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Abstract: We deal with multiplicity of solutions to the following Schrédinger-Poisson-type system in this
article:

Agu = wou = |[ufPu + E(&, u,v), in Q,
=Agv + W,¢,v = VPV + (&, u,v), in Q,
-Ap¢, = U, -Ayg, = V2, in Q,
$p=¢,=u=v=0, on 09,

where Ay is the Kohn-Laplacian and Q is a smooth bounded region on the first Heisenberg group H, y;, and u,
are some real parameters, and F = F(x,u,v), k, = 5., F, = ‘;—5 satisfying natural growth conditions. By the limit
index theory and the concentration compactness principles, we prove that the aforementioned system has
multiplicity of solutions for u,, u, < |Q|‘%S, where S is the best Sobolev constant. The novelties of this article
are the presence of critical nonlinear term, and the system is set on the Heisenberg group.

Keywords: Schrodinger-Poisson-type system, Heisenberg group, limit index, variational methods, concentra-
tion compactness principles

MSC 2020: 35]J20, 35R03, 46E35

1 Introduction and main results

In this article, we are interested in the existence of multiplicity of solutions for the following Schrodinger-
Poisson-type system on the Heisenberg group of the form:

Apu — wydu = [ufu+ E( u,v), inQ,

_AHV + tu2¢2v = |V|2V + E)(E: u, V)) in Qa (1 1)
-Augy = U3 -Agg, = V2 in Q, '
¢=¢,=u=v=0, on 99,

where Q@ C H! is a smooth bounded domain, g, ¢, € R is a real parameter, Q = 2n + 2 is the homogeneous
dimension of H", and in the case under consideration n =1 and Q = 4, Q" = 2Q/(Q — 2) = 4 is the Sobolev
critical exponent. Problem (1.1) can be thought of a very degenerate elliptic system in R3 or a Schrodinger-
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Poisson system with the Kohn-Laplacian Ag. As for the function F, we assume F € C}(Q x H!) and satisfies
the following assumptions:
(Fp) FeC(@ xR%4RY) and F(¢,s,t) = F(&,-s,—t) for all (§,s,t) € Q x ER?;

Ji{(FEN))
It

(F3) sF(&,s,t) 20 for all (¢,s,t) € Q x R2,

(Fp) limgoe = 0 uniformly for { € Q and s € R;

The condition (F;) implies that
E(&, u,v)v = o([vP).

Thus, for any ¢ > 0 and fixed u, there exist a(e), b(¢) > 0 such that

IF(£,0,v)| < a(e) + v (12)
and
IR, u, v)v| < b(e) + € [vP. 13)
Hence, by (1.2) and (1.3), we have
IF(¢,0,v) = BR(E, u, v)v| < c(e) + € v (14)

for any constants S, fixed u, and c(¢) > 0.
Furthermore, we assume that F(¢, u, v) also fulfills the following assumption:
(Fy) There exist2 < p <4,0> 0, and 7 = 0 such that F(§,s,t) 2 g |t|P - 7 for all (¢, s,t) € Q x R2,

The novelty of our work is that we link several different phenomena to one problem. The characteristics
of this article are as follows:

() We emphasize that no results are available in the current literature for the critical Schrédinger-Poisson
system on the Heisenberg group. In this regard, the results demonstrated in this article are comple-
tely new.

(2) The difficulty in solving Problem (1.1) is the lack of compactness, which can be illustrated by the fact that

the embedding of S3(®Q) into L9(Q) is no longer compact.

