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1 Introduction

Let Q be an integral positive definite quadratic form of level N in r variables and A be its Hessian matrix.
Then it is well known that the theta function

Bp(t) = ) e¥®T (1€H ={r€C | Im(r) > 0})
xXEZ"

associated with Q is a modular form of weight r/2 for I((N) with a certain Nebentypus [1, Theorem 10.1],
and it can be uniquely written as follows:

0o(7) = Eo(7) + fo(7),

where Eo(7) and f,(7) are an Eisenstein series and a cusp form, respectively. By the work of Siegel [2-4]
and Weil [5], which is known as the Siegel-Weil formula, the Eisenstein part Eo(7) can be expressed as follows:

1 B¢ (7)

[01egen() Q)

2

[1€gen(@) 2(Q")

Eo(7) = 6(gen(Q), 7) =

where 0(Q’) is the number of isometries on Q" and [Q’] is the isometry class containing Q’ in the genus gen(Q)
of Q. The Eisenstein part ©(gen(Q), 7) is called the average theta function of Q. Walling [6] provided an explicit
expression of the generalized average theta function (introduced by Siegel) as a sum of the Siegel-Eisenstein
series when r is even. As a corollary of Walling’s work, when the weight r/2 > 3, one can obtain an explicit
expression of ©(gen(Q), 7) as a linear combination of Eisenstein series defined at each cusp. Walling did not
consider the case r = 2, 4 because the convergence questions for Eisenstein series of weight 1 and 2 are more
delicate. Recently, when Q is a primitive binary quadratic form and —-N is a fundamental discriminant,
Guerzhoy and Kane [7] gave an explicit formula for ©(gen(Q), 7) as a sum of Eisenstein series, which are
Hecke eigenforms by using the algebraic theory of binary quadratic forms.

In this article, we shall generalize and improve the results of the studies by Walling [6] and Guerzhoy and
Kane [7] to certain quadratic forms of arbitrary even rank r by applying the theory of modular forms. More
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precisely, we assume that r = 2k is even, (-D*N is a fundamental discriminant and the Kronecker symbols

(KN (-1 det(A) L. . . C e 1
—| and - coincide. We shall express ©(gen(Q), 7) of any integral weight k as an explicit linear

combination of Eisenstein series, which are also Hecke eigenforms by applying the action of the Atkin-Lehner
involution (Theorem 4.5).

2 Modular forms and the Atkin-Lehner involution

a b
c d

Let k be a positive integer and H = {r € C | Im7 > 0}. For a = € GL;(R) = {a € GLy(R) | det(a) > 0},

we define the slash operator -|;a on the functions f(7) on H by
f(@lka = det(@)**(ct + dy*f(a- 1),
where a acts on H as the fractional linear transformation a - 7 = (at + b)/(ct + d). For a positive integer N,
k%
%

putLN) =1y €SLy(Z) |y = [0 ] (mod N )]. For a Dirichlet character y modulo N, we define a character y

of I[(N) to be

X0 =x@ for y=[¢ )erm,

A holomorphic function f(7) on H is a modular form of weight k for I((V) associated with the character y if
@ fOlky = xy)f (7) for all y € I(N),
(i) f(7) is holomorphic at every cusp.

From the definition, f(7) has a Laurent series expansion with respect to g = e¥ of the form

f@ = Yamq" (a) € ©),
n=0
which is called the Fourier expansion of f(7). The a(n) is said to be the n-th Fourier coefficient of f(7). If a
modular form vanishes at every cusp, then it is called a cusp form. We denote by M (N, x), Sk(N, x), and Ex(N, )
the space of all modular forms, cusp forms and Eisenstein series of weight k for Iy(V) associated with the character
X, respectively. As well known, M (N, y) = E(N, y) & SN, ) and My(N, x) = {0} if y(-1) # (-1)* ([8, The-
orem 2.1.7(1) and Lemma 4.3.2(1)]).

