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Abstract: Camassa-Holm type equations arise as models for the unidirectional propagation of shallow water
waves over a flat bottom. They also describe finite length, small amplitude radial deformation waves in
cylindrical compressible hyperelastic rods. Under appropriate assumption on the initial data, on the time T,
and on the coefficients of such equation, we prove the well-posedness of the classical solutions for the
Cauchy problem.
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1 Introduction

In this article, we investigate the well-posedness of the following Cauchy problem:

{atu + 80,u + 2Kk, u% + adiu — B20,02u + adudiu + yudsu =0, O0<t<T, xeR, w1
u(0, x) = up(x), x€R,
with 6, , a, B, @, y € R are constant, such that
B+0. (1.2)
On the initial datum, we assume
up € R), uo #0, (1.3)
and one of the following:
B® — 8(lk + a + 2y| + |2a — y])*[Ao + (B?> + 1)By + B2Ey]T? > 0, (1.4)
K+ a+ 2y + 2a - y| < BP ) (1.5)
2J2T\/Ay + (B2 + 1)By + B2Eo
18P tog(Ax(g) > A EEIDT, (16
k=0, y-=2a, .7)
@=2y, y+0, x#0, T< ( — 2arctan(y/By + B?Eo))|Bl? ’ 18

(%)
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where
Ap = ”uolliz([R); By = ”axuoniz(m)’ Ey = ||a)2(u0||i2([R),
A=+ a2yl + PayD: T = maxiid(do + BBo), 3, 19)

Ao(B) = Ao + (B2 + 1)By + B?Ep + 1
2 Ao + (B2 + 1)By + B2Ey

Observe that (1.4) is satisfied if one of the following holds

Bl =T, T>\A(Bo+Eo) + AXBo + Eo)? + 4Ai(Ao + Bo) , (1.10)

1

T= |ﬂ|3, A1 < .
Ao + /T2 + 1B, + Y2TE,

(1.11)

Equation (1.1) arises as a model for the unidirectional propagation of shallow water waves over a flat
bottom, where u(t, x) represents the water-free surface in nondimensional variables. It was first obtained in
[1] as an abstract bi-Hamiltonian equation with infinitely many conservation laws [2-4], and subsequently
from physical principles [5-8].

Equation (1.1) is also deduced in [9-11] as an equation describing finite length, small amplitude radial
deformation waves in cylindrical compressible hyperelastic rods. Moreover, (1.1) is a re-expression of the
geodesic flow in the group of compressible diffeomorphisms of the circle [12], just like the Euler equation
that is an expression of the geodesic flow in the group of incompressible diffeomorphisms of the torus [13].
This geometric interpretation leads to a proof that equation (1.1) satisfies the least action principle [14]:
a state of the system is transformed to another nearby state through a uniquely determined flow that
minimizes the energy (see also [15]).

If (1.8) holds, (1.1) is known as the Camassa-Holm equation. Local well-posedness results are proved in
[16-19]. It is also known that there exist global solutions for a certain class of initial data and solutions that
blow up in finite time for a large class of initial data [16,20,21]. Existence and uniqueness results for global
weak solutions are proven in [21-33]. The convergence of finite difference schemes is proved in [34,35],
existence of the traveling wave solutions in [36], and the well-posedness of periodic solutions for the
Cauchy problem in [37,38]. In [39-42], using a compensated compactness argument in the L? setting
[43-46], the convergence of the solution of (1.1) to the unique entropy one of the Burgers equation
is proven, and in [47], it was proved using a kinetic approach [48].

Equation (1.1) is also studied in [49,50]. By using the method of asymptotic integrability, the authors
found that only three equations from this family were asymptotically integrable up to third order:
the Camassa-Holm equation, the Korteweg-deVries equation, and one with

_ Y
-

The Korteweg-deVries equation (8 = a = y = 0) models weakly nonlinear unidirectional long waves and
arises in various physical contexts. For example, it models surface waves of small amplitude and long
wavelength in shallow water. In this context, u(t, x) represents the wave height above a flat bottom, with x
being proportional to distance in the propagation direction and t being proportional to the elapsed time.
The Korteweg-deVries equation is completely integrable and possesses solitary wave solutions that are
solitons. The Cauchy problem for the Korteweg-deVries equation is studied in [51,52], in [53], and the
references cited therein. In particular, in [51,52], the authors prove that the well-posedness of the Kor-
teweg-deVries equation, under Assumption (1.3) for any T.
Observe that, by using (1.12) in (1.1), and properly scaling, we gain

a=y. (1.12)

2 2
AU + Oyu + 30, + du — B20,0%u — %axuaiu - %uaiu =0. (L13)

By rescaling, shifting the dependent variable, and finally applying a Galilean boost, Equation (1.13) can be
transformed into the following form [49,54]:

Ot — 0:0%u + 4udu = 30,udu + udiu. (1.14)
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From a mathematical point of view, the local and global well-posedness of (1.14) in energy spaces is proven
in [55-58] and the references cited therein. In [59-61], the well-posedness of the entropy solution is proven,
while, in [62], the well-posedness of the homogeneous initial boundary value problem is studied. In [63],
the well-posedness of the periodic solution of (1.14) is analyzed, while, in [64], the convergence of some
numerical schemes is proven. Possible estimates on the blow-up time T for (1.14) are given in [18,65,66] and
the references cited therein.

