DE GRUYTER Open Mathematics 2023; 21: 20220608

Research Article

Min Zhang, Hongxin Bai, and Jinjiang Li*

On the Waring-Goldbach problem for two
squares and four cubes

https://doi.org/10.1515/math-2022-0608
received August 23, 2022; accepted June 26, 2023

Abstract: Let N be a sufficiently large integer. In this article, it is proved that, with at most O(N e ) exceptions,
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1 Introduction and main result

In 1938, Hua [1] proved that every sufficiently large integer N satisfying N = 5 (mod 24) can be represented as
the sum of five squares of primes, while every sufficiently large integer N satisfying N=1 (mod 2) can be
represented as the sum of nine cubes of primes. Based on the significant results of Hua, it seems reasonable
to conjecture that every sufficiently large integer satisfying some necessary congruence conditions can be
written as the sum of four squares of primes or eight cubes of primes, i.e.

N=p?+p}+pl+pl 1.1
and
N=p}+p)+p)+p+p+pd+p}+p]. (1.2)

On the other hand, Hooley [2] introduced divisor sum techniques into the investigation of Waring’s problem
of mixed powers. In particular, Hooley’s techniques provide an asymptotic formula for every sufficiently large
integer N as the sum of two squares and four cubes of positive integers. Moreover, motivated by Hooley’s result,
it is reasonable to conjecture that every sufficiently large even integer N can be represented as follows:

N=pl+pl+pl+pl+pd+p, (1.3)

where p,,..., p; are primes. Meanwhile, we can regard equation (1.3) as the hybrid conjecture of equations (1.1)
and (1.2). But this expectation is probably far out of the reach of modern number theory techniques.

In 2016, Cai [3] gave an approximation to the conjecture (1.3) and proved that any sufficiently large even
integer N can be written in the form N = x> + p + pJ + p} + p? + p?, where p,,..., p, are primes and x is an

* Corresponding author: Jinjiang Li, Department of Mathematics, China University of Mining and Technology, Beijing 100083,
P. R. China, e-mail: jinjiang.li.math@gmail.com

Min Zhang: School of Applied Science, Beijing Information Science and Technology University, Beijing 100192, P. R. China,
e-mail: min.zhang.math@gmail.com

Hongxin Bai: College of Data Science and Software Engineering, Baoding University, Baoding 071000, Hebei, P. R. China,
e-mail: baibaihongxin1@sina.com

8 Open Access. © 2023 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.


https://doi.org/10.1515/math-2022-0608
mailto:min.zhang.math@gmail.com
mailto:baibaihongxin1@sina.com
mailto:jinjiang.li.math@gmail.com

2 = Min Zhang et al. DE GRUYTER

almost-prime #s. Afterwards, Cai’s studies [3] in this direction were subsequently generalized by Zhang and Li
[4]. On the other hand, in 2019, Liu [5] considered the exceptional set of the conjecture (1.3) and showed that
EWN) <« Ni*¢ where E(N) denotes the number of positive even integers n up to N, which cannot be repre-
sented as p} + pZ + pl + p} + p + p}.

In this article, we shall continue to consider the exceptional set of the problem (1.3) and improve
the previous result.

Theorem 1.1. Let E(N) denote the number of positive even integers n up to N, which cannot be represented as
n=pl+p;eplep oo 1.4)
Then, for any € > 0, we have

E(N) < Ni*e,

2 Preliminary and outline of the proof of Theorem 1.1

In order to better illustrate Lemmas 2.1 and 2.2, we first introduce some notations and definitions.
When C C N, we write C for the complement N\C of C within N, When a and b are non-negative integers,

it is convenient to denote by (C)2 the set C N (a, b], and by |C[? the cardinality of C N (a, b]. Next, when
C, D CN, we define

C+D={c+d:ceC and deE D}

It is convenient, when k is a natural number, to describe a subset Q of N as being a high-density subset of the
kth powers when (i) one has Q € {nk : n € N}, and (ii) for each positive number &, whenever N is a natural
number sufficiently large in terms of ¢, then |Q[Y > NVk~¢, In addition, when 6 > 0, we shall refer to a set
R C N as having complementary density growth exponent smaller than 0 when there exists a positive number §
with the property that, for all sufficiently large natural numbers N, one has [R]) < N9

When q is a natural number and a € {0,1, ...,q — 1}, we define %, = %, ; by

Pog={a+mq:me7Z}.
In addition, we describe a set £ as being a union of arithmetic progressions modulo q when, for some subset £
of {0,1, ...,q — 1}, one has

L=U 7){,(1.
leg

In such circumstances, given a subset C of N and integers a and b, it is convenient to write

b — i b
(€A L) =min |CN Pl .

