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1 Introduction

In recent years, the study of the approximation properties of Kantorovich-type operators has been a
challenging topic, and a wide literature has been devoted to the subject (see, e.g., [1-8]). As it

is well known, the pioneering idea goes back to Kantorovich [9], who introduced the operators

k1
(BK,f)(x) = (n + l)(_[”,jl f(u)du)pk,,,(x), x € [0,1], n € N, a modified version of the classical Bernstein

n+1

polynomials (B, f)(x) = Zzzof(f)pk,n(x), Din(x) = <Z>x’<(1 - x)"k, replacing the values of the function
over the points (%) by means of an integral mean. Such operators, linked to the Bernstein polynomials by
the relation (B, f)'(x) = (BK,_1f")(x) in case of an absolutely continuous function f, allowed to obtain, in
the LP-spaces, the analog of the classical Weierstrass approximation theorem in C([0, 1]): indeed Lorentz
[10] proved that |BK, f — fllz#qo,1) — O, as n — +oo.

The idea to replace the values of the function by means of an integral mean was applied to a wide range
of operators, including the following generalized sampling operators:

SwfHx) = Zf(k)x(wx -k), xeR, w>0,
kez w
where f: R — R is a bounded function and y is a kernel (see Section 2). Such operators, introduced with
the aim to provide a generalized version of the classical sampling theorem, have been widely studied in last
40 years, together with other related operators (see, e.g., [11-21]), also in view of their deep and natural
connections to applicative problems of signal and image reconstruction. Their Kantorovich version was
introduced in [22], where the authors obtain convergence results in the general setting of Orlicz spaces, and
later on, the approximation properties of such operators were deeply investigated in several function
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spaces, as well as in multidimensional settings [23-26]. We point out that the multidimensional version
of such operators

k+1

Ko f)0) = 3 |w [ fdu fywe =0, £ e RN w0,

kezZN

introduced in [24], proved to be very useful in order to solve some applicative problems of digital image
reconstruction and processing (see, e.g., [27,28]). In this direction, among the several function spaces, the
setting of the spaces of functions of bounded variation is of particular interest. Indeed, in [29], the problem
of the estimate in variation for the operators {K,, f}.,-0 is studied and an applicative interpretation of the
variation diminishing-type estimates is given. Besides estimates in variation, it is natural to face the
problem of the convergence in variation, that is the natural notion of convergence in BV-spaces. Results
about convergence in variation have been obtained in the one-dimensional case (see [30] for {BK,},cy and
[31] for {K,,}w>0), but the multidimensional case, much more delicate but nevertheless crucial for applica-
tions to digital images, is still an open problem.

In this article, we address this issue and obtain a result of convergence in variation (Theorem 3) in the
general case of averaged-type kernels (see Section 2) for multidimensional sampling-Kantorovich opera-
tors {wa}w>0'

We will work in the frame of BV-spaces in the sense of Tonelli. As it is well known, several general-
izations of the Jordan variation to the multidimensional case have been proposed in the literature,
including the distributional variation, the Vitali variation, the Cesari generalized variation, the Ascoli-
Arzela variation, and others. We refer to the monograph by Appell et al. [32] for an exhaustive presentation
of the different notions of variation, also in the multidimensional frame. We choose to work with the
variation introduced by Tonelli [33] for functions of two variables and later extended to the case of
N -variables by Rad6 [34] and Vinti [35], since this concept seems to be very suitable in order to obtain
approximation results for families of integral and discrete operators (see, e.g., [25,36-41]). Moreover, the
natural geometrical aspects connected to the definition and construction of the Tonelli variation allow us to
discuss the previously mentioned applicative issues about digital images [18,29].

In order to reach our goal, we will use an indirect approach. In particular, starting from a natural
relation between the sampling-Kantorovich operators and the generalized sampling series applied to a
singular integral (see (2) of Section 2), we will prove the main theorem (Theorem 3) using a convergence
result for the singular integrals {I,,,W f}wso (Theorem 2), together with an estimate in variation and a con-
vergence result for the generalized sampling operators [18,19]. As it is natural, we have to work within
a suitable subspace of BV(RY) (see Section 2).

