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Abstract: Let (C, [E, s) be an extriangulated category. Given a composition of two commutative squares in C,
if two commutative squares are homotopy cartesian, then their composition is also a homotopy cartesian
square. This covers the result by Mac Lane [Categories for the Working Mathematician, Second edition,
Graduate Texts in Mathematics, Vol. 5, Springer-Verlag, New York, 1998] for abelian categories and by
Christensen and Frankland [On good morphisms of exact triangles, J. Pure Appl. Algebra 226 (2022), no. 3,
106846] for triangulated categories.
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1 Introduction

Most of homological algebra can be carried out in the setting of abelian categories, which includes all
categories of modules. We recall the notations and properties of pull-back and push-out squares in an
abelian category. Let A be an abelian category. Given two morphisms x' : A’ - B'and b : B — B’ in A,
then a commutative diagram is as follows:

a
', -b . . .
is a pull-back if and only if the sequence 0 — A Q A & B“5"B is left exact. Given two morphisms
x:A—>Banda:A — A, then a commutative diagram is as follows:

A—L-B

o

A/ IH/ B/
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a
", -b
is a push-out if and only if the sequence A AN : Rl

we obtain that a commutative diagram

B' — 0 is right exact. By the above properties,

A—2-B

o)

Al L Bl
is both pull-back and push-out if and only if the sequence

(%)

0544 gp "3

B -0
is exact.

The notion of a triangulated category was introduced by Grothendieck [1] and Verdier [2]. Having their
origins in algebraic geometry and algebraic topology, triangulated categories have by now become indis-
pensable in many different areas of mathematics. The notion of homotopy cartesian square first appeared
in the study by Parshall and Scott [3] (also see [4, Definition 1.4.1]). We recall the notion here. Let C
be a triangulated category with shift functor £. A commutative square

A—2>B

)

!
A . B
is called homotopy cartesian if there exists a triangle

a
A ) AeB S p 2 sa,

where the morphism 9 is called a differential of the homotopy cartesian square. We view a homotopy
cartesian square as the triangulated analog of a pull-back and push-out square in an abelian category.

Recently, extriangulated categories were introduced by Nakaoka and Palu [5] by extracting those
properties of Extl(—,—) on exact categories and on triangulated categories that seem relevant from the
point of view of cotorsion pairs. Exact categories (abelian categories are also exact categories) and trian-
gulated categories are extriangulated categories, while there are some other examples of extriangulated
categories, which are neither exact nor triangulated, see [5-9]. In particular, Nakaoka and Palu [5, Remark
2.18] proved that extension-closed subcategories of extriangulated categories are extriangulated categories.
For example, let A be an artin algebra and K[-1%(projA) the category of complexes of finitely generated
projective A-modules concentrated in degrees —1 and 0, with morphisms considered up to homotopy. Then
KI--%(projA) is an extension-closed subcategory of the bounded homotopy category K?(projA), which is
neither exact nor triangulated, see [10, Example 6.2]. This construction gives extriangulated categories that
are neither exact nor triangulated.

In this article, we study homotopy cartesian squares in extriangulated categories. This unifies homo-
topy cartesian squares in abelian categories and triangulated categories independently. Let us recall the
definition of homotopy cartesian squares in an extriangulated category.

Definition 1.1. [11, Definition 3.1] Let (C, [E, s) be an extriangulated category. Then a commutative square
A—L-B
| )
A/ -Z’Hl B/

is called homotopy cartesian if there exists an [E -triangle

AW pepmyp e,
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The [E -extension 6 € E(B', A) is called a differential of the homotopy cartesian square.

This gives a simultaneous generalization of the notions of push-out and pull-back square in abelian
categories and homotopy cartesian square in triangulated categories.

The main result of this article is the following, which is a simultaneous generalization of the result of
Mac Lane [12] for abelian categories and that of Christensen and Frankland [13] for triangulated categories.

Theorem 1.2. (See Theorem 3.2 for more details) Let (C, [E, s) be an extriangulated category. Consider
the following commutative diagram in C:

A-—*.p_Y.C

ai D) \Lb (I1) lc

AIH/BIH/C/
T Yy

If the two squares (I) and (II) are homotopy cartesian in C, then the outside rectangle is a homotopy
cartesian square in C.

