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Abstract: In this article, we are interested in uniformly pr-ideals with order <2 (which we call 2r-ideals)
introduced by Rabia Uregen in [On uniformly pr-ideals in commutative rings, Turkish J. Math. 43 (2019), no.
4, 18781886]. Several characterizations and properties of these ideals are given. Moreover, the comparison
between the (nonzero) 2r-ideals and certain classes of classical ideals gives rise to characterizations of
certain rings based only on the properties of the ideals consisting only of zero-divisors. Namely, among
other things, we compare the class of (nonzero) 2r-ideals with the class of (minimal) prime ideals, the class
of minimal prime ideals and their squares, and the class of primary ideals. The study of 2r-ideal in poly-
nomial rings allows us to give a new characterization of the rings satisfying the famous A-property.
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1 Introduction

Throughout, all rings considered are commutative with nonzero unity. Let R be a ring, I be an ideal of R, and
S be a subset of R. Set S* := S\{0} and (I : S) := {x € R|xS ¢ I}. The set of zero-divisors of R and the set of
regular elements of R are denoted by Z(R) and Reg(R), respectively. The ideal I is said to be proper if I # R.
The radical of I is denoted by VT = {x € R|x" ¢ I for some integer n > 1} and the nil-radical of R is denoted

by nil(R) := /(0). The total ring of fractions of R is denoted Q(R) = {%|a € Randb ¢ Reg(R)}. The ring R is

said to be a total quotient ring if R = Q(R), or equivalently, every element in R is either a zero-divisor or
a unit.

It is known that there are so many important rings with zero divisors that have interesting properties
whose counterparts for the integral domains become trivial. Recently, there has been a lot of attention to the
ideal theory of these rings (see [1-4]). For a ring R, the properties of Q(R) provided by its ideals come from
the ideals of R consisting entirely of zero divisors. An example of such ideals are the z°-ideals (studied
under the name d-ideals in [4]).
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Definition 1.1. [1] A proper ideal I of a ring R is said to be a z°-ideal if, for each a € I, we have P, c I, where
P, is the intersection of all minimal prime ideals containing a and, by convention, B, = R if a is not
contained in any minimal prime ideal.

If R is reduced, then Q(R) is Von Neumann regular if and only if every proper (principal) ideal is
a z%ideal [1, Corollary 1.14]. In [5], Mohamadian generalized the notion of ideals z° by introducing
the concepts of r-ideals.

Definition 1.2. [5] A proper ideal I of a ring R is called an r-ideal if, whenever, x, y € R with xy € I, we have
x € I or y € Z(R), which are also consisting entirely of zero divisors.

Let C(X) be the ring of real valued continuous functions on a Tychonoff space X. It is proved in [5,
Proposition 5.4] that, over C(X), every r-ideal is a z°-ideal if and only if X is a 0-space (a space in which the
boundary of any zeroset is contained in a zeroset with empty interior). Several recently introduced notions
are related to the notion of r-ideals (see, for example, [6,7]).

In [8], Uregen introduced the concept of uniformly pr-ideals as follows:

Definition 1.3. [8] A proper ideal I of a ring R is said to be a uniformly pr-ideal if there exists a positive
integer n such that, whenever x, y € R with xy € I, then x" € I or y € Z(R). The order of I is the smallest
positive integer for which the aforementioned property holds.

Hence, r-ideals are just uniformly pr-ideals with order 1. So, the order of an uniformly a pr-ideal I
measures how far away I is from being an r-ideal.

In this article, we are interested to uniformly pr-ideals with order <2, which we call 2r-ideals. Section 2
gives several characterizations and properties of 2r-ideals. It is also proved that every r-ideal is a 2r-ideal
and that minimal prime ideals and their squares are 2r-ideals. Thus, several results in Section 2 study the
rings in which every 2r-ideal is an r-ideal, the rings in which the only (nonzero) 2r-ideals are the minimal
prime ideals (resp. and their squares), and the rings in which every (nonzero) 2r-ideals are primary. These
comparisons give rise to characterizations of several rings using the properties of ideals consisting of zero-
divisors. Section 3, among other things, studies some types of 2r-ideals in the polynomial rings. In addition,
the 2r-ideals are used to characterize the rings satisfying the A-property.

2 On 2r-ideals in commutative rings

In this section, we introduce the class of 2r-ideals and study some of their properties. We also compare
the class of 2r-ideals with some other classes of ideals.

Definition 2.1. Let R be a ring. A proper ideal I of R is said to be a 2r-ideal if, whenevera, b € R withab € I,
thena? el orb € Z(R).

By definition, the r-ideals are 2r-ideals and the 2r-ideals are uniformly pr-ideals. However, these
concepts are different, as the following example shows.

Example 2.2. Consider the ring R = k[x, y]/(xy), where k is a field. It is clear that R is reduced and
noetherian with two minimal prime ideals; P, = (X) and P, = (). Hence, Z(R) = P, U P,. One can easily
verify that X + ¥ and X2 + y are regular elements of R. It is also easy to see that (P,)? is a 2r-ideal. Now,
X(X +y)=x%e (P)? x ¢ (P)? and X + ¥ ¢ Z(R). Accordingly, (P,)? is not an r-ideal. The ideal (P,)? is a
uniformly pr-ideal (with order 3). On the other hand, X(x? + ¥) = X> € (P)?, X2 ¢ (P)?, and x> + ¥ ¢ Z(R).
Accordingly, (P,)? is not a 2r-ideal.
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Recall that a proper ideal I of a ring R is said to be strongly quasi primary if, whenever, a, b € R with
ab ¢ I, then either a? € I or b € /I [9]. Strongly quasi primary ideals contain primary ideals, and they are
used to characterize divided domains [9, Theorem 2.2].

The first result in this section, while an immediate consequence of the definition of 2r-ideals, is
an important fact since it emphasizes that 2r-ideals are entirely consisting of zero-divisors.

Proposition 2.3. Let R be a ring and I be a proper ideal of R. If I is a 2r-ideal, then I < Z(R). The equivalence
holds if I is strongly quasi primary.

Proof. For each a € I, we have 1. a € I and P? ¢ I. Then, a € Z(R), and so I ¢ Z(R). Suppose now that I

is a strongly quasi primary ideal with I < Z(R). Let a, b € R with ab € I and a? ¢ I. Then, b € VI < Z(R)
(since I ¢ Z(R)). Hence, I is a 2r-ideal. O

Recall that, for a proper ideal I of a ring R, the ideal generated by the squares of elements of I
(i.e., {a®|a € I}) is denoted by [I], [10]. If 2 is a unit in R, then [I], = I? [10, Theorem 5]. Let f: R — Q(R) be
the natural homomorphism defined by f(x) = f, and let J¢ denote the contraction of J in R, i.e., J¢ == f1(J) =

{x € R|§ € ]}.

The next result provides some useful characterizations of 2r-ideals.

