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Abstract: In this article, we study a class of pseudomonotone split variational inequality problems (VIPs)
with non-Lipschitz operator. We propose a new inertial extragradient method with self-adaptive step sizes
for finding the solution to the aforementioned problem in the framework of Hilbert spaces. Moreover, we
prove a strong convergence result for the proposed algorithm without prior knowledge of the operator norm
and under mild conditions on the control parameters. The main advantages of our algorithm are: the strong
convergence result obtained without prior knowledge of the operator norm and without the Lipschitz
continuity condition often assumed by authors; the minimized number of projections per iteration com-
pared to related results in the literature; the inertial technique employed, which speeds up the rate of
convergence; and unlike several of the existing results in the literature on VIPs with non-Lipschitz opera-
tors, our method does not require any linesearch technique for its implementation. Finally, we present
several numerical examples to illustrate the usefulness and applicability of our algorithm.
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1 Introduction

Let C be a nonempty, closed, and convex subset of a real Hilbert space H with induced norm ||-| and inner
product (-,-). The variational inequality problem (VIP) for f on C is defined as follows:

find X € C suchthat (fX,x - X) >0, VYxeC 1)

If f is monotone, the problem (1) is known as a monotone VIP, while it is known as a pseudo-monotone VIP
if f is a pseudo-monotone. We denote the solution set of VIP (1) by VI(C, f). In the early 1960s, Stampacchia
[1] and Fichera [2] independently introduced the theory of VIP. The VIP is a fundamental problem that has
a wide range of applications in the applied field of mathematics, such as network equilibrium problems,
complementarity problems, optimization theory, and systems of nonlinear equations (see [3,4]). As a result
of its wide applications, several authors have proposed many iterative algorithms for approximating the
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solution of VIP and related optimization problems, (see [5-11]) and the references therein. The VIP is widely
known to be equivalent to the following fixed point equation:

x* = Pe(I = Af)x*, 2

for A > 0, where P is the metric projection from H onto C.
A simple iterative formula that is an extension of (2) is the projection gradient method presented
as follows:

Xn1 = PC(I - Af)xm (3)
where A € (O, i—'j) and f: H— H is a-strongly monotone and L-Lipschitz continuous. It is known that
Algorithm 3 only converges weakly under some strict conditions that the operator f is either strongly
monotone or inverse strongly monotone but fails to converge if f is monotone.

In order to overcome this barrier, a famous method called the extragradient method (EgM) was intro-
duced by Korpelevich [12] for solving VIP in finite dimensional Euclidean spaces, which is defined
as follows:

(4)

Yo = PcOtn = Afxn),
Xn1 = Pe(Xq - /‘fyn), nx1,

where f is monotone and a Lipschitz continuous, A € (O, %), and C € R" is a closed convex set. If the
solution set VI(C, f) is nonempty, then the sequence {x,} generated by the EgM converges to an element
in VI(C, f).

In recent years, the EgM has received great attention from numerous authors who have improved it
in various ways (see, for instance, [13—15]). It is observed that the EgM requires the computation of two
projections onto the closed convex set C per iteration. However, projection onto an arbitrary closed convex
set C is often very difficult to compute. In order to overcome this barrier, authors have developed more
efficient iterative algorithms; some of these algorithms are discussed below.

In 2000, Tseng [16] proposed the following iterative scheme known as the Tseng’s extragradient
method (TEgM):

Algorithm 1.1.
Xo € H,
Yn = PC(Xn - Aan), (5)
Xn+1 = Yy — A(fyn - fxn);

where A is a monotone and a Lipschitz continuous operator and A € (0, %) Clearly, the TEgM requires one

projection to be computed per iteration and hence has an advantage in computing projection over the EgM.

Furthermore, Censor et al. [8] introduced a new method that involves the modification of one of
the projections in the EgM by replacing it with a projection onto an half space. This method is called
the subgradient extragradient method (SEgM) and is defined as follows:

Algorithm 1.2. (SEgM)

Xo € H,

Yo = PcOtn = Afxn),

Li={z e H: Xy = Mxn = Yy 2 = Yp) < 0},
Xns1 = Pr,(xq = Afy,).

(6)

Censor et al. [8,9] proved that provided the solution set VI(C, f) is nonempty, the sequence {x,}
generated by the SEgM converges weakly to an element p € VI(C, f), where p = lim,_,Pvi(c,ayn.
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Also, Maingé and Gobinddass [17] obtained a result that relates to a weak convergence algorithm by
using only a single projection by means of a projected reflected gradient-type method [14] and an inertial
term for finding the solution of VIP in real Hilbert spaces.

Another related problem is the fixed point problem (FPP). Let S: C — C be a nonlinear mapping.
A point p € C is called a fixed point of S if Tp = p. We denote by F(S), the set of fixed points of S, that is,

F(S)={peC:Sp=p. (7)

Many of the problems in sciences and engineering can be formulated as finding the solution of FPP of
a nonlinear operator.

Recently, Thong and Hieu [18] introduced the following viscosity-type subgradient extragradient algo-
rithm for approximating a common solution of VIP and FPP in Hilbert spaces:

Algorithm 1.3
Let xy € H, Ay > 0 and u € (0, 1). Compute x,,; as follows:
Step 1. Calculate

Yo = Pe(Xq = An fXn).
Step 2. Compute
Zn = PTn(Xn - Anfyn)’

where T, = {x € H: (X, — Anfxn — ¥, X — ¥,) < O}
Step 3. Compute

X1 = @ fO) + (1 - an)[(l - ﬁn)zn + BnSZn]
and

] ul = Yl .
min{ ——— %, if fx, — + 0,
An+1 = {”an - fyn" f " fyn

Ans otherwise.

Setn:=n + 1 and go to Step 1.

S : H — H is a demicontractive mapping such that I — S is demiclosed at zero, A : H — H is monotone
and Lipschitz continuous, and f: H — H is a contraction.

Censor et al. in [7] introduced another problem called the split variational inequality problem (SVIP).
The SVIP, which is a more general problem than the VIP, is formulated as follows: Find x € C such that

<fX’y_X>203 VJ/GC (8)
and

(g(Ax),z - Ax) 20, VzeQqQ, )]

where C and Q are nonempty, closed, and convex subsets of real Hilbert spaces H; and H,, respectively;
f and g are nonlinear mappings on C and Q, respectively; and A : H; — H, is a bounded linear operator.
Observe that the SVIP can be viewed as a pair of VIPs in which the image of the solution of one VIP in
a space H; under a given bounded linear operator T is a solution of another VIP in another space H,.
The following algorithm was introduced by Censor et al. [7] for solving SVIP (equations (8) and (9)):

Xni1 = Pe( = Af)On + TA'(PoI - Ag) — DAXn),  Vn €N, (10)

and the authors proved the following convergence theorem:

Theorem 1.4. Let A : H; — H, be a bounded linear operator and f : Hy — H; and g : H, — H,, be, respectively,
a;- and a,-inverse strongly monotone operators with a := min{a;, a,}. Assume that SVIP (equations (8) and (9)) is
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consistent, T € (O, %) with L being the spectral radius of the operator A*A, A € (0, 2a), and suppose that for all x*
solving SVIP (equations (8) and (9)),

f(x), Pc(I = Af)(x) — x*) >0, Vxe€ H,. (11)

Then the sequence {x,,} generated by (10) converges weakly to a solution of SVIP (equations (8) and (9)).