Before describing the main results of this article, we give some concepts about the Heisenberg group.
Let H! = (R3, °) be the first Heisenberg group. If £ = (x, y, t) € H, then the group law is defined by:

Eo 8 =n(f)=(x+ X,y +y, t+t +2xXy -y'x), VEE EHL

A natural group of dilations on H! is given by &(&) = (sx, sy, st) for any positive number s. Hence,
85(& ° &) = 85(&p) ° 65(¢) and the number Q = 4 is the homogeneous dimension of H!. The gauge norm ||
in H! is defined as:

€l = [(X2 + y2)2 + 2]

for any ¢ € H'. The norm || is homogeneous of degree one with respect to the dilation &,. The left-invariant
distance dy on H! is accordingly defined by:

du(&, ) = 1E ° &ln,
where 1 = —£. Also, the Heisenberg ball of radius r centered at & is the set
By(&, 1) ={E € H! 1 dy(&, &) <1}

The natural volume in H' is the Haar measure, which coincides with the Lebesgue measure L® in R3; then,
|Ber(&o, )| = aQrQ, where ap = |By(0, 1)|. A basis for the Lie algebra of left-invariant vector fields on H'is given
by:
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X=i+2yi and Y=i—2x£,
ox ot ay ot
and the horizontal gradient Vy = (X, Y). Let divg(vy, vo) = Xv; + Yv, for any vector-valued function (v, v;).
Then, the Kohn-Laplacian Ay is denoted by Agu = divy(Vgu). It is well known that Ay is a very degenerate
elliptic operator and Bony’s maximum principle is satisfied (see [1]). For more detailed settings about
the Heisenberg group, we can refer to [2].

In recent years, the geometric analysis of the Heisenberg group has attracted much attention of many
scholars due to its important applications in quantum mechanics, partial differential equations, and other
fields. The analysis of the Heisenberg group is very interesting because this space is topologically Euclidean,
but analytically non-Euclidean, so there are some basic analytical ideas. The Schrodinger-Poisson system is a
standard model in quantum mechanics to describe electron motion on a positive charge background (see [3,4]).
The investigation of Problem (1.1) is motivated by the existence of several recent mathematical research. To be
more precise, in the Euclidean case, many scholars have studied the following Schrédinger-Poisson system:

-Au + eqof (W) = n |ulP2u, in D,
-A¢ = 2qF (w), in D, (1.5)
o=u=0, on oD,

where D C R® is a bounded domain with smooth boundary 0D,1<p <5, ¢>0,&,n=%Lf:R >R is a
continuous function, and F(t) = I;f (s)ds. If f(s) = s, many researchers have come up with interesting results
(see [5-8]). In particular, Azzollini et al. in [9] proved the existence and nonexistence results of Problem (1.5)
when f is subcritical and critical. And just recently, Lei and Suo [10] obtained two positive solutions for the
following system:

—-Au + Apu = A|u|7%u + |ul*u,  in D,
-Ag = 12, in D,
o=u=0, on aD,

whereq € (1,2) and A € R* is small enough. In addition, the Schrédinger-Poisson systems with critical growth
on R? were also investigated extensively and we refer the readers to [11-13]. In [14], the authors studied
the following Schrodinger-Poisson-type system

—Agu + pdu = Ault%u + [uffu, in Q,
-Ayg = 14, in Q, (1.6)
u=¢ =0, on 9%,

where1 < g < 2, by the Green’s representation formula and the critical point theory, they obtained at least two
positive solutions and a positive ground-state solution.

As we know, the limit index theory proposed by Li [15] is one of the most effective ways to study the
existence of infinite solutions of equations in a Euclidean setting. For example, Song and Shi [16] considered
the noncooperative critical nonlocal system with the limit index theory. Baldelli et al. [17] proved existence
results in RY for an elliptic system of (p, g)-Laplacian type involving a critical term, nonnegative weights, and
a positive parameter A. Not long after, they studied elliptic systems of (p, g)-Laplacian involving a critical term
and a subcritical term in [18]. In particular, nonnegative nontrivial weights satisfying some symmetry condi-
tions with respect to a certain group are included in the nonlinearity.

