x)(x—xl)dx

K + K.
[ ! 2Q(oz,a)s

2

1
e L

K

v(Ky) + U(ky)

<[BA+s,a; 0)+Qa+s,0)] 7 ,

where Q(a + s,0) = J'Ol(l - p)**seni-ndp and Q(a, o) = Iol(l - p)lesi‘ndpa, o > 0.
(2) If we take s = 1 in inequality (2.1), then we obtain inequality (2.10) of Theorem 2.5 in [27].
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Remark 2.4. In Theorem 2.1, one can setk; = 1, K, = % (oru = % K, = 1) with o — 0 to obtain some interesting
inequalities for generalization of Riemann-Liouville fractional integrals of order a, which is k-Riemann-Liou-
ville integrals.

The next results extend some estimates for the right-hand side of H-H-type inequalities via Euler’s beta
mapping involving differentiable s-convexity.

Theorem 2.5. Let v : [K3, k2] — R be a differentiable mapping on (K, k) with k; < K, satisfying that v’ € L[k, k).
If|v’| is s-convexity on [k, K], then we obtain

v() + v(K) 1 " -
; - L - kD
B vy )= 200 ;!—@(X)U(x)e( L dx
1 2.5
(K = K1) [
< S (el + |v/(;<2)|){[ﬁl_p(yl, y5 0) = By v 9ldp,
where y,, y,, @ > 0.
Proof. From identity (1.4) and the s-convexity of |v’|, we have
o) + o) 1 E oty
B ys )= 20 R ;[@(x)v(x)m e
(k- K) |
K — K
< = 18,02 v ) = By v DI - Pk + pro)ldp
0
1
(k- k)
s J’[ﬁl_p% Vs 0) = B,(n ¥ OIIA - X' (k)l + p*lv'(kz)]1dp
0
(K2 — K1) 0
F 5 : _[[Bp(Vp Vo 0) = By_py(ps Vo3 DI = )Xo’ ()| + psJv’ (k) [1dp
2
1
(2 — K1) 1
T T sr1 (lv' ()] + |UI(KZ)|)I[B1—p(V1’ V2 ) = B,(yy, ¥y 0)]dp. .
0

Remark 2.6. In inequality (2.5) of Theorem 2.5, we have the following:

(1) If we choose s = 1, then we obtain Theorem 3.6 in [27].

(2) If we choose y, = ¥, =s =1and o — 0, then one can obtain Theorem 2.2 in [16].

(3) Ifwetakey,=s=1,y,=a,0~>0(ory,=a,y,=s =10~ 0), then we obtain Theorem 3 in [29].

(4) If we choosey, =s=1,y, = % g-0(ry = % ¥, = $ =10 — 0), then we obtain the following inequality
related to k-fractional integral given in [27]

v(k) + u(k)  Ti(a + kK)1 ,Zﬁkf(KZ) +];?Z’,kf(K1)]

2 (k2 = K)*
(a-w) [1 _1 ] v’ (k)| + [ (k)|
a 2k 2

K+l
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Theorem 2.7. Let U : [k, k] = R be a differentiable mapping on (ki ky) with & < k, and v’ € L[k, k). If [v’|?
is s-convex on [k, K] for some q > 1, then the following inequality is satisfied for y,, y,, & > 0

By 5: 0) v(r) + u() 1
Vo Vo 2 2(ky — K1)V1+V2_1

KZ —0(K2—K 2

I@(x)v(x)e%dx

K

(2.6)

1
1 p

[18,0 v ) = By vy Pt
0

1
< (1 = k) | v (k)| + v ()| |

- 2 s+1

-

1
where = + = =1,
P q

Proof. Using identity (1.4), Holder’s inequality, and the s-convexity of |v’|?, we obtain the following:

By ys; 0) u(k) + U(Kp) 1
yl’ yZ’ ) 2 Z(Kz _ K.l)yl+yz—

r ~atkg-kp*
T _[@(x)v(x)ewz—xxx—mdx
Ky

1

1
a P

IA

1 1
@[ﬁv’«l - o+ pldp| | [I8,00 13 0) = Buy 1 e
0 0

1 12

_[|Bp()’1) Vs 0) = By_p(V1, Vo5 0Pt
0

1
v e)l? + v ()| |

s+1

< (K — K1)
2

' g

As special cases of Theorem 2.7, we derive the following:

Remark 2.8.

(1) Setting s =1 in inequality (2.6), we have Theorem 3.7 in [27].

(2) Choosing y, =y, =s=1and o — 0, we obtain Theorem 2.3 in [16].

(3) Takingy,=s=1,y,=a,0—~ 0(ory, =a,y,=s =10 — 0), we then have Theorem 8 in [33].

Corollary 2.9. In inequality (2.6), if we set y,=s=1, y, = %, -0 (ory = % Y, = $ =10 — 0), we obtain
the following inequality for k-fractional integral which is proved in [27]

u(k) + (k)  Tila + k

U 00 + e f )

2 (K - K1)
1
(K — K1) [V (k)7 + V' (k)|
1 2 ’
p
a
2 [Tk +1

1 1 _ a
Wherea *5 =1land €[0,1].

The following theorem presents new midpoint-type inequality Euler’s beta function via differentiable
s-convexity.

Theorem 2.10. Let v : [k, k2] = R be a differentiable mapping on (ki, ky) with Ky < k; and U’ € L[k, k). If [v’|?
is s-convex on [k, ;] for some q > 1, then the following inequality is satisfied for y,, y,, 0 > 0
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K
K ; K, B(yy, ¥y 0) = W ;!?@(x)v(x)e(x:fg(xx—lédx .
< 38015 0) = B0+ 1y 0) - By + Ly )| 2 ARCILE G,
Proof. Employing s-convexity of |v’|? together with identities (1.6) and (1.7), we obtain the following:
A ; i ]ﬁ(Vp Yy 0) - ﬁ T@(x)v(x)e&i’fiﬁifildx
Ky = KMV X
< s%( - Kl)[lv'gq)l + V()] j(ﬁp(V1’ Vi ) + By v 0)dp
< 0 (ke ~ )V (k)] + U (R)I] O

1
sz[gﬁ(yl, V2 0) = B + Ly 0) = By + L yi5 0) )

Remark 2.11. In inequality (2.7) of Theorem 2.10, we have the following:

1) If we take s = 1, then we obtain Theorem 4.8 in [27].

(2) If we choose s =y, =y, =1and o — 0, then one can obtain Theorem 2.3 in [15].

() Ifwetakey,=s=1,y,=a,0—~>0(ry, =a,y,=5s=10 - 0), then we obtain Theorem 2 in [34].

3 Conclusion

This study is concerned with the generalization and extension of two different fractional integrals inequalities:
Riemann-Liouville fractional integral and k-Riemann-Liouville fractional integral. The new fractional integral
inequalities for s-convexity are established via Euler’s beta function. The new estimations of trapezoid- and
midpoint-type inequalities involving s-convex differentiable functions are equally reported in the study. In the
future work, our results can be generalized through different classes of convexity, such as p-convexity, log-h-
convexity, harmonically convexity, extended harmonically (s, m)-convexity to obtain new fractional integral
inequalities.

Conflict of interest: The author states no conflicts of interest.
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