Now, let N be a positive integer and y a Dirichlet character modulo N. For a positive divisor e of N, we say
that e is an exact divisor of N and write e||N if gcd(e, N/e) = 1. For e||[N, we may uniquely express y
as y = ylelyl¥/el where yl¢l and y!N/¢l are Dirichlet characters modulo e and N/e, respectively. For each
ae b
cN de
Mi(N, y) is called an Atkin-Lehner involution. Then the following is well known.

elIN, put W = [

€ Maty(Z) with det(W,) = e, that is, ade? — bcN = e. The slash operator |, W, on f €

Proposition 2.1. Let e||[N and y be a Dirichlet character modulo N.
(i) x is primitive if and only if y'¢! and yN'¢! are primitive.

ae b ae b
cN de ¢'N de
For f€ My(N, x), we have

(i) LetW, = [ ] W, =

] € Maty(Z) withdet(W,) = det(W,) = e, b’ = 1 (mod e), anda’ = 1 (mod N/e).

flkWe € My, el IN1el) and ~ f [ W, = XU DTNl @)f |k We.
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Proof. For (i), see [9, Lemma 9.3]. For (ii), see [10, Proposition 1.1]. O

Remark 2.2. By Proposition 2.1, the actions of W, and W, only differ by a nonzero constant. In this article,

we will specially choose a = ¢ = 1 so that W, = [ ;} ;e] and de - b(N/e) = 1.

3 Eisenstein series

For a nonnegative integer k and a nontrivial primitive Dirichlet character y modulo N, we let By,
be a generalized Bernoulli number defined by

N-1 ax s k
Xxe X

= ) Br,—.

agl)((a) eNx -1 kgO k.x k!

Further, we let L(s, x) be the Dirichlet L-function defined by
< X(n)
Ls,)= ) %5~ (s€0).
n=1 n

Then it is well known that the aforementioned series converges for Re(s) > 1 and extends to an entire function,
L1 -k, x) = -Biy/k and By, # 0 if and only if y(-1) = (-D* ([11, Chapter XIV, Corollary of Theorem 2.2
and Theorem 2.3]).

Proposition 3.1. Denote by y, the trivial character modulo 1. Let y; and y, be primitive Dirichlet characters
modulo L and M, respectively. Let k be a positive integer satisfying y,(=1)x,(-1) = (=1)X. Define

©

Ekv)(p)(z(T) = bo + z

n=1

> nidy,(dd?
d>0,d|n

q" € Cllq]l] (r€H),

where

0, if L>1,

Do =By 2k, if L =1.

Then except for the case when k = 2 and ), = X, = Xo» Ex,,5,(7) defines an element of My(LM, y,X,), which is
called an Eisenstein series. Furthermore, the Ey , ,,(7) are Hecke eigenforms.

Proof. See [8, Theorem 4.7.1] or [12, Theorems 5.8 and 5.10]. O
Proposition 3.2. Let k be a positive integer and y a nontrivial primitive Dirichlet character modulo N with
x(-1) = (-DX. Let

Xiy = {04, X,) | ¥y and x, are primitive Dirichlet characters modulo L and M, respectively,

LM =N and x,x, = x}
and

Vi = {0603 | Oas o) € Xiyh
Then B = {Ei;, (D) | (4, X2) € Xk} is a basis of Ex(N, x). In particular, we have
{Evnn(D | 3003 € Yigd = {Evy (D) | (X)) € Xiyd

since ELXPXZ(T) = El,Xz;)(l(T)'
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Proof. See [8, Theorem 4.7.2] or [12, Theorem 5.9]. O

Remark 3.3. Let k be a positive integer and y a nontrivial primitive Dirichlet character modulo N with
x(=1) = (-1*. Then by Proposition 2.1 (i), one may easily verify that

{ME€Z*| M|IN}— Xy,
M o (yINIM1 ]y

is a bijection. Thus, we may express the basis 8 in Proposition 3.2 as 8 = {Ek’X[N/M],X[M](T) | M||N}.