It is clear that Algorithm 10 fully exploits the splitting structure of the SVIP (equations (8) and (9)).
However, the weak convergence of this method was proved under some strong assumptions, such as
assumption (11) and the fact that both mappings are required to be co-coercive (inverse strongly monotone).
It is worth mentioning that assumption (11), which depends on the averaged operator technique, has been
dispensed with by other authors for solving the SVIP and related problems (see, e.g., [19-22]), but their
methods also relied on the co-coercivity of the cost operators.

In order to overcome some of these weaknesses, He et al. [23] proposed an easily implementable relaxed
projection method, which fully exploits the splitting structure of the SVIP, for solving the SVIP (equations
(8) and (9)) when the underlying operators are monotone and Lipschitz continuous in finite dimensional
spaces. However, this method still requires the reformulation of the original problem into a VIP in a product
space (for more details, see [23]).

Tian and Jiang in [24] studied a more general class of SVIP. Precisely, the authors investigated the
following class of SVIP: find x € C such that

fx,y—-x)>0 VyeC and Ax e F(S), (12)

where f: C — H; is monotone and Lipschitz continuous, S : H, — H, is a nonexpansive mapping, and
A : H, — H, is a bounded linear operator.
Moreover, the authors proposed the following algorithm for approximating the solution of problem (12):

Vo = Pcltn — A (I - S)AXxy),
tn = PC(yn - Anf(yn)): (13)
Xne1 = Py = Auf (), nz1.

In addition, they proved the following convergence theorem:

Theorem 1.5. Let H; and H, be real Hilbert spaces, and let C be a nonempty closed convex subset of H.
Let A : H — H, be a bounded linear operator such that A + 0, and S : H, — H, be a nonexpansive mapping.
Let f : C — H; be a monotone and L-Lipschitz continuous mapping. Suppose thatT = {z € VI(C, f) : Az € F(S)}

# @ and the sequences {x,} is defined for arbitrary x; € C by (13), where {1;} C [a, b] for some a, b ¢ (O, ﬁ)

and {A,} ¢ [c, d] for somec, d € (0, %) Then {x,,} converges weakly.

It is clear that the class of SVIP (12) considered by Tian and Jiang [24] generalizes the class of SVIP
(equations (8) and (9)) considered by Censor [7]. However, we observe that the result of Tian and Jiang [24]
is only applicable when the associated cost operator f is monotone and Lipschitz continuous and S is non-
expansive. Moreover, the implementation of the proposed Algorithm (13) by the authors requires knowledge of
the Lipschitz constant of the cost operator f and prior knowledge of the operator norm ||A||. In several instances,
these parameters are unknown or difficult to estimate, which can hinder the implementation of their proposed
algorithm. In spite of all these stringent conditions, the authors were only able to obtain a weak convergence
result for their proposed algorithm. It is known that in solving optimization problems, strong convergence
results are more applicable and therefore more desirable than weak convergence results.

In order to remedy some of the above limitations, Ogwo et al. [25] proposed and analyzed the con-
vergence of the following algorithm for solving SVIP (12) when the underlying operator f is pseudomono-
tone (a weaker assumption than the monotone assumption) and Lipschitz continuous, and T is strictly
pseudocontractive mapping:
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Algorithm 1.6

Initialization: Let y > O, [, u € (0, 1) and x; € H, be given arbitrary.
Iterative Steps: Calculate x,,; as follows:

Step 1. Compute

Wy = Pe(xn — T, A - Tﬁ)AXn)’ and o= Pe(Wn = Anf),

where0 <a<t,<b<

fying

m, Tz = BI + (1 - B)S, and A, is chosen to be the largest A € {y, y1, yP, ...} satis-

Aallfwy, - ﬁ/n" < ulw, - )’,,II-
Step 2. Compute
Xn+1 = ang(xn) + (1 - an)zn;

Zn=Yn — An(fyn - an)
Setn :=n + 1 and go back to Step 1.

f: Hy — H is a pseudo-monotone, Lipschitz continuous, and sequentially weakly continuous operator
on bounded subsets of Hy, g : Hl — Hj is a contraction mapping with constant p € (0,1), A: H, —» H, is
a bounded linear operator, and S : H, —» H, is a k-strictly pseudocontractive mapping with x € [0, 1).
Moreover, the authors proved the following strong convergence theorem:

Theorem 1.7. Let {x,,;} be a sequence generated by Algorithm 1.6. Assume that lim,,_, &, = 0 and Z‘rﬁlan = +00.
Then {x,,} converges strongly to z = Prg(z), whereT = {z € VI(C,f) : Az € F(S)} + @.

We observe that while the result of Ogwo et al. [25] is an improvement over the result of Tian and Jiang
[24], the following drawbacks are identified in their result: (1) their result is not applicable when the cost
operator f is non-Lipschitz and/or not sequentially weakly continuous, and the operator T is more general
than strict pseudocontractions; (2) the proposed algorithm involves linesearch technique, which could be
computationally expensive to implement due to its loop nature; (3) implementation of their proposed
algorithm requires knowledge of the operator norm.

One of our goals in this article is to remedy the above drawbacks. More precisely, we propose a new
iterative method for approximating the solution SVIP (12) with the following features:

(1) Unlike the result of Ogwo et al. [25] and Tian and Jiang [24], our proposed algorithm is applicable when
the cost operator f is a non-Lipschitz pseudomonotone operator and T is a quasi-pseudocontraction.
Moreover, our method does not require the weakly sequentially continuity condition assumed in [25]
and in several other existing results in the literature on VIP with a pseudomonotone operator.

(2) Our proposed algorithm does not involve any linesearch technique. It uses a simple but efficient self-
adaptive step size technique that generates a nonmonotonic sequence of step sizes.

(3) The implementation of our proposed algorithm does not require knowledge of the operator norm.

(4) Unlike the result of Tian and Jiang [24] and several other results in the literature on SVIP, our method
requires evaluating a minimal number of projections per iteration.

(5) Our method employs the inertial technique to accelerate the rate of convergence.

(6) In addition, the sequence generated by our proposed algorithm converges strongly to the solution of
the SVIP (12).

Finally, we present some applications and numerical examples to illustrate the usefulness and efficiency
of our proposed method in comparison with some related methods in the literature.

Subsequent sections of this article are organized as follows: in Section 2, we recall some basic definitions
and lemmas that are relevant in establishing our main result; in Section 3, we present our proposed method,
while in Section 4, we first establish some lemmas that are useful in establishing the strong convergence result
of our proposed algorithm and then prove the strong convergence theorem for the algorithm; in Section 5, we
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present some numerical examples to illustrate the performance of our method and compare it with some related
methods in the literature, and finally, Section 6, we give a concluding remark.

2 Preliminaries

In this section, we recall some basic lemmas and definitions required to establish our results. We denote by
x, — x and x, — x the weak and strong convergence, respectively, of a sequence {x,,} in H to a point
x € H. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. The metric projection [26]
Pc : H — C is defined for each x € H, as the unique element Pcx € C such that

[[x = Pex|| = inf{||x — z|| : z € C}.