In this article, we obtained the following estimates on the blow-up time T of the H? norm for (1.1).
We can obtain some additional ones.
— Assuming (1.5) and choosingk = 1, = 1,a = 3, and y = 1in (1.1), we obtain (1.14) and we can estimate T

as follows:

1
T> .
= 18\/5\/(140 + ZBO + Eo) (1.15)

— By assuming (1.12) in (1.1), we have the following equation:
O + 6du — %E)xu2 + addu — B20,0%u + yd,udu + yudiu = 0, (1.16)

and by assuming (1.5), we obtain

1B
IYI(138% - 2| + B2 < : 117
22T /Ao + (B2 + 1B, + B?Ey (1.17)
Therefore, fixed T and uy, we have that (1.16) admits an unique classical solution, when
5
vl A (1.18)

S 2VZIT(382 - 2 + PO)Ao + (B + DB + PEo.

— By choosing =1 and y # 0 and assuming (1.17), we can estimate the blow-up time T for (1.16)
as follows:

1
T > .
421y Ao + 2B, + Eo) (1.19)

One more interesting equation belonging to equation (1.1) is as follows:
OU + 80U + 3udyu + adiu — B20,02u — 2B%,ud2u — fudiu = 0, (1.20)

which was deduced in [67], in the context of the integrable shallow water wave equation with linear
and nonlinear dispersions. Here, we obtain the following on the blow-up time T for (1.20):

IBP

T= : 1.21
V2(13 - 82 + 6B2)\/Ao + (B2 + DBy + BE (.21

Taking k = b;'l, a = bp? and y = B2, (1.1) reads:
Ot + 60xu + (b + Dudu + ad’u — 20,02u + bB2o,udzu + f2udsu, (1.22)

which is known as the b-equation and was deduced in [68-70] as the family of asymptotically equivalent
shallow water wave equations that emerges at quadratic order accuracy, for each b # -1, by an appropriate
Kodama transformation. If b = -1, [68,69] show that the corresponding Kodama transformation is singular
and the asymptotic ordering is violated.

The solution of (1.22) is studied numerically for various values of b in [70,71], under assumption
6 = a = 0. Using the energy space technique, the local and global well-posedness of the Cauchy problem
for (1.22) is proven in [72,73]. Moreover, [72] gives an estimate on the blow-up time T. Here, by assuming
(1.5), (1.2), and (1.3), we prove that (1.22) admits an unique classical solution, if the following inequality
is verified:
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IBP
24 Db+1 2|b , .
B+ Db + |+B||<2ﬁT\/A0+(ﬁ2+1)B0+ﬁZE0 (1.23)

which gives an estimate on the blow-up time T

T> AP . (1.24)
2J2((B% + DIb + 1| + B2b])yJAo + (B + 1By + B?Eo
Choosing
6=0, K:%, a=0, a=6-1, y=-6, 0<6<1, (1.25)
(1.1) becomes
Ot + udeu — 20,0%u + (0 — 1)0,ud%u — Hudiu = 0. (1.26)

It models equations of some dispersive schemes [74]. In [75], by using the energy spaces technique,
the local and global well-posedness of the Cauchy problem for (1.26) is proven. They provide an estimate
of the blow-up time T. Here, by using (1.25), we show that (1.26) admits an unique classical solution, if

1BP

I1-20] +230 -2 < NI (1.27)
that gives the following estimate on the blow-up time T
T> BP . (1.28)
V2(11 - 20] + 2360 - 2|)y/Ao + (B + 1)Bo + B?Eo
Finally, observe that if 6 = a = a = y = 0, (1.1) gives the following equation:
O + K2 — B20,0%u = 0, (1.29)

which is known as the Benjamin-Bona-Mahony equation. In [76], the well-posedness of the classical
solution of (1.29) is proven, for each choose of f and T, and under assumption,

Uo € HY(R). (1.30)
Here, by assuming (1.5), we prove that (1.29) admits an H? solution, if

1BP

x| <
2J2T/Ao + (B2 + 1B, + B?Eo

(1.31)

holds.
The main result of this article is the following theorem.

Theorem 1.1. Assuming (1.2), (1.3), and one within (1.4), (1.10), (1.11), (1.5), (1.6), (1.7), and (1.8) hold, there
exists a unique solution u of (1.1), such that

ue HY((0, T) x R) n L®(0, T; H2(R)) N Wh*((0, T) x R),

(1.32)
90, € L®(0, T; LA(R)).