Inspired by the aforementioned literatures, this article mainly studies the existence of multiplicity solu-
tions for Problem (1.1). To the best of our knowledge, this article first deals with this kind of Schrédinger-
Poisson system with the Kohn-Laplacian. Furthermore, although some properties are similar between Kohn-
Laplacian Ay and the classical Laplacian A, the similarities may be deceitful (see, e.g., [19]). In addition, the
critical exponent Q* is equal to 4 on H?, while 2* is equal to 6 on R3, which has created us some obstacles in
proving the existence of solutions to Problem (1.1). In order to overcome these difficulties, we will use con-
centration compactness principles on the Heisenberg group.
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Definition 1.1. We say that (u, v) € S}(Q) x S}(Q) is a (weak) solution of Problem (1.1), if
- IVHuVHadE _— Iq&l,uuadf + IVHvVHﬁdE 1L, I(f)z,vvﬁdf
Q Q Q Q

= [lupuadg + [vivode + [E(E, u, viadg + [R(E, u, v)vdg
Q Q

Q Q

for any (ii, V) € SH(Q) x SH(Q).
The main result of Problem (1.1) is as follows.

Theorem 1.1. Let (Fy) — (F,) hold. Then, there exists ko > 1 such that Problem (1.1) possesses at least ky — 1 pair
nontrivial solutions in S}(Q) x SH(Q).

1
Remark 1.1. Let E = Sj(Q), X = E x E, ||ullsiq) = (J'le,,ulzdcf)2 with the norm ||(w, v)|| = (J|ul? + ||v||2)§,|'|p be the
usual norm in LP(Q), L{(Q) = LP(Q) x LP(Q) with the norm |(u, Vlp = (lulh + |v|§)rli. Weak (resp. strong) con-
vergence is denoted by — (resp., ), and ; is a positive constant and can be determined in concrete conditions.

This article is organized as follows. In Section 2, we present some necessary preliminary knowledge on
the Heisenberg group functional setting and collect some properties about the Folland-Stein space S}(Q).
In Section 3, we prove some preliminary lemmas and Theorem 1.1. Section 4 is devoted to the proofs
of Theorem 1.1.

2 Sobolev spaces and limit index theory

This section will be divided into two parts. First, we briefly review the definitions and list some basic proper-
ties of Sobolev spaces. Second, we recall the limit index theory of Li [15].

2.1 Sobolev spaces

In this section, we first give some basic results for our space S¢(Q) which will be used later. The Folland-Stein
space S(Q) is defined as the closure of C;°(Q) with respect to the norm:

s, = Juidg.
Q

For simplicity’s sake, we use the notation [|u|| = |[ul|s:q) and ||-||, denotes the usual LP-norm, that is,

g = [lupdg  forall u e Lx(Q).
Q

By [20], the Folland-Stein space (S3(Q), ||-||) is a Hilbert space and the embedding S}(Q) = LP(Q) is compact
when 1 < p < Q* while it is only continuous if p = Q*. In particular, Jerison and Lee [21] proved that the best
Sobolev constant

. [l VeuPdg

S= D
UESH(HY) . e
[iplul"ag

2.1

is achieved by the C* function:
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Co
\/(1 + X2+ Y2+ 2’

Ulx,y,t) =

where ¢ is a suitable positive constant. In other words, the function U is a positive solution to the following
equation:

-Agu = u®, u € S{(HY) (2.2)

and

[1vsvrds = [1u1dg = 52
H! H!

Furthermore, for any € > 0, the scaling function
Ue(&) = eU(6:-1(9))

is alone a solution of (2.2). This deep result of Jerison and Lee [21] is the Kohn-Laplacian counterpart of a
celebrated theorem of Talenti [22] for the classical Laplace operator. Since Si(®) is separable and reflexive
space, there exists the basis {e,}n-; C S3(Q), which is characterized by the relationship:

1, if n=m,

en(em) = 6n,m = 0, if n#m,

(see also [23] for more details). Furthermore, it is easy to see that the following attributes held:
E, = spanfey, ...,e,}, E; = span{ey.q, ...}.

Let B, : S{ - E, be the projector corresponding to decomposition E = E, & E;-.

2.2 Limit index theory
Next, we review the limit index theory of Li [15]. To this end, we introduce the following definitions.