Let £ be a union of arithmetic progressions modulo ¢, for some natural number g. When k is a natural
number, we describe a subset Q of N as being a high-density subset of the kth powers relative to £ when (i) one
hasQ C {n* : n € N}, and (ii) for each positive number &, whenever N is a natural number sufficiently large in
terms of &, then (Q A L)) >, NYk¢.In addition, when 6 > 0, we shall refer to a set R C N as having £-com-
plementary density growth exponent smaller than 6 when there exists a positive number 6 with the property
that, for all sufficiently large natural numbers N, one has [R N L) < N89S

Lemma 2.1. Let L, M, and N be unions of arithmetic progressions modulo g, for some natural number q, and
suppose that N € L + M. Suppose also that S is a high-density subset of the squares relative to L, and that
A C N has M-complementary density growth exponent smaller than 1. Then, whenever € > 0 and N is a natural
number sufficiently large in terms of €, one has
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|A+S N Ny < N2*¢ [A 0 M.
Proof. See Theorem 2.2 of Kawada and Wooley [6]. O

Lemma 2.2. Let L, M, and N be unions of arithmetic progressions modulo q, for some natural number q, and
suppose that N € L + M. Suppose also that C is a high-density subset of the cubes relative to L, and that
A CN has M-complementary density growth exponent smaller than 0, for some positive number 0. Then,
whenever € > 0 and N is a natural number sufficiently large in terms of €, without any condition on 0, one has

|A+C N NN <g N5 [A N MY + N (A 0 M2
Proof. See Theorem 4.1 (a) of Kawada and Wooley [6]. O
In order to prove Theorem 1.1, we need the following proposition, whose proof will be given in Section 3.
Proposition 2.3. Let Ei(N) denote the number of positive integers n up to N, which satisfy n = 0 (mod 2)
and cannot be represented as p} + p;} + p} + p}. Then, for any € > 0, we have
Ei(N) < Nl-n*e,

The remaining part of this section is devoted to establishing Theorem 1.1 by using Lemmas 2.1 and 2.2
and Proposition 2.3.

Proof of Theorem 1.1. Let

Ay={p} +p, +p; +p; : p/sareprimes, j=1,2,3,4},
Ay={pl +p} +p] +p} +p3: p/sareprimes, j=1,2,3,4,5},
Kj={p/:pisaprime}, M={n€N:n=0 (mod2)},
N=L={n€N:n=1 (mod 2)},
&=fn€N:n=0 (mod2),n#pl+pl+pl+pl py’s are primes},
&=EN:n=1 (mod?2),n#pl+p;+p)+p +p, p’sareprimes},
&={NE€N:n=0 (mod2),n#p’+p)+p)+p’ +p’+p;, pysareprimes}.
Thus, we have E;(N) = |&|Y and E(N) = |&]). In addition, we write E5(N) = |&]|}. Then, £ is an arithmetic

progression modulo 2, and so are M and N . In addition, there hold N € £ + M and M € £ + N.Moreover,
it follows from the prime number theorem in arithmetic progression that

(G A LYY > N2(logN)!  and (K3 A L)Y > NilogN)™.

Therefore, %K, is a high-density subset of the squares relative to £, while %3 is a high-density subset
of the cubes relative to £. By Proposition 2.3, it is easy to see that

|70 0 MY = 161 = BE(N) < N7,
and thus A; has M-complementary density growth exponent smaller than 1. From Lemma 2.1, we know that
61N = AL+ Kz N Nlay < N72*€ [F 0 MY < N72* - Ey(3N) < N7,
Let the integers N; for j > 0 be determined by the iterative formula

1 2
Ny = [EN], ]V/‘+1 = [g]\/} for ] =0, 21

where [N denotes the least integer not smaller than N. Moreover, we define ] to be the least positive integer
with the property that N; < 10, then J < logN. Therefore, there holds
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J
Ex(N) <10 + Y |6l < NiTi*e, 2.2)
j=1
By equation (2.2), we know that
[T 0 NI = 1605 = Ex(V) < N7,
and thus A, has N -complementary density growth exponent smaller than % From Lemma 2.2, we obtain

613N = [, + Ks 0 Mgy < N75*¢ [Ap 0 NI + N7, 0 NI
< N5*¢ - Ey(3N) + N™W5(Ey(3N))*
< N%‘%*f < N%*E,
Therefore, with the same notation of equation (2.1), we deduce that
E(N) <10 + é|é"|§%j <« Ni*e,
j=1

which completes the proof of Theorem 1.1. O

3 Outline of the proof of Proposition 2.3

In this section, we shall give an outline of the proof of Proposition 2.3. Let N be a sufficiently large positive
integer. For k = 2, 3, we define

filw= 3 dogple(pka),

Xk<ps2Xx
where X = (N /16)%. Let
#(my= 3 (logp,)(logp,)logp,)logp,).

n=pl+p;+pi+p;
X2<p1<2X;
X3<p;<2X3
i=2,3,4
Then, for any Q > 0, it follows from the orthogonality that

1+1

1
A(n) = j]g(a)fg(a)e(—na)da = j £, (@) (@e(-na)da.
1
’ 0
In order to apply the circle method, we set
P=N#% Q=N%s*. 3D

By Dirichlet’s lemma on rational approximation (e.g. see Lemma 2.1 of Vaughan [7]), each a € [1/Q,1 + 1/Q]
can be written in the form

a 1
a=—+1 A<—,
q qQ

for some integers a, q with1 < a < ¢ < Q, and (a, q) = 1. Then, we define the major arcs 9t and minor arcs m

as follows:
\ m, (3.2)
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where

a a, L}
q Q' q qQf
Then, one has

A(n) =

_[+ I]ﬁ(a)fgg(a)e(—na)da,
M m

In order to prove Proposition 2.3, we need the following two propositions, whose proofs will be given
in Sections 4 and 6, respectively.