Moreover, if u; and u, are two solutions of (1.1) in correspondence of the initial data u; o and u,,, we have that
2,Ct
lrCt, ) = st DBy < 2 N0 — ol (1.33)
JALT) 2\t Hl([R) = T32 1,0 2,0 Hl([R)a .

for some suitable C > 0, and every O < t < T, where

¥ = min{1, %}, 17 = max{l, 2. (1.34)
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Theorem 1.1 gives some conditions onk, 8, &, y, T, and u,, to have classical solutions for (1.1). Moreover,
it says that the solutions of (1.1) are classical, for each choice of k, B, a, y, T, and uy, if (1.7) holds
(see Lemma 2.3), or, under the condition (Corollary 2.2):

K+a+2y=0, 2a-y=0. (1.35)
Observe that, if x = a2, with a # 0, then (1.35) is equivalent
@ +5a=0, y-=2a.

Therefore, Theorem 1.1 holds also in the case

(x, @, y) = (25, -5, -10). (1.36)
In general, thanks to [77, Lemma 2.2] [78], Theorem 1.1 holds also in the following cases:
et 2n-1
K=a?, a=-531, ntl, K= (a+ ™, gq> 1(—3)2 iy (i) , n#0. (L37)
2 5\ 2n 2n

Note that (1.36) and (1.37) do not imply (1.36).

This article is organized as follows. In Section 2, we prove several a priori estimates on a vanishing
viscosity approximation of (1.1). Those play a key role in the proof of our main result, which is given
in Section 3.

2 Vanishing viscosity approximation

Our existence argument is based on passing to the limit in a vanishing viscosity approximation of (1.1).
Fix a small number 0 < € < 1 and let u, = u.(t, x) be the unique classical solution of the following
problem [79-82]:

Oelle + 80xUe + 2KUyU, + ad U, — B20;02U; + AU U, + YU U, = —€5u,, O0<t<T, xeR, 2.1
ue(Oy X) = ue,O(X)s X € [R, ’
where u, o is a C* approximation of u,, such that
lue,ollzw) < luollzzwys  VE 103Ue,0ll2@w) < Cos 2.2)
where Cy is a positive constant independent of €.
Let us prove some a priori estimates on u,.
Following [81, Lemma 1], we prove the following result.
Lemma 2.1. (H? estimate) We have that
1 2V2(k + a + 2y + |2a -yt
VA + (B2 + DBe(t) + BE(t) IBP 23)
> 1 .
~ JA:(0) + (B2 + DB.(0) + B?E.(0)
forevery 0 <t < T, where
Ae() = ltelt, s Bel®) = 1002t Mays  Eel®) = 103UCt, s (2.4)

In particular, under Assumption (1.3), there exists a constant C > 0, dependent on 8, ug, and T, but not &,
such that

et g, + (B + DIdtet, M) + B2t g < C (2.5)

[19xue llz(0,T)xr) < C, (2.6)
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L’(R)

t
efnaiug(s, Y, ds < C,
0

L’(R)

t
sjnaiug(s, R, ds < C,
0

luellzoqo,myxwy < C,

foreveryO <t<T.
Proof. By multiplying (2.1) by 2u, — 202u,, an integration on R gives

d
S My + B+ DIBdatet, gy + BIRLLE, )

=2 Iua[udx - 282 J‘uga[a)z(ugdx -2 J.aiuga[uedx +2p2 J‘a,z(uga[a)z(ugdx
R R R

R

= -2k Jufaxugdx + 2K Jugaxugaiugdx - 2a Iugaxugaiugdx

R R R

+2a Jaxue(aiug)de -y quaiugdx + 2y Iugaiugaiugdx
R R R

-2 fugaf‘(ugdx +2¢ jaiugaiugdx - 26 Iugaxugdx
R R

R

-2a Iugaiugdx +26 Iaxugaiugdx +2a J‘aiugaiugdx
R R

R

= —(k + a)j(axugfdx + Qa - y)Iaxug(aiug)zdx + 4y '[ugaxugaf(ugdx
R R R

LX(R)

+2€ Jaxugaiugdx — 2e||Q3uc(t, )|, + 2a faxugaiugdx
R R
- (kta+ 2y>j(axug)3dx + Q- y)jaxug(aiug)zdx
R R
~268%uelt, Mg, - 26103ty B

Consequently, we have that

d
et DMy + B+ DIt gy + B0, D)) + 261050t Dl

+20%e(t, sy,

—-(k+a+ Zy)f(axug)3dx + Qa - y)Jaxug(aiug)de
R R

IN

We define

Xe(O) = ety Mg + (B + DIBatelt, NP + Bl I
G=|Kk+a+2, ¢&:=[2a-y|.