Theorem 2.4. Let R be a ring and I be a proper ideal of R. The following statements are equivalent.
1. I'is a 2r-ideal of R.

2. For every a € R, eithera? ¢ I or (I : a) < Z(R).

3. For any ideals ] and K of R with JK ¢ 1, either [J], < I or K ¢ Z(R).

4. [(I: 1), <1 for each r € Reg(R).

5. [J¢], €I < J¢ for some ideal ] of Q(R).

Proof.

(1)=(2) Let a € R such that a®> ¢ I. For each b € (I: a), we have ab €1, and so b € Z(R). Hence,
I:a)<cZ®R).

(2=3) Let J and K be two ideals of R with JK c I. Suppose that K ¢ Z(R) and consider k € K\Z(R).
For each j € J, we have k € (I : j), and so (I : j) ¢ Z(R). Then, j? € I. Consequently, [J], ¢ I.

(3)=(4) Let r ¢ Reg(R) and set J=({:r) and K= (r). Then, JK = : r)(r)cI and K ¢ Z(R). Then,
[I:nNh=0Lcl

(4)=(5) Set J = (Reg(R)). We have I c J¢. Now, let x € J¢. Then, % € J. Therefore, xr ¢ I for some

r € Reg(R). Hence, x € (I : r). So, x*> € [(I : 1)], < I. Accordingly, [J¢], < I.
(5)=() Let a,b € R such that ab € I and b € Reg(R). Since I ¢ J¢, we have % € J. Thus, % = %. % e].
So, a € J¢, and then a? € [J¢], < I. Accordingly, I is a 2r-ideal of R.

Following [5, Proposition 2.2], the r-ideals of a ring R are exactly the contraction of the proper ideals
of Q(R). Similarly, the aforementioned theorem shows that the 2r-ideals are the ideals lying between J¢
and [J¢],, where ] ranges over all the proper ideals of Q(R).

The following theorem gathers some useful facts about 2r-ideals. These facts will be used in the sequel
without explicit mention.

Theorem 2.5. Let R be a ring. Then, the following hold.

1. If Iis a 2r-ideal of R, then J/I is an r-ideal.

2. IfI'is an r-ideal of R and ] is an ideal of R such that[I], < J € I, then ] is a 2r-ideal. In particular, I? and [I],
are 2r-ideals.

3. If Tis an r-ideal of R and I < ] is an ideal of R, then IJ is a 2r-ideal.

4. If P is a minimal prime ideal of R, then P is an r-ideal and so P? and [P], are 2r-ideals.

5. If I and ] are 2r-ideals (resp. r-ideals) of R, then I N ] is a 2r-ideal (resp. an r-ideal).
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6. If I and ] are r-ideals of R, then I is a 2r-ideals.

7. Let I and ] be coprime ideals (I and J are proper and I + ] = R).IfI] = I n ] is a 2r-ideal, then so are I and ].
8. Every maximal 2r-ideal of R is prime.

9. If Iis a 2r-ideal of R and P is a minimal prime ideal over I, then P is an r-ideal.

Proof.

(1) Clear.

(2) Follows from Theorem 2.4(1) & (5) and [5, Proposition 2.2].

(3) Follows from (2) since [I]; cI?cIJ cI.

(4) Since P ¢ Z(R), it is clear that P is an r-ideal. Now, by (2), P? and [P], are 2r-ideals.

(5) Clear.

(6) Leta,b € Rwithab € I] and b ¢ Z(R). We have ab € I and ab € J. Then, a € I and a € J. Therefore,
a? e IJ] cIn]J. Hence, IJ is a 2r-ideal.

(7) Since I and ] are coprime, then I =InJ. Let x € I and y € J such that x + y = 1. Let a, b € R with
ab e Iand b ¢ Z(R). Then, ayb € IJ. Therefore, a’y? € IJ c I. Thus, a? = a’x? + 2a’xy + a®y? € I. Hence,
I is a 2r-ideal. Similarly, J is a 2r-ideal.

(8) Let P be a maximal 2r-ideal of R, and leta, b € R withab € P anda ¢ P. We have to show that b € P. By
(1), +/P is an r-ideal, and so a 2r-ideal. By the maximality of P, we obtain P = JP. Thus, P is an r-ideal.
It is easy to see that (P : a) is proper and is an r-ideal, which contains of course P. Again, by the
maximality of P, we obtain that P = (P : a). Hence, b € (P : a) = P.

(9) Let a, b € R such that ab € P and b € Reg(R). By [11, Theorem 2.1], there exists x ¢ P and a positive
integer n > 1 such that xa"b" € I. Since b" ¢ Reg(R), we obtain x2a?* € I ¢ P. Then, a € P. O

Example 2.2 shows that the 2r-ideals need not be r-ideals. The next theorem characterizes the reduced
noetherian rings in which the notions of 2r-ideals and r-ideals coincide. This result can be used readily to
provide examples discriminating between the two notions. For a ring R, Min(R) denotes the set of minimal
prime ideals of R.

Theorem 2.6. Let R be a noetherian reduced ring. Then, every 2r-ideal of R is an r-ideal if and only if R is
isomorphic to a finite direct product of domains.

Proof. (=) Since R is reduced and noetherian, R admits a finite number of minimal prime ideals;
Min(R) = {P,, ...,B}, and Z(R) = | JL,P.. If n = 1, then R is a domain, as desired. So, suppose that n > 2.
Letje{l,...,n}andsetQ; = ?zl,Pi- By [11, Theorem 2.5], there exists y € P;such thaty ¢ U?=1,Pi- Letx € Q;‘.
i#j i#j
We have xy € (L.P, = (0). If x + y € B, then x € P,. So, x € [P = (0), a contradiction. Now, if x + y € P,
for some j # i € {1, ...,n}, then y € P, a contradiction. Hence, x + y does not belong to any minimal prime
ideal, and then x + y is regular. Let J be an ideal of R containing Q;. Since Q; is an r-ideal (as an intersection
of r-ideals), QjJ is a 2r-ideal (by Theorem 2.5(3)), and so it is an r-ideal. Since x(x + y) = x% e QJ,xecQy.
Hence, Q; € QJ, which means that Q; = QJ. In particular, Qf = Q. Since R is noetherian, Q; is generated by
an idempotent element e; Q; = (e). Suppose that P; + Q; is contained in a maximal ideal M. Hence, Q; = Q;M,
and so e = em for some m € M. Thus, e(1 — m) = 0. Hence, since e ¢ P, (otherwisee =0),1-me P c M,a
contradiction. Thus, P; + Q; is not contained in any maximal ideal, and so P, + Q; = R. Thus, B + P; = R for
eachj # i € {1, ...,n}. By using the generalized Chinese Remainder Theorem, we found that R = R/P;x--- R/ P,,
as desired.