Definition 2.1. [15] The action of a topological group G on a normed space Z is a continuous map
GxZ—-Z7Z:[g,z]~ gz
such that
1-z=2, (gh)z=g(hz) z+~ gz islinear, Vg h€G.
The action is isometric if
lgzll = llzll, VgE€G, z€Z

And in this case, Z is called the G-space.
The set of invariant points is defined by:
Fix(G)={z€Z:g2=2, VgEG}
AsetA C Zisinvariantif gA = A for every g € G. Afunction ¢ : Z — Risinvariantg - g = ¢ for every g € G,

z€Z.Amap f:Z— Z is equivariant if g ° f = f o g for every g € G.
Suppose that Z is a G-Banach space, that is, there is a G isometric action on Z. Let

L={ACZ:A isclosedand gA = A, Vg € G}
be a family of all G-invariant closed subsets of Z, and let

T={heC%Z2): h(gu) = g(hu), g€ G}
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be the class of all G-equivariant mappings of Z. Finally, we call the set
O(w) ={gu:g € G}
the G-orbit of u.

Definition 2.2. [15] An index for (G, %, T') is a mapping i : £ » Z. U {+»} (where Z. is the set of all nonne-

gative integers) such that for all A, B € £, and h € T, the following conditions are satisfied:

M iA)=0=A=0;

(2) (Monotonicity) A C B = i(A) < i(B);

(3) (Subadditivity) i(A U B) < i(A) + i(B);

(4) (Supervariance) i(A) < i(h(A)), Yh € T;

(5) (Continuity) If A is compact and A N Fix(G) = &, then i(A) < +o and there is a G-invariant neighborhood
N of A such that i(N) = i(A);

(6) (Normalization) If x & Fix(G), then i(O(x)) = 1.

Definition 2.3. [24] An index theory is said to satisfy the d-dimensional property if there is a positive integer d
such that

i(Vvkns) =k

for all dk-dimensional subspaces V% € % such that V¥ N Fix(G) = {0}, where S; is the unit sphere in Z.

Suppose that U and V are G-invariant closed subspaces of Z such that

Z=Uoa YV,
where V is infinite dimensional and
V=UV
j=1

where V; is a dnj-dimensional G-invariant subspace of V, j =1,2,~-- , and V; C hC---C V,C--- . Let
z=UaV

and VA € X, we and let
A=AwZ,

Definition 2.4. [15] Let i be an index theory satisfying the d-dimensional property. A limit index with respect
to (Z;) induced by i is a mapping

i”:L - Z U{-00, +}
given by
i®(4) = limsup(i(4)) - n)).

Jjooo

Proposition 2.1. [15] Let A, B € X. Then i satisfies:

M) A=Q0=i°=-o

(2) (Monotonicity) A C B = i”(A) < i*(B);

(3) (Subadditivity) i*(A U B) < i®(A) + i®(B);

@) IfV N Fix(G) = {0}, theni*(S, N V) = 0, where S, = {z € Z : ||z|| = p};

(5 If Yy and Y, are G-invariant closed subspaces of V such that V=Yy0 Y, ¥ C Vj, for some j,
and dim(Yy) = dm, then i*(S, N ) =2 -m.
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Definition 2.5. [25] A functional I € C(Z, R) is said to satisfy the condition (PS). if any sequence {unk} C Zy,
such that

I(unk) - Cy dInk(unk) - O; as k -

possesses a convergent subsequence, where Zy, is the ni-dimensional subspace of Z, I, = I |z, .

Theorem 2.1. [15] Assume that

By I€ CYZ,R) is G-invariant,

(By) There are G-invariant closed subspaces U and V such that V is infinite dimensional and Z = U & V;
(B3) There is a sequence of G-invariant finite dimensional subspaces

Vi C hC--C ViCo-,  dim(V)) = dn,

such that V = UT,Vj;

(By) There is an index theory i on Z satisfying the d-dimensional property;

(Bs) There are G-invariant subspaces Y, Yo, and Y; of V such that V=Y, ® Y, %, Y, C Vj, for some j,
and dim(%) = dm < dk = dim(¥));

(Bg) There are a and B, a < B such that f satisfies (PS);, V¢ € [a, B];

(B7)
(a) either Fix(G)CU® Y, or Fix(G) NV ={0},
(b) thereis p>0 such that Yu€ Y NSy, f(2) 2 a,
(c) VvzeUeo Y, f(z)<5,
if i” is the limit index corresponding to i, then the numbers
¢ = inf supf(u), -k+1<j<-m,
I"(4)2] ze4
are the critical values of f; and a < ¢_g+1<"*< ¢ < . Moreover, ifc = ¢; == Cup, 7 2 0, theni(K,) 21 + 1,

whereK,={z € Z:df(z) = 0,f(z) = c}.