The operator P is nonexpansive and has the following properties [27,28]:
(i) for all x,y € C, we have

[Pcx — Peyl* < (Pex = Py, X = y);
(ii) for any x € H, z = Pcx if and only if
(x-2z,z-y)=20 Vy,zeC;

(iii) for any x € H and y € C, we have

IPex = yIP + lIx = PexI? < lIx = yIP.

Definition 2.1. Let T : C — C be a mapping. Then, T is called
(i) L-Lipschitz continuous, if there exists a constant L > 0 such that

ITx - Tyl < Lix -yl vx,y € C;

If L € [0, 1), then T is a contraction mapping and it is nonexpansive if L = 1;
(ii) quasi-nonexpansive, if F(T) + @ and

ITx -pl<lx-pl vxeC and peF(T);
(iii) k-strictly pseudocontractive mapping, if there exists x € [0, 1) such that
ITx = Tyl? < lIx = yI* + &l = T)x - I - T)yI> Vx,y € C;

if k = 1, then T is pseudocontractive;
(iv) monotone, if

(Ix - Ty,x -y) 20 Vx,yeC;
(v) a-inverse strongly monotone (a-ism) (or a-co-coercive), if there exists @ > 0 such that
(Tx - Ty, x = y) > allTx - Ty|> Vx,y € C;

ifa =1, T is firmly nonexpansive;
(vi) B-strongly monotone, if there exists f > 0 such that

(Tx = Ty, x = y) 2 Bllx =yl Vx,y € C;
(vii) pseudomonotone, if
(Tx,y -xy>0=(Ty,y-x) >0 Vx,y€(;

(viii) a-averaged, if T = (1 — a)l + aS, where a € (0,1) and S : C — C is nonexpansive, see [29];
(ix) uniformly continuous, if for every € > 0, there exists § = §(¢) > 0 such that

ITx — Tyl < € whenever |x —y| <6 Vx,y e C.
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In this connection, see Proposition 11.2 on page 42 of [30] and the early article by Bruck and Reich [31].
It is known that firmly nonexpansive mappings are %—averaged while averaged mappings are nonexpansive.
Also, every a-inverse strongly monotone mapping is %—Lipschitz continuous. Moreover, if f is a-strongly
monotone and L-Lipschitz continuous, then f is %—ism. Furthermore, both a-strongly monotone and
a-inverse strongly monotone mappings are monotone, while monotone mappings are pseudomonotone.

However, the converse is not true. For instance, the mapping f: (0, co) — (0, co) defined by fx = ﬁ

is pseudomonotone but not monotone. In addition, we note that uniform continuity is a weaker notion
than Lipschitz continuity. For more examples on pseudomonotone operators that are not monotone,
check [32,33].

Definition 2.2. An operator T : C — C is said to be quasi-pseudocontractive, if F(T) + @ and
ITx — pI? < |x — pI? + |Tx - x|?, Vx € C,p € F(T).

Clearly, the class of quasi-pseudocontractive mappings includes the class of pseudo-contractive mappings
with nonempty fixed points set, and it contains several other classes of mappings.

It is well known that if D is a convex subset of H, then T : D — H is uniformly continuous if and only if,
for every € > 0, there exists a constant K < +oo such that

ITx - Tyl < Klx -yl + € Vx,y € D. (14)

Lemma 2.3. [30] Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Given x € H and
zeC.Then,z=Px & {(x-2z,z-y)=>20VyeC.

Lemma 2.4. [25] Let {a,} be a sequence of nonnegative real numbers satisfying
a1 < (1 - ap)ay + ady + 6p,n > 0,

where {an}, {A,}, and {6} satisfy the following conditions:
(i) {an} c[0,1], Zzioan = 00;

(ii) limsup,_codn < 0;

(iit) 6,2 0(n = 0), Y7 /8 < 00.

Then, lim,,_, ,a, = O.

Lemma 2.5. [34] Let H be a real Hilbert space and S : H — H be a mapping with L > 1. Denote
T=01-®I+ DS - nl+nS).

1 . .
Ifo<d<n< YL then the following hold:

() F(S) = F(SWU - mI +nT)) = F(T);
(ii) IfI - S is demiclosed at zero, then I — T is also demiclosed at zero;
(iii) In addition, if S : H — H is quasi-pseudocontractive mapping, then the mapping T is quasi-nonexpansive.

Lemma 2.6. [25,35] Let H be a real Hilbert space, then, for all x,y € H and f3 € R, the following hold:
@ IBx + (1 = ByIP = BlxI? + (1 = BlyI* = B = Bllx - yI*s

(i) Ix + yI? < IxI? + 2{y, x = y);

(i) Ix + yI* = Ixl? + 206, y) + lylP.

Lemma 2.7. [36] Let {I};} be a sequence of real numbers that does not decrease at infinity, in the sense that
there exists a subsequence {I,};-0 of {I;} such that

Ly < Lyt Vj 2 0. (15)
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Furthermore, consider the sequence of integers {t(n)}nsn, defined by
T(n) = max{k < n|l < L} (16)

Then, {I}nsn, is a nondecreasing sequence such that T(n) — co as n — 0, and for all n > ny, the fol-
lowing hold:

1-‘1'(n) < I‘r(n)+1, 1-‘n < 1-‘1'(n)+1- (17)

Lemma 2.8. [37] Suppose {A,;} and {0,,} are two nonnegative real sequences such that

<A +¢, Vn=1

If Y2 ¢, < 0o, then lim,_, A, exists.

Lemma 2.9. [38] Let H be a real Hilbert space and T : H — H be a nonexpansive mapping with F(T) + &. If
{xn} is a sequence in H converging weakly to x* and if {(I — T)xy} converges strongly to y, then (I - T)x* = y.

Lemma 2.10. [39] Let C be a nonempty, closed, and convex of real Hilbert space H. Let operator f: C - H
be continuous and pseudomonotone. Then, x* is a solution of VI(C, f) if and only if {fx,x — x*) > 0 Vx € C.

3 Proposed algorithm

In this section, we present our proposed algorithm. Let H; and H, be real Hilbert spaces, and let C be a
nonempty, closed and convex subset of H;. Suppose g : H — H, is a contraction mapping with constant
p €(0,1),A: H — H,isabounded linear operator, and S : H, — H, is a quasi-pseudocontractive mapping
such that I - S is demiclosed at zero. We assume that the solution set T’ = {z € VI(C, f) : Az € F(S)} + &.
We establish the strong convergence of our proposed algorithm under the following conditions:
(C1) {an} c (0, 1), limy_, oty = 0, Y07 /@y = +00;
(C2) The operator f: Hy — Hj is pseudomonotone and uniformly continuous on H; and satisfies the fol-
lowing condition:
(a) Whenever {x,} c C and x, — z, one has ||fz| < liminf,_, ..|lfx.l;
(C3) {e,} is a positive sequence such that lim’HOOZ_Z =0;

(C4) Let {1} be a nonnegative sequence such that )° 1), < +oo.

Now we present our proposed algorithm as follows:

Algorithm 3.1
Step O: Select xo,x; € H,A; >0,y €(0,1),and 0 < ¢, < ¢, < ¢, < 1and setn = 1.