Observe that, thanks to (2.11),

DE GRUYTER

2.7)

(2.8)

(2.9)

(2.10)

|K +a+ 2Y|”axus(t’ ')”Lm([R)”axus(t’ ‘)”iz([R) + |2a - Y|||axu£(tx ')”Lm([R)”a?(us(ty ')ll%Z(R)'

(2.11)
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&110xue(t, )z 1 0xue(t, )”LZ(R) Bz
Sﬁllaxug(t

S 10t

||axu£(t )”L""([R)(ﬁ2 + D)[0xuc(t, )”Lz

Camassa-Holm type equation

R)

)”L""([R)(ﬁ2 + D[ 0xuc(t, )”LZ(R)

Nlzeow)Xe(t),

BZ

£ 0ue(t, )”L"O([R)”azus(t )”Lz ”axus(t )”L""([R),Bzuazue(t )”LZ

®) - ﬁz ®)

< E”axus(t’ =) Xe(t).

Therefore, by (2.10)-(2.12),

dX.(t 2 £
O 88150,
dt B2

o) Xe(t).

Thanks to (2.11) and the Hoélder inequality,

@elt, )2 =2 jaxueazugdy 2j|axug||azug|dx

< 2/ duue(t, >||L2(R)||azug(t MRy

Bzwmaxug(t ez BBt )
2

= Wﬁz IstteCt, g B 10uelt, R

< 5 DIOE, My B 1030l M) < )

ﬁ

Hence,

1
N2 x2p).

19xue(ts o) <
e 1|

By (2.11), (2.12), and (2.14), we obtain
dXe(t) _ ~2(ti + &)

< X¢ 2 t
dt IBP ©
that is,
X z(t) E(t) < \/E(El: ez) .
IBI
By integrating on (0, t), we have that
1 1 2724 + &)t
JX()  X(0) 18P

By using (2.11) in (2.16), thank to (2.4), we have (2.3).
Assume (1.4) and we prove (2.5). Thanks to (1.9), we can define

Xo = lluollFa, + (B* + DllOstollfz ) + B |62u0||L2([R) Ao + (B? + DBy + B2Eo.

Consequently, by (2.2) and (2.11),
1 1

X0 - %

X.(0) < Xo =

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Moreover,

220+ )t _ 220+ )T | 2V2+ o)t 2V2(4 + )T
BF IBP Br P
It follows from (2.3), (2.11), (2.17), (2.18), and (2.19) that

(2.19)

1 22(+ )T

1
X0 - V% B

which gives

[ IBP - 2v2(& + )Xo T
X6 IBPVXo
Thanks to (1.4), (1.9), (2.11), and (2.17), there exists a constant C > 0, dependent on S8, ug, and T, but not ¢,
such that

1 C

X0 1BPXo

Therefore, by (2.17),
END¢
XD < M <C = X()<C. (2.20)
By using (2.11) in (2.20), we have (2.5).
We prove (2.6). Thanks to (2.5), (2.11), and (2.14), we obtain
13U llF=0,1yxr) < C
which gives (2.6).
Now, we prove (2.7) and (2.8). We begin by observing that, by (2.5), (2.6), and (2.10),
d
et DBy + (B + DIBe(t, Iy + BB, )

+ 26103uet, ity + 2633t Il < C.

By integrating on (O, t), by (2.2), (2.11), and (2.17), we obtain

et g + (B + DIBttets Mgy + B 1020t My,

t t
+ 2£I||a)2(ug(s, Mo, ds + Zsjllaiug(s, NPz, ds < Xo + Ct < C,
0 0

which gives (2.7) and (2.8).
Finally, we prove (2.9). Thanks to (2.5) and the Hélder inequality,

X

ul(t,x) =2 I UOxtedy < ZIIusIIaiusldX < 2lue(t, llzw) 10xtte(t, llzw) < C.

—00 R

Hence,
lluellZeoo, 1yxr) < Cs

which gives (2.9). (|

Since (1.10) and (1.11) and (1.5) imply (1.4), we have the following corollary.
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Corollary 2.1. If (1.10) or (1.11) or (1.5) hold, then we have (2.5)-(2.9).
Corollary 2.2. Fix T > 0 and assume (1.35). Then, (2.5)—(2.8) hold, for each choose of 8, T, and u.

Proof. Let 0 < t < T. We begin by observing that, thanks to (1.35), (1.4) reads

1Bl >0,
which is verified by Assumption (1.2). Therefore, arguing as in Lemma 2.1, we have (2.5)-(2.8), for each
choose of 8, T, and u. O
Lemma 2.2. We have that
(51+€2;t (eg+e)t
53 1162
ez renm 1 1 , (2.21)
Ae(t) + (Bz + 1)Bs(t) + ﬁzEe(t) AO,e + (ﬁz + 1)B0,e + ﬁzEO,e

forevery 0 <t < T, where A.(t), B:(t), E.(t), &, and & are defined in (2.4) and (2.11), respectively. In parti-
cular, under Assumption (1.6), we have (2.5). Moreover, (2.6)—(2.9) hold.