Proposition 3.1. Let the major arcs 9 be defined as in equation (3.2) with P and Q defined in equation (3.1). Then,
forn € (N/2,N] and any A > 0, there holds

K@} @e(-nayda = ie(m(n) + o[N%L-A],
m

where &(n) is the singular series defined in equation (4.1), which is absolutely convergent and satisfies
(loglogn)™ <« &(n) < d(n) (3.3)

for any integer n satisfying n = 0 (mod 2) and some fixed constant c* > 0, while J(n) is defined by equation
(4.9) and satisfies

3(n) = N2

For the properties (3.3) of singular series, we shall give the proof in Section 5.

Proposition 3.2. Let the minor arcs m be defined as in equation (3.2) with P and Q defined in equation (3.1). Then,
we have

Ilﬁ(@ff(aﬂda < NZu*e,

The remaining part of this section is devoted to establishing Proposition 2.3 by using Propositions 3.1
and 3.2.

Proof of Proposition 2.3. Let %(N) denote the set of integers n € (N/2, N] such that

> NiL4,

[h@f @e(-nayia

Then, we have

2 2

NL2A|U(N)| < ) (3.4)

neu(N)

[h@f @e(-na)da

m

[h@f @e(-na)da

m

< Y
%<nsN

By Bessel’s inequality, we have

2

2

%<nsN

_[J”z(a)f33(a)e(—na)da

m

< _[[f;(a)f;(a)ma. 3.5)
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Combining equations (3.4) and (3.5) and Proposition 3.2, we have
[U(N)| < N7+,

Therefore, with at most O(N'~1/12*¢) exceptions, all the integers n € (N/2, N| satisfy

1
< N2L™4,

_[fz (@)f(a)e(-na)da

from which, using Proposition 3.1, we deduce that, with at most O(N'-/12+¢) exceptions, all the positive integers
n € (N/2, N] satisfying n = 0 (mod 2) can be represented in the form p + p} + p} + p, where p,, p,, p,
and p, are prime numbers. By a splitting argument, we obtain

Ei(N) < Nl-n*e,
This completes the proof of Proposition 2.3. O

4 Proof of Proposition 3.1

In this section, we shall concentrate on proving Proposition 3.1. We first introduce some notations.
For a Dirichlet character y mod q and k € {2, 3}, we define

4 |ahk
Gy, @ = Y x(hye o) @eo=60" ),
n=1
where x° is the principal character modulo q. Let x,, ¥, x, and x,? be Dirichlet characters modulo q. Define

B, q, 15, 137, 27 457) = i Gty DGOV, DG, a)C(xsY, a)e[—@],
!
B(n, ) = B(n, q, x° x° x° x°),
and write

B, .
A(n,q) = n, 4) S(n) = Y A(n, Q). 4.1

AON =

Lemma 4.1. For (a, q) = 1 and any Dirichlet character y mod q, there holds

1Ge(x, @) < 2q"2dPe(q)
with B, = (logk)/log2.

Proof. See Problem 14 of Chapter VI of Vinogradov [8]. (I
Lemma 4.2. The singular series S(n) satisfies equation (3.3).
The proof of Lemma 4.2 is provided in Section 5.

Lemma 4.3. Let f(x) be a real differentiable function in the interval [a, b]. If f'(x) is monotonic and satisfies
[f'(x)| < 0 < 1. Then, we have
b
Y e = J’ezmﬂx)dx + 0(D).

a<nsb a
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Proof. See Lemma 4.8 of Titchmarsh [9]. O
Lemma 4.4. Let y, mod r, and )(;i) mod rg(i) withi = 1, 2, 3 be primitive characters, 1y = 1, rg(l), rg(z), r3(3)], and y°
be the principal character modulo q. Then, there holds

1

PN 0 1, My0 1,240 ,,3),0 -1+¢ 65
q%f 0" (q) 1B, G, 000" X3 X" X 7K X5 XDl < 1 log™ x. 4.2)

rolq

Proof. By Lemma 4.1, we have

B(n, q, XZXO’Xg,(DXO’Xg(Z)XO’ngg))(o)l
q
< ) 1G0x° OGHPX®, G X, GHEX°, a)l < ¢?e(q)d* ().

a=1
(a,q)=1

Therefore, the left-hand side of equation (4.2) is

7*o(q)d(q) rpttdS(nt) asw) 4
< = < ry™¢(logx < e opb5 x,
qu 9%(q) Z Py o8 )tszx o
Tolq o
This completes the proof of Lemma 4.4. O
Write
V)= Y e(m,
Xp<m<2Xy
W)= Y (ogpy(ple(p) -8, Y e(m), 43)
Xi<p<2Xy X<m<2Xy

where &, = 1 or 0 according to whether y is principal or not. Then, by the orthogonality of Dirichlet characters,
for (a, q) = 1, we have
a

_+A
q

_ G
ol N

LS G amwion ).

Ji 2D ymodg

For j =1,2,..., 8, we define the sets %; as follows:

{2,3,3,34Lif j=1; {3,3,3}if j=3; {3,3}if j=5; {3}, ifj=7,
2,3,3,,if j=2; {2,3,ifj=4; {2,ifj=6; ©,ifj=8.