Step 1: Given the (n - 1)th and nth iterates, choose 6, such that 0 < 6, < én with én defined as follows:

min {9, %}, if X, # X1,

6, = Xn — Xll (18)
0, otherwise.
Step 2: Compute
Wy = Xn + Op(Xn — Xn_1).
Step 3: Compute
zn = Pe(Wy, — 54T — T)Aw,), (19)

where
T=Q-mI+nS(Q- &I+ &S).
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Step 4: Compute

Yo = Pe(2Zn = Anfzn). (20)
Step 5: Compute

Un = Y, = Ay = f2n),

Xn+1 = ang(wn) + (1 - an)um (21)
where
| Mlzn =yl
ming ——, A, + Y, ¢, fzn - fy, # 0,
Ansi = {ufzn “fll T v 22)
A+, otherwise
and
_ 2
¢n”(1T—W"”2, if Aw, # TAw,,
Ty = [1A4*(I = T)Awy|
T, otherwise (1t being any nonnegative real number ).
Setn:=n + 1and go to Step 1.
Remark 3.2.
(1) By conditions (C1) and (C3), it follows from (63) that
lim 6,)lx, — x4 =0 and lim ﬁllxn — Xp_1ll = O. (23)
n—oo n—oo ly

(2) Observe that by Lemma 2.5, the mapping T is quasi-nonexpansive and I — T is demiclosed at zero.

Remark 3.3.

(i) We point out that condition (C2)(a) is a much weaker assumption than the sequential weakly continuity
assumption used in several of the existing results in the literature.

(ii) Observe that while the pseudomonotone operator f is not necessarily Lipschitz, our proposed method
does not require any linesearch technique but uses a simple step size rule in (67), which generates a
nonmonotonic sequence of step sizes. The step size is constructed such that it reduces the dependence
of the algorithm on the initial step size A;.

4 Convergence analysis

In this section, we analyze the convergence of our proposed algorithm. First, we establish some lemmas
required to prove our strong convergence theorem.

Lemma 4.1. Let {A,} be the sequence of step sizes generated by Algorithm 3.1. Then, {A,} is well defined and
lim, A=A € [min{%, /11}, A+ ‘P], where ¥ = Y ° i, and for some N > 0.

Proof. Since f is uniformly continuous, then by (14) it follows that for any given € > 0, there exists K < +oco
such that |fz, — fy,l < Klzn - y,ll + €. Thus, for the case fz, - fy;,, # O for all n > 1, we have
e A D e N V1 b

Ifzn — il ~ Klzo -yl +&€  (K+e)lza -yl N’

where € = gz, - y,|| for some g € (0, 1) and N = K + &. Therefore, by the definition of A,,;, the sequence
{Ax} has lower bound min{%, A} and has upper bound A; + ¥. By Lemma 2.8, the limit lim,,_, A, exists and
denoted by A = lim,,_,;An. Clearly, A € [min{%, A A+ V. O
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Lemma 4.2. Let {x,} be a sequence generated by Algorithm 3.1. Then, {x,} is bounded. Furthermore,
if lim,_, o0, = 0, then lim,_, o,||Xn41 — Unll = O.

Proof. By (67), we have

i = min Ulizn =yl et e Hllzn - ynll’
Ifzn = il Ifzn = il

which implies that

Wz = il < -tz -yl Vn 2 1. (24)
/\n+1

Let g € T. By applying the triangle inequality, we obtain

(7]
W, = gll = lIxn + 600 — Xn-1) — qll < X0 = gl + OnllXn = Xnall = X0 — qll + ana—"llxn - Xpll. (25)
n

Since, by (23), limnﬁmz—zllxn — Xn-1ll = 0, then there exists a constant M; > O such that Z—:len — Xpall < My
V n > 1. Hence, it follows from (25) that
Iwn = gll < X2 — gll + anMi. (26)
By applying Lemma 2.6(iii) and Cauchy-Schwarz inequality, we obtain
W = PIP = X0 = 600 = Xn-1) — PIP

= %: = PI? + 6310 = Xl + 26003 = P, Xn = X 1)

<1 = PIP + 671xn = Xnal? + 260130 — DU = Xl @7

=lxn = PI? + Onllxn — X1l 21X = DIl + Bl — Xn-all)

0,
<lxn - pI? + 3Maty—" 1% = Xn-ll,
n

where M = supnenfllXn — pll, 6llxn — Xp-1ll}.
Next, by the definition of y, with the firmly nonexpansivity of P, we obtain
Iy, = gl <IPc(zn — Anfzn) - qIP

<V -, @n — Anfz) — @)
1

= 5(”)/,, - CI||2 + ||Zn - /\nfzn - 61||2 - ||)’n —2Zn + Anfzn”z)
1 1
= E(IIyn =gl + 120 = qI? + AZWfZal? = 2An(zn — g, f2n)) — 5(”)/,, = ZalP + A2fZnl? + 2A0(Y, = Zns f2n))

1
= E(IIyn =gl + Izn — gl = lly, — zul® — 2A0(¥, — G, f20)),

which implies that
I =l < llzn = gl = Iy, = zal? = 220y, = 4, f2n)- (28)
In addition, by (24) and (28), we have
lun = qlI? =1y, = An(fipy = fz0) = gl
= — al? = 20y = @5 iy — f20) + A3l — fzall

<llzp - 61||2 - ||yn - Zrl”2 - Mn()’n - q, fzn) - 2An()/n - 4q, fyn — fzn) + Arfllf)/n - fzn||2 (29)
/12
<llzn = ql* = lly, — zallP + HzATn”Zn = Yl = 24y, — 4, fir)

n+1

2

A
= llzn — ql* - (1 - W Az” )Ily,, = zZnl* = 24y, — G, fif) - (30)
n+1

Since y, € C and g € I', we obtain (y, — g, fg) = 0. Thus, by the pseudomonotonicity of f, we have
O, — 4, fy,) = 0. Hence, it follows from (30) that
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AZ
lun - ql* < llzn — ql? - (1 - )Ilyn - zZql. (31)
An+1
Next, consider the limit
H 2 AY% 2
lim|1-p’——|=(1-p)>0, (O<pu<. (32)
n—o00 An+1

2
Aq
2

AVHl

Thus, there exists Ny > 0 such that, for all n > N, we have (1 - u?

) > 0. Consequently, for all n > N,
from (31), we have

lun — gl < llzn — ql?. (33)

By Lemma 2.6(iii) and the nonexpansivity of P;, we have
Izn = gl = 1Pc(wn — TAI — T)Awy) — gl

< lwn — TA (I~ T)Awy — gl (34)
= [wa = qI? + TR A" (I - T)AW,I? - 21(wy — g, A'(I - T)Awy).

By Lemma 2.6(iii) and the quasi-nonexpansivity of T, we have

Wn = q, A (I - T)Awy) = (Aw,, — Agq, (I - T)Awy)

=(TAw, — Aq + (I - T)Aw,, (I — T)Awy,)
=(TAw, — Aq, I — T)Awy,) + ((I - T)Awy, (I - T)Awy)
=(TAwy, — Aq, (I - T)Awy) + (I - T)Aw,|?
= %[IITAWn ~Aq + (I - T)Awyl? ~ [ITAw, — Aql? ~ I — T)AwylP]

+ 1 - T)Aw,? (35)

1
= E[HAWn - Aql? - ITAw, — Aql? + I - T)Awql]

1
2 E[HAWn - Aql? - |1Aw, - Agl? + I - T)Aw,I?]