3 Verification of (PS). condition

Before we begin, let us set a few facts straight. We denote by B, the closed ball of radius p centered at zero
in the Folland-Stein space S}(Q), and by Sp its relative boundary, that is,

By ={u€ S : |lull <p}, S5 =1{u€ S : lull =ph

Similar to the proof of Lemma 3.1 in [14], we have the following lemma.

Lemma 3.1. Let u, v € S}(Q). Then, there exists a unique nonnegative function b1 D0 € S3(Q) satisfying

-Ayd; = u?, in Q,
0 (3.1
¢; =0, on 0Q,
where i = 1, 2. Moreover, ¢, ,, ¢,,, > 0 ifu, v # 0. And the following properties hold:
(a) For any nonzero constant s, then ¢, o, = s’¢, .9, o, = s%¢, ,. Moreover,
- _ 1
[#1,0%d8 = [19, PdE < STud < 53 QP fu? (32)
3
Q Q

and

[2,%08 = [ 10, g < S < 57 oo (33)
Q Q
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(b) Letuy = u, vy, = v in S§(Q). Then, ¢, ~ ¢, and ¢,, ~ @, in S3(Q). Moreover,
[ 61, untde ~ [, uizdg  for every @ € 5@ (3.4)
Q Q
and

[0, 0748 ~ [9,,v5d  for every 7 € si@). 35)
Q Q

Using Lemma 3.1, we have that (u, ¢,), (v, ¢,) € 801(9) X Sol(Q) is a solution of Problem (1.1) if and only if
b= @y &, = ¢, and (u,v) € SHQ) x SH() is a solution of the following nonlocal problem:

Apu = ¢y u = |ufu + E(E, u, v), in Q,
=Dgv + 0, v = vPu + F(,w,v), inQ,
u=v=0, on 0Q.

Now, we define the functional I:

1 1
I v)=-7 £|vHu|2d€- -4 £¢1,uu2df ‘s indeé
H 2 1 4 1 4 ()
v 22 [on g - o fluras -  fivirdg - [rE u vz,
Q Q Q Q

Under the assumptions (Fy)—(Fs), it is easy to prove I € Cl(Sol(Q) X S(}(Q), R) (see [25]). Therefore, in accor-
dance with the aforementioned argument, we will devote ourselves to the existence critical point of the
functional I by using the critical point theory.

Similar to the proof in [25,26], it is easy to obtain the following results.

Lemma 3.2. Assume 1< 0y,0,,0 < o, € C(Q x R% R), and
01 0y
16w v) < C(lufs + vi?).

Then, for every (u, v) € L%(Q) x L%(Q), I(-,u, v) € LY(Q), the operator
T:wv)~I¢ uv)

is a continuous map from L8(Q) x L%(Q) to L(Q).

Lemma 3.3. Suppose that F(¢, u, v) satisfies conditions (Fy)—(F3). Then,

(i) I € CY(SHRQ), R), with

@dI(u, v), (i, 7)) = - ijuvHadf _— Iq&l,uuadf + IVHvVHﬁdE 1L, I(pz,vvﬁdf
Q Q Q Q
- [upuads - [lvevods - [E(E, u, vadg - [FE, u, vyvde.
Q Q Q Q

(ii) A critical point of I is a weak solution of System (1.1).

