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Abstract: In this article, we study the existence of mild solutions and the approximate controllability for a class
of stochastic elastic systems with structural damping and infinite delay in Hilbert spaces. The estimation of the
control function is discussed, where the expression of the control function is constructed by the defined
resolvent operator. Under this estimate, the existence of mild solutions for this system is obtained by the
Schauder fixed point theorem and the stochastic analysis theory, and sufficient conditions for the approximate
controllability are formulated and proved by using the so-called resolvent operator type condition. Finally,
an example is given to illustrate the applicability of our conclusion.
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1 Introduction

In this article, we consider the approximate controllability of the following stochastic elastic system with
structural damping and infinite delay
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in Hilbert space X , where ( ) ∈x t X is the state variable. �( ) ( )∈u t L I U;

2 is the control function and U is a
Hilbert space. →B U X: is a bounded linear operator. ≥ρ 2 is a constant. The histories ( ]−∞ →x X: , 0t , given
by ( ) ( )= +x θ x t θt for ≤θ 0, belong to abstract phase space � defined axiomatically. ( ) ⊂ →A D A X X: is a
closed linear operator and −A generates a C

0
-semigroup ( )( )≥T t t 0 on X . ( ) ( )∈φ D A0 , and ( )′x 0 denotes the

right derivative of ( )⋅x at zero. In addition, the functions �× →f I X: and �× →g I L:
0

2 are Lipschitz
continuous, and ( )W t is a Q-Wiener process.

The consideration of an elastic system with damping was proposed by Chen and Russell [1] in 1982.
They studied the following second-order linear elastic system

( ) ( ) ( )″ + ′ + =u t Bu t Au t 0
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in a Hilbert space H with inner ( )⋅ ⋅, , where A (the elastic operator) is a positive definite, self-adjoint operator,
and B (the damping operator) is a positive self-adjoint operator. The two conjectures about elastic system with
damping were given by Huang [2,3]. New forms of the corresponding first-order evolution equation were
introduced by Fan and Li [4] to study the analyticity and exponential stability of the semigroup of this system.
Fan et al. [5] decomposed elastic systems with structural damping into two linear inhomogeneous initial value
problems, and obtained the expression of this mild solution in 2013. In addition, monotone iterative technique,
exponential decay of the elastic systems with structural damping, and asymptotic stability of this solution have
been discussed in [6–9]. However, the (approximate) controllability of this system has not been studied yet,
and the control problems are also a relatively active field (the optimal route or minimum energy required to
reach the desired position). Therefore, we will study the approximate controllability of stochastic elastic
system in this article.

When describing the actual phenomenon, the use of differential equations with infinite delay proves to be
more accurate compared to ordinary differential equations. For additional information on finite or infinite
delays, please refer to the relevant sections for further details, see [10–12]. Hence, recently, many authors have
studied the approximate controllability of various systems with finite delay, infinite delay, and state depen-
dent delay. For example, Mokkedem and Fu [13] studied the approximate controllability of first-order neutral
integro-differential systems with finite delay in 2014, Mokkedem and Fu [14–16] discussed the approximate
controllability of first-order (neutral or stochastic) evolution systems with infinite delay, [17–19] considered the
approximate controllability for second-order stochastic (neutral) evolution systems with infinite delay, as well
as Das et al. [20] investigated the approximate controllability for a second-order neutral stochastic differential
equation with state-dependent delay.

In recent years, [21–24] focused on the approximate controllability of various stochastic systems (without
damping elastic systems and infinite delays), [21] considered the approximate controllability of stochastic degen-
erate evolution equations, [22] discussed the approximate controllability for Sobolev-type fractional stochastic
hemivariational inequalities of order ( )∈r 1, 2 , [23] studied the approximate controllability of second-order impul-
sive stochastic neutral differential systems, and [24] considered the approximate controllability of conformable
fractional noninstantaneous impulsive stochastic evolution equations via poisson jumps. In this article, on the basis
of the analysis of stochastic systems in [21–24] and the books on stochastic differential equations [25–28], we further
discuss the approximate controllability of stochastic elastic system with infinite delay.

The concept of controllability, when it was first introduced by Klamka [29] in 1963, has described the qualitative
property of dynamic systems. In 1983, Zhou [30] studied the approximate controllability of the first-order abstract
evolution by using the so-called range type condition in Hilbert spaces. In 1999, Bashirov and Mahmudov [31] used
the so-called resolvent operator-type condition to study the approximate controllability of deterministic or sto-
chastic systems. Using the resolvent operator-type condition, [13–16] obtained the approximate controllability of the
first-order (neutral or stochastic) equation equations by using the fundamental solution theory, and [18,19] also
studied the approximate controllability of the second-order (neutral or stochastic) evolution equation by using the
fundamental solution theory. The fundamental solution theory is not used in this article, but our future work will
focus on obtaining new explicit formulas for the mild solution of (stochastic) damped elastic systems using
the fundamental solution theory, which can weaken linear conditions.

As we all know, the existence and uniqueness of mild solution for second-order systems are expressed by
sine and cosine family in [17,20, 32,33]. The theories of sine and cosine family were defined by Fattorini [34] in
1969, and its properties have been studied in [35–38]. But the damping elastic system does not apply to the
cosine family theory, so we use the semigroup theory to describe its solution. Inspired by all the aforemen-
tioned papers, we study the existence of mild solutions and the approximate controllability for a class of elastic
stochastic system with structural damping and infinite delay in Hilbert spaces. The discussion is based on
semigroup theory, stochastic analysis theory, Schauder fixed point theorem, and the so-called resolvent
operator type condition in this article.

The innovations of this article are as follows: (a) we convert the system (1) into two first-order systems and
use semigroup theory instead of cosine family theory to obtain the expression for the mild solution of the
system (1); (b) we add infinite delay and stochastic term (generated by white noise) to the initial elastic system
with structural damping, which makes the application range of the stochastic damping elastic system wider.
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Specifically, after adding the stochastic term, the properties of the system yielded significant changes (from
deterministic systems to stochastic systems). Therefore, the existence of mild solutions and the approximate
controllability of system (1) are analyzed by combining the theory of semigroup, stochastic analysis, and phase
space; (c) through our rigorous testing, the constructed control function can be applied in engineering control
and has certain application value, such as the control problem of beam vibration equation.

The structure of this article is organized as follows. In Section 2, we give stochastic process, the axiomatic
definition of phase space � , some definitions, and necessary preparations. We establish some estimates of the
control function in Section 3. The existence of mild solutions for the system (1) is studied by using the Schauder
fixed point theorem. In Section 4, we will show sufficient conditions the approximate controllability of
the system (1) by using the so-called resolvent operator type condition. In Section 5, an application example
is given to illustrate our main result.

2 Preliminaries

In this section, we introduce some notations and terminologies of the stochastic process and the infinite
dimensional phase space, as well as some basic facts about the approximate controllability. Let X and K

be two separable Hilbert spaces, we denote by ⟨ ⟩⋅ ⋅, and ⟨ ⟩⋅ ⋅, K their inner products, and by ‖ ‖⋅ and ‖ ‖⋅ K their
vector norms, respectively. We employ the same notation ‖ ‖⋅ for the norm of L( )K X; , where L( )K X; denotes
the Banach space of bounded linear operators from K into X . Particularly, L( )X will denote L( )X X; .

2.1 Stochastic process

This subsection introduces somenotations of stochastic processes used in thewhole article. Let �� �( { } )≔ ≥Ω Ω, , ,t t 0
be

a filtered complete probability space satisfying the usual condition, which means that the filtration �{ } ≥t t 0
is a right

continuous increasing family and�
0
contains all� -null sets. Leten, ( )=n 1, 2, … , be a complete orthonormal basis of K .