1
= EII(I - D AwIP.

Substituting (35) into (34) and applying the definition of 7, and the condition on ¢,, we obtain
Izn — gl <llwy — qI? + T2l AU = T)AWl? - Tll(I - T)Awy|?
= lwa = qI* = %I = DAWIP - Gl AT - T)AW,|?) (36)
= lwn = qIF = 7(1 = PIT — T)Aw,|?
< lw, - gl (37)
By applying (27), (31), and (36), we have

"Xn+1 - (1||2 = "ang(wn) + (1 - an)un - Q||2
< anllgwn) - qIF + (1 = an)lun — gl

/\2
< anllgwn) — qIF + (1 — an)lizn — ql* - A - an)(l - W Az” )Ilyn -zl
n+1
< aullgWn) = qlIP + (1 = ap)lllwn = gl = %(1 = PIT — T)Awy|P]
2

A
-Q- an)(l - )Ilyn - zy|P

2
An+1

38)

9
<anllgwn) — gl + (1 - an)(llxn -ql’ + 3Mana—”llxn - an”)

n
2

- 51 - $,)( - apld - DAwl* - (1 - an)(l - % )”yn -zl

2
An+1
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Furthermore, by (26), (33), and (37), we obtain

X211 = gl = llang (Wn) + (1 = at)un — 4l
<anllgwn) - qll + (1 = a)llu, - gl
< anllgwWn) — (@I + anlg(q) — qll + (1 - a)llun - gl
< applwn — gl + anllg(@) - qll + 1 - an)liz, - qll
< aplwn = gl + anllg(@) - qll + A = an)llwy - gl
< appllxn - qll + anMh] + anlg(q) - gl + (1 = an)[lXn - gll + axMi]
=[1 - ay(1 = P)lIIxn = qll + anllg(q) — qll + an[1 — an(1 - P)IM;

<[1 - a(1 = )1y - gll + a1 - p)[ ls@ —al , ]
-pP 1-p
< max{”xn —ql, [ lg(q) — ql + M, ]}
I-p 1-p

- M
Smax{”m_ . [le@-al | m ]}

1-p 1-p
which implies that {x,} is bounded. Consequently, {wy}, {zn}, {¥,}, and {u,} are bounded.

Moreover. by (66) and the fact that lim,_,.,a, = 0, we have

lim ||Xn+1 - un" = lim an"g(wn) - un" = 0. O
n—oo n—oo

Lemma 4.3. Let {z,}, {wy}, and {y,} be sequences generated by Algorithm 3.1 such that lim,_ |z, — Wyl =
0 = lim,_,lizn — ¥, . If there exists a subsequence {ynk} of {y,} that converges weakly to p € Hy, thenp € T.

Proof. Suppose {y, } is a subsequence of {y,} such that y, — p. Then, by the hypothesis of the lemma,
we have z,, — pand w, — p. Since A is a bounded linear operator, we have Aw,, — Ap. From (36)
and by the hypothesis of the lemma, we have

T (1= D )IT = TAW IR < Wy, = qIF = iz = qI? < Wiy = 2ol (Wi, = qll + 120, — gll) = 0,  k — oo.
By the definition of 7,, we obtain

I = T)AwyJ[*

_— 0, k- oo,
|A(I = T)Awy,|?

¢nk(1 N ¢)nk)

which implies that
I = T)Awy,|I?
[|A(T = T)Awn|
Since [|A*(I — T)Aw,,|| is bounded, then it follows that
[|(I = T)Awy,|| - 0, Kk — oo.
Since I — T is demiclosed at zero and Aw,, — Ap, then by Lemma 2.5(i), we have
Ap € F(T) = F(S). (39)

Since z,, — p, limy_collzn, — Yol = 0, and {y,} ¢ C, we have p ¢ C. From Yo = Pe(zy, — An, fzn,), We have
Zne = A SZne = Yo X = Vo) < 0, Vx € C, which implies that

1
/1_<an - ,Vnk, X - ynk> < <fZYlk’ X - ,Vnk>, Vx € C;
Njc

which is equivalent to
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1
E%k = Yo X = Vo) + FZngs Y, = Zn) < fZms X = 25 VX € C. (40)
k
Since the subsequence {z,, } is weakly convergent to z € Hj, then {z,,} is a bounded subsequence. Moreover,
since f is uniformly continuous and ||z, - y, [ — 0, we have that { fzn,} and { ynk} are bounded as well. Since
limy_, oAy, = A > 0O, then from (40), we have

lilfn inf (fzp,, x — zp,) = 0 Vx € C. (41)
—00
Furthermore, we have

e X = Yud = By = F2nes X = 2 + s X = Zn) + Flps Zn = Y- (42)

Since||zy, - ¥, = O, then by the uniform continuity of f, we obtain limy_, s llfz,, — fynkll = 0. This combined
with (41) and (42) provides

lim inf (fy

ng’
n—oo

X = Yy 2 0.
Next, let {®;} be a decreasing sequence of positive numbers such that @, — 0 as k — co. Let Ny represent
the smallest positive integer for any k such that

B X = Yoy + @20 Vj 2 N (43)

It is clear that the sequence {N;} is increasing since {®y} is decreasing. From {yy} c C, for any k, suppose
that fyy, # O (otherwise yy, is a solution) and let

= nyk
Wyl

Then, (nyk, uy,) = 1 for each k. From (43), we have

Up;,

(fns X + @iy, — Yy) =20 Vk.
By the pseudomonotonicity of f, we obtain
(f(x + (DkuNk), X + Opuy, - yy) 20,
which is equivalent to
s x = yy) 2 (fx - f(x + (DkuNk), X + Quy, — Yy — i, un,)- (44)

Since z,, — p and lim,__|lzy, - ¥, |l = O, we have yy — p € C. We assume that fp # O (otherwise p is
a solution). Since f satisfies condition (C2)(a), we obtain

0 < |fpll < li;ninf 1,11+

Using {yy,} ¢ {),} and ®; — 0 as k — co, we have

s
k— oo k—o0

limsu D
0 < limsup||Dxup, |l = limsup[ k ] < i Dk

@ —
Iyl )~ liminf, I, ]

which implies that limy_.,®xuy, = 0. From the facts that f is uniformly continuous, {yy} and {uy,} are
bounded and limy_, ,®xuy, = 0, it follows from (44) that

lilfn inf (fx, x —yy) = 0.

Thus, we have
(X, x = p)y =lim(fx, x —yy) = “,f‘li‘,}wx”‘ - Yy 20 VxeC.

k—oo

Thus, by Lemma 2.10, we obtain p € VI(C, f). This together with (39) implies that p € T as required. O



14 —— Abd-Semii Oluwatosin-Enitan Owolabi et al. DE GRUYTER

Theorem 4.4. Let {x,} be a sequence generated by Algorithm 3.1 under conditions (C1)—(C4). Then, {x,}
converges strongly to z = Prg(z).