Now, set
X=Uo® V, U=S8!{x{0}, V={0}xS4
Hh={0}xE, V=Y& %
Y: = {0} x Ex,, Ey, = spaniey, ...,ex},
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then dimY, = 1, dim¥; = ko. Define a group action G, = {1, 7} = Z, by setting 7(u, v) = (-u, -v), then Fix
G = {0} x {0} (also denote by {0}). It is clear that U and V are G-invariant closed subspaces of X, and Y, ¥,
and ¥; are the G-invariant subspace of V. Set

L={ACX\{0}:A isclosedin X and (u,v) €A = (-u,-v) € A}
Define an index y on X by:
min{N € Z : 3h € C(4,RM\{0}) such that h(-u, -v) = h(u, v)},

y(4) =10, ifA=0,
+oo,  if such hdoes not exist.

Then, we have the following proposition from [26]: y is an index satisfying the properties given in Definition
2.2. Moreover, y satisfies the one-dimensional property. According to Definition 2.4, we can obtain a limit index
y® with respect to (X;;) from y. Now, we turn to prove the Palais-Smale condition using the following con-
centration-compactness principle on the Heisenberg group.

Lemma 3.4. [27, Lemma 3.5] Suppose that u, C E verifies

Up(&) » u(€¢) ae in Q,
[Veua[2 = du in N(RQ),
[u* = dv  in N(Q),

where N(Q) is the space of all finite Radon measures on Q C H, J is an at most countable index set, which can
be empty, and family {, j € J} of points in Q such that

(@ du = |Vyuf* + jertSe

() dv = [ul* + Z;eviSe,

where &; € Q and 8y is the Dirac mass at &;. Moreover, we have

1
1, v, 20,y = Sv? for any j€J.

Lemma 3.5. Let (F;)—(Fs) hold. Then, the functional J satisfies the local (PS). condition in

ce

1 1 1
—00, —§2 — [— Q"S]Q ,
@, 588 clg laris| |]
in the following sense: if

I(unky Vnk) - C E

1 1
—00’ gsz - C[g |Q|_;S]|Q|]7 dInk(unk; Vnk) - 0 as k - OO’
where I, = I|x, with Xp, = Ep, % Ep,. Then, {(un,, vn, )} contains a subsequence converging strongly in X.

Proof. We first show that {(up,, Vs, )}« is bounded in X. Note that by (F;) and (F3), we have
O(l)Hunk” = <_ dInk(unk) Vnk)’ (unk; 0)>

= [1VetnidE + 1, [y, taPE + [lnid*dE + [FiCE, thi vioumdE
Q Q

. . (3.7

> it + s [y ltnkP0E + [l
Q Q
2 lun, -

This fact implies that ||up,|| is bounded in $4(Q). On the one hand, we have
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1
c+ 0(1)||Vnk|| = Ink(ox Vnk) - Z(dlnk(unk) Vnk)’ (0) Vnk»

1 u 1
= 2 Jveag + 72 [y, 0z - 7 fivudta - [P, 0, vaoag
Q Q Q Q

1 u 1 1
= Jwvag - 7 o, e + 3 fivutae + 5 [RGE t vaovudé
Q Q Q Q

1 1
=1 J;IVankIZdE - lF(f, 0, vu)dé - !1-;(6, lnks Vi V€

2

dé.

| =

1
”Vnkllz - JIF({:’ 0: Vnk) - ZE)(E: unk) Vnk)vnk
Q

Note that the embedding Si(Q) = LP(Q) for p € [1, 4) is compact. Thus, by (1.4) and (2.1), we have

dE < c(e)|Q] + £|QLST[v . (3.8)

J’lF(E’ 01 Vnk) - iﬁ)(f: unk7 Vnk)vnk
Q

Setting ¢ = % |§2|‘%S in (3.8) and together with (3.8), we obtain
v P < G+ o@)[vnl, B9

and C; is a some positive number. Thus, (3.9) implies that {v,,}x is bounded in Sg(®). Hence, [[uy,|| + vy
is bounded.
Next, we prove that {(u,, vp,)}x contains a subsequence converging strongly in X. We note that {un,}x

is bounded in S§(R). Hence, up to a subsequence, u, — u weakly in S}(Q) and u,, (&) — u(¢), a.e. in Q. We
claim that u,, — u strongly in S}(®). In fact, note that

lin, =l + g1y [ By, Tt = UPAE + [EiCE, tn, = 10, V0, )1t — )G
Q Q
< (=dIp,(Un, = U, Vy,), (Un, —u,0)) >0 as k > o
and condition (F3) implies that
Uy, — u strongly in S}(Q). (3.10)
In the following, we will prove that there exists v € 801(9) such that
Vn, =V strongly in S{(Q). (311