We assume that � ( ( ) )= ≤ ≤σ W s s t: 0t is the σ -algebra generated by W and � �=a , where ( )W t is a K -valued
Wiener process defined on �� �( { } )≥Ω, , ,t t 0

with a finite trace nuclear covariance operator Q. Let L( )∈Q K be an
operator defined by =Qe λ en n n withfinite trace ( ) = ∑ < ∞=

∞
Q λTr n n1

. And let ( )η t
n

, ( )=n 1, 2, … , be s sequence of real-
valued one-dimensional standard Brownian motions mutually independent over �� �( { } )≥Ω, , ,t t 0

such that

( ) ( )∑= ≥
=

+∞

W t λ η t e t, 0,

n

n n n

1

where ≥λ 0n , ( )=n 1, 2, … are nonnegative real numbers. Then the aforementioned K -valued stochastic
process ( )W t is called a Q-Wiener process. Without loss of generality, in [25,26,28], the Wiener process is
constructed as ( ) ( )= ∑ =

+∞
W t A s tk k k1

, where the coefficients { } =
∞

Ak k 0
are independent and ( )N 0, 1 random vari-

ables and ( )s tk are the k th-Schauder function (the integral of some complete basis ( )e tk with respect to t).
The Wiener process which satisfies general expressions in this article is more suitable for abstract systems.

Definition 2.1. Let �( )∈σ K X; and define

∥ ∥ ( ) ∥ ∥∑≔ =
=

+∞

σ σQσ λ σeTr * .Q

n

n n
2

1

2

If ‖ ‖ < ∞σ Q , then σ is called a Q-Hilbert-Schmidt operator. Let ( )L K X;
0

2 denote the space of all Q-Hilbert-
Schmidt operators →σ K X: . In this article, the function ( )⋅ ⋅F , is said to be �t-adapted if ( )⋅ →F t X, : Ω

is �t-measurable, a.e. ∈t I . Let �� ( ) { ( ) }≔ ∈ × -L I X x L I X x; Ω; : is adaptedt
2 2 . In addition, we use �( )ML Ω;

2

to denote the set of all �
0
-measurable functions that belong to �( )L Ω;

2 , and ( ( ))C I L X; Ω;

2 to represent
the Banach space of all continuous from I into ( )L XΩ;

2 satisfying the condition ‖ ( )‖ < ∞∈ x tEsup
t I

2 .

Approximate controllability for stochastic elastic system  3



Lemma 2.2. [28] Let × →ϕ I L: Ω
0

2 be a strongly measurable mapping such that ‖ ( )‖∫ < ∞ϕ r rE d

a

Q
0

2 . Then,
for any ∈t I and ≥p 2, we have

( ) ( ) ‖ ( )‖∫ ∫≤
⎛

⎝
⎜

⎞

⎠
⎟ϕ s W s c ϕ s sE Ed d ,

t p

p

t

Q

0 0

2

p

2

where cp is a constant associated with p and a.

Lemma 2.3. [39] Let ≥p 2 and ( )∈h L XΩ;

2 be fixed, then there exists a functionϕ in space � ( ( ( )))L L I L K XΩ; ; ;

2 2

0

2

such that

( ) ( )∫= +h h ϕ s W sE d .

a

0

2.2 Phase space for infinite delay

In the whole article, we use the axiomatic definition of phase space � in [10] and some terms in [11]. The phase
space � will be a linear space of functions mapping ( ]−∞, 0 to X , which is given seminorm �∥ ∥⋅ and satisfies
the following axioms:

(A1) If ( ]−∞ + → >u ϑ a X a: , , 0, is continuous on [ ]+ϑ ϑ a, and �∈uϑ , then for each [ ]∈ +t ϑ ϑ a, ,
the following statements hold:
(i) �∈ut ;
(ii) 

�∥ ( )∥ ∥ ∥≤u t H ut ;
(iii) � �∥ ∥ ( ) {∥ ( )∥ } ( )∥ ∥≤ − ≤ ≤ + −u K t ϑ u τ ϑ τ t M t ϑ usup :t ϑ .

Here,  ≥H 0 is a constant, [ ) [ )∞ → ∞K : 0, 0, is continuous, and [ ) [ )∞ → ∞M : 0, 0, is locally bounded. They do
not rely on ( )⋅u .

(A2) For the function ( )⋅u in (A1), ut is a � -valued continuous function on [ ]+ϑ ϑ a, .
(A3) The phase space � is complete.
Let the phase space � ( )= ×C L g X:r

q , ≥r 0, ≤ ≤ ∞q1 (see [11]), which means that any function �∈φ

from ( ]−∞, 0 into X satisfies continuous on [ ]−r, 0 and positive Lebesgue integrable on ( )−∞ −r, . We define
the seminorm as follows:

�∥ ∥ {∥ ( )∥ } ( )∥ ( )∥∫= − ≤ ≤ +
⎛

⎝
⎜

⎞

⎠
⎟

−∞

−

φ φ ξ r ξ g ξ φ ξ ξsup : 0 d .

r

q

q
1

Remark 1. For convenience, let Ka and Ma be two positive constants defined by

( ) ( )= =
∈ ∈

K K t M M tsup , max ,a

t I

a
t I

(2)

where the functions ( )⋅K and ( )⋅M are from (A1)(iii).

2.3 Mild solution and resolvent operator

Let ( )− ⊂ →A D A X X: be the infinitesimal generator of C
0
-semigroup ( )( )≥T t t 0 on X . We need to make

the following prior assumptions about the operator A

(H0) The operator ( ( ))A D A, generates a C
0
-semigroup ( )( )≥T t t 0 on the Hilbert space X , then there exist

constants �∈ω and ≥M 1ω such that [40]
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‖ ( )‖ ≤ ≥T t M e tfor all 0.ω
ωt

The sets ( )S t
1

and ( )S t
2

defined by Fan and Li [7] are expressed as follows:

( ) ( ) ( ) ( )= = ≥S t T σ t S t T σ t t, , 0,
1 1 2 2

(3)

where + =σ σ ρ
1 2

, =σ σ 1
1 2

.

Remark 2. According to the properties of C
0
-semigroups, let

∥ ( )∥ ∥ ( )∥= =
∈ ∈

M S t M S tsup , sup .

t I t I

1 1 2 2 (4)

The mild solution of control system (1) is obtained by combining two nonhomogeneous initial value
problem. Inspired by the mild solution of Definition 2.3 in [7], we can similarly write a mild solution
of the system (1) as follows.

Definition 2.4. A stochastic process ( ]−∞ →x a X: , is called a mild solution of the system (1) if the following
conditions are satisfied:
(i) ( )x t w, is measurable as a function from ×I Ω to X and ( )x t is �t-adapted;
(ii) ‖ ( )‖ < ∞x tE 2 for each ∈t I and { }∈x t I:t is � -valued stochastic process;
(iii) For each � ( )∈u L I U;

2 , the process ( )⋅x satisfies the following integral equation:

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ]

( )

∫ ∫∫

∫∫

∫∫

=

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

+ − + − −

+ − −

+ − − ∈

≤

x t

S t φ S t s S s z s S t s S s τ f τ x τ s

S t s S s τ Bu τ τ s

S t s S s τ g τ x τ W s t a

φ t t

0 d , d d

d d

, d d , 0, ,

, 0,

t t s

τ

t s

t s

τ

2

0

2 1 0

0 0

2 1

0 0

2 1

0 0

2 1

(5)

where ( )≔ +z y σ Aφ 0
0

0
2

.

Definition 2.5. Let ( )⋅x be a mild solution of system (1). System (1) is called to be approximately controllable
on [ ]a0, if �( ) ( )=a φ y L X; , Ω;

0

2 , where the set

� � �( ) { ( ) ( )∣ ( ) ( ) ( )}= ∈ ∈ ∈ ∈a φ y x a φ y u L X φ ML y L X u L I U; , ; , , Ω; Ω; , Ω; , ;
0 0

2 2

0

2 2

is called the reachable set of system (1) and �( )a φ y; ,
0

represents the closure of �( )a φ y; ,
0

.