Proof. Let z = Prg(z), we consider two cases to prove the theorem.

Case 1: Suppose {[|x, — z|} is monotone decreasing. Then, by Lemma 4.2 {||x, — z||} is convergent. Hence,

lim X, — 2]l = lim [Ixp,1 - 2] (45)

n—co n—co
By (32) and (45), and lim,,_, &, = O, from (38), we obtain
lim fly, — zy|| = O. (46)
Next, by the definition of u, and applying the uniform continuity of f, we have
lun = Vall = Aallfyy = fzull = 0 @s n — oo. (47)
From the definition of w;, and by Remark 3.2 (1), we have
IWn = Xall = Bnllxn = Xl > 0 @s n — oco. (48)
From (46) and (47), we have
lun = znll < llun = Yll + 1%, = zall = 0 as n — co. (49)

From (38), we have

6
(1 - ¢,)1 - a)lU — TAWI? < anllgwy) - gl* + (1 - an)[llxn - ql? + 3Mana—"llxn - Xn—1||] = Xns1 — ql*.

n
By applying (45) together with the fact that lim,_,.,a, = 0, we obtain
(1 - pIIUT - DAW> —» 0, n — co.
By the definition of 1, and the condition on ¢,, we obtain

Id - DAw

Vo Sy

, n — co.

Consequently, we have
I - AW
AT = T)Awy|l

0, n— oo.

Since |A*(I - T)Aw,| is bounded, then it follows that

(I - T)Awy|| - 0, n — oo. (50)
From this, we obtain
1A°(I = T)Awqll < IA*IINA = T)Awll = AT - T)Awll — 0, n — oo. (51)
From (34) and (37), we observe that
IWn = BA I = T)AW, — gl < wy — gl (52)

By Lemma 2.6(iii), (52) together with the firmly nonexpansivity of P., we have

Izn — ql* = |Pc(wy — A (I — T)Awy) — gl
<{(zn — q, Wy — T,AI - T)Aw, — q)

1
= E(HZn —qI? + Iwn — BAT - T)AW, — gl - 1z, — Wn + AT - T)Aw,|?)

1
< E[HZn —ql? + Iwn — qI* = (20 — wal® + T,%"A*(I - DAW|? + 2T(zn — Wy, AT — T)AWy))].
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From which we obtain

Izn — ql? < Wn = qlI* = 1120 = Wal? — 2T(2, — Wh, A* (I — T)Awy,)
<lwp = ql? = llzn = Wl + 2%/lwy, — ZallllA(T — T)Awy| (53)
<|wn = ql? = llzn — Wal* + 2M| AT — T)Aw|,

where M, = sup{n|w, — z,| : n > 1}. Now, by applying Lemma 2.6 and equations (27), (33), and (53),
we have
%1~ qIP < anllgi) = qIP + (1 = atn)llun — gl

< anllgwn) — gl + A = ap)lizy — ql?
<anllgwn) = qI* + 1 = ap)[lwn — gl = llzn — Wall® + 2M|lA*(I — T)Awsll]

0
< aplgwy) — gl + (1 - an)[llxn = qlP + 3May—"lx = Xnall = lzn — wall® + 2Mo)l A1 ~ T)AWnII]

Qn
6
=(1 - aplx, - ql* + an[l|g(wn) - ql* +3M(1 - an)a—"llxn - an"]
n

+ 2Mo(1 = an) AU = T)AWl — (1 = an)llzn — wil?,

which implies that

0
A = aplzn — wal? < A = aplixy — gl = Xns1 — gl + anllgWn) — gql* + 3M(1 - an)a_nllxn - Xn-ll]

n

+ 2M(1 = ap)ll AT = T)Awy.

By applying (45), (51) and the fact that lim,,_,,,a, = 0, we obtain

lim ||z, — wy| = O. (54)
n—.oo
Moreover, from (48) and (54), we obtain
IXn = znll < 1Xq = Wall + W = zxll = 0 as n — oo. (55)
From the definition of x,,,;, we have
Xns1 = Znll = laa(@Wn — zn)) + (1 — @x)(Un — 2Dl < Anllg(Wn) — znll + (1 — an)llun — zall.

By (49) and the condition on a,, we obtain

lim [[Xn41 = zyl = O. (56)
n—oo
Similarly, from (55) and (56), we have
X741 = Xull < X1 = Znll + 120 = Xxall — O. (57)

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that {x,,} converges weakly to some
p € H; and

limsup(g(z) - z, X, — 2) = ;}LTO (8(2) -z, xp — 2) = (8(2) - z,p - 2). (58)

n—oo

In addition, by equations (46) and (54) and Lemma 4.3, we obtain that p € I'. Since z = Prg(z) and by (58),
we obtain

limsup{g(z) - z, x, — z) <0,

n—oo

which follows from (57) that

limsup(g(z) - z, Xps1 = 2) = limsup({g(2) - 2, Xn11 = Xn) + (8(2) = 2, X = 2)) < O. (59)

n—oo n—oo
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Next, by applying equations (27), (33), and (37) and Lemma 2.6(ii), we obtain

o1 = 212 < (1 = ap)?lluy = 217 + 20(8(Wn) — 2, Xn41 — 2)
= (1 - ap)?llup — zI? + 20,(8(Wn) — 8(2), Xne1 — 2) + 224(8(2) — 2, Xns1 — 2)

9
<A - ap)?| 1%, — 2P + 3Mana—"llxn = Xnall | + 200l Wy — ZllIXns1 — 2l + 2024(8(2) — 2, Xp41 — 2)
n

)
<1 - a)?| Ix, — 2l + 3Mana—"llxn = Xnall | + anpllwn = 21 + aplixns1 — 2I? + 200(8(2) — 2, Xni1 — 2)
n

[ 0 | 0
< (1 = an)’[ I = 2I? + 3May—X = Xnall | + &P IXn = 2I + 3Man—"l1xn = Xp-1ll | + AplXns1 — 2IP
n | n

+ 20,(8(2) — z, Xps1 — 2)

6
=((1-ap)? + anp)[llxn - z|? + 3Ma,—"||x, — Xn—l||] + @nPlXns1 — ZIP + 20,(8(2) - 2, Xns1 — 2).

n

From which we obtain

1-20, + &2 + @ 1-a)?+a 0
Puss — 2 < L2t O+ ) o gy (A= @) @)y Oy
1- anp (1 - anp) Qn
2,
+ - ap) 82@) -z, Xp41 - 2)
1-2a, +a a? 1-a,)?+a )
e O P S R N A . D, OB T
1-anp (1 - anp) 1 - anp) n
2 60
+ T (g(2) - 2, Xy — 2) (60)
A - ap)
— _ _ 2
L (1 _ 2a,(1 p))"Xn s 20,1 -p)|  ay M; + 3M((A — an)” + anp) 6, % = Xl
(1 - awp) 1 -ap) |21 -p) 21 -p) O
+ 1 (g(2) - z, Xp41 — 2)
(1 — p) g sy An+l ’

where Ms = sup{||x, - z|? : n € N}. By Remark 3.2(1), (59), and Lemma 2.4, we obtain that lim,_,.|lx, — z| = O.
Thus, {x,,} converges strongly to z = Prg(z).