Now, for a positive integer k, let y; and y, be Dirichlet characters modulo L and M, respectively, such that
X (Dx,(-1) = (-Dk. For 7 € H and a complex number s, an Eisenstein series with parameter s is defined by

X (my,(n)
k 25 °
(m,m)eZ2-{(0,0)} (mt + n)%|mt + n|*

E(T, 8 Y, X0) =
Then Ei(7, s; 4, X;) is holomorphic on k + 2Re(s) > 2. Furthermore, it is analytically continued to a holo-
morphic function

the whole s-plane, if y, isnontrivial,
Hi(7,8; x4, x,) for Re(s) > (1 - k)/2, 1if x, istrivialand k = 2, 3.1
Re(s) > -1/2, if x, istrivial and k =1
[8, Theorem 7.2.9 and Corollary 7.2.10]. Thus, Hi(7, S; ¥, X,) is holomorphic at s = 0, and the function
E(T5 x4, X2) = Hi(T, 05 )4, )

becomes a holomorphic function of 7 on H except for the case when k = 2, and both x, and y, are trivial [8,
Corollary 7.2.14].

Proposition 3.4. Let x, and x, be primitive Dirichlet characters modulo L and M, respectively, satisfying
DD = (-1)*. Except for the case when k = 2 and Xi = Xo = Xo» We have

Ee(MT; 30, X0) = Ak,)?zEk,)(l,)(z(T);

where
_ 2(-2m)*G(e) N o yaraiy
Ape = N¥(k = 1)1 and G(e) = agoe(a)e

for a primitive Dirichlet character € modulo N.
Proof. See [8, (7.1.13) and Lemma.7.2.19]. O

Weisinger [13, Proposition 14] derived the action of the Atkin-Lehner involution on the Eisenstein series.
Young [14, Section 9.1] obtained the same result for the nonholomorphic Eisenstein series. We shall provide a
slightly different proof of Weisinger’s result by adopting the ideas of Young as follows.

Theorem 3.5. Let k be a positive integer. Let y, and x, be primitive Dirichlet characters modulo L and M,
respectively, such that y,(-1)y,(-1) = (-1)* and gcd(L, M) = 1. Further, let N = LM and y = XuXo. For eache||N,
we obtain the action of the Atkin-Lehner involution W, = [e b

N de
G(¥,)
G(;)

on Ey ,(7) as follows:

Ei (Dl Ws = ek 2ef NIl ey )y e I(L ey o (D) Eye y, 5, (D), 3.2)
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where ey, = ged(e, L), ey = ged(e, M), ¥, = x[L/elylenl and y, = yledyMieul Fyrthermore, the constant term of
the Fourier expansion of Ey . . (T)|x W, is nonzero if and only ife = L. Whene = L and y is real, the constant term
is given by

G Byy
Lk 2y Ll =) - —2|.
Gom LT ( )[ ok
Proof. Let ¢[[N and W, = X, ;e be the Atkin-Lehner involution. Put e, = gcd(e, L), ey = gcd(e, M),
_ en L/eL
and § = bMJey dey ] Then we have

N
e=eey and det(§) =de - b; =1

since gcd(L, M) = 1 and det(W,) = e. Thus, we obtain an invertible linear change of variables

-

on Z% - {(0, 0)}, and one may verify that

mey; + nlL/e;
mbM /ey + ndey,

m_

nl= or, equivalently

m| _ 6‘1[m/] | mde, - n'Lje
nj- n’)” |-m'bM/ey + n'ey

M
mM(W, - 7)) + n = (NT + de)'((mMe + nN)t + (mMb + nde)) = ey (NT + de)‘llm’[e—eLT +n|. (33
M
Let y, = y/t/alylen) and y, = ylealylMiev] Note that y, = " and x, = y™. Since
N M L
1=de - b; = deLeM - bag, Xl[eL]XZ[eM] = X[e] and X1[L/eL]X2[M/eM] = X[N/E]’
we obtain that de; = e[v,l (mod L/e;), -bM /ey = (Lfe;)™ (mod ey) and
xnmg(n) = y(m'de; — n’L/e)y,(-m’bM /ey + n'ey)
= x{Medmede [ (~L e, s (-m'bM ey Yy (e )
= el (mie el (~Dxled (L eyl (m'(Le) Dyt e (n'ey) o