The article is organized as follows: after a preliminary section where the main notations and definitions
are presented (Section 2), the main results are proved in Section 3 and examples of kernels to which the
results can be applied are presented in Section 4.

2 Preliminaries

We now recall the definition of the space BV(RY) in the sense of Tonelli [33-35].

Forx =(x, ...,xy) €RY, f: RN SR and I = Hfil[ai, b;] ¢ R¥, we will use the following notations:
- %= (4, s X1, X1, .oXy) € RN x = (%), %) and f(x) = f(x}, ), j=1,..., N;
- I} = [a}, bj] = [T;;[a:, bil and I = [a, b] = [a}, bj] % [@, Bjl, j=1,...,N;

- ax = (ax, ...,axy), for a € R, and, for a # 0, z = (%, ,%"’)
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By VI[f]:= supigpjcr Vig,p[f], we denote the Jordan variation of f over R, where Vi ulf] =
sup Z;’zllf(xi) - f(xi_1)|, the supremum being taken over all the possible partitions a = xg < x<...< X, = b
of[a, b], is the Jordan variation of f on|[a, b].

For I = ]_[fi lai, bi] RY and j=1,...,,N, we define the so-called Tonelli integrals, namely the
(N - 1)-dimensional integrals, as follows:

!

D;
D) = [Viguil £, D,
g
where Vg, pl f (x;-, -)] is the one-dimensional Jordan variation of the jth section of f, and their Euclidean
norm @(f, 1) = {T¥, 0%, D}. As usual, ®(f, ) = +oo if B(f, I) = +00 for some j = 1,..., N.

The variation of f on I ¢ RY is defined as follows:

Vi[f] = sup ) ®(f, J),
k=1

where the supremum is taken over all the finite families of N-dimensional intervals {Ji, ...,J;»}, which form
partitions of I. Moreover,

V[f] = sup Vi[f],

IcRN

where the supremum is taken over all the intervals I ¢ RY, is the Tonelli variation of f on RY.
We will also use the notation

VIFIG) = VIFG )l ) e RN,

so that VI[f] : R¥"! - R, j = 1,..., N, where f(x], -) are the jth sections of f.

Definition 1. A measurable and bounded function f: R¥ — R (f € M(RM)) is said to be of bounded varia-
tion on RY (f € BV(RY)) if V[f] < +oo.

It is obvious that, for every f € BV(RY), Vf exists a.e. in RY and :7]: € L/(RY), for every j=1,..., N.
J

We now recall the definition of local absolute continuity on RY.

Definition 2. A function f: R¥Y — R is locally absolutely continuous in the sense of Tonelli (f € AGy.(RY))
if, for every interval I = Hfil[ai, b;] and for every j = 1, 2,..., N, the jth section of f, f(x;-, ) [a, bj] - R,
is absolutely continuous, for every x} € [a}, bj].

We will denote by AC(RY) := BV(RY) n AG,.(RN) the space of the absolutely continuous functions
on RN. We recall that, for every f € AC(RN), V[f] = jRN|vf(x)|dx (34,35].
We will now introduce the family of sampling-Kantorovich operators, namely

k+1

K () = Z wN If(u)du x(wt - k), teRN, w>o0,
kezZVN %

where f: R¥ — R is a bounded function and y : R¥ — R is a kernel.
The operators {K,, f},-0 have been introduced in [24] as the Kantorovich version of the multivariate
generalized sampling series

SufE) = Y f(%)x(wt “X), teRY, wso.

kezZVN
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In [29], the following estimate in variation was obtained for the sampling-Kantorovich operators
{K, f}w>0, With kernels X, of averaged type (see definition (1) below), proving that such operators map
BV(RY) into itself.

Theorem 1. ([29], Theorem 1) For every f € BV(RY), m e N, w > 0,
> m+1 N
VIR, f] < NTH")G hVI£I,
i=1
and hence K, f € BV(RY). Moreover, K,,f € AC(RM).
In this article, we will go a step further and prove a result of convergence in variation for {K, f}-o.