Next, we introduce two operators defined on Hilbert space X

( ) ( ) ( ) ( ) ( ) ( )∫∫= − − − − = + >−S a s S s τ BB S s τ S a s τ s R λ λI λΓ * * * d d , , Γ Γ , 0,

a

a s

a a
0

0 0

2 1 1 2 0 0

1 (6)

where B*, ( )S t*
1

, and ( )S t*
2

denote the adjoint operators of B, ( )S t
1

, and ( )S t
2

, respectively. Now, we make
the assumption

(H1) ( ) →λR λ, Γ 0

a
0

as → +λ 0 in the strong operator topology.
The assumption (H1) is equivalent to the approximate controllability of linear system

( ) ( ) ( ) ( )

( ) ( )

⎧
⎨
⎩

″ + ′ + = ∈
= ′ =

x t ρAx t A x t Bu t t I

x t x x y

, ,

, 0 .

2

0
0

(7)

To be more precise, we obtain that
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Theorem 2.6. The following sentences are equivalent:
(i) The control system (7) is approximately controllable on [ ]a0, .
(ii) If ( ) ( ) =B S t S t y* * * 0

1 2
for [ ]∈t a0, , then =y 0.

(iii) Assumption (H1) is true.

The proof is likeness to the proof of Theorem 4.4.17 from [41] and Theorem 2 from [31], so we omit it here.

Remark 3. From assumption (H1), we can easily obtain

∥ ( )∥ ( )≤ ∈R λ
λ

λ, Γ

1

, 0, 1 .

a
0

(8)

Lemma 2.7. (Schauder fixed point theorem) Let H be a convex closed subset in the Banach space x, the operator
→T H H: is continuous and compact, then the operator T has at least one fixed point x*, such that =Tx x* *.

3 Existence of mild solution

In this section, we first give the expression of the control function through the resolvent operator defined by
(6) and then obtain some estimates about the control function u. Finally, we investigate the existence of mild
solution to system (1) by the Schauder fixed point theorem. For this purpose, we make the following
assumptions:

(H2) The functions �× →f I X: and � ( )× →g I L K X: ;
0

2 satisfy the following conditions:
(i) �× →f I X: and � ( )× →g I L K X: ;

0

2 are two measurable mappings, satisfying that ( )f t, 0 and ( )g t, 0

are bounded in X -norm and ( )L K X;
0

2 -norm, respectively.
(ii) For any [ ]∈t a0, , there exists a constant >L 0, such that for any �∈φ φ,

1 2

,

�∥ ( ) ( )∥ ∥ ( ) ( )∥ ∥ ∥− + − ≤ −f t φ f t φ g t φ g t φ L φ φ, , , , .Q1 2

2

1 2

2

1 2

2

(iii) There exists a constant >L 0
1

such that

∥ ( )∥ ∥ ( )∥+ ≤f t φ g t φ L, , .Q
2 2

1

(H3) The C
0
-semigroup ( )T t is compact for >t 0.

Remark 4. Assumptions (H0) and (H3) are easy to satisfy. In Section 5, the defined operator A automatically
satisfies assumptions (H0) and (H3). Assumption (H1) is a prerequisite to prove that system (1) is approximately
controllable. In the case that homogeneous linear system (2.6) is (approximately) controllable, we further
study the (approximate) controllability of stochastic nonlinear system (1). Assumption (H2) is necessary
to ensure the existence and uniqueness of solutions for nonlinear system (1).

Let �( )∈φ ML Ω;

2 be a given �
0
-adapted process. We define

�

{ ( ) ( ] ( )∣ ( )

( ) }( [ ])

≔ −∞ →

= -∈

C y t a L X y

φ y t

: , Ω; 0

and is continuous, adapted measurable processes ,

φ

t a t

2

0,

its norm is endowed by

�‖ ‖ ‖ ‖⎜ ⎟≔
⎛
⎝

⎞
⎠

< ∞
∈

y yEsup .C

t I

t

2

φ

1

2

(9)

Let ( )∈x L XΩ;

a 2 be fixed, we define the control function �( ) ( )∈u t L I U;

2 as follows:
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

∫

∫∫

∫ ∫

≔ − −
⎛

⎝
⎜ − − −

− − −

−
⎡

⎣
⎢ − − −

⎤

⎦
⎥

⎞

⎠
⎟

u t B S s t S a s R λ x S t φ S t s S s z s

S t s S s τ f τ x τ s

S t s S s τ g τ x τ ϕ s W s

E* * * , Γ 0 d

, d d

, d d ,

x
a a

t

t s

τ

t s

τ

1 2 0 2

0

2 1 0

0 0

2 1

0 0

2 1

(10)

where ( ) ( )∫= +x x ϕ s W sE d

a a
t

0

from Lemma 2.3. Then, we can obtain the following estimation of the control
function ( )u t .

Lemma 3.1. There exist two constants >L 0
2

and >L 0
3

such that for each ∈x x C, φ
1 2

�∥ ( ) ( )∥ ∥ ∥ ∥ ( )∥− ≤ − ≤u t u t
λ

L x x u t
λ

LE E E
1

,

1

,x x t t x
2

2
2

1 2 2 2

2
3

1 2 1

where ‖ ‖ ( )≥ +L B M M a L a c2 p2

2

1

4

2

4 3 and

‖ ‖ ∥ ∥ ∥ ( )∥ ∥ ∥ ‖ ( )‖∫≥
⎛

⎝
⎜ + + + + +

⎞

⎠
⎟L B M M x M φ M M a z

a
M M L

a
M M L c c ϕ s sE E E E6 0

3 3

d .

a
p p

t

Q3

2

1

2

2

2 2

2

2 2

1

2

2

2 2

0

2

4

1

2

2

2

1

2

3

1

2

2

2

1

2

0

2

Proof. First, we prove the first inequality. For any ∈x x C, φ
1 2 , by (4), (8), and (10), one has

∥ ( ) ( )∥ ‖ ‖ ( ) ( )( ( ) ( ))

‖ ‖ ( ) ( )( ( ) ( )) ( )

∫∫

∫∫

− ≤ − − −

+ − − −

u t u t
λ

B M M S t s S s τ f τ x f τ x τ s

λ
B M M S t s S s τ g τ x g τ x τ W s

E E

E

2

, , d d

2

, , d d .

x x

t s

τ τ

t s

τ τ

2

2

2

1

2

2

2

0 0

2 1

1 2

2

2

2

1

2

2

2

0 0

2 1

1 2

2

1 2

According to Hölder inequality, (4), (H2)(ii), and Lemma 2.2, we have

� �

�

∥ ( ) ( )∥ ‖ ‖ ( ( ) ( ))

‖ ‖ ( ( ) ( )) ( )

‖ ‖ ∥ ( ) ( )∥

‖ ‖ ∥ ( ) ( )∥

‖ ‖ ∥ ∥ ‖ ‖ ∥ ∥

∥ ∥

∫∫

∫∫

∫∫

∫∫

− ≤ −

+ −

≤ −

+ −

≤ − + −

≤ −

u t u t
λ

B M M f τ x f τ x τ s

λ
B M M g τ x g τ x τ W s

λ
B M M a f τ x f τ x τ s

λ
B M M ac g τ x g τ x τ s

λ
B M M a L x x

λ
B M M a c L x x

λ
L x x

E E

E

E

E

E E

E

2

, , d d

2

, , d d

2

, , d d

2

, , d d

2 2

1

,

x x

t s

τ τ

t s

τ τ

t s

τ τ

p

t s

τ τ Q

t t p t t

t t

2

2

2

1

4

2

4

0 0

1 2

2

2

2

1

4

2

4

0 0

1 2

2

2

2

1

4

2

4 2

0 0

1 2 2

2

2

1

4

2

4

0 0

1 2 2

2

2

1

4

2

4 4 1 2 2

2

2

1

4

2

4 3 1 2 2

2
2

1 2 2

1 2

for ‖ ‖ ( )≥ +L B M M a L a c2 p2

2

1

4

2

4 3 .
Next, by the aforementioned conclusions and (H2), it follows that
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∥ ( )∥ ‖ ‖ ∥ ∥ ∥ ( )∥ ∥ ∥

‖ ( )‖∫

≤
⎛

⎝
⎜ + + + +

+
⎞

⎠
⎟

≤

u t
λ

B M M x M φ M M a z
a

M M L
a

M M L c

c ϕ s s

λ
L

E E E E

E

6

0

3 3

d

1

,

x
a

p

p

t

Q

2

2

2

1

2

2

2 2

2

2 2

1

2

2

2 2

0

2

4

1

2

2

2

1

2

3

1

2

2

2

1

2

0

2

2
3

1

for ‖ ‖ ∥ ∥ ∥ ( )∥ ∥ ∥ ‖ ( )‖∫≥ ⎛
⎝ + + + + + ⎞

⎠L B M M x M φ M M a z M M L M M L c c ϕ s sE E E E6 0 d

a a a

p p

t

Q3

2

1

2

2

2 2

2

2 2

1

2

2

2 2

0

2

3
1

2

2

2

1

2

3
1

2

2

2

1

2

0

2

4 3

.