(&) Set R = [[;,D; for some domains D;. Let J be a 2r-ideal of R. Set J = [[;_,J;, where I; is an ideal of D;
for each i. Since J must be proper, there exists some ideals [, which are proper (in D;). Suppose, for
example, that I, # R. Let x € I,. We have (x, 1, ...,1)1,0, ...,0) = (x, 0, ...,0) € J. Since (1,0, ...,0)2 ¢ ],
we obtain (x, 1, ...,1) € Z(R). Thus, x € Z(D,) = (0). Hence, I, = (0). Consequently, each J; in J is either (0)
or equal to D;. Thus, \/7 = J. Hence, by Theorem 2.5 (1), J is an r-ideal, as desired. O
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Of course, a ring need not be a finite direct product of domains to have the property that every 2r-ideal
is an r-ideal. In fact, we can consider any total quotient ring, and so in such a ring, any ideal is an
r-ideal [5].

The following result shows that if every ideal is a 2r-ideal, then R is also a total quotient ring.

Theorem 2.7. Let R be a ring. Then, the followings are equivalent:
. R is a total quotient ring.

. Every proper ideal is an r-ideal.

. Every (nonzero) proper principal ideal of R is a 2r-ideal.

. Every (nonzero) proper ideal of R is a 2r-ideal.

. Every (nonzero) strongly quasi primary ideal of R is a 2r-ideal.
. Every (nonzero) primary ideal of R is a 2r-ideal.

. Every (nonzero) prime ideal of R is a 2r-ideal.

. Every (nonzero) maximal ideal of R is a 2r-ideal.

o NNV & WN

Proof. (1) = (2) Let I be a proper ideal of R. Leta, b € Rwithab € I and b ¢ Z(R). Since R is a total quotient
ring, b is a unit element. Hence, a € I. So, I is an r-ideal.

(2) = (3) Clear.

(3) = (4) Let I be a proper ideal of R. Let a,b € R with abeI and b ¢ Z(R). If ab = 0, then
a=a’=0¢l. So, suppose that ab # 0. Since (ab) is a 2r-ideal, we obtain a? € (ab) c I. Thus, I is a
2r-ideal.

The implications (4) = (5) = (6) = (7) = (8) are clear.

(8) = (1) Let x be a nonunit element of R. Since (x) is a proper ideal of R, it is contained in a maximal
ideal M. But M is a 2r-ideal, and so M < Z(R). Thus, x € Z(R). Accordingly, R is a total quotient ring. [

Recall that a proper ideal I of a ring R is said to be semi-primary if VT is prime. Recall also that a ring
is said to be decomposable if it admits a nontrivial idempotent.

Lemma 2.8. Let R be a ring such that every nonzero 2r-ideal is semi-primary. Then,
1. either nil(R) # (0) and Z(R) are prime ideals (and so R is indecomposable),
2. or R is reduced with at most two minimal prime ideals.

Proof. Assume that R is not reduced. Let P and Q be two prime ideals contained in Z(R). Since R is not
reduced, P n Q # (0). Since P n Q is anr-ideal, we obtain that P n Q = /P n Q is prime. Hence, P and Q are
comparable. In particular, minimal prime ideals are comparable. Hence, nil(R) = P is prime. On the other
hand, Z(R) is a union of some prime ideals (which are necessarily contained in Z(R), and so they are
comparable). Hence, Z(R) is an ideal, and so prime. Suppose that R is decomposable, and let e be
a nontrivial idempotent of R. Then, e € Z(R) and 1 - e € Z(R). So, 1 € Z(R), a contradiction.

Suppose now that R is reduced but not a domain. Let P; and P, be two different minimal prime ideals.
If P, n P, # (0), then, as earlier, P, and P, are comparable, a contradiction. Then, P, n P, = (0), and so R
admits exactly two minimal prime ideals. O

Lemma 2.9. Let R be a ring such that every 2r-ideal is semi-primary. Then,
1. either nil(R) # (0) is prime and Z(R) is an ideal (and so R is indecomposable),
2. or R is a domain.

Proof. The zero ideal is a 2r-ideal. Hence, VO = nil(R) is prime. Now, the result follows from Lemma 2.8. [

When a prime ideal consists entirely of zero-divisors, then it must be an r-ideal (and so a 2r-ideal).
The next proposition shows that the 2r-ideals are not necessarily all prime, except in a domain.
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Proposition 2.10. Let R be a ring. Then, the followings are equivalent:
1. Every 2r-ideal of R is a (minimal) prime ideal.

2. R is a domain.

3. (0) is the only 2r-ideal of R.

Proof. (1) = (2) It follows from the fact that (0) is a 2r-ideal.

(2) = (3) Since a 2r-ideal must be contained in Z(R) = (0), then (0) is the only 2r-ideal of R.

(3) = (1) Let z € R*. It is easy to verify that ann(z) is an r-ideal, and so a 2r-ideal. Thus, ann(z) = (0).
Hence, z is a regular element, and so R is a domain. Thus, every 2r-ideal of R (here (0) is the only 2r-ideal)
is a (minimal) prime. O

The fact that (0) is an r-ideal forces the ring in Proposition 2.10 to be a domain. To avoid this, we will
now focus on the noetherian rings in which only the nonzero 2r-ideals must be (minimal) prime.

Recall that a minimal ideal of a ring R is a nonzero ideal that does not contain any other nonzero ideal
of R.

Theorem 2.11. Let R be a noetherian ring. Then, the following are equivalent:
1. Every nonzero 2r-ideal is a minimal prime ideal.
2. Every nonzero 2r-ideal is a prime ideal.
3. One of the following holds:
(a) Ris a domain.
(b) R is isomorphic to a product of two domains.
(¢) Z(R) is a minimal ideal of R.

Proof. (1) = (2) Clear.

(2) = (3) Assume that R is not reduced. By Lemma 2.8, nil(R) # (0) and Z(R) are prime ideals and R is
indecomposable. If Z(R)? is prime, then Z(R)?> = Z(R), and so Z(R) = (e) is generated by an idempotent e.
Hence, Z(R) = (0), a contradiction. Accordingly, Z(R)? is not prime. Since Z(R)? is a 2r-ideal, we found that
Z(R)? = (0). Hence, nil(R) = Z(R) and Z(R)? = (0). Let I be a nonzero subideal of Z(R). We have
Z(R)? = (0) c I ¢ Z(R). Hence, by Theorem 2.5(2), I is a 2r-ideal, and then prime. Since nil(R) = Z(R),
I =Z(R). Thus, Z(R) is a minimal ideal.

Assume now that R is reduced. Since every nonzero 2r-ideal is a prime ideal contained in Z(R), we
conclude that every (nonzero) 2r-ideal is an r-ideal. Hence, from Theorem 2.6, R is a finite direct product of
domains. On the other hand, by Lemma 2.8, R admits at most two minimal prime ideals. Thus, R is a domain
or is isomorphic to a product of two domains.