Obviously, the setting will be the same, namely we will consider sampling-Kantorovich operators with
kernels y,, of averaged type, denoted by

~

+1

®RIPE) = Y | wh

kezZN

fwdu |, (wt - k), teRN, w>D0. 6))

5\*‘%%‘

We will similarly denote by S,,f the multivariate generalized sampling series of f with averaged
kernel x,,,.
Saying that the kernels are of averaged-type means that

N
Xm(t) = HXi,m(ti)s
i=1
where

Xim(@®) = x;(t+v)dv, teR,

1
m

|
N‘E'—N\g

for some m € N, and y; : R — R is a one-dimensional kernel for every i = 1,..., N, i.e,, it satisfies the
following conditions:

(X) X; € L'(R) is such that }, ,x;(u — k) = 1 for every u € R;

(X2) Ay, = SUPucr X7 IX;(U = K)| < +00, where the convergence of the series is uniform on the compact
sets of R.

One can immediately verify that y; ,, is a kernel itself and that

X mlzwy < IRy

for everyi=1,...,N.

Moreover, x,, turns out to be a multidimensional kernel, namely it satisfies the multidimensional
versions of (xy;) and (x,), that is,

X4") X € L'RY) is such that ¥, _,nx,,(u — k) =1 for every u € RY;

()(ZN ) Ay = sup,rvY, oK, (0 — k)| < +oo, where the convergence of the series is uniform on the
compact sets of RV,

We refer to Section 4 for examples of kernels that fulfill all the above assumptions.

It is immediate to see that, if y is a multidimensional kernel, then both the family of operators {K,, f },>0
and {S, f}w-0 are well-defined, for instance, for every bounded function, and therefore, for every
f € BV(RM): indeed, if |f(t)| < C for some C > 0, by (x,), |(Ky f)(t)| < CY, onlx(wt — k)| < CA, for every
t € RY,

In order to prove the main result about the convergence in variation for {K,f}y-0, we will use an
indirect approach. In particular, it is well known that, in the one-dimensional case, it is possible to write
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the sampling-Kantorovich operators as the generalized sampling series of a singular integral (see, e.g.,
[31]). Here, we will make use of the analogous identity in the multidimensional case. In particular, let us
denote by

I, f(t) = (F * @,)(t) = jf(u)qaw(t ~ W)y,
|RN

t € RN, w > 0, the singular integral of f with kernel {g, },,»o. The family ¢, is, as usual, an approximate
identity, namely it satisfies the following assumptions:

(A1) @, € LY(RN), o, lwyy < A, for some constant A > 0 and J[RN(pw(u)du =1, for every w > 0;
(A2) for every fixed 6 > O, lim‘,Hwoj| | 6|(pw(u)|du =0.
u|>

1, t e [-1, 0¥
o, otherwise,

Let us now consider i, (t) = WNX[il’O]N (wt), where )(H,O]N(t) = { > is the character-
istic function of [-1, O]V. Then, it is immediate to see that {1, },-0 is an approximate identity (with A = 1)
and

K () = (Su(Ty, f) ) (), )

for every w > 0, t € RV,

Using such relation, we will prove the main convergence result by means of an estimate in variation
[19], a convergence result for the generalized sampling operators [18] and for the singular integrals
{Iy, f}wso (Theorem 2 of Section 3). In order to establish it, we have to introduce a subspace of L(RY)
(see [16]) and, of course, some notations.

We recall that an admissible partition over the i-th axis is a partition Z; := (Xi,f,-)i,-el such that

0 <= in, If(os = xige) < 0, SupCo - ) = B < voo
A sequence X = (x3);ez% € RN, x5 = (xj, ..., Xn,j,), and 3 = (J;, ...,jy) € ZV, is said to be an admissible
sequence if it is the cartesian product of admissible partitions Z; = (X;;);cz. For a fixed admissible se-
quence %, the IP(X)-norm of f: RN — R is defined as follows:

1
P
If sy = { > supo(x)IPAj} , 1<p<+oo,

jEZNerj

where Q; = TV, [x-1, ;[ and A; = TTY, (%, — Xi;-1) denotes the volume of Q;.

