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Abstract: This work is to analyze a nonlocal dispersal model governed by a Volterra type integral and two
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1 Introduction and the main result

In this article, we are concerned with the following periodic problem of a nonlocal dispersal model gov-
erned by a Volterra type integral and two space integrals:

ou(t, &)

t
2 pl e e, o), j K(t, s)u(s, £)ds | + a(t) j K (&, mutt, pdn
0 R

1 (L)
+ W&, [ punue, mn| - be, Oue, O, te 0,0l £<R,
R

u(w’ {) = U(O, 5)5 5 € |R;

wherew > O, f, k, a, K, W, ¢, and b are given functions. The main assumptions imposed on the aforemen-
tioned symbols will be introduced later in this article. Here, the nonlocal dispersal model (1.1) is a model
with a feedback control and two space integral kernel for describing biological invasion and disease spread.
The feedback control W in the model (1.1) depends on the weighted values of u(t, -) over the whole habitat

Iua @(mu(t, n)dn; (for more introduction, see Malaguti and Rubbioni [1]). The time-continuous kernel k in
the model (1.1) is involved in the Volterra type integral:

t
Jk(t, (s, £)ds. (12)
0
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In particular, when k(t, s) = ei(;m, it accounts for a rapidly decreasing memory effect. The integral kernel K

in the model (1.1) being involved in the space integral

a(t)IK (&, mu(t, n)dn (1.3)
R

accounts for long-distance interactions between individuals. We study the model that governed the time
integral and the space integral at the same time. The model in this article is important in applications that
introduce a time memory effect and a long-distance interaction concurrently. As far as we know, there are
few papers discussing a model with Volterra-type integral and space integral simultaneously.

If the nonlinearity f in (1.1) is replaced by f(¢, u(t, ¢)), then (1.1) becomes a model only with one kernel
K and the feedback control W (see [1, (4)]). In this case, it is also for many phenomena. We refer the reader
to [1] and the references therein. In particular, for the case that without the feedback control W, several
studies involving the space integral (1.3) and its analogous have recently been published. Alves et al. [2]
obtained the existence of positive solution for a class of nonlocal problems. Benedetti et al. [3] studied a
second-order partial differential equation with a space integral. They used an approximation solvability
method, which combines a Schauder degree argument with an Hartman-type inequality, to prove existence
of periodic solutions. Eigentler and Sherratt [4] considered the “nonlocal Klausmeier model,” i.e., a coupled
reaction-advection-diffusion system. Hutson et al. [5], Jin and Zhao [6] and Wang et al. [7] all studied first-
order differential equation with an integral diffusion term.

Equation (1.1) becomes a one without the feedback control W and the space integral (1.3) (see [8]) and is
also a model in many applications, such as population dynamics, biology, and epidemiology. In recent
years, the model involving the time integral (1.2) and its analogous has been studied in many papers. In [8],
Bungardi et al. obtained an existence of mild solutions to a nonlocal semilinear integro-differential problem
with a Volterra integral. They developed a vector valued measure of noncompactness involving a Volterra
integral operator. It is worth mentioning that the nonlocal function there assumed to be a compact operator.
Zhuang et al. [9] studied the periodic boundary value problems for integro-differential equations of Volterra
type, concerning with a monotone method. Yu et al. [10] obtained the global solvability for a nonlinear
Volterra delay evolution inclusion subjected to a nonlocal implicit initial condition.

Our article is inspired from the main results in [1,8]. Our aim is to prove an existence result for the
periodic problem (1.1). The main methods we use in this article is that the one given in [1], i.e., the degree
theory referring to condensing operators in Hilbert spaces. We combine it with a suitably assumed
Hartman-type sign condition. We use a sufficiently regular measure of noncompactness (MNC) similarly
defined as the one given in [8]. This case is important in applications and does not follow by a direct
modification of the arguments in both [1,8]. Here, let us mention that the periodic condition is not
a compactness assumption.

A function u : [0, w] x R —» R is said to be a solution of equation (1.1) if it satisfies the following
conditions:

u(t, -) € L(R);

x : [0, w] — I*[R) defined by x(t) = u(t, -) for all t € [0, w];
x € AC([0, w]; L*(R));

¢ x satisfies the equation in (1.1) for a.e. t € [0, w].

To begin with, let us consider the following conditions:
(H1) f:[0,w] xR xR — R is a function such that
1) f(, p, §) is measurable for every p, § € R;
(2) f(t,0,0) =0 fora.e.t € [0, w];
(3) f(t, -, -) is a(t)-Lipschitz continuous for a.e. t € [0, w], i.e., there exists a € LX(0, w) such that for
each (p1, G1), (P2, §2) € R xR,

If (¢, b1, G = f(t, P2, @I < a(O)(P1 - P2l + 1G1 - @) ace. t € [0, w].
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(H2) k: A >R 1is a continuous function, where A:={(t,s) € [0,w] x[0,w]; 0<s<t<w} and
@ € R), llollw) = 1;
(H3) a € L0, w) and K : R x R — R satisfies

K € I’(R x R), ||K||L2([R><[R) =1

(H4) W:R xR — R is a function such that fi(&,r) < W(&,r) < (&, r) for every (§,r) € R x R with

(1) W(,r) € LA(R) n AGo(R) for every r ¢ R and satisfying

‘ W, 1)

o ’ <1(¢) forae.{cR andevery r € R,

where | € LI(R);
(2) fi : R x R - R are functions such that fori =1, 2,

fi(-,r) € IA(R) N AGo(R) forevery r € R

and

‘ % ) <1(¢) fora.e. écR andevery r € R;

05
(3) there exists i : R x R® — R such that )(:,M) € L2(R) for every M > 0 and
i, NI < (&, M) forevery (¢, r) € R x [-M, M];
(4) fi(§, 1) <fo(§, 1) for every (§,r) € R xR and
fi€,10) = limsup i€, 1), £(§, 1) < liIrIiirglffz(f, r)

r—rn

forevery{ e R andrn € R.
(H5) b: [0, w] x R - R is a measurable function and satisfies that there exist sy, s, € LX(0, w) such that

0 < si(t) < b(t, &) <sy(t) forevery (¢, ¢) € [0, w] x R.