(3) = (1) If R is a domain, the conclusion is obvious. Now, suppose that R = D; x D, for some domains
D, and D,. As in the proof of Theorem 2.6, the only nonzero 2r-ideals of D; x D, are (0) x D, and D; x (0),
which are clearly minimal primes of D; x D,. Finally, suppose that Z(R) is a minimal ideal of R. Thus, Z(R)
is a minimal prime ideal. Let I be a nonzero 2r-ideal of R. Then, since I ¢ Z(R), we obtain that I = Z(R), and
so it is a minimal prime ideal. O

It is clear that minimal prime ideals and their squares are 2r-ideals. Next, we investigate when the set
of 2r-ideals of a ring R coincides with the set {P, P?|P ¢ Min(R)}.

Theorem 2.12. Let R be a ring. Then, the following are equivalent:
1. The only 2r-ideals are P and P? with P € Min(R).
2. One of the following holds:

(a) Ris a domain,

(b) Z(R) is a minimal ideal.
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Proof. (1) = (2) Suppose that R is not a domain. Since (0) is a 2r-ideal and (0) is not prime, (0) = P? for
some minimal prime ideal P. So, (0) # nil(R) = P is the unique minimal prime ideal of R. By Lemma 2.9,
Z(R) is an ideal, and so a nonzero r-ideal. Hence, Z(R) = P. Let I be a nonzero subideal of Z(R). We have
P2 =(0) cIc P. Hence, I is a 2r-ideal, and then I = P = Z(R). Thus, Z(R) is a minimal ideal.

(2) = (1) IfR is a domain, then the result is clear. So, suppose that Z(R) is a minimal ideal. Then, Z(R) is the
unique minimal prime ideal of R (since (0) is not prime). Every nonzero 2r-ideal I is a subideal of Z(R), and so
I = Z(R). Hence, it suffices to show that (0) is a square of Z(R). Let a € Z(R)*. By the minimality of Z(R), we
obtain that Z(R) = (a). Assume that Z(R)? = Z(R). Then, a € Z(R)? = (a?). Thus, a = a’ for somer € R. Since
a € Z(R) = nil(R), we obtain that a = 0, a contradiction. So, again by the minimality of Z(R), Z(R)?> = (0). 0O

The next three results investigate when, in noetherian rings and decomposable rings, the only nonzero
2r-ideals are the minimal prime ideals and their squares.

Theorem 2.13. Let R be a decomposable ring. Then, the following are equivalent:
1. The only nonzero 2r-ideals are P and P? with P € Min(R).

2. Every nonzero 2r-ideal is primary.

3. Every nonzero 2r-ideal is semi-primary.

4. R is isomorphic to a product of two domains.

5. Every nonzero 2r-ideal is a minimal prime.

Proof. (1) = (3) and (2) = (3) are clear.

(3) = (4) By Lemma 2.8, since R is decomposable, R must be reduced and it admits exactly two minimal prime
ideals P, and P, (since a domain is indecomposable). Let e be a nontrivial idempotent of R. Either e € P,
or e € P,. Suppose, for example, that e € P,.. Then, 1 — e € P,. Hence, P, + P, =R, and so R=R/P; x R/ P,
is a product of two domains.

(4) = (5) Without the loss of generality, set R = D; x D, for some domains D; and D,. As in the proof of
Theorem 2.6, the only nonzero 2r-ideals of R are (0) x D, and D; x (0), which are clearly minimal prime
ideals of R.

(5) = (1) & (2) Clear. O

Theorem 2.14. Let R be a reduced noetherian ring. Then, the following are equivalent:

1. The only nonzero 2r-ideals are P and P? with P € Min(R).

2. R admits two minimal prime ideals P, and P,, and for each i € {1, 2}, there is no ideal strictly between P,
and [P],.

Proof. (1) = (2) By the hypothesis, if P is a minimal prime ideal, then it must be a nonzero 2r-ideal. Thus, R
cannot be a domain. Since R is reduced, by Lemma 2.8, R admits exactly two minimal prime ideals P, and P,.
Leti € {1, 2} and consider an ideal I such that[P], < I € P.. Then, I is a 2r-ideal. Clearly, I # (0). Otherwise
[P:], = (0) and so, since R is reduced, P, = (0), a contradiction. Hence, since I is a nonzero 2r-ideal, we
obtain that I = P, or I = P?. In particular, [P], = P; or[P;], = P?. In the first case, we obtain that P, = P? = [P],
(since [P, < P? ¢ P). Hence, we have always P? = [P],. Then, I = P, or I = [P,],, as desired.

(2) = (1) Since R is reduced, Z(R) = P, U P,. Let I be a nonzero 2r-ideal of R. Then, I < Z(R) = P, U P,.
Suppose that there exists x € I\P; and y € I\P,. Then, x € P, and y € P,. Moreover, x + y € I € Z(R). Thus,
X+yeP orx+yeP,. So, x € Pory e P,, a contradiction. Hence, either I € P, or I < P,. Suppose, for
example, that I € P,. Let x € I* and p, € P;. If x + p, € P, then p, € P,n P, = (0), a contradiction. Thus,
X + p, ¢ Pp. Similarly, x + p, ¢ P,. Thus, r = x + p, ¢ Z(R). Let p; be an arbitrary element of P;. We have,
pir = pr(x + p,) = pix € I. Since I is a 2r-ideal, we obtain p? € I. Thus, [Pi], < I. But there is no ideal
strictly between P; and [P,],. Hence, I = P, or I = [P,],. On the other hand, [P], < P < P,. Thus, P} = P,
or P = [Py],. If P? = P, then, since R is noetherian, P, = (e) for some idempotent e. Hence, [P;], = P2. So,
we have always P? = [P,],. Consequently, I = P; or I = P2, as desired. O
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Theorem 2.15. Let R be a nonreduced noetherian ring. Then, the following are equivalent:
1. The only nonzero 2r-ideals are P and P? with P € Min(R).
2. One of the following holds:
(a) Z(R) is a minimal ideal of R.
(b) nil(R) = Z(R), Z(R)? is a minimal ideal, and there is no ideal strictly between Z(R) and Z(R)>.