The sampling grid, that is, the cartesian product of (%)k , i=1,...,N, is indeed an admissible
i€

sequence: for its importance, it will be denoted by Z¥. Similarly, by X¥-!, we will denote the cartesian

product of (%)k , i #j, that is, the sampling grid on RN-1, excluding the jth coordinate.

i€

Then, the subspace AP(RY), p > 1, is defined as follows:
AP(RN) = {f € MRY) : Iflirs) < +oo, for every admissible sequence Z}.

We recall that AP(RY) is a proper linear subspace of LP(RV) that contains, among others, all the measurable
functions with compact support: this one and other properties of AP(RY) can be found in [16] and [42].

We will also use the following notation introduced in [19]: by BV,(RY), we denote the space of functions
f e M(RY) such that the jth sections f(x}, -) are of bounded variation on R for a.e. in x; € R¥"! and
Vi[f] € A(RN-Y), for every j=1,..., N.

Of course, BV,(RY) is a subspace of BV(RY) and, for example, it contains all the functions of bounded
variation with compact support.

Finally, Rj,. will denote the space of all the locally Riemann integrable functions f: RN — R.
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3 Convergence in BV(R") by means of sampling-Kantorovich
operators

In this section, we will prove the main result, that is, the convergence in variation by means of sampling-
Kantorovich operators. In order to do this, we will provide an estimate (Proposition 1) and a convergence
result (Theorem 2) for the singular integrals, which will be an intermediate step to reach the main result.

Results about convergence in L? by means of singular integrals are well known (see, e.g., [43]). We will
now study the operators {I, },, in the subspace AP(RY). First, we will state an estimate in BV,(RY) for the
singular integrals

(I,8) () = Il,[)w(t)g(x - t)dt, xeRV.
[RN

Proposition 1. If g € BVA(RY), then I, g € BV,(R") for every w > 0, and for every admissible sequence TN-!
(in RN-1) with lower mesh A > %, there is a constant C > 0 such that

1Vi[1y,g]leer- < CIVIIglleery. ®

Proof. Since g € BV4(RN), in particular, g(x}, -) is of bounded variation on R for a.e. x; € RN-1, Now,
let IN-1 = (Rk;)k}EZN'I be an admissible partition (in R¥-1), with associated intervals Qy; of volume Ay, and

let D = {s]p < s}p < ... <5]-"} be an increasing sequence in R. Then we have

u
IVi[lp8]leery= Y supsup ¥ IlygC<), 5) - Iy, 8Cx), 51 DIAy

KezN-1%€Q¢ D j=1

u
= Z sup sup z J‘ l/)w(t)[g(xlj - t;, sjA - t}) - g(X; - t;’ Sinl - t])]dt Ak;
A=1 N

!
kgeszlxjer}_ D

< ¥ sup [ (0IVIgG - o Odedy

! e 7N-1x5€Qy.
KjeZ j QK, RN

< [ Wl T sup VigGd - o lade
[RN

G130y

< [ Wl T sup Vit dlae,
N KezN-1vj€Qy

w>0, j=1,...,N, where Qk; = Hf\i’ll[)?i,,-i_l,)?i,ii + %[ Indeed, it is sufficient to note that i, (t) =0

if t; ¢ [—%, 0], for some i=1,...,N. Now, we have that Q_k;, :H?Sl([)zi,ji—l’Xi,ji[U[Xi,jia)?i,ji+%[)g

Uni=0,1-+Uny 1=0,1Q¢+n, With n = (n, ...,ny-1). Therefore,
V| Iy, 8 [ley-y < | 18, (O sup V[g(uj, )]Avdt
7
N m=0,1  ny1=0,1Kjez¥1  uj€Quin
=Nt z sup V[g(uj, Ay = 2V VI[g]llpr-y < +oo,