The proof is completed. □

Theorem 3.2. Let−A is the infinitesimal generator ofC
0
-semigroup ( )( )≥T t t 0 and �( ) ( ) ( )∈ ×φ y ML L X, Ω; Ω;

0

2 2 .
If the assumptions (H0)–(H3) are satisfied, then for any ( )∈λ 0, 1 , system (1) has at least one mild solution

( ) ( ]−∞ →x t φ y a X; , : ,
0

.

Proof. Let ( )∈x L XΩ;

a 2 and ( )∈λ 0, 1 . We define the operator →Q C C: φ φ by

( )( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ]

( )

∫

∫∫

∫∫

∫∫

=

⎧

⎨

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

+ −

+ − −

+ − −

+ − − ∈

≤

Qx t

S t φ S t s S s z s

S t s S s τ f τ x τ s

S t s S s τ Bu τ τ s

S t s S s τ g τ x τ W s t a

φ t t

0 d

, d d

d d

, d d , 0, ,

, 0,

t

t s

τ

t s

x

t s

τ

2

0

2 1 0

0 0

2 1

0 0

2 1

0 0

2 1

(11)

where ( )u tx defined by (10). Obviously, the mild solution of system (1) is equivalent to the fixed point
of the operator Q. Now we will prove it in three steps.

Step 1: We prove →Q C C: φ φ is continuous. Let { } ⊂=
∞

x Cn
n φ1

be a sequence such that =→∞x xlimn
n in Cφ.

From axioms (A1)(iii), for all ∈t I , we obtain

�∥ ∥ ∥ ( ) ( )∥− ≤ − → → ∞
∈

x x K x t x t nsup 0 as .t
n

t a

t I

n

(12)

For any ∈x x C,

n
φ, one has

∥( )( ) ( )( )∥ ( ) ( )( ( ) ( ))

( ) ( )( ( ) ( ))

( ) ( )( ( ) ( )) ( )

∫∫

∫∫

∫∫

− ≤ − − −

+ − − −

+ − − −

Qx t Qx t S t s S s τ f τ x f τ x τ s

S t s S s τ Bu τ Bu τ τ s

S t s S s τ g τ x g τ x τ W s

, , d d

d d

, , d d ,

n

t s

τ
n

τ

t s

x x

t s

τ
n

τ

0 0

2 1

0 0

2 1

0 0

2 1

n

where ux
n and ux are control functions corresponding to xn and x , respectively. From (8), (10), and (12), Hölder

inequality, Lemma 2.2 and 3.1, it follows that

8  Jiankui Peng et al.



� �

�

∥( )( ) ( )( )∥ ∥ ∥ ‖ ‖ ∥ ∥

∥ ∥

∫∫ ∫∫

∫∫

− ≤
⎛

⎝
⎜ − + −

+ −
⎞

⎠
⎟ → → ∞

Qu t Qu t M M a L x x τ s
λ

a B L x x τ s

c aL x x τ s n

E E E

E

3 d d

1

d d

d d 0 as .

n

t s

τ τ

t s

τ τ

p

t s

τ τ

2

1

2

2

2 2

0 0

1 2 2

2

2 2

2

0 0

1 2 2

0 0

1 2 2

Therefore, we obtain →Q C C: φ φ is continuous.
Step 2: We prove that there exists a positive constant R such that the operator Q defined by (11) maps

the bounded closed convex set ∈B CR φ and defined as follows:

{ ‖ ‖ }= ∈ ≤B x C x R:R φ Cφ

into BR. In fact,

�‖ ‖≥ +R K R M φE8 2 ,a a
2

1

2 2

where

‖ ( )‖ ‖ ‖ ‖ ‖> + + + +R M φ M M a z
a

M M L
a

λ
M M B L

a
c M M LE E5 0 5

5

3

5

3

5

3

.p1 2

2 2

1

2

2

2 2

0

2

4

1

2

2

2

1

4

2
1

2

2

2 2

3

3

1

2

2

2

1

Then for any ∈x BR, by axioms (A1)(iii), one has

� �∥( ) ∥ ‖( )( )‖ ‖ ‖
[ ]

⎜ ⎟≤
⎛

⎝
+

⎞

⎠∈
Qx K Qx s M φE E sup .t a

s t

a
2

0,

2

(13)

By the Doob’s inequality [27, Theorem 6.1], it follows that

‖( )( )‖ ‖( )( )‖
[ ]

⎜ ⎟
⎛

⎝

⎞

⎠
≤

∈
Qx s Qx tE Esup 4 .

s t0,

2 2 (14)

Combining with (13) and (14), which yields that

� �∥( ) ∥ ‖( )( )‖ ‖ ‖≤ +Qx K Qx t M φE E E8 2 .t a a
2 2 2 2 2

From this inequality, we infer that, to show that ( ) ⊂Q B BR R, it is sufficient to verify that ‖( )( )‖ <Qx t RE 2

1
.

By (H1)–(H3), (8), Lemma 2.2, Lemma 3.1, and Hölder inequality, one has

∥( )( )∥ ‖ ( ) ( )‖ ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

‖ ( )‖ ‖ ‖ ‖ ‖

∫ ∫∫

∫∫ ∫∫

≤ + − + − −

+ − − + − −

≤ + + + + <

Qx t S t φ S t s S s z s S t s S s τ f τ x τ s

S t s S s τ Bu τ τ s S t s S s τ g τ x τ W s

M φ M M a z
a

M M L
a

λ
M M B L

a
c M M L R

E E E E

E E

E E

5 0 5 d 5 , d d

5 d d 5 , d d

5 0 5

5

3

5

3

5

3

.

t t s

τ

t s

x

t s

τ

p

2

2

2

0

2 1 0

2

0 0

2 1

2

0 0

2 1

2

0 0

2 1

2

2

2 2

1

2

2

2 2

0

2

4

1

2

2

2

1

4

2
1

2

2

2 2

3

3

1

2

2

2

1 1

Therefore, we obtain that ‖( )( )‖ <Qx t RE 2

1
. Thus, we know ( ) ⊂Q B BR R.

Step 3: We show that the operator Q is compact on BR. We first prove that the set {( )( ) }∈Qx t x B: R

is relatively compact in X for every ∈t I . It is obvious that ( )( )Qu 0 is relatively compact when =t 0. Now,
we prove that ( )( )Qx t is relatively compact for ( ]∈t a0, . Let < < ≤ε t a0 and for any ∈x BR, we define
the operator ( )( )Q x tε by

Approximate controllability for stochastic elastic system  9



( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫ ∫

≔ + − + − −

+ − − − −

= + − − + − − −

+ − − − + − −

− −

− −

− −

− −

Q x t S t φ S t s S s z s S t s S s τ f τ x τ s

S t s S s τ Bu τ τ s S t s S s τ g τ x τ W s

S t φ S ε S t ε s S s z s S ε S t ε s S s τ f τ x τ s

S ε S t ε s S s τ Bu τ τ s S ε S t s S s τ g τ x τ W s

0 d , d d

d d , d d

0 d , d d

d d , d d .