Proof. (1) = (2) By Lemma 2.8, P = nil(R) # (0) is the unique minimal prime ideal and Z(R) is an ideal.
Since Z(R) is an r-ideal, Z(R) = P or Z(R) = P2. But P = nil(R) < Z(R). Thus, Z(R) = nil(R) = P. If P2 =0,
then every nonzero subideal of P is a 2r-ideal (by Theorem 2.5(2)), and so equal to P. Thus, P = Z(R) is a
minimal ideal. Now, assume that P2 # (0). Suppose that P? is not an r-ideal. Hence, there exists x ¢ P? and
r ¢ Z(R) = P such that xr € P2. Clearly, x € P. Now, we have P> c P? + (x) ¢ P. Thus, P?>+ (x) is a
2r-ideal, and so P? + (x) = P (since x ¢ P?). Thus, for each p ¢ P, p = xa + b for some a ¢ R and b ¢ P2,
Hence, pr = xra + br € P2. So, rP ¢ P2. Since R is noetherian, there exists an integer n > 3 such that P" = (0).
Let n be the smallest one with this property. We have rP"! ¢ P" = (0). So, P""! = (0) (sincer is regular), a
contradiction. Consequently, P? is a nonzero r-ideal of R. Then, by Theorem 2.5(3), P3 is a 2r-ideal. Thus,
P3 = (0) or P> = P or P3 = P2, If P3 = P (resp. P? = P?), then, using the Nakayama’s Lemma, P = (0) (resp.
P2 = (0)), a contradiction. Then, P3 = (0). Let 0 # I ¢ P2, Since P? is an r-ideal of R and (0) = P* =
(P22 cIcP? 1isa?2r-ideal. So, =P or I =P2 If = P then P = P?, and so P = (0), a contradiction.
Thus, I = P2, and so P? is a minimal ideal. Moreover, each ideal between P and P? is a 2r-ideal, and then
equal to P or P2, Thus, there are no ideals strictly between P and P2,

(2) = (1) It is clear that, in the both cases, P = nil(R) = Z(R) must be the unique minimal prime ideal of
R. Suppose that Z(R) is a minimal ideal and let I be a nonzero 2r-ideal of R. Then, (0) # I ¢ Z(R), and then,
I=Z(R) = P is a minimal prime ideal.

Suppose now that (b) holds. Then, since P? = nil(R)? is minimal, P3 = P? or P3 = (0). Since R is
noetherian, the first case leads to P? = (0), a contradiction. Then, P3 = (0). Let (0) # I be a 2r-ideal of R.
Hence, I ¢ P.IfI ¢ P2, then I = P2, So, suppose thatI ¢ P2. Then, P2 ¢ P? + I ¢ P. Hence, P? + I = P. Thus,
P2=pP34+JP=]JPcI.Hence,P2¢IcP,andsol=P. O

It easy to verify that every primary ideal consisting of zero divisors is an r-ideal, and so a 2r-ideal. In the
rest of this section, we are interesting to rings in which every (nonzero) 2r-ideal of R is a primary.

Recall from [12] that a ring R is said to be an UN-ring if every nonunit element a of R is a product
of a unit and nilpotent elements. Following [6, Proposition 2.25], R is a UN -ring if and only if every element
of R is either nilpotent or unit if and only if nil(R) is a maximal ideal of R.

Theorem 2.16. Let R be a ring. Then, the followings are equivalent:
1. Every 2r-ideal of R is a primary ideal.
2. Ris a domain or R is a UN-ring.

Proof. (1) = (2) Since (0) is a 2r-ideal, then by hypothesis (0) is a primary ideal of R, and so nil(R) = Z(R).
Suppose that R is neither a UN -ring nor a domain. Let M be a maximal ideal of R, then there is x € M\nil(R).
Consider 0 # y € nil(R), and let n be the smallest integer such that y" = 0. For each a, b € R such that
ab € (xy"1) and b ¢ Z(R), we have a?bh? = 0. Thus, a? = 0 € (xy"!) since b? ¢ nil(R). Thus, (xy"!) is a
2r-ideal, and so it is a primary ideal with /(xy™!) = nil(R). Since xy™ ! € (xy"1) and x ¢ nil(R), then
y* 1l e (xy"1). Then, y"1(1 - rx) = 0 for some r € R. Thus, 1 - rx € Z(R) = nil(R) ¢ M, a contradiction.
So, R must be either domain or a UN-ring.

(2) = (1) If R is a domain, then (0) is the only 2r-ideal of R, which is primary. If R is a UN-ring. Then,
every proper ideal of R is primary, in particular every 2r-ideal of R is primary. O
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Theorem 2.17. Let R be a noetherian ring. Then, the following are equivalent:
1. Every nonzero 2r-ideal of R is primary.
2. One of the following holds:
(a) Ris a domain.
(b) R = Dy x D,, where D, and D, are two domains.
(¢) Ris a UN-ring.
(d) nil(R) is prime and minimal, Z(R) is a maximal ideal, and there are no prime ideals strictly between
nil(R) and Z(R).

Proof. (=) Suppose that R is reduced. Let I be a nonzero 2r-ideal. Then, I ¢ Z(R), and so vI < Z(R). Let
a,b € Rsuchthatab e I and b ¢ Z(R). Then, b ¢ JI. Since I is primary, we obtain that a € I. Hence, I is an
r-ideal. Thus, every (nonzero) 2r-ideal is an r-ideal. By using Theorem 2.6, we conclude that R is isomorphic
to a finite product of domains. by Lemma 2.8, R admits at most two minimal prime ideals. Thus, R is
a domain or is isomorphic to a product of two domains.

Suppose that R is not reduced. By Lemma 2.8, P = nil(R) # (0) is a prime ideal, Z(R) is an ideal, and R
is indecomposable. If nil(R) = Z(R), then (0) is primary. Hence, by Theorem 2.16, R is a UN-ring.

Now, suppose that P = nil(R) # Z(R). Let Q<Z(R) be a prime ideal of R. We claim that Q2 = (0).
Suppose that Q? # (0). Then, Q? is primary (since it is a 2r-ideal). If Q2 = Q, then Q = (e) for some idempotent
e. Since R is indecomposable, Q = (0). Thus, P ¢ Q = (0), a contradiction. Hence, Q? # Q. Let z ¢ Z(R)\Q and
x € Q\Q2. Since Q? + (xz) is a2r-ideal, Q% + (xz) is primary. Moreover, xz € Q% + (xz)and z ¢ Q =, Q* + (x2).
Thus, x € Q2 + (xz). Hence, x(1 — zr) € Q? for somer € R. But1 — zr ¢ \/Q? + (x2) = Q < Z(R), otherwise
1 € Z(R). Then, x € Q?, a contradiction. Consequently, Q2 = (0). Thus, P = Q and P? = (0). So, P2 = (0), and
there is no ideal strictly between P and Z(R). Let P?> = (0) # I ¢ P. Then, I is a 2r-ideal, and so primary.
Let x € P and z € Z(R)\P. We have that ] = I + (xz) < P, and it is also primary. We have xz € I + (xz), and
z¢P= I+ (xz). Thus, x € I + (xz), and so x(1 — zr) € I for some r € R. Thus, since 1 - zr ¢ P < Z(R),
we obtain that x € I. Thus, I = P. So, P is a minimal ideal of R.

Consider a maximal ideal M such that Z(R) ¢ M. We have MP = (0) or MP = P (Since P is minimal). On
the other hand, by minimality of P, we obtain that it is principal. So set P = xR. If MP = P, then xM = (x),
and so x = xm for some m € M. Hence, x(1 - m) = 0. Thus, 1 - m € Z(R) € M, a contradiction. Hence,
MP = 0, and so M < Z(R). Thus, Z(R) = M is maximal.