Proof. We begin observing that, arguing as in Lemma 2.1, we have (2.15). Thanks to the Young inequality,
3 < L 2
£ < E(Xe + Xg). (2.22)

It follows from (2.15) and (2.22) that

dXS(t) < (el + 82) <X£ + ng),
dt J21BP
that is,
1 dX(t &+ 2 &+ €
. e()S (122) +(1+23). 2.23)
XX dt T V2IBPXL(t) V218l
Observe that
_1 dX(0 _ _df 1
X2(t) dt de\ x.(0) )
Consequently by (2.23), we have that
d 1 (21 + 82) (El + 22)
— + > - . (2.24)
dt (Xe(f)) V2IBPX(t) J21BP
(e1+2)t
By multiplying (2.24) by ev2i5? , we obtain
mjmt @+t
i e 2P S 4+ &%) ei(glﬁz‘;.
dt| X.6) J218P
It follows from an integration on (0, t) that
(e+€2)t
evap? 1 ()t
- > —(e V2IgP — 1),
Xe(t) XO,e
that is,
(21%2;[ (1+8):
2 1+0)t
O e — 13 — (225

Xe(t) XO,s .
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By using (2.3) and (2.11), in (2.25), we have (2.21).
Assume (1.6) and we prove (2.5). We begin by observing that (2.4), (2.11), (2.21), and (2.25),
(e+e2)t (er+et
ez’ + (e V2P — l)Xg(t) )
>

Xe(t) B XO,e .

Hence, by (2.2), (2.11), (2.17), and (2.18),

(er+e)t e+t (e1+e)T (er+e)T
Xe(t) < Xocevis? + Xo el evais? — 1|Xe(t) < Xoe v21s? + Xo| e vas? — 11X (t).

Therefore,

(er1+e)T (er+e)T
1- Xo(e 2P — 1) X (t) < Xoe 2187 .

Thanks to (1.6), (1.9), and (2.11), there exists an constant C > 0, dependent on S, ug, and T, but not &,
such that

(01+8)T
e(t) < Xoe ~ 9
Hence,
(e+€)T
X.(t) < CXpe v28° < C. (2.26)
By using (2.11) in (2.26), we have (2.5).
Finally, arguing as in Lemma 2.1, we have (2.6)—-(2.9). O

Lemma 2.3. Fix T > 0 and assume (1.7). Then, (2.5)-(2.9) hold, for each choose of 3, T, and uy.

Proof. Let 0 < t < T. We begin by observing that, by (1.7), (2.1) reads
Oelte + 805U — B20:0%U, + yAiu, + adu 02U, + 20U DU, = —£0Ue. (2.27)

We prove that

10telt, g + BNt e, + 26 j 1035, s g < 0.tto s + B2 100N - (2.28)

Observe that

—2ajaxu£(a§u£)2dx - 4a J U2, dx = —zajaxug(axuS)de 2 f 3 (9u)2dx = 0.

R

Consequently, multiplying (2.28) by —202u, and arguing as in Lemma 2.1, and integration on R gives
i(IIa Uty Py, + BPIOUE, DIRay ) + 28 |Ia3u (s, DI
dt x“e\ts LZ([R) x“e\ts LZ([R) &€ LZ(IR)

By integrating on (0, t), by (2.2), we have (2.28).
We prove that

12ttt Mz=w) < V2,15l + B2 130 [z - (2.29)

Thanks to (2.28) and the Holder inequality,
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@ttt )2 = 2 jaxugazugdy 2j|axus||azug|dx

< 2 ||0xu(t, -)IILz([R)IIaiue(t, Mzw)
< 20133tz + BA1930 IR )
Hence,

10.teCt, Mgy < 2000210 B, + BNz g ),

which gives (2.29).
Now, we prove that

et Mg, + B 10atelt, M + 2ej||a‘*ug<s Mg d

< oo, + 532 Il(10.tt0 22 +ﬁ2||a ol AT

R)
We begin by observing that

ZaJugaxugaius + 4aJ-u§aiu€dx = —aJ-(axug)3dx - SaIusaxugaiust = SaI(axug)3dx.
R R R R

Therefore, multiplying (2.27) by 2u and arguing as in Lemma 2.1, integration on R gives

(”ue(t )”Lz +le|axus(t )“Lz )+23||azu£(t )”LZ([R) 5aj(axue)3dx

(R) R)

Thanks to (2.28) and (2.29),

5|a|j|axug|3dx<|a|||axug<t Mo 1024t o,

It follows from (2.31) that

—(||ug(r Moy + B IOt M) + 281030ts g,

By integrating on (0, t), by (2.2), we have (2.28).
Finally, thanks to (2.30) and the Holder inequality, we have that

luellzoqo,myxry < C(T).

Therefore, the proof is concluded.
Lemma 2.4. Assume (1.8). Then, we have (2.5)—(2.9).

Proof. We begin by observing that, thanks to (1.8), (2.1) reads
Oelle + 80Uy — 2KU DU, + ad U, — P20,02uy + 2y0,UD2U, + YU Ue = —£D%U,.