Moreover, given differentials 6 € E(B', A) and 0y € [E(C’, B) of the left square and right square, respec-
tively, there exists a differential 0p for the outside rectangle satisfying

BR = X*ep and 9L = (y’)*Op
This article is organized as follows. In Section 2, we recall the definition of an extriangulated category

and related notions. In Section 3, we show that, in an extriangulated category C, given a composition of two
commutative squares, if both squares are homotopy cartesian, then so is the composition.

2 Preliminaries

Let us briefly recall some definitions and basic properties of extriangulated categories from [5]. We omit
some details here, but the reader can find them in [5].

Let C be an additive category equipped with an additive bifunctor E : C°? x C — Ab, where Ab is the
category of abelian groups. For any objects A, C € C, an element 6 € E(C, A) is called an [E -extension.
Foranya € C(4,A")and c € C(C', C),E(C, a)(6) € E(C, A") andE(c, A)(6) € E(C’', A) are simply denoted by
a.6 and c*6, respectively.

Definition 2.1. [5, Definition 2.3] Let (4, 6, C), (4', §', C") be any pair of E -extensions. A morphism
(a,c):(4,6,C) - (A4,8',C)
of E -extensions is a pair of morphisms a € C(4, A") and ¢ € C(C, C') in C, satisfying the equality a.6 = c*§'.
Simply we denote it as (a,c) : 6 — §'.
Definition 2.2. [5, Definition 2.6] Let § = (4, 8, C), § = (4, &, C') be any pair of E -extensions. Let
c-ScecCéC
and
AP paen 24 A

be coproduct and product in B, respectively. Since E is an additive bifunctor, we have a natural
isomorphism

E(CeC, Ao A)=E(C,A) oE(C,A)aE(C,A) e E(C,A).
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Let 6@ 6 cE(Co C,A®A) be the element corresponding to (8, 0,0, §') through the above iso-
morphism. This is the unique element that satisfies

E(tc, pa)(6 @ 8) = 8, (1c, pa )6 @ 6") = 0, E(1c, pa ) (6 ® 8') = 0, E (¢, pa ) (8 & 8') = 8.

Let C and E be as before.

Definition 2.3. [5, Definitions 2.7 and 2.8] Let A, C € C be any pair of objects. Sequences of morphisms in C
A5B2Yc and A 5B e
are said to be equivalent if there exists an isomorphism b € C(B, B'), which makes the following diagram

commutative:

A-*t.p-Y.C

, ’

AL-pB Y. C
We denote the equivalence class of A B L by [A B L C].

1
For any A, C € C, we denote 0 = [A @»Aeac(o—’lzc].

For any two equivalence classes, we denote
A-5B-Lcle[d 5B Lc]=[ae4 ™ BeB P cal].

Definition 2.4. [5, Definition 2.9] Let s be a correspondence that associates an equivalence class
s(6)=[A SNy AN C] with any [E -extension 6 € [E(C, A). We say that s is called a realization of E if it
satisfies the following condition.

o Let§ € E(C,A) and 8’ € E(C', A") be any pair of E -extensions, with
s@ =14 5B 2c), s8)=[a 5B 2.

Then, for any morphism (a, c) : § — &', there exists b € C(B, B') such that the following diagram

commutes:

A—*-p-Y.C

bk
A/ﬁB/LC/

In this situation, we say that the triple of morphisms (a, b, c) realizes (a, c).

Definition 2.5. [5, Definition 2.10] A realization s of E is called additive if it satisfies the following
conditions.

(1) For any A, C € C, the split E-extension 0 € [E(C, A) satisfies s(0) = 0.

(2) For any pair of E-extensions 8 € E(C, A) and §' € E(C', A"), s(6 @ §') = 5(6) & s(6") holds.

Definition 2.6. [5, Definition 2.12] Let C be an additive category. An extriangulated category is a triple
(G, E, s) satisfying the following axioms:

(ET1) E : C°° x C — Ab is an additive bifunctor.