Case 2: Suppose that {|x, — z|} is not monotone decreasing. Then, there exists a subsequence {||x,, — z|/} of
{lIxn = 2|} such that

X, = 2I? < X, — 217 Vj €N,

Then, by Lemma 2.7, there exists a nondecreasing sequence {m;} of N such that as limy_,m; = +co and
the following inequalities hold:

Xmy = 27 < [Xmy,, — 217 and X = 2 < (X1 — 217 (61)
By following similar arguments as in Case 1, we obtain

lim [y,,, - zm| = O,
k—oo

hm "ka - ka" = 05

k— oo

lim [ Xy, — Xmy,ll = O,

k— oo

and

limsup(g(z) - z, xXm,,, — 2) < 0. (62)

k—oo
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From (60), we obtain

20, (1 - p) A,
1-amp |2(1-p)

1- zamk(l - p)
1- Ay P

3M((1 - am)® + amp) Om,

1Xmy., — 2I? S( )”ka -z|? + M

1
Xy = Xyl + —<(8(2) - 2, Xmy,, — 2) |5

21 - p) Uy 1-p)
which implies that
a 3M((1 - am,)? + Amp) O 1
R < Sm i Tmiyse . _ _ 2.
Iy, = 2I1° < a-pbt 20 - p) o, e _p(g(Z) Z, Xy = 2)

From (61), we have that

Ixic = 21 < X, — 21

M((1 - 2 0
< Xy M + 3M(( Um,)” + AmyP) ﬂnxmk — X + 1
2(1-p) 21 -p) Oy 1-p

8@) - z, Xmy,, — 2)

By Remark 3.2, (62), and the fact that limy_, .,@m, = 0, we have limsupi_,oollxx — 2|l < 0. Thus, {x;} converges
strongly to z = Prg(z). O

If we set g(x) = v for arbitrary but fixed v € H; and for all x € H; in Algorithm 3.1, we obtain the
following result as a corollary to Theorem 4.4.

Corollary 4.5. Let v € H, be a fixed element and let {x,} be a sequence generated by the following algorithm
such that conditions (C1)-(C4) of Theorem 4.4 hold. Then, x,, converges strongly to z = Pr(v).

Algorithm 4.6
Step 0: Select xo, x4 € H, A >0, u € (0,1),and0 < ¢, < ¢, <P, <landsetn=1.

Step 1: Given the (n — 1)th and nth iterates, choose 6, such that 0 < 6, < 6, with 8, defined as follows:

&
~ min{ 0, ————*4, if X, # X1,
6n = { ||xn—xn_1||} nr (63)

0, otherwise.

Step 2: Compute

Wn = X + Op(Xn = Xp-1).
Step 3: Compute
Zn = Pe(Wy, — 1,40 — T)Aw,), (64)
where
T=Q-mI+nS(Q - I+ uS).
Step 4: Compute
Yo = Pc(zn — Anfzn)- (65)

Step 5: Compute
Up =Y, — An(fyn - on),

Xn+1 = QpV + (1 - an)un’ (66)
where
| ullze = Yl
ming — =, A, + Y ¢, fzn -y, #0,
Ani1 = {ufzn ~fl” o (67)

A+, otherwise
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and
¢ 1T - T)Aw,?
To= g A = T)AW,|?’
T, otherwise (T being any nonnegative real number).

if Aw, £ TAw,,

Setn:=n +1and go to Step 1.

5 Numerical examples

In this section, we present some numerical examples and compare our proposed method with some of the
existing methods in the literature. We compare our proposed Algorithm 3.1 (Proposed Alg.) with Appendix
A.1 (Tian and Jiang Alg.), Appendix A.2 (Pham et al. Alg.), Appendix A.3 (He et al.), and Algorithm 1.6.

In our computations, we choose a,, = ﬁ, &y = ﬁ, glx) = %, u=095A1=15¢,= 3521, Y, = (2:101)3,

6 =0.951n=022,¢=027,17="1=0.0l,4, = 05, and Sx = 3.
As for Algorithm of He et al. [23], we set yu; = 5(IT'HT| + Ly)/v, u, = 10(|IT'HT|| + L,)/v, v = 0.8,

p=25AH=_2_

||T’T||IN’ and y = 1.5.

Example 5.1. In this example, we consider Example 5.2 of He et al. [23]. Let
min{G,(x) + G;(Y)|Tx =y, x € K,y € T} (68)
be a separable, convex, and quadratic programming problem, where
Gi(x) = %X’Mlx + g{x (x' means the transpose of x)
and

1
Gy(y) = Ey’sz +qy

The problem (68) can be rewritten as SVIP (equations (8) and (9)), where

fOO)=Mc+q and g(y) = M(y) + qo. (69)

2vv!
llvil?

the householder and the diagonal matrix, respectively, with N; = N and N, = m being the dimensional of x
and y, respectively. Moreover, let 0;; be defined as follows:

The matrices M; and M, are defined as M; = ViZiVi’ , where V; =T —

and ¥, = diag(0i, O, -..,0m) are

bid A Nt
COS 37 +1 C’<COSN,-+1 +1)

i +1+

0;,j = COS ~
N;+1 CG-1

where C; is the present condition of M;. We set C; = 10% and gi=0,i=1,2, and uniformly take the
vector v; € RM (i =1,2) in (-1, 1). Hence, f and g are monotone and Lipschitz continuous operators
with L; = |Mj|, i = 1, 2. Moreover, the bounded linear operator T € R™*N is generated with independent
Gaussian components distributed in the interval (0, 1), and then each column of T is normalized with the
unit norm. Let k = {x e R¥ : ||x| <1} and r = {y € R™: t < y < u}, where the smallest and largest compo-
nents of ¥ = TX, where X is the sparse vector whose components are evenly distributed in (0, 1), are the
entries of 1 € R™ and u € R™, respectively. More so, we consider different scenarios of the problem’s
dimensionality with n = 100, 300, 500, 700 and m = g Let the starting point for Algorithm 3.1 be

x = (1,1, ...,1), while the entries of xy are randomly generated in [0, 1]. For Algorithm of He et al. [23],
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Figure 1: Example 5.1: (N =5, m = 5).
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Figure 3: Example 5.1: (N = 10, m = 10).
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Figure 4: Example 5.1: (N = 5, m = 10).
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Table 1: Numerical results for Example 5.1

(N=5,m=5) (N=10,m =5) (N =10, m = 10) (N =10, m = 10)

Iter. CPU time Iter. CPU time Iter. CPU time Iter. CPU time

Ogwo et al. Algorithm 1.6 35 0.0053 35 0.0061 35 0.0050 35 0.0.0197
Tian and Jiang App. A.1 21 0.0042 21 0.0043 21 0.0040 22 0.0148
He et al. App. A.3 18 0.0146 33 0.0157 16 0.0145 19 0.0258
Proposed Algorithm 3.1 8 0.0143 12 0.0153 13 0.0233 9 0.0236

Iter. — number of iterations; CPU — central processing unit.

we set iy = 5(IT'HTI + L) /v, by = 10(IT'HT + L) /v, v = 0.8,p = 2.5, AH = =l and y = 1.5, with
starting points x = (1,1,1, ...,1)’, %, = (0,0, ...,0) and A4 = (0, O, ...,0). The stopping criterion used for

our computation is [[x,.1 — Xull < 1073. We plot the graphs of errors against the number of iterations in each
case. The numerical results are reported in Figures 1-4 and Table 1.