=

In addition, we write 7} = {2, 3, 3, 3}\%}. Then, we have

J'fz(a)f;(a)e(—na)da =1 + 3[2 + L+ 3[4 + 3[5 + I + 3[7 + I, 4.4
m
where

1

1 d an) ¥

=3 —— > |l a@ale ——] j MTved| [T 2 GG, Wiy, A)le(-nd)da.
qqu) (q) a=1 |\ key; q "1 |key; k€7 y mod q
(a,9)=1 qQ

In the following content of this section, we shall prove that I; produces the main term, while the others
contribute to the error term.
For k = 2, 3, applying Lemma 4.3 to Vi(4), we have
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2Xi @x)
1 1 1 1_
v = [ewnau+ o) = [ vitewhdv + 0@1) = - mi-le(ma) + O(). 4.5)
k k k X <m<(2Xp)k
Xx X, ik <m<(2Xx
Putting equation (4.5) into I, we see that
ol 3
qQ
1 B(n, 2
L=— (4 9 Z m‘%e(m/l) Z m~3e(mA)| e(-nA)dA
54 q<P 4 (q) 1 | X2 <m<(2Xp)? X$<ms<(2%)
“ 4.6)
‘IiQ 2
B(n, 2
+0 Z'ﬂ—q}' S omilemd|| Y msemn| aAl
g 9'@ 1| XE<me(2x)? X<ms(2X)?
qQ
By using the elementary estimate
1
Z mi‘le(m/l) « Ni~'min|N, —] 4.7
Xk <ms(2X0k Al
and Lemma 4.4 with rp = 1, the O-term in equation (4.6) can be estimated as follows:
1
|B(n, @) X K 1 1 1 1
< Z 47’ JNadA + J'N'E . —dA| « NsI5 « N2 4,
o*(qQ) s
qsp 0 1
N

1

If the interval of the integral in the main term of equation (4.6) is extended to [-1/2, 1/2], then from equation
(3.1), we can see that the resulting error is
2

<<L65J NG of < ~3q3Q3L% <« N3(PQ)LY < N2~@
1
@

for some @ > 0. Therefore, by Lemma 4.2, equation (4.6) becomes

1
I = —&m)Jjn) + o[N%L-A],
54
where

(4.8)

1
~ — 2 _2 1
J(n) = Y my A(mymymy)s = N
mp+mgtms+my=n
XP<my<(2Xp)2
X§<mi<(2X)°

4.9
i=2,34

In order to estimate the contribution of I; for j = 2, 3,..., 8, we shall need the following three preliminary
lemmas, i.e. Lemmas 4.5-4.7, whose proofs are exactly the same as Lemmas 3.5-3.7 in Zhang and Li [10], so we omit
the details herein. In view of this, for k € {2, 3}, we recall the definition of Wx(y, A) in equation (4.3) and write

@ =X lg.re 3 max| Wi, A,
r<P
and

Xmodrlﬁlsw

1
1

w 2
K@) = Ylg e Y| [ wign sl
r<P ymodr| "1
o
Here and below, X* indicates that the summation is taken over all primitive characters.
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Lemma 4.5. Let P and Q be defined as in equation (3.1). Then, we have
K(g) < g‘l"fN‘%LC,
Lemma 4.6. Let P and Q be defined as in equation (3.1). Then, we have

J5(8) < g NS,

Lemma 4.7. Let P and Q be defined as in equation (3.1). Then, for any A > 0, we have
J,(1) < N2LA,

Now, we concentrate on estimating the terms I; for j=2,3,...,8. We begin with the term I;, which
is the most complicated one. Reducing the Dirichlet characters in I into primitive characters, we have

2 G a)vvz%,my

1 u an
sl=| 2 > e—
4 9@ (a=) . 4 ) 71 |y modq
a,q)=
3
] e(-nA)dA

z Gs(xs, A)Wa(x5, A)

Yzmodgq

2

q<P x, mod g x{Y mod q y{? mod ¢ x{¥ mod q

x [
1
i B, 4, o 1V X2 1)

1
qQ
x| Wi, HWAGED, HWar®, HWA(Y, De(-ndA
_1
qQ

* *
<
< Z Z Z Z Z Z (1)X§Z)I%dr§2))(3(3)%dr§3)

r<Pr{P<priP<Pr{¥<p x, modrz y® mod r{

5 1B, 4, o, XX, xPx0, x & x|
o*(q)

q<P
rolq

1
qQ
[WaQtx®, HWs( P10, DWa0e2x°, DWW x°, D1dA,
1

“qQ
Iy, rgfl), rg(z), r3(3)]. For ¢ < P and Xy < p < 2Xi with

where y? is the principal character modulo q and rp = [
k € {2, 3}, we have (g, p) = 1. From this and the definition of W(x, A), we obtain Wz(Xz)(O, A) = Wi(y,, A) and
Ws(rsPx°, 2) = Wa(x{?, 2) for primitive characters x, and x.” withi = 1, 2, 3. Therefore, by Lemma 4.4, we obtain

* * *

<2 2 3 2 2
r<PrV<priP<pPr{¥<p x, modrz y® mod r{’ x® mod r{? x{ mod r{”

1
Y

x| W06 DWGEP, HWHE?, DHWEG®, lda

1

Q@
- 1B, 4, X%, xOx°, x X0, x & x|
{<p o' (@)

*

rolq

65 . “1+e * '
<LS- Y 2 2 2ntt Y 2
ri<PrP<prP<pri®<p Xz m0d 72 ¥ mod 1§ ¥ mod r{? x® mod r{¥

1
@
x| W, HWAOEY, HWAGED, HWa(®, Dl

_1
roQ
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In the last integral, we pick out [W;(y,, A)| and [Ws(x®, A)| and then use Cauchy’s inequality to derive that

|Ig| < L% Z Y max|Whe Al Y Y max |M/3(X(1) )