We prove that
et Bz, + B0, Mgy + 2 [ 1055, gyl < ol + B Dstol -

Observe that,

< 5V2lal(10,toll2 g, + B0l g )2

— 11

(2.30)

(2.31)

2 2
< 5\/_|a|(”axu0”Lz([R) + B2|9% uOHLz([R))Z-

(2.32)

(2.33)

(2.34)
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4yJ‘ugaxugaiugdx + Zyquaiugdx = 4yjugaxuga§ugdx - 4yjugaxuga,2(ugdx =0.
R R R R

Therefore, by multiplying (2.33) by u, and arguing as in Lemma 2.1, and integrating on R, we obtain (2.34).
Moreover, thanks to (2.34) and the Holder inequality,

l[ue(t, leew) < V2(luollizw) + B30l -

We prove that

2
arctan(y/B(t) + B?E«(t)) < arctan(,/By + B2Eo) + T32 Tﬁl? t, (2.35)

where By, Eo, T3(82), B(t), and E.(t) are defined in (1.9) and (2.4). Multiplying (2.33) by —20%u, and arguing
as in Lemma 2.1, an integration on R gives

d
0t I + B 1030t M) + 22102t Mg
_x I(axug)3dx +3y jaxus(aiug)zdx (2.36)
R R

< [l ll9xte(t, o) 10xtte(t, Iz, + MYHIOcUL(E, o) 195ue(t, Mgy -

Observe that, by (2.34),
IICl0l g + B2N3xttol )

BZ

il l19xte(t, o) 10xtte(t, Iz ) < [19xue(t, o)
Therefore, by (2.36), we have

d

U1t NI + B, IIBa) + 261000l

Iel(lol g, + B13tol )

BZ
3
+ 210l My (10t WM, + BB, I,

[[9xue(t, llr>w) (2.37)
(R) )

Due to the Young inequality,
04t Mgy < 2 [ 10tl 102l
R

< 2 10xue(t, gy 103us(t, 2wy

- 2 T, i B, Dl
- m%' 104t Iy (B 1030, e
- ;Tl(llaxug(t’ Mgy + BB, g )-
Hence,
[AECRRCE %J(naxug(t, Mgy + BRIORUE, ) - 238)

We define
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V(t) = [0t Mgy + BOZUets o (2:39)

It follows from (2.37), (2.38), and (2.39) that

e IKlluol, + BRI ) 1 3y 3
DO & 2e01020elt, gy < v "7 TR va ) 4 2y
<ZP) vt + vaoy),
B2
where 73(8?) is defined in (1.9). Consequently, we have that
1 dre(t) _ 5B
; SN
Y2 ()1 + Ye(1))
By integrating on (0, t), by (2.2) and (2.39), we obtain that
1 2 2 2
arctan(Yz(t)) < arctan(Yozg) LE1GR — < arc an(YZ) 510 )t (2.41)
IBl2 212

where Yo = |30l + B 110501 -

By using (1.9) and (2.4) in (2.41), we have (2.35).
We prove that under Assumption (1.8), there exists a constant C > 0, dependent on f3, uy and T, but
not &, such that

104ttt VI, + 103Ut IR (2.42)

([R)

foreveryO <t<T.
We begin by observing that, by (1.9), (2.4), and (2.35), we have that

arctan(/B.(t) + B?E(t)) < arctan( /By + B?Ey) + T32(B22T. (2.43)

2|BJ>
Moreover, by (1.8), we have that
arctan(y/By + B%Eg) + T32(53|)T g (2.44)
Consequently, by (2.43) and (2.44), we obtain
arctan(y/B.(t) + B?E(t)) < C, Ce¢ (O, g) (2.45)
(2.42) follows from (2.4) and (2.45).
Finally, arguing as in Lemma 2.1, we have (2.6) and (2.8). Therefore, the proof is concluded. O

Lemma 2.5. Assume that one within (1.4), (1.10), (1.11), and (1.5)—(1.8). There exists a constant C > 0,
dependent on B, T, and uy, but not €, such that

ENuelt, N, + BelDuclt )||L2(R)+282j||a‘*ug(s Mgy ds < C. (2.46)

foreveryO <t<T.

Proof. By multiplying (2.1) by 2ed*u,, an integration on R gives
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_(gllazus(t )Ile(R)+SB2||a3ue(t )”Lz )

®)

2 Iaiugatugdx —2B% J.aﬁusataiugdx

—2Ke J'ugaxusaﬁugdx - 2ae J.axugaiusaiugdx - 2y¢ .[ugaiugaiugdx
R R R

262t g, - 26 Iaxugaiugdx 2 Iaiugaiugdx

e I(axug)zaiusdx T e Iugaiusaiugdx + Qa -y Iaxus(aius)zdx
R

2629 (t, P +26Ia§u£a§usdx

L’(R)

3k J (2 Pdx + (2 - e Iaxus(a3us)2dx 2620t )P

Therefore, (2.6), we have that

_(S”azue(t )“LZ([R) + gﬁz |a3us(t )”LZ([R)) + 2£2||a4u8(t )”LZ([R)