(ET2) s is an additive realization of E.

(ET3) Letd € E(C, A) and 8’ € E(C’, A’) be any pair of E -extensions that are realized as follows:
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s@) =[A->B-Lcl, s@6)=a-"5B L.
For any commutative square
A—*-B-YsC
bl
Ny

in C, there exists a morphism (a, ¢) : § — &' satisfying cy = y'b.
(ET3)°P? Dual of (ET3).
(ET4) Let (A, 6, D) and (B, §', F) be [E -extensions realized by

ALBL and B 5 F,

respectively. Then there exists an object E € C, a commutative diagram

Al.p T p
ok
Alsc Mg
ook
F=—F
in C, and an E-extension §" ¢ E(E, A) realized by A N C LN E, which satisfy the following
compatibilities:
@i D 4, E _°, F realizes flé,
(i) a6" =8,

(i) £.68" = e*8.
(ET4)°P Dual of (ET4).

We collect the following terminology from [5].

Definition 2.7. [5, Definitions 2.15 and 2.19] Let (C, [E, s) be an extriangulated category.

(1) A sequence A-5B L Cis called a conflation if it realizes some [E -extension 6 € E(C, A). In this case,
x is called an inflation and y is called a deflation.

(2) If a conflation A % B L Crealizes§ ¢ E(C, A), we call the pair (4 5LBL C, 6) anE -triangle, and write
it as follows:

A5B L2

We usually do not write this “6” if it is not used in the argument.

5 U U 6/
3) LetA — B -2 C ———and A' - B' -2 €' —°— be any pair of E -triangles. If a triplet (a, b, ) realizes
(a,c) : 6§ — &, then we write it as

A$B$07{>

N
Ny Ay, LA

and call (a, b, ¢) a morphism of E -triangles.
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3 Proof of the main result

First, we prove the following crucial lemma.

Lemma 3.1. Let (C, [E, 5) be an extriangulated category.
(1) Consider a homotopy cartesian square
A—L-B

!
A z’ B Y ! o o

with a differential 6 € E(B', A) such that the bottom row is an E -triangle in C. Then, the square extends
to a morphism of [E -triangles of the form (a, b, 1), as illustrated in the following diagram:

A—*-B-Yoc -

ny

A-—Zop Y

>

satisfying 6 = (y')*(-6).
(2) Consider a homotopy cartesian square
Y 1)

A—=L>B—">(C-%>
"
AT B
with a differential 6 € E(B', A) such that the top row is an [E -triangle in C. Then, the squares extend to

a morphism of E -triangles of the form (a, b, 1), as illustrated in the following diagram:

A—*.p Y. .o .

b

A*2spB ~>C-C>
satisfying 8 = (y')*(-96).

Proof. (1) Since the square

(%) o)
—

]
is homotopy cartesian, there exists an [E -triangle: A — A’ @ B B' ———. By the dual of [5, Proposi-
tion 3.17], we obtain the following commutative diagram made of E -triangles:

/—
, (3 A/i’;?(o o) j£zo

oo |-
A/ / ! 5

T B Y o o
\ \
10 | —6

Y A\
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which satisfies 8 = (y')*(-6) and (?{) (-6) + (é) 6' = 0. From the diagram, we have y = y'b. By equality

(?{) (-6) + (é) 6' = 0, we have a.6 = §'. Thus, we obtain the following morphism of E -triangles:

A—*-pB-2s(-

e,

A/—>B/

This completes the proof.
(2) The proof is similar to (1). O

We now prove our main result.

Theorem 3.2. Let (C, [E, s) be an extriangulated category. Consider the following commutative diagram:

A—*-p-Y.(C

(3.1
al ) \Lb (I1) \Lc

Al— B — ('
T Yy
If the two squares (I) and (II) are homotopy cartesian in C, then the outside rectangle is also homotopy
cartesian in C.
Moreover, given the differentials 6; € E(B', A) and 6 € E(C', B) for the left-hand and right-hand squares,
respectively, there exists a differential Op for the outside rectangle satisfying

9R = X*ep and GL = (y’)*Gp.