= (g mOz )G Oz ()
(0 enry™ e (L e ™ (Ll en) g (-1)
= Yu(m ) (rOF ™ N ean )y UL en ) (=),

From (3.3) and (3.4), for complex numbers s satisfying (3.1), we derive that

Hi(Mz, s; 41, Xo)lk We
= Ek(MT) S; /\/:[J)Tz)lkm
= eKY(Nt + de) *Ex(M(W, - ), S; 31, 1)

_ Jx(mjy,(n)
= pkl2 d k
N ey 2 MW, D) + M mQMW )+

= Mg VIl ey 1L e (~1)eyINT + def?s
, Py (m)P,(n)
(myezi-(0.0p (M’ (Merfen)T + n)K|m'(Meg/ey)T + nf*
= ekl VIl (e )y e l(L ey Y[ (-1 |NT + de[> Eu(Mey/e)T, s; Wy, ¥y)
= eklgfINIe ey 1L e,y (-1 INT + de Hi(Mey/ex)T, s; 1, y)-

Note that Me; /ey is the conductor of i,. From Proposition 3.4 and the aforementioned equation, we deduce
that
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B (Dl We = Ay EcMT; X1, 1)k We
= Ay H(MT, 0; 1, 1)l W
= Agy e NI ey )y e (L ey )y (-1 Hi((Mey/e)T, 0; 1, 1,)
= Ay, e e TN e en UL e )y (~DE(Mey/ex)T; 1y, ¥,)

A
= My NIl ey (L e e (D, ()

k.,
= %e"‘“eﬁ)ﬁmel(eM>x[el(L/eL)x{eﬂ(—1)Ek,¢1,¢z(r)
because
Akts g A-2m) GGy MAKk-D! krgk = S¥2) i, |

Ay M7 (legfen) -1 2(-2mif60g) © M T GG

Note that the constant term of Fourier expansion of Ey  ,,(7)|x W, is nonzero if and only if the constant term
of Eyy,5,(7) is nonzero. In this case, from the definition, we should have ¥; = y, and e = L. When e = L and y
is real, we have ¥, = y, e, = L and ey = 1. Thus, one may verify that the constant term is

G oki2ek By, | _ GO
7IN/e] lec] a1 [ki2
G(Xz st NN en (L e )y (-1)| - ok G(X ) X (D)=
(X) _k/z [L]
= GG E (-1)|-
since y, = ! and y, = y™\. This finishes the proof. O

Remark 3.6.
() In Theorem 3.5, we may replace Ey , ,(7) by Ek’X[L]’X[M](T).
(ii) The constant in (3.2) is slightly different from that of [13, Proposition 14] because we used the matrix of the

form W, =

instead of We [c ] with det(W) =e,b’=1(mod e) and a’ = 1 (mod N/e).

b
Nd

4 Average theta function as a sum of Eisenstein series

For positive integers k and N such that (-1)XN = 0 or 1 (mod 4), let X1y be the Dirichlet character defined
by the Kronecker symbol, that is,

-DkN
X(—l)“N(') = [( ) ]

Then (-1)N is a fundamental discriminant if and only if y_,yxy is a primitive Dirichlet character modulo N [9,
Theorem 9.13]. Moreover, it is well known that

N-1

Gl ay) = ZX(—l)kN(a)ezma/N = J(-DN CAY
a=0

2
([8, Lemma 4.8.1.(1)]). Let Q be an integral positive definite quadratic form in 2k variables and A = [ ;(gx.]