“3xe Iﬁxug(a§u€)2dx + Qa-ye Iaxug(aiug)zdx

IN

3|Klel|Oxtte (o, Tyxr) 1 OFUe(E, Mgy + 1= VIeldtelloo, ryxr) 193ue(t, IR,
Cellouelt, Mz, + Celluelt, s
By integrating on (O, t), by (2.2), (2.7), and (2.8), we obtain

®)

IN

2 21133 2 3
1Oty sy + EBIDCE, R + 26 fna (s, Iz g, ds
< G+ Cejnazug(s Mg 5 + Cejna%zg(s Mg ds = C,
which gives (2.46). O
Lemma 2.6. Assume that one within (1.4), (1.10), (1.11), and (1.5)—(1.8). There exists a constant C > O,
dependent on B, T, and uy, but not g, such that
[loeuc(t, )”Lz([R) + B2|10:0xuc(t, )”LZ([R) (2.47)
[[9¢te |lzo¢0, T)xR) < C, (2.48)
forevery0 <t<T.

Proof. By multiplying (2.1) by 20u,, an integration on R gives

2Baelt, P = -2 jugaxugatugdx Y Jatugaiugdx pw Iaxugaiugatugdx

R

2y J‘ugaiugatugdx -2 J‘aiugatuedx - 26 Iaxugatusdx - 2a J‘aiugatugdx

PRy~

- -2 [uducdutedx — 2B RDE, gy + 2y - @) [ ucDudad
R

+2y Iugaﬁugataxugdx +2¢ Iaiugataxugdx - 26 Iaxugatugdx + 2a J-aiugataxugdx.
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Therefore, we have that

2[|Beue(t, )2, + 282 110dxue(t, I

L’(R) ’R)
= -2 Jugaxugatugdx + 2y - tx)J‘axuga,ztugatugdx +2y Iugaﬁugataxugdx

R R R

+2¢ jaiugataxugdx - 26 Jaxuga[ugdx +2a faiugataxugdx.

(2.49)

Since, 0 < € < 1, due to (2.5), (2.6), (2.9), Lemma 2.5 and the Young inequality,

21K j el 1Bttt lx < 21l fullz=(o 1y j 19| dette|dx
<C j 1Oyt |tteldx = j|caxu£||atu£|dx

< Clloxug(t, )”LZ([R) ”atue(t )”LZ([R) <C+ - ”atue(t )”LZ([R);

2ly - aIIIaxuellaiusllatusldX <2y - aIIIaxusIILw«o,T)xm)J-Ia,z(uellarueldx
R R

<C j 102Dl dx = j|ca§ug||atu€|dx

1
< ClIRRLE, gy + 5 IRt

< C+ 2 0atlts My

2[yl I |ute |05 14e 19 dxteldx < 2yl l[ue (o, 7yxw) I |0314e10,9x|dx

Cazug

<C J 10206]19,0 1Bt dx

< ClIR2uclt, s + 7, > 10a(t, Dl

B2
< C+ 100t )

2ed3 260U,

2sj|a3ug||atug|dx j 1B el
2122 B

< 2220%elt, Mz + B 1002t M

< 260103(t, I + : 100t DBz

<Co+ +L 100t g

z|5|j|axug||atug|dx<462||axus(t Moy + 5 1atelts Mgy

<C+ —||atus(t, Il

Lz(lR)’
2ad%u
2|a|j|a2ug||ataxug|dx f 2800z 11520, lx
< 2108 M + B I00E Mg

<C+ ﬂ_”a axue(t )”LZ([R)
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Consequently, by (2.49), we obtain

_“atus(t Iz ”aaxus(t ollA

® * 2®) =

which gives (2.47).
Finally, we prove (2.48). Thanks to (2.47) and the Holder inequality,

@te(t, X)) = 2 jatuga dutedy < 2 j 1O0ttel [9dytteldx < 2[10ueCt, gz 19t 2y < C.-

—-00
Hence,
ll3¢uelle(0, 7wy < Co

which gives (2.48). O

3 Proof of Theorem 1.1

This section is devoted to the proof of theorem.
By using the Sobolev immersion theorem, we prove the following result.

Lemma 3.1. Assume that one within (1.4)—(1.8) and (1.10) holds. There exist a subsequence {ug, }xen Of {Ue}eso
and a limit function u, which satisfies (1.32) such that

Uy, > uae. and in L ((0,T) xR), 1<p<oo. (3.1

loc

Moreover, u is the solution of (1.1).

Proof. Thanks to Lemma 2.1, Corollaries 2.1 and 2.2, Lemmas 2.2 and 2.3, (2.4), and, Lemma 2.6,

{ug}eso is uniformly bounded in H((0, T) x R), (3.2

which gives (3.1).
Observe that, thanks to Lemma 2.1, Corollaries 2.1 and 2.2, and Lemmas 2.2 and 2.3

u € L*(0, T; HA(R)),
while, by Lemma 2.6,
u € Wt((0, T) x R).
Moreover, by Lemma 2.6, we have that
d¢0xu € L2((0, T) x R).