2<P szodrzlﬂ|<ro r{V<p X(l)modr(1)|ﬂ|<
1
1 2
o
«
2 2
< 33w (410)
<Py modr{?| _ Z1
70
1
1 2
e
-1+g * 3 2
x Yyt [ e, pra
r§3)<P )((3) mod r(S) 1
(3)0

3 .2 @D

Now we introduce the iterative procedure to bound the sums over r3™, r3”, 3, and r,, consecutively

()

and respectively. We first estimate the above sum over r3™ in equation (4.10) via Lemma 4.5. Since

1 2 3 1 2 3
n = [r, 1%, 1§, 1) = ([, i, 1§P], 1Y),

the sum over r(g)

ol

1

(3)
r37Q
1 2 3)y- * 2
= 3 L Y[ wae®, ol )
<P Pmodr®_ "1 .
(3)Q

K3([r2: r3 ’ r32)]) < [ 1)1 r§2)]_1+£N_%LC'

By Lemma 4.5 again, the contribution of the quantity on the right-hand side of equation (4.11) to the sum over

(2) in equation (4.10) is

1

1 2

%0

_1 * 2
<N Y (Lt 3| [ mae?, oraa @12)
rP<p xPmodrP|_ "1 )
<2)Q

= N7LE - Ky([ry, 1§P]) < [13, i{VT 1€ N3LE.

By Lemma 4.6, the contribution of the quantity on the right-hand side of equation (4.12) to the sum over r: ( )
in equation (4.10) is
<NOLE Y [mrUIte 3T max (W, A
r{"<p x50 modrs”“'< Do (4.13)

= NLC - J(n) < 1 *eIe,

Finally, from Lemma 4.7, inserting the bound on the right-hand side of equation (4.13) to the sum over r;
in equation (4.10), we obtain

| <L¢- Y [LnIte Y max |Wa(x,, A)|
ry<P Yo mod ralAls 5 Q (4.14)

= I° - J,(1) < N2LA,

For the estimation of the terms L, L, ..., I;, by noting equations (4.5) and (4.7), we obtain
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1
2

1 1
¢ ¢ 2 1 2 1
I|Vk()l)|2dﬂ « INerin N, —|di+ =
8 8 2] Q
Q Q
1
1 1 2
N Q
« Ni-1 INZdA + J'% + —Q}/z « N&°3
0 1
N

Using this estimate and the upper bound of V;(4), which derives from equations (4.5) and (4.7), that Vx(1) <« N%,
we can argue similarly to the treatment of I3 and obtain

7
Y I < N2L 4, 4.15)
j=2

Combining equations (4.4), (4.8), (4.14), and (4.15), we can derive the conclusion of Proposition 3.1.

5 The singular series
In this section, we shall investigate the properties of the singular series that appear in Proposition 3.1.

Lemma 5.1. Let p be a prime and p°||k. For (a,p) = 1, if ¢ = y(p), we have C(p?, a) = 0, where

a+2, ifp*r2orp=2a=0;
y(p) = o
a+3, ifp=2,a>0.

Proof. See Lemma 8.3 of Hua [11]. O

For k > 1, we define

q
Siqa)= e

Lemma 5.2. Suppose that (p, a) = 1. Then,
Sk(p) a) = z WT(X))

XE A

where .o/, denotes the set of non-principal characters y modulo p for which y* is principal, and 7(y) denotes
the Gauss sum

i_x(m)e[ ]
In addition, there hold |t(y)| = pV/? and |<%| = (k,p - 1) - 1.
Proof. See Lemma 4.3 of Vaughan [7]. O
Lemma 5.3. For (p, n) = 1, we have

p-1 3
530SI [ an) | o 61

o p* p
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Proof. We denote by X the left-hand side of equation (5.1). By Lemma 5.2, we have

L= Z 1@ 7()

Yo €ty

18
p* agl

X3E 43

3
Z mf(Xs)’ el_%]-

If |.o%| = 0 for some k € {2, 3}, then X = 0. If this is not the case, then

e Y Y Y Y )t

4
P" yoeshyedsydesnyPes

5 an
x ZXz<a>X§”(a)x§2>(a)x§3>(a)e[“?]‘

a=1
From Lemma 5.2, the quadruple outer sums have not more than eight terms. In each of these terms, we have
1706706 T T06)| = p*.

Since in any one of these terms x,(@)x"(@)x?(a)x?(a) is a Dirichlet character y (mod p), the inner sum is

an

p-1 _p1 an|
x(a)e =x(=n) 2 x(—an)e|-—| = y(-n)T(x).
Y x@ ()Z()p]()(x)
a=1 a=1

From the fact that 7(y®) = -1 for principal character y° mod p, we have
(Cryz00! < pe.
By the above arguments, we obtain

1 2
?.8.17 .p

ol
SIS

[Z] < =8p
This completes the proof of Lemma 5.3. O

Lemma 5.4. Let #(p, n) denote the number of solutions to the following congruence:
xXE+xg+x3+x3=n (modp), 1<x,%x,Xx<p-1

Then, we have ¥(p,n) > 0 forn =0 (mod 2).