U
k;_Eszlu,-eQKj

since V/[g] € A(RN-Y). This means, taking into account Lemma 3 of [16], that VI[I, g] € A(RN-Y), for every
j=1,...,N, and thus I, g € BV,. O

We will now prove a result of convergence in AP(RY) for the singular integrals Iy 8, where Y, (t) =
WNX[_LO]N (wt), t € RN, w > 0, which will be used in the proof of the main convergence result.
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Theorem 2. If g € AP(RN) N Ry, then

lim | g - glles,) = O
W—+00
for every admissible sequence X, with upper mesh size A = %

Proof. Using assumption (A1) and Jensen’s inequality (recalling that |u|’, u € R, p > 1, is a convex function
and that A = 1 for 1,,) we can write

p p

(14,80 - 8GO =| [ (08 - D)t - 80| = | [ ,(0)gx - ©) - gGolde
RY RY

< j [, (DllgGx — t) — gGoPde
RN

= I %, (D8 (x - ) - g()IPdt + I %, (D8 (x - t) - g(=x)|Pdt

|t|<6 |t]>6

for every § > 0, x € RN, Therefore,

Iyg = 8lhs = Y. supl(ly,g)(x) — g(x)IPA,

jezNXE1

< ¥ osup [ W(OllgG - ©) - gGoPdea,

. NXEQ
jeZ 3] lt|<6

+ Y sup j 1, (DlIg(x — £) — gGPAEA, = (S1 + So).

: 7N x€Q
jeZ 3] lcl>8

We now estimate S;. There holds

Si< [ W01 T suplee - ©) - gCopade < [ W] Y supwie x, 20004t

jEZNXEQj jEZNerj

|t|<é |[t|<é

where wi(g, x, 6) =sup{|g(t + h) —g(t)|: t,t +h € Hf\il[xi - 6/2, x; + 6/2]} is the modulus of smooth-
ness of g. Denoting 7(g, 8), = |wi(g, -,6)l,, by Proposition 10 of [16] (see also Proposition 22 of [42]), there
exists C > 0 (independent by the admissible sequence) such that

p
1
Sl < ”wl(ga ’26)”51’(2‘//) I |lnbw(t)|dt < ”wl(g’ ’26)”5’(2‘,,) < (Crl(g’ 6 + W) ) '
p
|t|<6

Now, let us fix € > 0, then Proposition 7 of [16], there exists w > 0 such that, for every w > w, (g, %)p <E.

S < (C‘rl(g, %)p)l’ < (Ce)?

for every w > w. About S,, it is sufficient to note that, for every w > JNw, Y, (t) =0,if|t] > 6 = % (indeed,

N T s 1 _
|t| > 6 implies that there exists j = 1,..., N such that|t]| > " T and so wltj| > \/NWltjl > 1). Therefore,

. . 1
Therefore, if we consider 6 = =

S, =0, forw > JNw, and so we conclude that

I1y,8 - 8ler,) < Ce

for sufficiently large w > 0. O
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We are now ready to prove the main convergence result.

Theorem 3. Let f € AC(RV) be such that - - af € A(RY) N Ry, forevery j = 1,..., N, and let ™ be an averaged
kernel with compact support. Then,

lim V[K,f~f]=

wW—+00

Proof. We first note that, with the above assumptions, f € BV4(RN). Indeed, for every admissible sequence
IN-1jn RN-1 (with associated intervals Qy of volume Ay),

Ve = || | g—)’;(-,)q) g
/)

R oM

since f e AC(RN), for every j=1,..., N. Now, let us consider the admissible sequence X = (k; Jgez in R
associated to the intervals Qy, := [k;, k + 1[, kj € Z, of measure Ay, = 1. Obviously, the sequence N = ZN Ix %,
obtained as the cartesian product of ZN ! for the N — 1 components (other than j) and  for the j-th one, is an
admissible sequence in R¥. Moreover there holds

R

IVIL£ Tl dx;

(=N

(%)

of
= sup ’a—(xi,xj) dxjAk;
k;Eszlx’]-er:], = Xi
ki+1
= sup > I (x],X] Xy ()
keZN 1x] 6Qk’ kez
k;

IN

sup > sup
keZN 1%} er kez uk/er}
of

an

AijkI{

)
a_)];(xll’ uk)’)

IN

< +00,
[0

smce € A(RY), by assumption.