ε

t ε t ε s

τ

t ε s

x

t ε s

τ

t ε t ε s

τ

t ε s

x

t ε s

τ

2

0

2 1 0

0 0

2 1

0 0

2 1

0 0

2 1

2 2

0

2 1 0 2

0 0

2 1

2

0 0

2 1 2

0 0

2 1

By (H3) and (3), it is easy to obtain ( )( )>S t t 0
2

is compact. Hence, we obtain that the set {( )( ) }∈Q x t x B:

ε
R

is relatively compact for every ( )∈ε t0, on X . Since

∥( )( ) ( )( )∥ ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

∫ ∫ ∫

∫ ∫

∫ ∫

− ≤ − + − −

+ − −

+ − − → →

− −

−

−

Qx t Q x t S t s S s z s S t s S s τ f τ x τ s

S t s S s τ Bu τ τ s

S t s S s τ g τ x τ W s ε

E E E

E

E

4 d 4 , d d

4 d d

4 , d d 0 as 0,

ε

t ε

t

t ε

t s

τ

t ε

t s

x

t ε

t s

τ

2

2 1 0

2

0

2 1

2

0

2 1

2

0

2 1

2

we know that the set {( )( ) }∈Qx t x R: R is relatively compact for ∈t I in X .
Next, we demonstrate that ( )Q BR is equicontinuous on Cφ. Let ≤ < ≤t t a0

1 2
and for any ∈x BR, one has

‖( )( ) ( )( )‖ ∥ ( ) ( ) ( ) ( )∥ [ ( ) ( )] ( )

( ) ( )

[ ( ) ( )] ( ) ( )

( ) ( ) ( )

[ ( ) ( )] ( ) ( )

( ) ( ) ( )

[ ( ) ( )] ( ) ( ) ( )

( ) ( ) ( ) ( )

∫

∫

∫∫

∫∫

∫∫

∫∫

∫∫

∫∫

∑

− ≤ − + − − −

+ −

+ − − − −

+ − −

+ − − − −

+ − −

+ − − − −

+ − −

≔
=

Qx t Qx t S t φ S t φ S t s S t s S s z s

S t s S s z s

S t s S t s S s τ f τ x τ s

S t s S s τ f τ x τ s

S t s S t s S s τ Bu τ τ s

S t s S s τ Bu τ τ s

S t s S t s S s τ g τ x τ W s

S t s S s τ g τ x τ W s

J

E E E

E

E

E

E

E

E

E

9 0 0 9 d

9 d

9 , d d

9 , d d

9 d d

9 d d

9 , d d

9 , d d

9 .

t

t

t

t s

τ

t

t s

τ

t s

x

t

t s

x

t s

τ

t

t s

τ

i

i

2 1

2

2 2 2 1

2

0

2 2 2 1 1 0

2

2 2 1 0

2

0 0

2 2 2 1 1

2

0

2 2 1

2

0 0

2 2 2 1 1

2

0

2 2 1

2

0 0

2 2 2 1 1

2

0

2 2 1

2

1

9

1

1

2

1

1

2

1

1

2

1

1

2
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Thus, we just need to prove →J 0
i

independently as − →t t 0
2 1

, =i 1, 2,…, 9. Since the function ( ) ( )S t φ 0
2

is continuous for ≥t 0, J
1

tend to 0 as − →t t 0
2 1

. Hence, =− → Jlim 0t t 0
12 1

.
By Hölder inequality and (4), we obtain that

∥ ( ) ( )∥ ∥ ( ) ∥

‖ ‖ ∥ ( ) ( )∥

∫

∫

≤ − − − ⋅

≤ − + −

J a S t s S t s S s z s

aM z S t t τ S τ τ

E

E

d

d ,

t

t

2

0

2 2 2 1

2

1 0

2

1

2

0

2

0

2 2 1 2

2

1

1

Similarly, from (H2), (2), (10), and Lemmas 3.1 and 2.2, one has

∥ ( ) ( )∥

‖ ‖ ∥ ( ) ( )∥

∥ ( ) ( )∥

∫

∫

∫

≤ − + −

≤ − + −

≤ − + −

J a M L S t t τ S τ τ

J
λ

a M B L S t t τ S τ τ

J a c M L S t t τ S τ τ

d

1

d

d .

a

a

p

a

4

3

1

2

1

0

2 2 1 2

2

6

3

1

2 2

3

0

2 2 1 2

2

8

2

1

2

1

0

2 2 1 2

2

It is clear that ( )⋅S
2

is compact. Furthermore, we obtain that ( )S t
2

is continuous in the uniform operator
topology for >t 0, and ( ) ( )− + −S t t τ S τ

2 2 1 2
is also continuous in the uniform operator topology on ( ]∈t a0, .

Hence,‖ ( ) ( )‖− + − →S t t τ S τ 0
2 2 1 2

as − →t t 0
2 1

. And applying the Lebesgue dominated convergence theorem,
we gain that = = = =− → − →

− →
− →J J J Jlim lim lim lim 0t t t t

t t
t t0

2
0

4

0

8
0

62 1 2 1

2 1

2 1

.

By Hölder inequality, (2), (4), (10), and Lemma 2.2 and Lemma 3.1, it is easy to see that

‖ ‖ ∣ ∣

∣ ∣
∣ ∣

‖ ‖
∣ ∣

∣ ∣

∣ ∣

≤ ⋅ −

≤
−

⋅ −

≤
−

⋅ −

≤
−

J M M z t t

J M M L
t t

t t

J M M B L
t t

λ
t t

J M M L c
t t

E ,

3

,

3

,

3

.p

3 1

2

2

2

0 2 1

2

5 1

2

2

2

1

2

3

1

3

2 1

7 1

2

2

2 2

3

2

3

1

3

2
2 1

9 1

2

2

2

1

2

3

1

3

Therefore, = = = =− → − → − → − →J J J Jlim lim lim lim 0t t t t t t t t0
3

0
5

0
7

0
92 1 2 1 2 1 2 1

. And ∥( )( ) ( )( )∥− →Qx t Qx tE 0
2 1

indepen-
dently as − →t t 0

2 1
. Then ( )Q BR is equicontinuous on Cφ. Hence, by the Arzela-Ascoli theorem, one obtains

that →Q B B: R R is compact operator.
So, we conclude that Q has at least one fixed point ∈x BR, i.e., the function ( ) ( ]−∞ →x t φ a X; : , is a mild

solution of control system (1). The proof is completed. □

4 Approximate controllability

Based on the existence result of mild solutions for the system (1) obtained in Section 3, we investigate the
approximate controllability for the system (1) by using the so-called resolvent operator type condition. The
most important proof of the approximate controllability in this article are succinctly stated as follows: for any

( )∈x L XΩ;

a 2 , by selecting proper control �( ) ( )∈u t L I U;

2 , there exists a mild solution ( ) ( ]−∞ →x t a X: ,

λ

for the system (1), such that ( ) →x a xλ a in � ( )L I X;

2 as → +λ 0 .

Theorem 4.1. If the assumptions (H0)–(H3) are satisfied, then for any ( )∈λ 0, 1 , system (1) is approximate
controllability on [ ]a0, .

Approximate controllability for stochastic elastic system  11



Proof. Let ( )∈x L XΩ;

a 2 . For any ( )∈λ 0, 1 , the function ( ) ( ]−∞ →x t φ y a X; , : ,

λ
0

is the mild solution
of the system (1) under the control uλ given by (10). Then, ( )x t φ y; ,

λ
0

satisfies

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ( )) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

∫ ∫∫

∫∫ ∫∫

∫

∫∫ ∫∫

∫

= + − + − −

+ − − + − −

= + −
⎛

⎝
⎜ + −

+ − − + − −
⎞

⎠
⎟

+

x a φ y S a φ S a s S s z s S a s S s τ f τ x τ s

S a s S s τ Bu τ τ s S a s S s τ g τ x τ W s

R λ x I R λ S a φ S a s S s z s

S a s S s τ f τ x τ s S a s S s τ g τ x τ W s

R λ ϕ s W s

E

; , 0 d , d d

d d , d d

Γ , Γ Γ , Γ 0 d

, d d , d d

Γ , Γ d .