Proof. We have

14
p- Z(p,n) = Y CG(p,a)C3(p, a)e

an
—7J =(p-D'+E,

a=1
where
rt an
Ep = Z CZ(p) a)Ce?(p: a)e __]-
a=1 p

By Lemma 5.2, we obtain
|Eol < (p - D(Jp +DCJp + 17>

It is easy to check that|E,| < (p - 1)* for p > 17. Therefore, we obtain #(p, n) > 0 forp > 17.Forp = 2,3, 5,7, 11, 13,
we can check £(p, n) > 0 directly provided thatn = 0 (mod 2). This completes the proof of Lemma 54. O

Lemma 5.5. A(n, q) is multiplicative in q.
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Proof. By the definition of A(n, q) in equation (4.1), we only need to show that B(n, q) is multiplicative in g.
Suppose that q = q,q, with (g, ;) = 1. Then, we have

NG, 3 an
B(n,qq)= 2 Cuaidy A)C3(aid, a)e|-——
a=1 qlqz
(a,q,9)=1 (5 2)
4 & 3 an| | an .
= 2 2 Cady md, + ag)Caa, @ma, + @q)e|-——le|-——|
a;=1 a=1 ql qZ
(a1,4)=1 (a2,q5)=1
For (q;, ;) =1 and k € {2, 3}, there holds
W (g, + ag)m*
Gy @y + @)= Y e[%
m=1 449,
(m,q,q,)=1
_ 3y [ e, ¢ mqu)"]
my=1 my=1 qlqz (5.3)
(my,qy)=1 (my,q,)=1
4 m(mg)k| & ay(myg)k
_ z e 1( 1q2) ] z e 2( qu) y
m=1 aq mp=1 4
(my,q)=1 (mz,qy)=1
= Ck(qlx al)Ck(qza aZ)'
Putting equation (5.3) into equation (5.2), we deduce that
4 3 an| & 3 an
B, q,q)= 2 Gy, a)C(qp, ae|-——| 2 Ca(dy a)C5(qy, @r)e|~——
a=1 ql a=1 2
(a1,4)=1 (az,4,)=1
= B(n, q,)B(n, q,).
This completes the proof of Lemma 5.5. O
Lemma 5.6. Let A(n, q) be defined as in equation (4.1). Then,
(1) we have
2 A(, )] < Z72*¢d(n),
ez
and thus the singular series S(n) is absolutely convergent and satisfies G(n) < d(n);
(ii) there exists an absolute positive constant ¢* > 0 such that
S(n) > (loglogn)™
for any integer n satisfyingn = 0 (mod 2).
Proof. From Lemma 5.5, we know that B(n, q) is multiplicative in q. Therefore, there holds
= ty = < t 30t an
Bn,q) = [1Bn,p) = [l 2 GO, aCGP, ae-—| G.4)
P'liq P'liq (aa;)1=1 p

From equation (5.4) and Lemma 5.1, we deduce that B(n, q) = I'Ip”qB(n, p) or 0 according to whether ¢
is square-free or not. Thus, we have
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A(n, q) = A(n, q).
q; 1 q; 1 (55)
q square-free
Write
7°(p, @) = Cy(p, )CF(p, @) = Sy(p, @)S3(p, a).
Then,
A(n )=#11215( a)S( a)e[——] Zy( a)e—ﬂy (5.6)
PP gy £ PP p) (p- 1)4 P pJ '

Applying Lemma 4.1 and noting that Sx(p, a) = Gi(p, a) + 1, we obtain Si(p, a) < pé, and thus 7" (p, a) < pg.
Therefore, the second term in equation (5.6) is sclp‘%. On the other hand, from Lemma 5.3, we can see that the
first term in equation (5.6) is <2 - 8p‘% = 128p‘%. Letg = ¢ + 128. Then, we have proved that, for pfn, there holds

|A(n, p)| < &2 (.7)
Moreover, if we use Lemma 4.1 directly, it follows that
p-1

2 G(p, A)C3(p,

a=1

p-1
< 2 1G(p, DNIGs(p, @) < (p - 1)- 2% - p? - 54 = 864p*(p - 1),

[B(n, p)| =

and therefore,

1B(n, p)| _ 864p? . 23-864p> 6912

A(n, ) = S S = . (58)
At pl o*(p)  (p-1? p? p
Let ¢; = max(g, 6912). Then, for square-free g, we have
A, 1 =| 114, p| [ae, pI| <[ 1 (e27) | M @p)
plg plg plq plq
pin pln ptn pin
= M| [N pi| < qin, )t
plq pl(ng)
Hence, by equation (5.5), we obtain
Zme«ZﬁWmﬁ=ZZMWﬂw-Zw”Z¢ﬂ
>z >z d|nq>7 din q>7
d d
L Z) 1 1
< ydWe=|  =Zzmrte )y dite < Z7ted(n).

d|n d d|n

This proves (i) of Lemma 5.6.
To prove (i) of Lemma 5.6, by Lemma 5.5, we first note that
&) = ﬂll + ZA(n pO| = [a + A, p))
p
(5.9)

=[ﬂa+Amm» [1a+ampy| [1a+Awp))|.
p<c3 p>cs p>c3
ptn pin
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From equation (5.7), we have

C
[Ta+amp)z [11- =52 a>0. (5.10)
p>Cs p
p>c3
pin

By equation (5.8), we know that there exists ¢; > 0 such that

[1a+Aamp)= [] [1 -8 |_|[1 - 3] > (loglogn)™s. 510
p>c3 p>c3 p pin :
pin pin
On the other hand, it is easy to see that
p-Z(p,n
1+An,p) = ——71—.
0= i)