(&) If (a) or (b) or (c) holds the result follows from Theorems 2.11 and 2.16. Now, suppose that (d) holds.
Let I be a nonzero 2r-ideal of R. Then, I € Z(R). Since there are no prime ideals strictly between nil(R) and
Z(R), the only possible minimal prime ideals over I are nil(R) and Z(R). Hence, +/I = nil(R) or ~T = Z(R).
In the first case, I € nil(R), and so I = nil(R), which is prime. In the second case, JI =Z(R), I is clearly
primary since Z(R) is maximal. O

Corollary 2.18. Let (R, M) be a local noetherian ring. Then, the followings are equivalent:
1. Every nonzero 2r-ideal of R is primary.
2. One of the following holds:

(a) Ris a domain.

(b) R is a UN-ring.

(c) Spec(R) = {nil(R), M} such that nil(R) is a minimal ideal of R.

Proof. (1) = (2) Follows from Theorem 2.17.

(2) = (1) It suffices to prove that if (¢) holds then every nonzero 2r-ideals of R is primary. To do so, it
suffices by Theorem 2.17, to prove that Z(R) = M. Since P = nil(R) is minimal, PM = P or PM = (0). Since R
is noetherian, PM = P leads to P = (0), a contradiction. Thus, PM = (0), and so M < Z(R). Hence, Z(R) = M,
as desired. O
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3 2r-ldeals in polynomial rings

We begin this section with following easy fact.

Proposition 3.1. Let R be a ring and I be a proper ideal of R. If I[X] is a 2r-ideal of R[X], then I is a 2r-ideal
of R.

Proof. Let a, b € R such thatab € I and a? ¢ I. Then, ab € I[X] and a® ¢ I[X]. Thus, since I[X] is a 2r-ideal
of R[X], b € Z(R[X]). So, b € Z(R). O

Remark 3.2. Note that the converse implication in Proposition 3.1 is not always true as we will see in
Theorem 3.4.

Let R be a ring and let f € R[x] be a polynomial in one variable over R. The content of f, denoted
by c(f), is the ideal of R generated by the coefficients of f. The content of a polynomial, c(f), satisfies
a number of multiplicative properties. For example, the Dedekind-Mertens Lemma (see, for example,
[13, Theorem 1]) asserts that for every two polynomials f and g in R[x]:

c(fle(@)! = c(g)c(fg), where k = deg(f).

The next result characterizes when I[X] is a 2r-ideal of R[X].

Theorem 3.3. Let R be a ring and I be a proper ideal of R. Then, the following are equivalent.

1. I[X] is a 2r-ideal of R[X].

2. For each ideal A of R and each finitely generated ideal B of R, AB < I implies that[A], € I or anng(B) # (0).
3. For each finitely generated ideals A and B of R, AB < I implies that [A], < I or anng(B) # (0).

Proof. (1) = (2) Let A be an ideal of R and B a finitely generated ideal of R with AB ¢ I and [A], ¢ I. There
exists a € A such that a® ¢ I. Set B= Y Rb; and g = Y| bX'. Hence, B = c(g). We have aB ¢ I. Then,
ag € I[X]. Since a? ¢ I[X], we obtain that anngx|(g) # (0). By using McCoy’s Theorem [14], dg = O for some
d € R*. This makes dB = 0, and hence, anng(B) # (0), as desired.

(2) = (3) Clear.

(3) = (1) Let f, g € R[X] with fg € I[X] and g ¢ Z(R[X]). We claim that f? € I[X]. Assume that f # O.
Following [13, Theorem 1], we have c(f)c(g)"*! = c(g)"c(fg), where n = deg(f). Hence, c(f)c(g)*! c I
since c(fg) < I. Moreover, anngx|(g) = (0) implies that anngxj(g™*!) = (0). Thus, anng(c(g"*!)) = (0). Since
c(g™h < c(g)™1, it follows that anng(c(g)™1) c anng(c(g™*')) and hence anng(c(g)™*!) = (0). Since c(f)
and c(g)"*! are finitely generated ideals of R, we obtain [c(f)], < I. Set f = Z;’ZOaiX i, We have:

. s e
f2 =30 o(@)*X* + Dosicjn®@X = Sroo(@)? X% + Yosicjenl(@ + @) - af — af]X™.

Thus, f? € [c(f)].[X] < I[X]. Consequently, I[X] is a 2r-ideal of R[X]. O

Recall that a ring R is said to be an A-ring if each finitely generated ideal contained in Z(R) has a non-
zero annihilator. It is well known that noetherian rings, zero-dimensional rings, and polynomial rings are
A-rings. Moreover, a ring R is an A-rings if and only if so is Q(R) (see [11,15,16]).

Next, we characterize the A-rings in terms of 2r-ideals.

Theorem 3.4. Let R be a ring. Then, the followings are equivalent:
1. Ris an A-ring.

2. For each ideal 2r-ideal I of R, I1[X] is a 2r-ideal of R[X].

3. For each proper ideal ] of Q(R), J[X] is a 2r-ideal of Q(R)[X].
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Proof. (1) = (2) Let I be a2r-ideal of R. Let A an ideal of R and B a finitely generated ideal of R with AB ¢ I
and [A], ¢ I. By Theorem 2.4, B € Z(R). Since R is an A-ring, we obtain that anng(B) + (0). Accordingly,
by Theorem 3.3, I[X] is a 2r-ideal of R[X].

(2) = (1) Following [17, Proposition 3.5 (c)], to prove that R is an A-ring, we have to show that, for
f € R[X], c(f) € Z(R) implies that f e Z(R[X]). Set I = c(f). The ideal J = S of Q(R) is proper since
c(f) € Z(R). Hence, J¢ is a proper ideal of R, and so an r-ideal of R (by [5, Proposition 2.2]). Moreover,
I ¢ J¢. By hypothesis, J¢[X] is a 2r-ideal, and so f € I[X] € J°[X] < Z(R[X]).

(1) © (3) Theorem 2.7 states that every proper ideal of Q(R) is a 2r-ideal. Moreover, R is an A-ring if and
only if so is Q(R). Now, applying the equivalence (1) & (2) for Q(R), we obtain that Q(R) is an A-ring if and
only if for each proper ideal J of Q(R), J[X] is a 2r-ideal of Q(R)[X]. O

We now turn to characterize the 2r-ideals of the quotient rings.

Proposition 3.5. Let I ¢ ] be two ideal of a ring R. The followings are equivalent:
1. J/I is a 2r-ideal of R/I.
2. Foreacha,b € Rwithab € J, we havea? ¢ Jor(I:b) + 1.

In particular, if I is an r-ideal of R and J/I is a 2r-ideal of R/I, then ] is a 2r-ideal of R.

Proof. (1) = (2) Leta, b ¢ Rwithab € J and a® ¢ J. Then, @® ¢ J /1. Hence, b € Z(R/I). Let x ¢ I such that
bx = 0. We have bx € I, and so x € (I : b). Hence, since x ¢ I, we obtain that (I : b) # I.