λ

a a s

τ

a s a s

τ

a a a a a

a

a s

τ

a s

τ

a a

a

0
2

0

2 1 0

0 0

2 1

0 0

2 1

0 0

2 1

0 0 0 0 2

0

2 1 0

0 0

2 1

0 0

2 1

0 0

0

By ( ) ( )− =I R λ λR λΓ , Γ , Γs
a

s
a

s
a and (6), it follows that

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

∫

∫∫ ∫∫

∫∫ ∫

= − +
⎛

⎝
⎜ + −

+ − − + − −

+ − − +
⎞

⎠
⎟

x a φ y x λR λ u λR λ S a φ S a s S s z s

S a s S s τ f τ x τ s S a s S s τ Bu τ τ s

S a s S s τ g τ x τ W s ϕ s W s

E; , , Γ , Γ 0 d

, d d d d

, d d d .

λ a a a a

a

a s

τ

a s

a s

τ

a

0 0 0 2

0

2 1 0

0 0

2 1

0 0

2 1

0 0

2 1

0

(15)

From condition (H2)(iii), it yields that

∥ ( )∥

∥ ( )∥

∫∫ ∫∫

∫∫ ∫∫

≤ < +∞

≤ < +∞

f τ x τ s L τ s

g τ x τ s L τ s

E

E

, d d d d ,

, d d d d ,

a s

τ
λ

a s

a s

τ
λ

Q

a s

0 0

2

0 0

1

0 0

2

0 0

1

which means that there are two subsequences, still denoted by { ( ) ( )}∈f s x λ, : 0, 1s
λ and { ( ) ( )}∈g s x λ, : 0, 1s

λ ,
that converge weakly to ( )f s* in X and ( )g s* in ( )L K X;

0

2 , respectively, for every [ ]∈s a0, . By conditions (H3)
and (3), we can easily obtain that ( )( )>S t t 0i is compact, =i 1, 2, then

( ) ( )( ( ) ( ))

( ) ( )( ( ) ( ))

∫∫

∫∫

− − − →

− − − →

S a s S s τ f τ x f τ τ s

S a s S s τ g τ x g τ τ s

E

E

, * d d 0,

, * d d 0.

a s

τ
λ

a s

τ
λ

0 0

2 1

2

0 0

2 1

2

Therefore, by conditions (H1) and (15), we obtain
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∥ ( ) ∥ ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ( ) ( ))

( ) ( ) ( ) ( )

( ) ( ) ( )( ( ) ( ))

( ) ( ) ( ) ( )

( ) ∥ ( )∥ ( )

∫

∫∫

∫∫

∫∫

∫∫

∫

− ≤
⎛

⎝
⎜ + + −

⎞

⎠
⎟

+ − − −

+ − −

+ − − −

+ − −

+
⎛

⎝
⎜

⎞

⎠
⎟

→ → +

x a φ y x λR λ x S a φ S a s S s z s

λR λ S a s S s τ f s x f τ τ s

λR λ S a s S s τ f τ τ s

λR λ S a s S s τ g s x g τ τ s

λR λ S a s S s τ g τ τ s

λR λ ϕ s W s

λ

E E E

E

E

E

E

E

; , 6 , Γ 0 d

6 , Γ , * d d

6 , Γ * d d

6 , Γ , * d d

6 , Γ * d d

6 , Γ d

0, as 0 .

λ a a a

a

a

a s

s

a

a s

a

a s

s

a

a s

s
a

a

Q

0

2

0 2

0

2 1 0

2

0

0 0

2 1

2

0

0 0

2 1

2

0

0 0

2 1

2

0

0 0

2 1

2

0

2

Hence, we conclude that system (1) is approximately controllable on [ ]a0, . The proof is completed. □

5 An example

To expound our main results, we give an example of initial value problem for damped elastic stochastic system
with infinite delay

( ) ( ) ( ) ( ) ( ( )) ( )

( ) ( ( )) ( ) [ ] [ ]

( ) ( ) [ ]

( ) ( ) [ ]

( )

∫

∫

⎟⎜

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

∂⎛
⎝

∂
∂

−
∂
∂

⎞
⎠

=
⎛

⎝
⎜

∂
∂

+ +
⎞

⎠
⎟∂

+ ∂ ≤ ∈ ∈

= = ∈
= ≤ ∈

∂
∂

=

−∞

−∞

t
z t x

x
z t x

x
z t x c t s f s z s x s Bu t x t

k t s h s z s x s η t ι t x π

z t z t π t

z ι x ϕ ι x ι x π

t
z x y

, 4 , , , , , d ,

, , , d , 0, 0, 1 , 0, ,

, 0 , 0, 0, 1 ,

, , , 0, 0, ,

0, ,

t

t

2

2

4

4

0

(16)

where ( )⋅ ⋅ϕ , is �
0
-measurable and ( )⋅ ⋅c , , ( )⋅ ⋅k , , ( )⋅ ⋅f , , ( )⋅ ⋅h , are defined as follows. ( )η t denotes a one-dimen-

sional standard Brownian motion. This system (16) can simulate the Russell’s spacial hysteresis model for an
elastic beam [42], and the spacial hysteresis model can be applied to a pipeline bending vibration model with
structural damping containing flowing fluid (see [43] for the case without damping and stochastic terms).

Let �([ ] )=X L π0, ,

2 with the norm ‖ ‖⋅ and inner product ⟨ ⟩⋅ ⋅, , �=K , we defined ( )( ) ( )⋅ ≔ ⋅z t z t,

and ( )( ) ( )⋅ ≔ ⋅ϕ t ϕ t, . And ( ) →A D A X: be the linear operator by

( ) ( ) ( )= −
∂
∂

= ∩Az
z

x
D A W π W π, 0, 0, .

2

2

2

0

1

Then−A generates a compact, analytic, and self-adjointC
0
-semigroup ( )( )≥T t t 0 . So, (H0) and (H3) are verified.

In fact (see [14,18]), −A has a discrete spectrum, which is composed of the eigenvalues −n2, �∈ +n .
The eigenvectors corresponding to the orthogonal eigenvalues are ( ) ( )=e x nxsinn

π

2 , �∈ +n . And the follo-
wing properties hold
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(i) If ( )∈x D A , then

⟨ ⟩∑= −
=

∞

Ax n x e e, .

n

n n

1

2

(ii) For every ∈x X , the compact analytic semigroup ( )( )≥T t t 0 generated by A is defined as follows:

( ) ⟨ ⟩∑=
=

∞
−T t x e x e e, .

n

n t
n n

1

2 (17)

By (17) and (3), the sets ( )S ti generated by −σ Ai are defined as follows:

( ) ⟨ ⟩∑=
=

∞
−S t x e x e e, ,i

n

n σ t
n n

1

i
2 (18)

where = −σ 2 3
1

and = +σ 2 3
2

.
Here, let the phase space � ( )= ×C L g X:

0

2 and its norm is defined as follows:

�∥ ∥ ∥ ( )∥ ( )∥ ( )∥∫= +
⎛

⎝
⎜

⎞

⎠
⎟

−∞

ϕ ϕ g θ ϕ θ θ0 d .

0

2

1

2

As long as we choose an appropriate function g , we can make the phase space ( )×C L g X:
0

2 satisfies
the axioms (A1)–(A3).