Therefore, (1.32) holds and u is the solution of (1.1). O
Following [83, Theorem 1.1], we prove Theorem 1.1.

Proof of Theorem 1.1. Lemma 3.1 gives the existence of a solution u of (1.1) such that (1.32) holds.
We prove (1.33). Let u; and u, be two solutions of (1.1), which satisfy (1.32), that is,

Oty + 80,y + KO uf — f20,0%uy + adduy + —— a- > Y o ((d14,)?) — Yo (wduy), t>0,xeR,

(0, X) = ty,0(x), x €R,
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ety + 63 + KO — 202 + aduy + & ; Y3 (0a)?) - yo(wdiw), t>0,x €R,

(0, x) = uyo(x), x €R.

Then, the function
w=U - U

is the solution of the following Cauchy problem:

0w + Vo,w — P2O02w + kO, (U — uP) + adlw + a ; yax((axul)2 - (Byu))?)

- O (wdku — wdkw) = 0, t>0,x €R,
wo(X) = uy,0(X) — Up,0(x), x €R.
Observe that, thanks to (3.3),

ax(lh2 - uzz) = 0((u1 + W)U — W) = (W + Ww),
ax((axul)2 - (axul)z) = ax((axul + axuz)(axul - axuz)) = ax((axul + axuz)w)-

Moreover, again by (3.3),

2 2 2 2 2 2
Ox(W03Uy — U05Us) = Oy (U103l — U0l + U05Us — UpO3la)

= 0, (2w — F*ww) + A (A2ww).
Consequently, by (3.5) and (3.6), equation (3.4) reads

O + 80w — 2002w + Kk ((y + Ww)w) + adiw

a —
+ > yax((axul + 0)w) — YO, (udiw — duw) = 0.

Since wy, u; € L*(0, T; H3([R)), there exists a constant C > 0, such that

[lrllzoqo, 1yxry > IU2llz=go0,T)xr) < C,
[9xt1llz=(0, T)xR) s 110xU2llz>(0, T)xR) < C,
ll9zus(t, Nrw) < C.

Moreover, by (3.8), we have that

[ty + U] < |wy| + |up] < C,  |OxUy + Oxls| < |0y + Oxl| < C.

Observe that

d
2jw<atw - Bodw)dx = —(lat, )l + B 10,0t IR,
R
26Iwaxwdx =0,
R

2K Iwax((ul + w)w)dx = -2k j(ul + Up)wo,wdx,
R R

(a - y)jwax«axul + daw)dx = (@ - y) j @utty + By wdywilx,
R R

2a J-waiwdx =-2a J‘axwaia}d_x =0,
R R

-2y J‘wax(ulaiw - d2wyw)dx =2y julaxwaiwdx - J'aﬁuzwaxwdx
R R R

_y Iaxul(axw)zdx Py _[aiuzwaxwdx.
R R

_ 17

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9

(3.10)

(3.11)
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By multiplying (3.7) by 2w, thanks to (3.10), we have that

d
U9 I+ B 1wt i)

(3.12)
= 2 I(ul + W)wowdx + (a — y)I(axul + Oylp)woywdx + y Iaxul(axw)de +2y J‘aiuzwaxwdx.
R R R R

Due to (3.8), (3.9), and the Young inequality,

LX(R) LYR)’

2|x|j|u1 + ] w][dwldx < C f wlIBwldx < Cllw(t, s, + Clldsw(t, I
R R

LX(R) [’R)’

o - y|f|axu1 + dyby||wl[dxwldx < C f lIBwldx < Cllw(t, s, + Clldsw(t, I
R R

I j 19,14 (B, w)?dx < Cll3,w(t, I

LZ([R) s

L*(R)

R
2|y|j|aiuzw||axw|dx <y? j WX (@u)dx + [[dxw(t, )P
R R

< VN, N 10200t g, + 108,
< Cllot, o) + 13w g

It follows from (3.12) that
d
10 O+ B IEs)) < Cllwts Mg + CIAE gy + Clat, Mgy G13)

Thanks to the Holder inequality,

19,0t Iz, < 2 [ 10l BwIdx < 20t ey 13:(E, e
R

Therefore, by the Young inequality,
IBw(t, Mg, < Nt g + 10 (E, s
It follows from (3.13) that

d
LU N+ B0 By < Cllat, Mgy + 18(E Mgy < CIOLE I+ BB )

The Gronwall Lemma and (3.4) give
llw(t, ‘)”iz([k) + BZHaxw(t, ')”iz([R) < eC(T)t(”wO”iz([R) + lelaxwoniz([k))-

By (1.34), we have that

T 0l < T2 ol - (3.14)
Therefore, (1.33) follows from (3.4) and (3.14). O
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