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Abstract: Let u be a positive Borel measure on the interval [0, 1). The Hankel matrix H), = (4, j)n,k=0 With
entries u, , = U,,4» Where p, = j[o 1)t”dy(t), induces formally the operator as follows:

DH(f)z) = ) ( Zyn,kak)(n +1z", zeD,
n=0\k=0

where f(z) = ). jayz" is an analytic function in D. In this article, we characterize those positive Borel
measures on [0, 1) for which DH,, is bounded (resp. compact) from Dirichlet spaces D, (0 < a < 2)
into Dg 2 < B < 4).
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1 Introduction

LetD = {z € C : |z| < 1} be the open unit disk in the complex plane C, and let H(D) denote the class of all
analytic functions in D.
For 0 < p < oo and f € H(D), the integral means M,(r, f) are defined by

1
p

2
My(r,f) = ij[f(re“’)?dﬂ , O0<r<l.
0

The Hardy space HP(0O < p < co) consists of those functions f € H(D) with
Ifler = sup My(r, f) < oo,

O<r<1

and H® is the space of all bounded functions f in H(D ). We refer to [1] for the theory of Hardy spaces.
For 0 < p < oo, the Bergman space AP consists of all functions f € H(D) for which

1A, = IIf(Z)IPdA(Z) < o,
D

* Corresponding author: Shanli Ye, School of Science, Zhejiang University of Science and Technology, Hangzhou 310023,
China, e-mail: slye@zust.edu.cn

Yun Xu: School of Science, Zhejiang University of Science and Technology, Hangzhou 310023, China,

e-mail: xun_99_99@163.com

Zhihui Zhou: School of Science, Zhejiang University of Science and Technology, Hangzhou 310023, China

8 Open Access. © 2023 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.

3


https://doi.org/10.1515/math-2022-0559
mailto:xun_99_99@163.com
mailto:slye@zust.edu.cn

2 —— YunXuetal DE GRUYTER

where dA denotes the normalized Lebesgue area measure on D. We refer to [2] for more information about
Bergman spaces.
For & € R, the Dirichlet space D, consists of all functions f(z) = Y ° ;a,z" € H(D) for which

IAlp, = 2 (n+ D'l < co.
n=0
We obtain the classical Dirichlet space D = D ifa = 0 (see [3]), we obtain the Hardy space H? = D ifa = 1
(see [1,4]), and we obtain the Bergman space A = 9, if a = 2. We mention [3] for complete information on
Dirichlet spaces.
Suppose that u is a positive Borel measure on [0,1), we furtherly define ), to be the Hankel matrix

(M i )n k=0 with entries w, , = u, ., where p, = _|‘[0 l)t"dy(t). The matrix ¥, can be seen as an operator on

f(2) = ziioakz" € H(D) by its action on the Taylor coefficients: {an}n>0 — {Zziol‘n,kak}nzo- Furthermore,
we can formally induce the Hankel operator ), as follows:

H(f)(z) = Z(Zyn,kakJZ", zeD,
n=0\k=0

whenever the right-hand side of this equation can be defined as an analytic function in D. If u is the

Lebesgue measure, H,, is the classical Hilbert operator H . This is why ), is called a generalized Hilbert

operator.

The operator ), has been extensively studied in [5-13]. Galanopoulos and Pelaez [13] characterized
those measures y supported on [0, 1) such that the generalized Hilbert operator ), is well defined and is
bounded on H'. Chatzifountas et al. [5] described those measures u for which #),, is a bounded operator
from H? into HY, where O < p, g < co. Diamantopoulos [9] gave many results about the operator induced by
Hankel matrices on Dirichlet spaces. Recently, Girela and Merchan [6] have studied the operators ), acting
on certain conformally invariant spaces.

In Ye and Zhou’s works [14,15], they defined the derivative-Hilbert operator D), as follows:

DH(f)(z) = ) ( Zyn,kak](n + 1)z,

n=0\k=0
It is closely related to the generalized Hilbert operator, that is,
DH(f)(z) = EH(f)(2)).

Therefore, we called DH), to be the derivative-Hilbert operator. In that work, the second and the third
authors characterized the measures p for which D), is a bounded (resp. compact) operator from A? into A?
for some p and g, and they also characterized the measures y for which D), is a bounded (resp. compact)
operator on the Bloch space.

Let us recall the definition of Carleson-type measures that play a very important role in the theory
of Banach spaces of analytic functions. We refer to [16,17] for some results about Carleson measures.

If I c oD in an arc, |I| denotes the length of I, and the Carleson square S(I) is defined as follows:

S() = {z:rei‘:eifel,l—isr<1}.
2

Suppose 0 < p < co and p is a positive Borel measure on D, then y is said to be an s-Carleson measure
if there exists a positive constant C such that

u(S)) < C|IP, foranyinterval I c dD.
Here, pu is said to be a vanishing s-Carleson measure if

i SO _
i—-o |
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If u is a Borel measure on [0, 1), it can been seen as a Borel measure on D by identifying it as
H(A) = u(A n [0,1)), for every Borel set A ¢ D. In this way, for 0 <s < co, we called u to be an
s-Carleson measure if there exists a positive constant C such that

I’l([ty 1)) < C(l - t)s’ te [O’ 1)'
Also, u is a vanishing s-Carleson measure on [0, 1] if u satisfies

D)
t-1 (1-1t)8

In this article, we mainly characterize the positive Borel measures y on [0, 1) for which the derivative-
Hilbert operator D), is bounded (resp. compact) from Dirichlet spaces D4 (0 < a < 2) into D2 < B < 4).