Example 5.2. Let H; = (&(R), [I-ll,) = Ho, where &(R) = {x = (4, %, ...,X;, ...), X; € R : Y7, Ix[> < +o0},
with inner product (x,y) =Y.’ xy; and norm |x] := (Z;ffllxdz);, vx,y € H(R). Now, let the operator
fi,fs h: L(R) = &(R) be defined by fix = fx = hx = ( L IxDx, (s> 0), x € L(R). Then, fi,f, and h

lx || +s
are uniformly continuous and pseudomonotone. Let A : &,(R) — £&(R) be defined by Ax = (0

T T
’ 2 ’ 3 ’ 3 9

for all x € €. Then, A is a bounded linear operator on ¢, with adjoint A%y = (y,, %, %, ...) for all y € &(R).
LetC={x e & : |Ix - yll, < a}, wherey = (1, %, %,...) and a = 3. So, C is a nonempty, closed, convex sub-

set of &. Hence,

101 L T T T T T T T T

_ —A— Ogwo et al. Alg.

—— Tian & Jiang Alg.
Pham et al. Alg.

—¥— Proposed Alg.

Errors

1 1 1 1
50 60 70 80 90
Iteration number (n)

Figure 5: Example 5.2: Case I.
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Figure 6: Example 5.2: Case Il
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Figure 7: Example 5.2: Case lll.
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Figure 8: Example 5.2: Case IV.
Table 2: Numerical results for Example 5.2
Casel Case ll Case lll Case IV
Iter. CPU time Iter. CPU time Iter. CPU time Iter. CPU time
Ogwo et al. Algorithm 1.6 34 0.0094 24 0.0073 35 0.0080 34 0.0078
Tian and Jiang App. A.1 41 0.0144 38 0.0149 43 0.0179 44 0.0137
Pham et al. App. A.2 82 0.0148 69 0.0125 93 0.0151 92 0.0144
Proposed Algorithm 3.1 21 0.0138 21 0.0106 24 0.0116 25 0.0121
Iter. — number of iterations; CPU - central processing unit.
X, lf "X - )’"12 <a,
= X — .
Pe(0) XY as y,  otherwise.
Ix = ylh,

Now, we consider the following cases for the starting points:

CaseI: xo = (3,1, %, ...)and x = (2,1, %, o),
Case II: xo = (-4, 1, —%, ...)and x = (2,1, —%, o),
Case III: xo = (4, -1, %, JDandx =G, 1,13, ...),

B E)
Case IV: xo = (5,1, é, ..)and x = (3,1, %,
[Xns1 — Xl < 1072. We plot the graphs of errors against the number of iterations in each case. The numerical

results are reported in Figures 5-8 and Table 2.

...). The stopping criterion used for our computation is
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6 Conclusion

In this article, we introduced and studied an inertial iterative method for approximating the solution of
a class of pseudomonotone SVIP in the framework of Hilbert spaces. We established that the sequence
generated by our method converges strongly to a solution of the SVIP when the cost operator is uniformly
continuous and without prior knowledge of the operator norm. We gave some numerical examples to
illustrate the efficacy and advantage of our method and compare it with related methods in the literature.
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Appendix

A.1 Appendix

The Algorithm in Tian and Jiang [40]. Let x; € C and let {x,}, ¥, and {v,} be sequences defined as follows:

Yo = PcOtn — TA'(I = S)Axy),

Vn = PC(yn - Anf(yn)),

Up = Pc()’n - Anf(vn)),

Xne1 = 0n8(0G) + (1 — apuy, n 21,

(A1)

where lim,_, @, = 0, {a,} c (0,1), and 2321 = 00, {f,} ¢ [a, b], for some a, b € (0, ﬁ), {Ax} ¢ [c, d] for

some c, d € (O, %), S : H, —» H, is a nonexpansive mapping, f: C — H; is a monotone and L-Lipschitz

continuous operator, and g is a contraction on C.

A.2 Appendix

Algorithm of Pham et al. [41]

Step 0. Choose Jy, Ao > 0, 1, A € (0,1), {5} < [1, 7] (o, ”A"%) {a,} ¢ (0, 1) such that lim, ., = 0
and )7 a, = +0o.

Step 1. Let xo € H;. Setn := 0.

Step 2. Compute

Uy = Axp,
Vn = Po(un — pphuy),
Wy = Po,(Un — p,hvy),

where
Qn=1{y € H: (uy — pyhuty — v, y — W) < 0}

and

s ]J"un - Vn" .
min{d ————, u ¢, if hu, # hv,
"ln+1 = {”hun - hVn” " ; "
Moo otherwise.

Step 3. Compute

yn =Xn t THA*(WH - un)s
Zn = PC(Yn - Anfyn)’
tn = PC,.(yn - /\nfzn):

where
Co=1{xeH: (yn_Anfyn_Zn:X_Zn> < 0}
and

| Ally, = zall .
min{ ——— A, ¢, if fy, # fzn,
{Myn ] } &

Ans otherwise.
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Step 4. Compute
Xni1 = ApXo + (1 — apty
Setn :=n + 1 and go back to Step 2.

C and Q are nonempty, closed and convex subsets of H; and H,, respectively, and f: H; — H; and
h : H, —» H, are pseudomonotone and Lipschitz continuous operators.

A.3 Appendix

Algorithm of He et al. [23]

Step 0. Given a symmetric positive definite matrix H € R™™, y € (0, 2), and p € (0, 3), where p_. =

max {—3, %}, and T : R¥ — R™is a linear operator, where T’ means the transpose of T. Set an initial

point u; = (%, ¥, A4) € Q : k¥ x T x R™, where x and r are nonempty, closed, and convex subsets of R¥ and
R™, respectively.
Step 1. Generate a predictor i, = (%, J,, A,) with appropriate parameters u; and us:

An = An - H(TXH - yn)’

in = R([Xn - i(A(Xn) - T,/Tn):l’
M

1A =A-H(T%, - y,), where % = pxy + (1 - p)Xy, (A2)
. 1 >
yn = 'PI‘I:yn - _(F(yn) + An):l,

1)

A=A = H(TR, - 7).

Step 2. Update the next iterative up.1 = (Xni1, ¥yp10 Ans1) Vid Uni1 = Up — yard(uy, t,), where

oy o Pt )
IdCtn, E)
d(uy, Tp) = G(uy — in) — &,

l/’(“m an) = (An - Am pT(Xn - )Zn) - (J/n - )7“» + Uy — Up, d(um an))y

&n, Ay — ARy + THT (%, — %)
=&, |7 FOW-FG) +HO, -3 |

0 0

where A and F are monotone and Lipschitz continuous with constants L; and L,, respectively, and

Uy + pT'HT 0 0
G = 0 Wl +H 0 (A3)
0 0 H-!

is the block diagonal matrix, with identity matrices Iy and I, of size N and m, respectively. The parameters
M, and j, are chosen such that

1601 < vyl = Xall - and 5, 1| < vplly = Jll,  where v € (0, 1).
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