Now, we make the following assumptions for the system (16):
(h1) The functions � �( )⋅ ⋅ × →f X, : and � �( )⋅ ⋅ × →h X, : are Lipschitz continuous and uniformly

bounded.
(h2) The functions � �( ) [ ]⋅ ⋅ × →c , : 0, 1 and � �( ) [ ]⋅ ⋅ × →k , : 0, 1 are continuous and satisfy that

∣ ( )∣ ∣ ( )∣ ( )
( )

∣ ( )∣∫+ + <
⎛

⎝
⎜

⎞

⎠
⎟ < ∞

−∞

c t t θ k t t θ m θ
g θ

m θ θ, , , and

1

d .

0

2

(h3) ( ) ( )∈ϕ t x L X, Ω;

2 .
Next, we define the functions �( ) [ ]⋅ ⋅ × →f X, : 0, 1 and ��( ) [ ]⋅ ⋅ × →g , : 0, 1 , respectively, by

( )( ) ( ) ( ( ))

( )( ) ( ) ( ( ))

∫

∫

⋅ = + +

⋅ = + +

−∞

−∞

f t ϕ c t t θ f t θ ϕ θ x θ

g t ϕ k t t θ h t θ ϕ θ x θ

, , , , d ,

, , , , d ,

0

0

for any [ ]∈t 0, 1 , �∈ϕ . Under these conditions, system (16) can be reformulated as system (1). From the
assumptions (h1) and (h2), for any [ ]∈t 0, 1 , �∈ϕ ϕ,

1 2

, it follows that

�

�

‖ ( ) ( )‖ ∣ ( )∣∣ ( ( )) ( ( ))∣

∣ ( )∣ ∥ ( ) ( )∥

( )
∣ ( )∣ ( )∥ ( ) ( )∥

∥ ( ) ( )∥

∥ ( ) ( )∥

∫ ∫

∫ ∫

∫ ∫ ∫

∫

− =
⎛

⎝
⎜ + + − +

⎞

⎠
⎟

≤
⎛

⎝
⎜ −

⎞

⎠
⎟

≤
⎛

⎝
⎜

⎞

⎠
⎟
⎛

⎝
⎜ −

⎞

⎠
⎟

≤ −

≤ −

−∞

−∞

−∞ −∞

f t ϕ f t ϕ c t t θ f t θ ϕ θ x f t θ ϕ θ x θ x

m θ K ϕ θ ϕ θ θ x

K
g θ

m θ θ g θ ϕ θ ϕ θ θ x

K ϕ θ ϕ θ x

K π ϕ θ ϕ θ

, , , , , , , d d

d d

1

d d d

d

,

X

π

π

X

π

X

π

1 2

2

0

0

1 2

2

0

0

1
1 2

2

0

1

2

0

2

0

1 2

2

0

2
1 2

2
1 2
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and

�‖ ( ) ( )‖ ∥ ( ) ( )∥− ≤ −g t ϕ g t ϕ K ϕ θ ϕ θ, , ,X1 2

2

3
1 2

where K K,
1 2

, and K
3
are constants. Hence, by the uniform boundedness of ( )⋅ ⋅c , , ( )⋅ ⋅k , , ( )⋅ ⋅f , , and ( )⋅ ⋅h , ,

we deduce that the functions ( )( )⋅ ⋅ ⋅f , and ( )( )⋅ ⋅ ⋅g , are the uniform boundedness. Further, condition (H2)
is satisfied.

Later [14,16,30], we take

∑ ∑=
⎧
⎨
⎩

= < +∞
⎫
⎬
⎭=

∞

=

∞

U u u e u: ,

n

n n

n

n

2 2

2

then U is a Banach space endowed with the norm

‖ ‖ ∑⎜ ⎟=
⎛
⎝

⎞
⎠=

∞

u u .

n

n

2

2

1

2

And, we define the linear bounded operator →B U X: as follows:

( ) ( )∑ ∑= + = ∈
=

∞

=

∞

Bu u e x u e x u u e U2 , for .

n

n n

n

n n2 1

2 2

It is obvious that ‖ ‖ ≤B 5 . It is easy to obtain

( ) ( ) ( ) ( )∑ ∑= + + = ∈
=

∞

=

∞

B w w w e x w e x w w e x X* 2 , for .

n

n n

n

n n1 2 2

3 1

(19)

Finally, we only need to verify condition (H1). The mild solution of linear systems

( ) ( ) ( ) ( ) [ ]

( ) ( )

⎧
⎨
⎩

″ + ′ + = ∈
= ′ =

y t ρAy t A y t f t t

y t x y y

, 0, 1 ,

, 0 ,

2

0
0

is expressed as

( ) ( ) ( ) ( )( ) ( ) ( ) ( )∫ ∫∫= + − + + − −y t S t x S t s S s y σ Ax s S t s S s τ f τ τ sd d d .

t t s

2 0

0

2 1
0

2 0

0 0

2 1

( )( )≥T t t 0 is self-adjoint, then

( ) ( ) ( ) ( ) [ ]= = ∈S t S t S t S t t* , * , 0, 1 .
1 1 2 2

(20)

By combining (19) and (20), it yields that

( ) ( ) ( ) ( ) ( )( ) ( ) ( )∑= + +− + − +

=

∞
− +B S t S t y e y e y e x e y e x* * * 2 ,

σ σ t σ σ t

n

n σ σ t
n n1 2 1

4

2
2

3

1 2 1 2

2

1 2 (21)

for ( )= ∑ ∈=
∞

y y e x Xn n n1
and [ ]∈t 0, 1 . Next, let ∥ ( ) ( ) ∥ =B S t S t y* * * 0

1 2
, then

∥ ∥ ∥ ∥ [ ]( ) ( ) ( )∑+ + = ∈− + − +

=

∞
− +e y e y e y t2 0, 0, 1 ,

σ σ t σ σ t

n

n σ σ t
n1

4

2

2

3

2
1 2 1 2

2

1 2

which implies that = = ⋯y n0, 1, 2,
n

. Therefore, =y 0. According to Theorem 2.6, we obtain that (H1) holds.
By Theorem 4.1, we can obtain that the control system (16) is approximately controllable on the interval [ ]0, 1 .

6 Conclusion

In this article, we investigate the sufficient conditions for the approximate controllability of stochastic elastic
systems with structural damping and infinite delay. First, we obtain the expression of mild solution of system
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(1) by combining the theory of stochastic analysis and semigroups. Second, the control function ( )⋅u is con-
structed through the defined resolvent operator ( )R λ, Γ

a
0
, and further estimates of ( )⋅u are required. Then, on

the basis these two estimates, we obtained the existence of mild solution and the approximate controllability
of system (1) through the Schauder fixed point theorem and the resolvent operator type condition. This article
extends the conclusions of stochastic control theory on damped elastic systems.

There are two direct problems which require further study. On the one hand, the damped elastic systems
are applied to the optimal control problem or (null) controllability problem, so we will further study the
optimal control problem and (null) controllability problem of this system. On the other hand, a finite number
of discontinuous points are generated during modeling, which are called impulse equations, and we will
discuss the properties of damped elastic systems with instantaneous and noninstantaneous pulses.

Acknowledgments: The authors appreciates the valuable comments and suggestions from the anonymous
reviewers, which improve the clarity of the paper.

Funding information: This research was financially supported by the Lanzhou Science and Technology
Projects (No. 2022-2-74).

Author contributions: Jiankui Peng: writing-original draft and investigation. Xiang Gao: review and editing.
Yongbing Su and Xiaodong Kang: conceptualization, methodology, supervision, and writing.

Conflict of interest: The authors declare no conflicts of interest.

References

[1] G. Chen and D. L. Russell, A mathematical model for linear elastic systems with structural damping, Quart. Appl. Math. 39 (1983), no. 4,
433–454.

[2] F. Huang, On the holomorphic property of the semigroup associated with linear elastic systems with structural damping, Acta. Math. Sci. 5
(1985), no. 3, 271–277.