In this work, C denotes a positive constant that only depends on the displayed parameters but not
necessarily the same from one occurrence to the next. In addition, we say that A > B if there exist a constant
C (independent of A and B) such that A > CB, and A < B is the same as A > B.

2 Main results

We shall first give a sufficient condition such that the operator DH,, is well defined on the Dirichlet space
Dy, for a = -1. And we characterize the measure y such that D%, is bounded from Dirichlet spaces
Dy (0 < a <2)into D2 < B < 4).

Theorem 2.1. Suppose that a > —1, and let u be a positive Borel measure on [0, 1). If the moments of p satisfy
that y, = O(n*(%*g)) for some € > 0, then DH), is well defined on D,.

Proof. Suppose f(z) = Y7 janz" € D,. By Cauchy-Schwarz inequality, we obtain that

00 00 - |ak|
I Ul s 2 T e
goun,k K Zﬂn,kl N kzo(n l
1 g
ol e
g +k+1)‘;+g( )2|k|
1 1
\ k+ Dl P& E
(Z ( k ) a+2£) (Z(k + 1)1a|ak|2]
o+ ke k=0
1
1 2
- 1 .
(I@Zo(k + 1)1+ze) Iflp, < co
This shows that the operator DH), is well defined on D,. |

Next, we import an auxiliary lemma, which is needed for the main theorem in this article.

Lemma 2.1. [18, Theorem 318] Let K(x, y) be a real function of two variables and has the following properties:
(i) K(x,y) is non-negative and homogeneous of degree —1;

(if)
JI((x, Dx2dx = IK(L Yy dy = C;

(iit) K(x, D)x~2 is a strictly decreasing function of x, and K(1, y)y > 2 of y; or, more generally;
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iii’ K(x, l)x‘% decreases from x = 1 onwards, while the interval (0, 1) can be divided into two parts, (0, &)
and (¢, 1), of which one may be null, in the first of which it decreases and in the second of which it

increases; and K(1, y)y‘% has similar properties; and K(x, x) = 0.
Then for every sequence {an}nso such that Y |a, |2 < co, we obtain
(oe] (o) 2 (o)
Z(ZK(n, k)|ak|) < C?Y layl.
n=1\k=1 n=1

In short, if f(z) = ) janz" € H?, we have

(e9] [e¢] 2
Z(ZKmmmm)s@M@.

n=1\k=1

Theorem 2.2. Suppose that 0 <a <2, 2<f <4, and let u be a positive Borel measure on [0, 1),
which satisfies the condition in Theorem 2.1. Then the following conditions are equivalent:

(i) pisa (2 - %)-Carleson measure.

.. _ 1
(i) p, = O(,,zﬂ;“)'
(itiy DHy is a bounded operator from Dy into Dg.

Before giving the proof, let us recall some classical conclusions about the Beta function. The Beta
function B(s, t) can be defined as follows:

2 Xs—l
B(S, t) = - dX,
(1 + x)s+t
0

for each s, t with Re(s) > 0, Re(t) > 0. The value B(s, t) can be expressed in terms of the Gamma function as
follows:

IONG)
T I(s+t)

B(s, t)
Now we continue to complete the proof of the Theorem 2.2.

Proof. (i) & (ii). The result can be found in [5,10].
(ii) = (iii). First, we define two operators. For f(z) = }° ;anz" € Dq, we define V;(f) by the formula

Ve()(2) = Y (n+ 1) apn,

n=0

and for g(z) = )7 ;bnz" € H?, we define Ty(g) by the formula:

Toe)=) = Y (n+ 1 by
n=0
It is easy to check that V is a bounded operator from D, into H?, and T is a bounded operator from H?
into Dﬂ.
Now suppose that 0 < a <2 and 2 < f < 4. We consider a new operator S, defined as follows:
If h(z) = Y7 ,caz" € H?, we define S,(h) by

Sz = Y ( Y(n+ D7k + l)azlynykck)z".

n=0\k=0
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A direct calculation shows that
2

3-8 _
nm+1)2 (k+ DaTan,ka

1S M2, = Y

=

n
M8 L
D18 EMg

2
3-8 _
n+1)2 (k+ 1)azlyn,k|ck|)

3
I
o
>~
il
<}

2
3-8 -
(m+1y2 (k+ 1)‘%1LH
n+k+272*2

N
M8
Mg

3
&
T
)

n=1\ k=1 n+k* =
Let
K, y) = x2ys 1 —, x>0, y>0
(x+y)y =

Then we obtain that
00 00 .
jK(x, Dx-bebx - j S B(Z _E, ﬁ),
x+1)>=7 22

IK(l Yy~ zdy ITdy = B(%, 2 - g)
(y + D+

And it is clear that the functions K(x, 1)x> and K(1, y)y~: are strictly decreasing. By applying Lemma 2.1,

we have
00 -B 2 2
3|3 [ L N, (B(Z _E ﬁ)) IR,
(n+k)*> 22

n=1\ k=1

This implies that the operator S, is bounded on H2.
For each f € D,, it is easy to check that

Tp o Sy o Va(f)(2) = OZO:((n + )7 i n+ 17k + 15 (k + 1)1{1yn’kak)z”

n=0

- Z(Zun )< + D27 = DH,(F)G).