Proof. Suppose we are given differentials 6; € E(B’, A) and 6 € [E(C’, B) for the left-hand and right-hand
squares, respectively. Since the square (I) is homotopy cartesian, there exists an E -triangle

(%) ', -b)
[N

A A e B i

B —->

with the differential 6; € E(B’, A). We have the following commutative diagram, all of whose vertical
morphisms are isomorphisms, with the first and the third column being identities:

A (I) A/ @B (xlv _b) B,* gLi
(%7
A 7(04) BEBA/ (bv _Z,I)B/fgl'f

(a) ) (b,

)
We have the E -triangle A — B & A B’ —=%. 1t follows that

(@) o e
—

-6,
A—BoA -

B -

-1 0
is an [E -triangle. Note that the sequence 0 — C — C ——— is the E-triangle, we obtain that
x ,
-a -x' 0
( 0 ] (0 0 —1)
—

A—BeA aC
is also an [E-triangle. We have the following commutative diagram, all of whose vertical morphisms are
isomorphisms, with the first and the third column being identities:

B
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N (8) BodoC (675" %) B oo e
(%?8)
(5) vOliy w0
A “ _BoAaC G ¢ ) B oo 0%

We have the E -triangle

I 1

A Boaec VT Boc Y
This shows that the square
a
AL”) AaC
S )
B——=B ®C

b
(s)
is homotopy cartesian.
Recall that we have the following [E -triangle:

b
B Q Bec’ "2

with the differential 6z € E(C’, B). By applying Lemma 3.1 to the following diagram

a
4 AaocC
lx () l(xo )
B Y B/EBC (y/7 70) 0/77€R7>
we obtain the following morphism of E -triangles
a !0
A (yx) A/@C (yx’_c) 0/778P7>
/ (3.2)
- (59)
() (v, —c) 0
B—" B ac—L C- -2~

satisfying (-0;) @ 0 = (y', —¢)*(-6p).
The top row in (3.2) shows that the outside rectangle in (3.1) is homotopy cartesian.
Since (3.2) is a morphism of E -triangles, we have 6 = x,6p.
By the equality (-0;) @ 0 = (y', —¢)*(—6p), we have 6 = (y')*0p.
This completes the proof. O

Theorem 3.3. Let (C, [E, s) be an extriangulated category. Consider the following commutative diagram:




DE GRUYTER Homotopy cartesian squares in extriangulated categories =—— 9

If the total rectangle and the right-hand square are homotopy cartesian squares in C with given differ-
entials Op € E(C', A) and 0y < [E(C, B), respectively, then there exists a morphism x : A — B such that the left-
hand square is also homotopy cartesian with a differential 6; = (y')*6p and that we have 6 = x.6p.

Proof. Since the total rectangle and the right-hand square are homotopy cartesian squares in C with given
differentials 0p € E(C’, A) and 6 € E(C', B), respectively, we have two E -triangles

a
Pucyr oc V0,
and
(JI:) ' -0) 6
B-5BeC - C-—%
Consider the following commutative diagram
(8) '
A u A/@C (y(L,—C) legpf
w59
b0 10
0 0) (v, —,0) 1 gra0
; —C
BoA 2. Bgcapat B "R
(IV) (1> 07 _CC/ )
B’ B’
\
\
| 0600
\
\

By [5, Proposition 3.17], there exists an [E -triangle

w

ALBea 5Bt
which makes the above diagram commutative in C and satisfies the following properties:
(1) t.(6p) = 6r & O, (M)
@ (§) @=oeo0,
3) 1,0, x)(w) + (v', ¢, 0)*(6p) = 0. (%)

By the square (III) is commutative, we obtain that s is equal to (b, —x'). By the square (IV) is commutative,

we have that t is of the form (Z) and bx = x’a. It follows that
(Z) b, —x' -w
A Beoa 3 p T
is also an [E -triangle in C. Put 8, = —w, which shows that the left-hand square is homotopy cartesian with
the differential 6;.
By the equality (#), we have 6 = x,0p. By the equality (&%), we have 8; = (y')*Op.
This completes the proof. O
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