[3] F. Huang, A problem for linear elastic systems with structural damping, Acta. Math. Sci. 6 (1986), no. 1, 107–113.
[4] H. Fan and Y. Li, Analyticity and exponential stability of semigroups for the elastic systems with structural damping in Banach spaces,

J. Math. Anal. Appl. 410 (2014), no. 1, 316–322.
[5] H. Fan, Y. Li, and P. Chen, Existence of mild solutions for the elastic systems with structural damping in Banach spaces, Abstr. Appl. Anal.

2013 (2013), 746893.
[6] H. Fan and F. Gao, Asymptotic stability of solutions to elastic systems with structural damping, Electron. J. Differential Equations 2014

(2014), no. 245, 1–9.
[7] H. Fan and Y. Li, Monotone iterative technique for the elastic systems with structural damping in Banach spaces, Comput. Math. Appl. 68

(2014), no. 3, 384–391.
[8] H. Gou and Y. Li, A study on damped elastic systems in Banach spaces, Numer. Func. Anal. Opt. 41 (2019), no. 5, 1–29.
[9] V. T. Luong and N. T. Tung, Exponential decay for elastic systems with structural damping and infinite delay, Appl. Anal. 99 (2020),

no. 1, 1–16.
[10] J. K. Hale and J. Kato, Phase space for retarded equations with infinite delay, Funkcial. Ekvac. 21 (1978), no. 1, 11–41.
[11] Y. Hino, S. Murakami, and T. Naito, Functional Differential Equations with Infinite Delay, 2nd ed., Springer-Verlag, New York, 2006.
[12] J. H. Wu, Theory and Applications of Partial Functional Differential Equations, 1st ed., Springer, New York, 1996.
[13] F. Z. Mokkedem and X. Fu, Approximate controllability of semi-linear neutral integro-differential systems with finite delay, Appl. Math.

Comput. 242 (2014), 202–215.
[14] F. Z. Mokkedem and X. Fu, Approximate controllability for a semilinear evolution system with infinite delay, J. Dyn. Control Syst. 22

(2016), no. 1, 71–89.
[15] F. Z. Mokkedem and X. Fu, Approximate controllability of a semilinear neutral evolution system with infinite delay, Internat. J. Robust

Nonlinear Control. 27 (2017), no. 7, 1122–1146.
[16] F. Z. Mokkedem and X. Fu, Approximate controllability for a semilinear stochastic evolution system with infinite delay in Lp space, Appl.

Math. Opt. 75 (2017), no. 2, 253–283.

16  Jiankui Peng et al.



[17] P. Balasubramaniam and P. Muthukumar, Approximate controllability of second-order stochastic distributed implicit functional differ-
ential systems with infinite delay, J. Optim. Theory Appl. 143 (2009), no. 2, 225–244.

[18] H. Fan and X. Kang, Approximate controllability for semilinear second-order neutral evolution equations with infinite delay, Internat. J.
Control 96 (2023), no. 9, 2329–2340.

[19] X. Su and X. Fu, Approximate controllability for semilinear second-order stochastic evolution systems with infinite delay, Internat. J.
Control 93 (2020), no. 7, 1558–1569.

[20] S. Das, D. Pandey, and N. Sukavanam, Existence of solution and approximate controlability of a second-order neutral stochastic
differential equation with state dependent delay, Acta. Math. Sci. 36 (2016), no. 5, 1509–1523.

[21] A. Ahmadova, Approximate controllability of stochastic degenerate evolution equations: Decomposition of a Hilbert space, Differ. Equ.
Dyn. Syst. 2023 (2023), 1–23, DOI: https://doi.org/10.1007/s12591-023-00631-4.

[22] C. Dineshkumar, R. Udhayakumar, V. Vijayakumar, A. Shukla, and K. S. Nisar, New discussion regarding approximate controllability for
Sobolev-type fractional stochastic hemivariational inequalities of order ( )∈r 1, 2 , Commun. Nonlinear Sci. Numer. Simul. 116 (2023),
106891.

[23] M. Johnson, V. Vijayakumar, A. Shukla, K. S. Nisar, and B. Hazarika, Existence and approximate controllability results for second-order
impulsive stochastic neutral differential systems, Appl. Anal. 2023 (2023), 1–25, DOI: https://doi.org/10.1080/00036811.2023.2196293.

[24] Y. Alhojilan and H. M. Ahmed, New results concerning approximate controllability of conformable fractional noninstantaneous impulsive
stochastic evolution equations via poisson jumps, Mathematics 11 (2023), no. 5, 551–565.

[25] X. R. Mao, Stochastic Differential Equations and Applications, 2nd ed., Horwood Pub., Chichester, 2007.
[26] B. K. Øksendal, Stochastic Differential Equations: An Introduction with Applications, 5th ed., Springer, Heidelberg, 2013.
[27] S. E. A. Mohammed, Stochastic Functional Differential Equations, Pitman Advanced Pub. Program, Boston, 1984.
[28] G. D. Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, 1st ed., Cambridge University Press, Cambridge, 1992.
[29] J. Klamka, Controllablity of linear dynamical systems, Contrib. Theory Differ. Equ 1 (1963), 189–213.
[30] H. Zhou, Approximate controllability for a class of semilinear abstract equations, SIAM J. Control Optim. 21 (1983), 551–565.
[31] A. E. Bashirov and N. I. Mahmudov, On concepts of controllability for deterministic and stochastic systems, SIAM J. Control Optim. 37

(1999), no. 6, 1808–1821.
[32] H. R. Henríquez and M. E. Hernández, Approximate controllability of second-order distributed implicit functional systems, Nonlinear

Anal. 70 (2009), no. 2, 1023–1039.
[33] N. I. Mahmudov and M. A. Mckibben, Approximate controllability of second-order neutral stochastic evolution equations, Dyn. Contin.

Discrete Impuls. Syst. Ser. A Math. Anal. 13 (2006), no. 5, 619–634.
[34] H. O. Fattorini, Ordinary differential equations in linear topological space, II, J. Differential Equations 6 (1969), no. 1, 50–70.
[35] H. O. Fattorini, On the growth of solutions to second order differential equations in Banach spaces, Proc. Roy. Soc. Edinburgh Sect. A 101

(1985), no. 3–4, 237–252.
[36] C. C. Travis and G. F. Webb, Compactness, regularity, and uniform continuity properties of strongly continuous cosine families, Houston J.

Math. 3 (1977), no. 4, 555–567.
[37] C. C. Travis and G. F. Webb, Cosine families and abstract nonlinear second order differential equations, Acta Math. Hungar. 32 (1978),

no. 1–2, 75–96.
[38] C. C. Travis and G. F. Webb, Second order differential equations in Banach space, Nonlinear Equ. Abstr. Spaces 1978 (1978), 331–361.
[39] J. P. Dauer and N. I. Mahmudov, Controllability of stochastic semilinear functional differential equations in Hilbert spaces, J. Math. Anal.

Appl. 290 (2004), no. 2, 373–394.
[40] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, 1st ed., Springer-Verlag, New York, 1983.
[41] R. F. Curtain and H. J. Zwart, An Introduction to Infinite-Dimensional Linear Systems Theory, 1st ed., Springer-Verlag, New York, 1995.
[42] D. L. Russell, On mathematical models for the elastic beam with frequency-proportional damping, in: H. T. Banks (ed.), Control and

Estimation in Distributed Parameter Systems, Society for Industrial and Applied Mathematics, 1992, pp. 125–169.
[43] K. Huseyin, Vibrations and Stability of Multiple Parameter Systems, 1st ed., Noordhoff International Pub., Alphen aan den Rijn, 1978.

Approximate controllability for stochastic elastic system  17

https://doi.org/10.1007/s12591-023-00631-4
https://doi.org/10.1080/00036811.2023.2196293

	1 Introduction
	2 Preliminaries
	2.1 Stochastic process
	2.2 Phase space for infinite delay
	2.3 Mild solution and resolvent operator

	3 Existence of mild solution
	4 Approximate controllability
	5 An example
	6 Conclusion
	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