0%
the Hessian matrix of Q so that

1 X
0x) = EXTAX forx = € 7%,

Xok
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Further, let N be the level of Q, which is the smallest positive integer such that NA™ is integral and has even
diagonal entries. For a nonnegative integer n, let

ro(n) = #{x € 7% | Q(x) = n}

be the representation number of n by Q and denote the generating function 0,(7) of rp(n) by

o0

Bo(r) = D €M™=} r(mq" (€M),
xez* n=0

which is called the theta function associated with Q. Then it is well known that the theta function ©y(7) belongs
t0 Mi(N, X1yt deray) = SN, Xayk dercay) @ SN, X (o gercay) (Se€ [8, Corollary 4.9.5(3)]). Let P be another inte-
gral positive definite quadratic form in 2k variables with Hessian matrix B. Let R be the ring Z of rational
integers or the ring Z, of p-adic integers for a prime p. Two forms Q and P are said to be equivalent over R if
there is a matrix S € GLy(R) such that STAS = B. We denote by Q ~ P if Q and P are equivalent over Z. We
also denote by Q ~, P if Q and P are equivalent over Z,. We say that Q and P are in the same genus if Q ~, P
for all prime p and denote by gen(Q) = {Q" | Q ~, Q’for all primep}/~. Let 0(Q) = #{S € GLxu(Z) | STAS = A}.
Then the average theta function 8(gen(Q), 7) of Q is defined by

-1
1 0o (1) <
0 ) = AN P = ) n,
(Een(@, ) ‘[Q’]Egzen(()) O(Q)’ [Q'Je%en(@) 0(Q") ngor(gen(o) W

where [Q’] is the equivalence class containing Q’ in the genus gen(Q). Then it is well known that
0(gen(Q), 1) € EN, X1y geray) and Op(7) - B(gen(Q), 7) € Sk(N, X1y gerca)) (s€€ [2-5]). Thus, there is a
cusp form £, (1) € Sk(N, X1y geray) SO that

B(r) = 8(gen(Q), ) + fy (7).

To find the action of the Atkin-Lehner involution on 0y(7), we need to consider the congruent theta
functions. For h € 7% with Ah € N7k, let

A
ot hAN) = Y e[ [";]r],
mez* 2N
m=h (mod N)

where e(z) = e¥ for z € C and A[x] = xAx for column vectors x of size 2k. From the definition,
we have 0y(7) = 0(7; 0, A, N).

Lemma 4.1. Let h € Z* with Ah € NZ%. Fory = (; Z € SLy(Z) with ¢ > 0, we have
04 - T h, A, Ny = det(A)2ck(=i)k 3 @}h,DO(T; 1A, N),

lez** |IN7%*

Al=0 (mod N)
where

o= 3 aAlg] + 2lTAg + dA[l]
re gEZ* | cN 7% 2cN? .
g=h (mod N)

Proof. See [1, page 5]. OJ

Lemma 4.2. Let h € 7% with Ah € NZ?X. For each e||N, we have the action of the Atkin-Lehner involution

e b

N de on 6(t; h, A, N) as follows:

o
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0(z; h, A, Nk W, = det(A)12N"ke3k2(-i)k 5 @fi(h, DB(er;, A, N),
lez?** |INz%*
Al=0 (mod N)

1 b
where y = [N/e de]'

Proof. Put y = [ 1 b . Then y = €SLy(Z) since det(W;) = e. Note that

Nle de]
[ 1 bieo0]_ (e O
We‘[N/e de][O 1]"’[0 1]'

Hence, from Lemma 4.1, we deduce that

0
0z 1, A, Wl = 00T b, WS )

= |det(A) 2N ey K(-i)k Y @(h, DO(T;L A, N) [g 0]
lez* |Nz* 1
Al=0 (mod N)

= det(A)2NKeK2(-i)k Y @d(h, DO(et;| A, N).
lez* |Nz%* 0
Al=0 (mod N)

k

Before we go further, we need the following definition and lemma.