We know that {v,, } is also bounded in S3(Q). Therefore, by Lemma 3.4, we assume that there exist two positive
measures y and v on Q such that

V() » v(§), ae.in Q
[VeVnk[> = du 2 [Vyvf? + Zuj(sfj’
jel
Vml* = dv = [v]* + 3 v,
jeI
1
suj) V]' 20, [1] 2 SV]-Z,

where j is an at most countable index set, {; € Q, and 65j is the Dirac mass at ¢;.
Now, we claim that J = &. In fact, we assume that there exists j € J such that #; # 0. Then, for € > 0 small

enough, it follows from Lemma 3.2 of [28] that there exists a cut-off function l,bs’l- € Cy (Bu(¢j, €)) such that
0<,,(6)<1and
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, €
%) =1, in By|;, E]’
wg,](f) = 0’ in Q\BH(E]J 8):
Tt (O < =

Then, by the boundedness of {zpe’j(f)un}, we have (dI, (up,, vs,), (0, vnklp&j(g‘))) -0, ie,

[ v, 0 + [VevniBsts, jouedl€ + s, [0, Vit (vl
Q Q

. 3.12)
= [Vt v + [y (&, e, Vi )W + 0(D),
Q Q
where o(1) = 0 as n — o, It follows from (a) of Lemma 3.1 and (3.10) that
3/2
by, Vuth, (Evwede |< [ ¢y, vEdE<STY [ juulsde
2,k VMK Pe j nk 2,V Yk nk
Q Bu(&j,€) Bu(§),€)
<S7[By(E O [ vueldé
Bu(§j.€)
< aQSZS‘lj|vnk|4dE
Q
< a3 vl*
Hence,
timlim [, v (Vi = 0. (3.13)
Q
In addition, it follows from (3.10) and the Hoélder inequality that:
limlim ivnkavnkawg,,dé
1 1
2 2
< limlim VgV [2d Ve Vet -2
limlim| [ 1GvuPdg| | [ T, P 01
Bu(§j.€) Bu(§j.€)
1 1
4 4
< clim| [ wrag|| [ 1wt
7 B Bi(&:)
= 0.
It follows from (3.13) that
timtim [ 19,0 2 iy | 1P 9 = @19
Q By(¢j.€)
and
lim lim [, ,(©)lvuel*dg = lim|y; + [ vidg| = v, (3.16)
e-0k—o0 > -0
Q By(§j.€)

On the other hand, by using the definition of ), ; and Vitali’s convergence theorem, we obtain

I E(&, Uy, Vn)Vn, ;A — J E(&, u, v)vy, d¢ (3.17)
B(¢j.) B(¢j¢)
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as k —» o, We also observei that the integral goes to 0 as € — 0. So, by (3.16), we conclude that v; 2 L. Then,
by (3.9), we obtain y; > Syjz, which implies that

;=0 or =8

If the second case v; 2 §2 holds, then by (3.8) and (3.13), we have

. 1
c= 1{71_1:2 [Ink(o: Vnk) - Z(dlnk(unk; Vnk): (0, Vnk))]