By Lemma 5.4, we know that #(p, n) > 0 for all p withn =0 (mod 2), and thus 1 + A(n, p) > 0. Therefore,
there holds

[1@+ A p)=c> 0. (5.12)

pscs
Combining the estimates (5.9)-(5.12) and taking c* = ¢s > 0, we derive that
S(n) > (loglogn)™ .
This completes the proof of Lemma 5.6. O

6 Proof of Proposition 3.2
In this section, we first present some lemmas that will be used to prove Proposition 3.2.

Lemma 6.1. Suppose that a € R and that there exist integers a € Z and q € N satisfying

1<q< Nﬁ, (a,q9) =1, q|p] < N‘i,

where B = a — a/q. Then, for any € > 0, we have

1, 1+e
JIORS AL
Va@ + X;1BD)
Proof. See Theorem 3 of Kumchev [12]. O

Lemma 6.2. Suppose that a is a real number, and that |a — a/q| < q”* with (a, q) = 1. Let B = a — a/q. Then,
we have

X
fi@) < d%(q)(logX* | Xi™*\[q(1 + XFIBI) + X + ==,
V@ + X¢1BD)
where & = % + 98X ond c is an absolute constant.

log2

Proof. See Theorem 1 of Ren [13]. O

Lemma 6.3. Suppose that a is a real number, and that there exist a € Z and q € N with

(a,9)=1 1<q<Q and q|fl<Q7,
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where B = a — a/q. fWY2 < Q < W52, then we have
q—%W1+a

_1,
z e(paa) < Whu'e + (1 + W3|B|)1/2'

W<p<2w
Proof. See Lemma 8.5 of Zhao [14]. O

Lemma 6.4. Suppose that a is a real number, and that there exist integers a € Z and q € N satisfying
(@q)=1 1<q<Q and qfI<Q7
where B = a - a/q. If X}'* < Q < X3'%, then we have

Lie X
+

1_7
fl@)<x 2 2
’ ’ Ja@ + XI8)
1/2 <

Proof. For any fixed Q satisfying X;'“ < Q < x5, by Dirichlet’s lemma on rational approximation (for instance,
see Lemma 2.1 of Vaughan [7]), there exist integers a € Z and q € N such that

a 1
a=—+p |IBls—
q qQ
with1 < g < Q and (a, q) = 1. Next, we shall discuss the upper bound of f;(a) according to the size of q and |f|.
Case 11If g < Xi'? and || < ¢7X;°'%, we have

X
X2 Jq(t+ KB < —=—
’ ’ Jaa + X31B)

Then, by Lemma 6.2, we obtain
1 1+e
+& + X3

1_7
f@<x e —2
’ ’ Ja + X318D

which is acceptable.
Case 2If q > xi/ 2, it follows from Lemma 6.3 that
1—i+e 11+ 1—i+£
flo <X BT+ qrixpe«x 2
Case3Ifq < X;/? and q71X;5/% < |B] < ¢'Q", we have XJ|8| > X3/’q™ > 1, which combined with Lemma 6.3
yields that

1
1.e . q_6X31+8

1 ~lyttve
1-% 1-35+e 6 X
fla)< X3 ¥ P

< X3 12

3 [1/2,-1
1+ X318l X3°q
1 3 1 13 1
1-5+€ 1,7t€ 1-75+e o1, tE 1-75+e
«<X; 2+ qXd <X P+ (XPeXd <X B

Combining the above three cases, we derive the desired conclusion of Lemma 6.4. O

Lemma 6.5. Let f, (a) be defined as above. Then, we have

1
J’lfzz(a)f;(a)lda « Ni+e,
0

Proof. Trivially, the conclusion can be deduced by counting the number of solutions to the underlying
Diophantine equation

2 _yv2 -3 3 _ 4,3 _,3
X X2_y1 +y2 y3 y4
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with X, < X, % < 2X; and X3 <y, < 2X3fori = 1,2, 3,4.If 3 # X, the contribution is bounded by X34+€. If xq = x,
the contribution is bounded by

1
<X, ~I|jg(a)|4da.
0
By Lemma 2.5 of Vaughan [7], we have
1
[IE@lda < x*,
0

and thus the contribution with x = X, is <X, - X3*¢ < Née, Combining the above two cases, we deduce that

1
J’lfzz(a)f;(a)ma < XHE 4 Xy - X2 < N,
0

This completes the proof of Lemma 6.5. O

Define the multiplicative function ws(q) by

3pu-2, if uz0,
wy(p**) = Ifu_l .
p™l, ifuz0

Lemma 6.6. For y € R, we define

=Y 3 |

< a=1
1<% @ q):1|a—%|sX3

Wi QAT x,<pere(P*(@ + PP i
1+ X3|a - a/q|

One has uniformly for y € R that

I(y) < XN,
Proof. See Lemma 2.2 of Zhao [14]. O

For o7 C (X3, 2X3] N N, we define

g@ =g ()= ) (lognen’a). 6.1

ne.o/

Lemma 6.7. Let .4 be the union of the intervals .%(q,a) forl<a<q < X33/ * and (a, q) =1, where
(g, a) = {a : |qa - a] < X;°"%}.