(2) = (1) Leta, b € Rsuchthatab € J /I anda? ¢ J/I. Then, ab € J, and a? ¢ J. Thus, (I : b) # I. Since
Ic (I:Db), there exists x € (I : b) such that x ¢ I. Hence, bx = 0 and X # 0. So, b € Z(R/I). Thus, J/I is
a 2r-ideal of R/I.

Now, suppose that I is an r-ideal. Following [5, Proposition 2.2], if b € R satisfies(I : b) + I, thenb € I
or b € Z(R). In both cases, b € Z(R) since I ¢ Z(R). Hence, the desired result follows from (1) = (2). O

The next example shows that even if I is anr-ideal of R and J is a 2r-ideal of R, then J /I needs not to be
a 2r-ideal of R/I.

Example 3.6. Consider the ring A = (’;[ZX’X’;]) with k is a field. The ideal P = (g ){;) is a prime ideal of A. So, set

R = Ap. Then, R is a local ring with maximal ideal M = (X /1, ¥ /1) = Z(R). Suppose Q is a prime ideal of Ap
that is not a maximal. Then, there exists a prime ideal g of A that is contained strictly in P such that
Q = gAp. Moreover, we can write g as q = go/(x?, xy), where ¢ is a prime ideal of k[x, y] that satisfies
(X%, xy) € qo € (x, y). Since k[x, y] is of krull dimension 2 and (x?, xy) € ¢o < (x, ¥) is a chain of prime
ideals, we conclude that gy = (x). Therefore, Q = (x /1). So, R has exactly one nonmaximal prime ideal,
which is nil(R) = (x /1). Then, both nil(R) and M are r-ideals of R. However, M /nil(R) # (0) is not a
2r-ideal of the domain R /P (by Proposition 2.10).

Proposition 3.7. Let f : A — B be a ring homomorphism. The following are equivalent:
1. f(Reg(A)) < Reg(B).
2. For each 2r-ideal ] of B, f7\(J) is a 2r-ideal of A.

Proof. (1) = (2) Let J be a2r-ideal of B. Leta, b € A such thatab € f1(J) and a € Reg(4). Then f(a)f(b) € ]
and f(a) € Reg(B), and hence, f(b)? € J. Therefore, b? € f71(J), and thus, f~1(J) is a 2r-ideal.

(2) = (1) Let x € Reg(A). Suppose that f(x) € Z(B). Then, f(x)y = O for some y € B*. If J = anng(y),
then J is an r-ideal (and hence 2r-ideal) of B. Therefore, f~'(J) is a 2r-ideal of A, and thus, x € f~1(J) < Z(4),
a contradiction. Hence, f(Reg(A)) ¢ Reg(B). O

Corollary 3.8.

e LetR < T berings such that Ris essentialin T (i.e., R n I # (0) for every nonzero ideal I of T). If I is a 2r-ideal
of T, then I N R is a 2r-ideal of R.

e Let S be a multiplicatevely closed set of a ring R. If ] is a 2r-ideal of S™'R, then J¢ is a 2r-ideal of R.
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Proof. (1) Let x € Reg(R). Suppose that x € Z(T). Then, anngr(x) # (0). Hence, since R is essential in T,
R n anng(x) # (0), and so there exists r € R* such that rx = 0, which means that x € Z(R), a contradiction.
Consequently, Reg(R) ¢ Reg(T). Now, the result follows from Proposition 3.9.

(2) Let f: R — SR be the natural homomorphism defined by f(x) = f It is clear that f(Reg(R))
c Reg(S~'R). Hence, the result follows from Proposition 3.9. O

Proposition 3.9. Let f: A — B be a surjective ring homomorphism such that f(Z(A)) € Z(B) and ker(f)
€ Z(A). If 1is a 2r-ideal of A containing ker(f), then f(I) is a 2r-ideal of B.

Proof. Let I be a 2r-ideal of A containing ker(f) and let f(a)f(b) € f(I) for some a, b € A. Since
ker(f) c I, it follows that ab € I, and hence, a € Z(A) or b? € I. Therefore, f(a) € Z(B) (as f(Z(A))
c Z(B)) or f(b)? € f(D). O

Proposition 3.10. Let S be a multiplicatively closed set of R such that S n Z(R) = @. If I is a 2r-ideal of R,
then S~ is a 2r-ideal of S'R.

Proof. Let %, ? € S7IR such that %? €S and% ¢ Z(S7'R). Then, uab ¢ I for someu € S. Let x € R such that

bx = 0. Hence, % % = % So, % = % That is, xs = O for some s € S. But S € Reg(R), and so x = 0. Hence,
2

b € Reg(R), and so ub € Reg(R). Hence, a? € I, and then (%) € S711. Consequently, S is a 2r-ideal of

SIR. O

Proposition 3.11. Let I, and L, be ideals of rings R, and R,, respectively. Then, the followings are equivalent:

1. [} x L is a 2r-ideal of R; x R,.

2. “Lisa2r-idealof Rrand I, = R,” or “Lis a 2r-ideal of R, and I, = R,” or “I; and [, are 2r-ideals of R and R,
respectively.”

Proof. (1) = (2) Suppose that J = I x I, is a 2r-ideal of R; x R,. Since J must be proper ideal of R; x R,, then
L # Rior L # R,. Suppose that I; # R. Leta, b € Rysuch thatab € [and b ¢ Z(R,). Then, (a, 0)(b,1) € I x L,
and (b, 1) ¢ Z(R, x R,). So, (a, 0)?> = (a?,0) € I, x L. Thus, a? € I, and then I, is a 2r-ideal of R,. Similarly,
if I is proper, then L is 2r-ideal of R;. Thus, J = I; x R, or ] = Ry x L or J = I; x I, for some 2r-ideals I; and L,
of R, and R,, respectively.

(2) = (1) Suppose that I, and L, are 2r-ideals of R, and R,, respectively. Let (a, b)(a’, b') € L, x , and
(a',b'") ¢ Z(Ry x R,). Then, aa’ € L, bb' € L,a' ¢ Z(R) and b’ ¢ Z(R,). Hence, a? € I; and b? € L, since I; and
L, are a 2r-ideals of R, and R,, respectively. Thus, (a, b)?> = (a%,b?) € L x L, and so I, x I, is a 2r-ideal
of Ry X Ry. The other cases can be proved similarly. O

Let R be a ring and M an R-module. The trivial ring extension of R by M is the ring R := R oc M, where
the underlying group is R x M, and the multiplication is defined by (a, m)(b, m') = (ab, am’ + bm). It is
also called the (Nagata) idealization of M over R and is denoted by R(+)M. This construction was first
introduced, in 1962, by Nagata [18] with the objective to emphasize the interaction between rings and their
modules and, more importantly, to provide numerous families of examples of rings with zero-divisors.

Proposition 3.12. Let R be a ring, I an ideal of R, and M an R-module. Then the following are equivalent:
1. I oc M is a 2r-ideal of R oc M.
2. Foreacha,b € Rwithab € I, we havea?> € 1 orb € Z(R) u Z(M).