Definition 4.3. Let A be a 2k x 2k symmetric positive definite integral matrix with even diagonal entries.
For positive integers L, M, we denote by GA(L, M) a Gauss sum defined by

LA[g]

GAL,M)= ) o

ge2%* |IM7%*

Lemma 4.4. Let the notation be as mentioned earlier and assume that Q is a binary quadratic form.

(i) For a given integer m, Q properly represents at least one positive integer, say a, relatively prime to m.
Moreover, we have Q ~ ax* + bxy + cy? for some b,c € Z.

(i) Let a and M be positive integers such that M is odd and gcd(a, M) = 1, then we have

M-1 2
ax a
G*(1, M) = —| = eu| = |VM,
( ) xgoe M ] &y M \/—
where &;=1oriif M =1 (mod 4) or M = 3 (mod 4), respectively.
Proof. See the study by Cox [15, Lemmas 2.25 and 2.3] for (i). For (ii), see, [16, Equation (3.38)]. O

Theorem 4.5. Let k be a positive integer and Q an integral positive definite quadratic form in 2k variables with Hessian
matrix A. Let N be the level of Q. Assume that (-1)¥N is a fundamental discriminant and x_yyy = X(-1y* geray:
Put x = Xy Write 0(gen(Q), 7) as a sum of Eisenstein series

0(gen(Q), 7) = 8 ) c(M)E, i (1), @.2)
M||N

where § =1 or 12 ifk = 2 or k = 1, respectively, and c(M) € C. Then we have

2k
C(M) = _K det(A)_I/ZN(Zk_l)/ZM(1_4k)/Zik_kZX[M](—1)_1/2GA(1, M) (43)
X
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for M||N. In particular, when k =1 and Q is primitive (ie, the coefficients are coprime), let Q represent a € Z*

with ged(a, N) = 1. Then we have
26(N)
0(gen(Q),7) = ———= MI(@)E, v imi(T),
(g (Q) ) Bl,X M%NX ( ) 1’XNM,)(M( ) (44)
M odd

where §(N) = 1 or 12 if N is even or odd, respectively.

Proof. Let § =1 or 1/2 if k > 2 or k = 1, respectively. By Proposition 3.2 and Remark 3.3, there are ¢(M) € C
such that

0(gen(Q), 1) = 8 Y c(M)E; wnn w(T)
M|IN

for M||N. Note that when k =1, the term & = 1/2 occurs in (4.2) since E, ywmn wn(7) = Eq on ,ivin(T). Let M|IN
and L = N/M. To avoid any confusion, we change the variable M in (4.2) to J and express 0,(7) as follows:

0o(7) = O(gen(Q), 7) + fo(7) = 6 > g JE; yiwin wi(T) + fo (T), (45)
JIN

on the left-

where f,(7) € Si(N, ). From Lemma 4.2, by applying the Atkin-Lehner involution W, = []fl ;L
hand side of (4.5), we obtain
Bo(D|x W = 0(7; 0, A, N)| W,
= det(A) VANKLKIZ(-pk Yy <I>§‘(0, DO(Lz;l, A, N),

lez* |Nz%*
Al=0 (mod N)

where y = [ ]\1/[ ch € SLy(Z), and the constant term is given by

det(A)ANKLKI2(-)kDA(0, 0) = det(A) ANTKLKI2A(-k Y e
gEZ* |IMN 7%
£=0 (mod N)

Alg] ]
2MN?

Algl

e[
gz Mz 2M

= det(A) VAN-KL3KI2(-)KGA(1, M).