Hence, DH), is bounded from D, into Dp.
(iii) = (i). For 0 < t < 1, let fy(z) = (1 - t2)!"2)° /t"z". We have that

(o]
Ifill}, = (@ - )24 (n + D2 = 1.

n=0

Therefore,

(o]

o 2
IDH )y = Y (n + 1)1-/{ Y (1 + Dpty (1 - tz)l-‘z’tk]
k=0

n=0
1 2

>(1-tH)* “Z(n +1)>F Zt" fc"*"du(c)
n=0 k=0 t

(o)

n 2
(1= (n+ 1)3-ﬁ(2t"+2k (I, 1))] .

n=0



6 —— YunXuetal DE GRUYTER

Since DH), is bounded from D, into Dp, we obtain that

IDHIE, Wi B, = | DH(I,

(o] n 2
21—ty (n+ 1)3’3( 2 e, 1)))

n=0 k=0
2 (1= 270y (n+ D> Ptonu((e, 1))
n=0
.t Dy
a- t2)4+a—ﬁ :

This implies that
u(t, 1) <(a- tz)z_@’

which is equivalent to saying that pisa (2 - %)-Carleson measure. O

In particular, if we take a = 8 = 2 in Theorem 2.2, we can obtain the following corollary, which the
second and the third authors have proved in [14].

Corollary 2.1. The operator DH,, is bounded on A* if and only if the measure p is a 2-Carleson measure.
Lemma 2.2. Let 0 < a <2, 2<f <4, and DH, is a bounded operator from D, into Dg. Then DH,, is
a compact operator if and only if DH,(f,) — 0 in H?, for any bounded sequence {f,} in D,, which converges
to 0 uniformly on every compact subset of D.

Proof. The proof is similar to that of in [19, Proposition 3.11], and we omit the details. O

Theorem 2.3. Suppose that 0 <a <2, 2<f <4, and let u be a positive Borel measure on [0, 1),
which satisfies the condition in Theorem 2.1. Then the following conditions are equivalent:

(i) uis a vanishing (2 - %)-Carleson measure.

(i) p, = o( nzlﬁza).

(iti)y DHy is a compact operator from Dy into Dg.

Proof. (i) & (ii). The result can be found in [5,10].
(ii) = (iii). Take f(2) = Y” jan2" € D and h(z) = Y cpz" € H*. Let

Sum(W(z) = Y ( Y+ )7 (k + 1)'121yn’kck)z".

n=0\k=0

Notice that S, , is a finite rank operator, then S, , is compact on H?. Since p, satisfies p, = o(n’(z’@)),

o . B-a
we obtain that for any £ > 0, and there exists an N > 0 such that|u,,| < en"®"2) whenm > N. Then we note

S = Sum(@) = Y (Z(n 0k 1)“21un,kck]z",

n=m+1\k=0

n=m+1\ k=0

=Tp o (S = Sym) e Va(f)(2)
= (DHy - DHym)(f)(2).

(Tﬁ o SH o Va — Tﬁ o S,u,m o Va)(f)(Z): Z (Z(n + 1)yn,kak]z”
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Therefore,
(o) (o) 2
) 3B a-1
IS = Sumd®IZa = Y | Y+ D2 (k+ D2
n=m+1| k=0

Then for m > N, we have

B-a
n=m+1\ k=0 (n+ k + 2)2_ 2

(o] o0 B 2
(6 iy s 5 (S For v Lol

By Lemma 2.1 and the proof of Theorem 2.2, we obtain
ISy — Sumd (IR, < 2RI,
Thus,
ISy = Symllez g2 < €.
It is clear that
IDHy — DHymllp,~0, < €.
Hence, DH), is compact from D, into Dg.
(iii) = (i). For 0 < t < 1, let f(z) = (1 - t)!"2)° t"z", we have
o
Ifilp, = (@ = > Y (n+ Dot ~ 1,
n=0

and lim;_f;(z) = 0 for any z € D. Since all Hilbert spaces are reflexive, we obtain that f; is convergent
weakly to 0 in D, as t — 1. By the assumption that DH,, is compact from D, into Dg, we have

ltin} IDH,(flp, = O.
Similar to the proof of Theorem 2.2, we obtain that

(it D) < (0 = OF L IDH ),

Therefore,
fim A0 D)
t—1 (1 _ t)Z—T
Thus, y is a vanishing (2 - %)-Carleson measure. O
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