In particular, If I is a 2r-ideal of R, then I c M is a 2r-ideal of R o« M, and the converse holds
when Z(M) < Z(R).

Proof. Recall, from [19, Theorem 3.5], that (x, m) € Z(R o« M) if and only if x € Z(R) u Z(M).
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(1) = (2 Let a,beR with abel and a? ¢ 1. Then, (a,0)(b,0) = (ab,0) eI oc M and (a, 0)?
= (a?,0) ¢ I « M. Therefore, (b, 0) € Z(R o« M), that is, b € Z(R) U Z(M).

(2) = (1) Let (a, m),(b,m'") € R oc M such that (a, m)(b, m") = (ab,am’ + bm) € o« M and (b, m’)
¢ Z(R c M). Then, ab e I and b ¢ Z(R) U Z(M). Hence, a? € I. Thus, (a, m)? = (a?, 2am) € I « M, and so
I oc M is a 2r-ideal of R o« M. O

The next example shows that the converse of the last assertion in the previous proposition is not valid
if one drop the hypothesis that Z(M) < Z(R).

Example 3.13. Set R :== Z and M = Z [ pZ , where p is a positive prime integer. By [19, Theorems 3.2 & 3.5],
pZ < Z|pZ < Z(Z « Z [pZ) is a maximal ideal of Z « Z /pZ, and so an r-ideal. However, pZ is not
a 2r-ideal of the domain Z.

Acknowledgements: The authors thank the anonymous referee for the careful review and the valuable
comments which improved the presentation of the article.

Funding information: The authors extend their appreciation to the Deanship of Scientific Research at King
Khalid University for funding this work through the project (R.G.P.1/101/43).

Author contributions: All authors contributed equally to the writing of this article. All authors read and
approved the final manuscript.

Conflict of interest: The authors state no conflict of interest.

References

[1] F. Azarpanah, O. A. S. Karamzadeh, and R. A. Aliabad, On ideals consisting entirely of zero-divisors, Comm. Algebra 28
(2000), no. 2, 1061-1073, DOI: https://doi.org/10.1080/00927870008826878.

[2] M. Henriksen and M. Jerison, The space of minimal prime ideals of a commutative ring, Trans. Amer. Math. Soc. 115 (1965),
110-130, DOI: https://doi.org/10.2307/1994260.

[3] S.Larson, A characterization of f-rings in which the sum of semiprime l-ideals is semiprime and its consequences, Comm.
Algebra 23 (1995), no. 14, 5461-5481, DOI: https://doi.org/10.1080/00927879508825545.

[4] S. Larson, Sums of semiprime, z, and dl-ideals in a class of f-rings, Proc. Amer. Math. Soc. 109 (1990), no. 4, 895-901,
DOI: https://doi.org/10.2307/2048115.

[5] R.Mohamadian, r-ideals in commutative rings, Turkish J. Math. 39 (2015), no. 5, 733-749, DOI: https://doi.org/10.3906/
mat-1503-35.

[6] U.Tekir, S. Koc, and K. H. Oral, n-ideals of commutative rings, Filomat 31 (2017), no. 10, 2933-2941, DOI: https://doi.org/
10.2298/FIL1710933T.

[7] E. A. Ugurlu, Generalizations of r-ideals of commutative rings, ). Interdiscip. Math. 24 (2021), no. 8, 2283-2293,
DOI: https://doi.org/10.1080/09720502.2021.1876294.

[8] R.N.Uregen, On uniformly pr-ideals in commutative rings, Turkish J. Math. 43 (2019), no. 4, 1878-1886, DOI: https://doi.
0rg/10.3906/mat-1902-102.

[9] S. Koc, U. Tekir, and G. Ulucak, On strongly quasi primary ideals, Bull. Korean Math. Soc. 56 (2019), no. 3, 729-743,
DOI: https://doi.org/10.4134/BKMS.B180522.

[10] D. D. Anderson, K. R. Knopp, and R. L. Lewin, /deals generated by powers of elements, Bull. Aust. Math. Soc. 49 (1994),
no. 3, 373-376, DOI: https://doi.org/10.1017/S0004972700016488.

[11] ). A. Huckaba, Commutative Ring with Zero-Divisors, Marcel Dekker, New York, 1988.

[12] G. Calugareanu,UN-rings, ). Algebra Appl. 15 (2016), no. 10, 1650182, DOI: https://doi.org/10.1142/50219498816501826.

[13] ). T. Arnold and R. Gilmer, On the contents of polynomials, Proc. Amer. Math. Soc. 24 (1970), no. 3, 556-562.

[14] N. H. McCoy, Remarks on divisors of zero, Amer. Math. Monthly 49 (1942), no. 5, 286-295, DOI: https://doi.org/10.2307/
2303094.

[15] ). A. Huckaba and J. M. Keller, Annihilation of ideals in commutative rings, Pacific J. Math. 83 (1979), no. 2, 375-379.


https://doi.org/10.1080/00927870008826878
https://doi.org/10.2307/1994260
https://doi.org/10.1080/00927879508825545
https://doi.org/10.2307/2048115
https://doi.org/10.3906/mat-1503-35
https://doi.org/10.3906/mat-1503-35
https://doi.org/10.2298/FIL1710933T
https://doi.org/10.2298/FIL1710933T
https://doi.org/10.1080/09720502.2021.1876294
https://doi.org/10.3906/mat-1902-102
https://doi.org/10.3906/mat-1902-102
https://doi.org/10.4134/BKMS.B180522
https://doi.org/10.1017/S0004972700016488
https://doi.org/10.1142/S0219498816501826
https://doi.org/10.2307/2303094
https://doi.org/10.2307/2303094

14 —— Khaled Alhazmy et al. DE GRUYTER

[16] T. G. Lucas, Two annihilator conditions: Property (A) and (A.C.), Comm. Algebra 14 (1986), no. 3, 557-580, DOI: https://
doi.org/10.1080/00927878608823325.

[17] A.R. Aliabad and R. Mohamadian, On sz°-ideals in polynomial rings, Comm. Algebra 39 (2011), no. 2, 701-717,
DOI: https://doi.org/10.1080/00927871003591884.

[18] M. Nagata, Local Rings, Interscience Tracts in Pure and Applied Mathematics, Vol. 13, Wiley Interscience, New York, 1962.

[19] D.D. Anderson and M. Winders, /dealization of a module, ). Commut. Algebra 1 (2009), no. 1, 3-56, DOI: https://doi.org/
10.1216/)CA-2009-1-1-3.


https://doi.org/10.1080/00927878608823325
https://doi.org/10.1080/00927878608823325
https://doi.org/10.1080/00927871003591884
https://doi.org/10.1216/JCA-2009-1-1-3
https://doi.org/10.1216/JCA-2009-1-1-3

	1 Introduction
	2 On 2r-ideals in commutative rings
	3 2r-Ideals in polynomial rings
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