(4.6)
= det(A)—llzN—kLBk/Z(_i)k ]

From Theorem 3.5, E i in(7)lx W, has a nonzero constant term if and only if L = N/J, that is, J = M.
Since x = Yy is real, by Theorem 3.5, the constant term of the action of W;, on the right-hand side of (4.5)
is given by

B,
c(M) Gfx(fﬁ])L-mxl“(—l)[—%]. 47

Since yH(-Dy™I(-1) = y(-1) = (-D¥ and x(-1) = \/X(_l)kN(_].) = J(-1¥ = i¥’, by (4.1), we have

G(y) _ WVEDVYN kD) 2K
k2Ll (—1) = IkI2y[Ll(—1) = [-k-D/2jK*(—yky M1 —1)1/2 48
GG X1 (1) V3T XD EDYMIED 4.8)

By combining (4.6), (4.7), and (4.8), we obtain that
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c(M) = (det(A) V2NKL3K/I2(-})kGA(1, M))-
k.x

L(k—l)/2i—kz(_l)kX[M](_l)—I/Z[_Bz_k]

—_—

- _ ;_k det(A)—llzN—kL(4k—1)/2ik—kZX[M](_1)—1/ZGA(1’ M)
k.x

_2k
k.x

- _ ;_k det(A)—llZN(Zk—1)/2M(1—4k)/2ik—k2X[M](_1)—1/2GA(1) M).
k.x

](41(—1)/2

N
det(A)_llzN_k[M ik—kZX[M](_l)—UZGA(L M)

This proves (4.3). Now, we suppose that k = 1 and Q is primitive. Then we have N = det(4) since Q is primitive
and -N is a fundamental discriminant. Let M||N be odd. Since E; i ,mn(7) = E; yin ivin(7), we have

Z C(M)E, ywnn (7)),  if N even,

M||IN
1 Modd
= 2 CDEy v on(T) = 14 49
2 Ml 2 2 CME (D), if N odd.

MI||IN

M odd

Since Q representsa € Z* with ged(a, N) = 1, we may assume that Q = ax? + bxy + cy? by Lemma 4.4 (i). Note
that N = det(4) = 4ac - b% Since gcd(a, N) =1 and M]||N is odd, there is an even 2a € Z such that

2a2a = 1 (mod M). Take S = [(1) B ?Za € SLy(Z). Then we have
1 0)2a b1 - b2a|_|2a ©
T = = —
SAS‘[—b% 1)l b ZC[O 1 0 NZa](mOdM)'

Thus, from Lemma 4.4 (ii), we obtain that

GALM)= ) e

A_[g]] N Nﬁyz/z]

geZ?IMZ? 2M (;‘/)EZZIMZZ M
M-1(, 9 (4.10)
ax a
= ngoe ﬂ] = MSM[M \/M
= MB/Z)([M](Q)X[M](—]_)UZ’
since
-0 M a
X[M]() :X([i‘gkN(o) = [7]’ X[M](a) = M and X[M](—l)l/z =&y
Since N = det(A), by (4.3), (4.9), and (4.10), we derive that
2 2
c(M) = ——— det(A) V2NV2M312y IMI(-1)12GA(1, M) = -—xM(a)
By Biy
for odd M||N and
1 26(N
0(gen(Q), 7) = = Y c(M)E, i ,im(T) = - ) Y XM @E, i (7).
2 v A Biy n AT
M odd
This finishes the proof. O

Remark 4.6. As we mentioned in Section 1, Guerzhoy and Kane [7] obtained the same result as in (4.4) by using
the algebraic theory of binary quadratic forms.
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In general cases, one may find the n-th Fourier coefficient r(gen(Q),n) of ©(gen(Q),7) by using
Minkowski-Siegel formula. In our cases, the following corollary gives another way to find r(gen(Q), n)
and is obtained by comparing the Fourier coefficients of both sides of (4.2) and (4.4).

Corollary 4.7. Let the notations and assumptions be as in Theorem 4.5. Let n be a positive integer. Then we have
2k .
r(gen(Q), n) - _B_ d_et(A)—ll2N(2k—1)/zlk—k2 Z M(l_4k)/ZX[M](—1)_1/2GA(1, M)
kox

M||IN
x Y NI dy M dydk!

d>0,d|n
for k = 2 and
28(N
r(gen(Q), n) = —BL) Z ¥M(a) z K INIMI (@ M)
Lx MIN d>0,d|n
M odd
for k =1.
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