Suppose that G(a) and h(a) are integrable functions of period one. Let g(a) = g (a) be given in equation (6.1),
and let m C [0, 1) be a measurable set. Then, we have

1

4

1]
[s@6@h@da « N5.7 & [IG@da| #12%m) + Nie g(m),

where

2 2
sup J’Ws(Q)Ih(a+ﬁ)| a

= | |G(a)h(a)|da, = ‘
S (m) :[I (Wh(a)lda,  Jo peton 5, (1 + Xla = alq))?
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Proof. See Lemma 3.1 of Zhao [14]. O

For the proof of Proposition 3.2, we define a general Hardy-Littlewood dissection employed in our applica-
tion of the circle method. When X is a positive number with X < VN, we take 91(X) to be the union
of the intervals

N(q, a,X) ={a: |qa - a| < XN},
with1< a < ¢ < X and (a, q) = 1. In addition, when X < +/N /2, we put R(X) = 9N(2X)\N(X). Finally, we take
m=mnN ‘It[ %], my = m\‘ﬁ[ %].
For a € my, by Dirichlet’s lemma on rational approximation (e.g. see Lemma 2.1 of Vaughan [7]), there exist
a € Z and q € N satisfying
1< qu%, lqga — a| sN‘%, (a,q) =1

Since a € my, we know that either q > Ns or N lqa — al| > Ns. Therefore, by Lemmas 6.1 and 6.4, it is easy
to obtain

suplf(@) < X3+ e 62)
aEms JN1/B ’
and
suplf@)] < X B+ B ytee 63)
eem; NS
Define
10 = [If@fi@lda, t>1.
my
Taking

g(@) = fi(a), h(a)=fi(-a), G(a)=|fH@I4f;@)]*
in Lemma 6.7, we obtain

4

1
16) < N7 | [ IF @f @lda| (ZG)E + NA*e - 1(5), (6.4)
my
where
d wi(@lh(a + B)P
Jo= sup z 3‘13—[32
BeloD) g a1 i o 1+ X3la - a/ql)
(a,)=1
with

(g, @) = {a: |qa - a < X;7'%.
By Lemma 6.6, we obtain
Jo < I(y) < N-3*e, (6.5)

From equations (6.2) and (6.3), we have
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IU”24(a)f38(a)Ida < (sup [f,(@P)(sup Ify(@)P) I(6)

aEmy acmy

e (6.6)

7,0 1, 107
< |N16™¢| - |N367¢| - I(6) <« N2*¢- 1(6).

Putting equations (6.5) and equation (6.6) into (6.4), we derive that
179

1(6) < Nz *&(1(6))i(I(5))2 + Nua*€ - I(5). 6.7)

It follows from Cauchy’s inequality and Lemma 6.5 that

2

1(5) < [ @fi@ida| < [N% ”]20 (6))2 < N3*¢ (I(6)):. (6.8)

1
i@ @lda
0

Inserting equation (6.8) into equation (6.7), we have
I(6) < N *(I(6)): + Nu*(I(6)): < Na*“(I(6)),
which implies

1(6) < Ni2*¢ = N2 i*e, (6.9)

We define the function = :[0,1] - [0,1] by putting E(a) =0 for a € [0,1]\91[N§, and when a €

’ﬁ[N%] N Niq, a, Ni

, by writing

E(a) = (q + qNla - a/q))™.
Define
mg=m N ‘JI[N%], my = ml\‘ﬁ[N%].

By noting the fact that my € N , hence for a € my, it follows from Lemmas 6.1 and 6.4 that

N%]\m[N%

(@) < N*¢&(a) and |f(@)]* < N9*,

which yield the estimate

[ @ @lda < (sup @1ty N7 | 2@ @Pda

my asEmy W[N%]
20 (6.10)
< No*e. I E(a)|f;(a)da.
‘JI[Nelz]
By Lemma 2 of Briidern [15], we obtain
[ s@lf@pda < N3+,
]
from which, using equation (6.10), we conclude that
[ @fi@lda < N2+, (6.11)

my

For a € m3, by Lemmas 6.1 and 6.4, we obtain
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(P < N*¢&(a) and |f(@) < Ni*¢E(a).
Hence, for a € ms, there holds
[ (@)ff (@) < Ni*8X(a),
which combined with the trivial estimate f;(a) < N3*e yields

J’[fzz(a)ff(a)ma « Ni*e. Nive . _[ 2()|f, (a)|da.

m3

i (612

This leaves the set m N ‘ﬁ[Nﬁ] for treatment, and this set is covered by the union of sets R(Y) = ‘ﬁ(ZY)\‘JI(Y)

as Y runs over the sequence 27N with P < Y < Nis/2. Note that E(a) < Y fora & 9(Y). Moreover, Lemma 2
of Brii dern [15] supplies the following upper bound:

I E(@)|fy(@)|*da < YN-5+€ + N-3+e,
NQY)
which implies that
J E(a)|f;(@))%da < N-3*€ + N-3*tey-l « N-5+€ + N-3+ep1 « N-s*e, (6.13)
R(Y)
By a splitting argument, from equations (6.12) and (6.13), we derive that
I[fzz(a)f?f(a)ma «<N¥*ex  max I 2()lf,(@)|%da
ms P<Y<N18/2 R(Y) (614)
« N3*e . N 3%+e « N2 ste,

Combining equations (6.9), (6.11), and (6.14), we obtain the conclusion of Proposition 3.2.
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