Moreover, by Theorem 1, K,'f € BV(RY).
Now we can write, for every w > 0, m € N,

VIRyf - f1 < VIKyf = Sf1 + VISyf - f1.

By (2), we have that (K, f)(t) = (S, (Iy,f))(t), t € RN, and so, taking into account that, by Proposition 1,
Iy fe BVA(RYN), by Theorem 3.1 of [19], we have the estimate

N N
VIRwf - Swf1 = V[S5'(Iy, £ - £)] < [Tl Y1V [Ty, £ = £]llecs,
i=1 j=1
where we recall that the admissible sequence ZN¥~! is the cartesian product of (%)k , i # j, namely the
sampling grid. ’E
Now, Iy f € AC(RN) because f € AC(RY) (see, e.g., Proposition 5 of [37] in the particular case of linear
operators), therefore, similarly to (4), there holds
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||Vi[Iszf—f] lletgy-1y = I %(prf—f)(- X7 | dx;
j

R ey

0 1
< sup | —Uy, f-HCx)|—
kez [kj ki+1[ 0xj w
) X]'E ww
eEy
0 9 0
< _(Ilpwf_f) = I¢W_f __f
an i 5) an aX]'

(=)

By assumption, :7{ € A(RM) N Ry, for every j = 1,..., N, and therefore, by Theorem 2, there exists w; > 0
such that, for eve{'y w > Wy,

of of £
Il/lw ? - ? < Nin
X; X; sy 2NTTLL Il wy
This implies that
VIRYf - Suf) < . 5)

Finally, by Theorem 1 of [18], there exists w, > O such that, for every w > w,,
VISVf~f1< 3

which, together with (5), implies that
VIR,f-fl<e

for every w > max{w;, w,}. O

4 Examples of kernels

We will now give examples of families of product kernels of averaged type. First of all, we can consider
the averaged kernels of Fejér-type, namely Fp(t) = ]_[f\i lF,,,(l‘i), t € RY, where

m/2
F,(t) = 1 I sincz(H—V)dv, teR, meN,
2m 2
-m/2

is the averaged version of the classical Fejér kernel F(t) = %sinc 2(g), x € R. It is well known that F(t)
satisfies (y;) and (x,) (see, e.g., [24]), therefore F,(t) is a kernel with the desired properties. Note that,
sin(7x)

as usual, the sinc-function is defined as sinc(x) = { w0 X7 0
1, x=0.

Another family of product kernels of averaged-type can be constructed as Jp n(t) = Hf.\i Jm, A8, t e RN
starting from the averaged version of the Jackson kernel

m/2
Jn(t) = Sn J sincz"(H—v)dv, teR, meN,
2m 2nna
-m/2

2nma

-1
where ¢, = [I[R Sincz”(i)du] ,neN,and a > 1 (see, e.g., [29,43]).
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The above kernels have unbounded support, thus, they fulfill all the conditions for Theorem 1, but not
for Theorem 3, which holds for kernels with compact support. Nevertheless, it is also easy to provide
examples of kernels of averaged-type with compact support: among them, there are the central B-splines
of order n € N. Such kernels, well known in approximation theory (see, e.g., [43]), are defined as follows:

n-1

1 n (n\(n .
M (x) = —>  (-1) —+x-1 , X€eR,
) (n - 1)!21:0( )(i)(z )+
where (x), = max{x, O} denotes “the positive part” of x € R, and satisfy conditions (y;) and (x,). Moreover,
they are of averaged-type since

Mn,l(t) = Mn+l(t)’ teR,

for every n € N; in other words, the averaged kernel with m = 1 generated by a central B-spline of order n
is a B-spline of order n + 1. Therefore, the product kernel M(t) = Hﬁi M) = ]'[fi Mua(t), t eRV,
is an example of a kernel to which all our results can be applied.
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