.1 . 1
= 11(1_1};10 Z ”lekHZ - ]{1—13}0 II:F(E) Oa Vnk) - ZE)(E; unk; Vnk)vnk dE]
e (3.18)
1 1
> gidu - c[g 2| zs]|sz|
1 1
> 38 - c[g |s2|-%s]|sz|,
which contradicts (3.5). Consequently, J = &. Furthermore, we have
Jivnfrag ~ fivrae, (319)
Q Q
as k — oo,
From Lemma 3.6 and (3.18), we obtain
[V + 1, [0, v d€ - [0 = [E(E, k. vmpdé = o(1). (3.20)
Q Q Q Q
Let ¢ = v in (3.19); then,
IVIP + [ 8,078 - [vide - [EE, u,vyvag = 0. (321)
Q Q Q
By (3.9), (3.18), and Lemmas 3.1 and 3.6, we also have
lim vl + 59,0708 ~ [vide - [R(&.u vvae = o. (3.22)
Q Q Q

From (3.20) and (3.21), one has
tim v = 1]

So, from the uniform convexity of S(}(Q), we obtain vy — vin SOI(Q). Thus, we have proved that {vy, }x strongly
converges to v in SH(Q). O

4 Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. For this, we shall verify the conditions of Theorem 2.1.
Obviously, (By), (By), and (Bs) in Theorem 2.1 are satisfied. Set V; = E; = span{e;, ey, ...,¢;}, then (Bs) is also
satisfied. Since 1 = dim¥; < ko = dim¥;, (Bs) is satisfied. In the following, we verify the conditions in (B;). Since
fix G N V = 0, that is, (a) of (B;) holds. It remains to verify (b) and (c) of (B;). Choose a real number a such that

a < mino, 252 - c[l |Q|’%S]|£2| s b(e)|Q 4.1
'8 8 > 16 ' '



DE GRUYTER Critical Schrodinger-Poisson system on the Heisenberg group =— 13

(@) If (0, v) € Yy N S, (where p is to be determined), then by (1.2), we obtain
_1 2 H 275 _ L 495 _
10,v)= 5 £|vHv| de+ £¢2,vv d = £|v| ¢ !;F(E, 0, v)d¢

1 1

> [5 - ¢ |sz|%s-1]||v||2 = 2S7VIE - bl 4.2)
1 1 1

= IvIP = 57l - ”[z |9|-%S]|sz|,

1 1 .
where € = |£2|‘§S. Since

1
max|—
teR

- —S 24 - [ |S2|"S

IQI] = ~ bl

Therefore, there exists p > 0 such that I(0, v) = a for every ||v|| = p, that is, (b) of (B7) holds.
(ii) For each (u,v) € U @ Y;.

Note that

1 3
4 4

J'(pzyvvzdf < I|v|§d€' <5t |g|%j|v|4d5.
Q Q Q

[19,,1%a¢
Q

Thus, by (F) and u, < |Q|‘%S, we have
1 4y 1 )
[ — 2 LA 3 2, — 2 s 2
I, v)= - £|vHu| a - i@u a+ 2 £|vHv| a+ £¢2,vv &

_1 lu*dé - 1 [v[*d¢ - F(f, u, v)dg
4 4

[EnN

—j|vHv|2df [1 : Zsl|sz|]j|v|4df o v + 7l] 43)

| = o

j|vHv|2dE o blf + 7l

C
< VP - o vl + 7.

Since all norms are equivalent on the finite-dimensional space ¥;, we obtain

I(u,v) < ||v||p avlh + 7|Q]. (4.4)
Put
r = min j|v|PdE 1V E Eggl.
Q
Taking
o= COC*,
2rp-2
we have
GG CoC.
%—olvlis%—wrgzso. (4.5)

It follows from (4.3)-(4.5) and (F,) that

I(u,v) < 71Q| < min 3

1 1
0, -S2 - C[§ |Q|-%s]|§z|].
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Let 8 = 7]|Q|, so we obtain (¢) in (B;). By Lemma 3.7, for any ¢ € [a, ], I(u, v) satisfies the condition of (PS)},
then (Bg) in Theorem 2.1 holds. Finally, according to Theorem 2.1, we have that:

¢= _inf supl(w,v), -ko+1<j<-1,
*(A)2f,ep zeA

are the critical values of I, @ < c_g,+1=~*< ¢4 £ B < 0 and I has at least ko — 1 pair critical points. The proof
is thus complete.
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