Remarks 1.1.
(1) An example of functions that satisfies condition (H,) is

ft,p,q) = w for (t,p,g) € [0, w] xR x R.

+p? + ¢

In this case, f(t, -, -) is a(t)-Lipschitz continuous for a.e. t € [0, w].
(2) Conditions (Hs), (H,), and (Hs) are satisfied by some functions K, W, and b of the examples in
[1, Example 2.1 (2),(3),(4)], respectively.

We now proceed to the statement of the main result in this article.

Theorem 1.1. Assume conditions (H;)—(Hs). Further suppose that the following inequalities hold for fixed
R>0andé > 0:

MQ + Mw) < 1; (1.4)
s = VZa) + a(t) + WPl ; V2AOMRO et [0, wl, (1.5)

where
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. el
M= ———— +1]elow||V2a + allp,e), M = max{lk(, s)}.
l1-e jo —si(t)dt (t,5)eh

Then problem (1.1) admits at least one solution u with ||u(t, -)|| <R, for all t € [0, w].

2 Reformulation of the model

Let X be a Banach space. Denote by ||-||x the norms of X, ||-|| zx) the operator norm of linear and bounded
operators on X. We reformulate equation (1.1) as an ordinary differential equation in the Hilbert space L%(R).
To this aim, we give the following definitions, and for these well-defined properties, see Section 3.

» The Volterra integral operator k : C([0, w]; LAR)) — C([0, w]; I2(R)), which is defined by

t
I%x(t) = J-k(t, s)x(s)ds forall t € [0,w] and x e C([0, w]; L*(R)).
0

» Themap f : [0, w] x [AR) x [2(R) — I*(R), which is defined, for every (t, X, ) € [0, w] x LA(R) x L*(R),
by

Flt, %, 7)) = ft, X&), ¥(&)) for & € R.

Particularly, we see that ft, %,9) = f(t, (), j()) for every (t, %, ) € [0, w] x L2(R) x L*(R).
» Define K : [0, w] x IAR) — I2(R) as follows:

Rt, (&) = a(®) j K(& ni(ndy  for & € R
R
for every (t, X) € [0, w] x L*(R).
» Define the multimap W : LAR) -» L2(R) as
¥ € IAR) N ACoc(R) : [J'(&)] < I(§)fora.e.é ¢ R and
W =1 fice, [omondm < 7€) < £(&, [omropan forall e R
R R

for every X € LA(R).
» The linear operator A(t) : L*(R) — L*(R), for every t € [0, w] is defined, for every ¥ € L*(R), by

AX(E) = -b(t, &)x(&) forevery & € R.

Now, we can write the reformulation of equation (1.1) as the following semilinear evolution inclusion in
the Hilbert space L*(R):

X'(¢) € AX(E) + F (¢, x(D), kx(®)) + R(t, x(£)) + Wx(@®)), te€ [0, w]. (2.1)

Obviously, the solutions for (2.1) with x(0) = x(w) give rise to the one for (1.1).

3 Preliminaries

For the Volterra integral operator k presented in Section 2, we investigate firstly its main properties.
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Lemma 3.1. The map k satisfies the following properties:

(1) k is well defined,

2) k is a linear and continuous operator;

3) lkxdleqo,w); 2wy < MiwlXlleo,w); 2wy for each x € C([0, wl; LX(R)).

Proof. For each x € C([0, w]; L*(R)), from condition (H,), we conclude that
t

t
||’2X(t)||L2([R) < I|k(t, SIx(S)l2ryds < Srefggiﬂk(t, I legro, wi; LZ(R))IdS (3.1

0 0

for every t € [0, w], thanks to absolute integrability of the integral. Moreover, we can prove that kx e
C([0, w]; L*(R)). In fact, let the sequence {t,} ¢ [0, w] be such that ¢, — t in R. It follows that,

t t
lkx(t) — kx(Ollzg) < Ik(tn, SxX(s)ds — Ik(t, $)x(s)ds
0 (0]

L’R)

IN

t, t t t

Ik(tn, $)x(s)ds — Ik(tn, $)x(s)ds + I k(t,, s)x(s)ds — Ik(t, $)x(s)ds
0 0 0 0 L*R)
< Myl |Xlleqo,w); 2@y |t =t + [IXlle(o,w); LZ(R))wSE[l(?z}(]|k(tm s) — k(t, s)|.

From the continuity of k, we obtain the desired, which implies that conclusion (1) holds. By taking the
upper bound about ¢t at both ends of (3.1), we obtain

sup |[kx(Dllzw) < Mwl|Xllcqo,01; 12®)) >
te[0,w]

where M; is given in Theorem 1.1. Then conclusion (3) holds.

Next, we can claim that k is linear and continuous. Indeed, for a;, a; € R and x, y € C([0, w]; L*(R)),
we have that

t
k(ax(t) + ay(t) = jk(t, s)ax(s) + ay(s))ds = akx(t) + aky(t)
0

for every t € [0, w]. Meanwhile, from the continuity of the integral and kernel k, one sees that k is con-
tinuous, and further,

Nkl £cqo,w); 2wy < Miw.

Then the proof is complete. O

Then we can introduce a MNC v in C([0, w]; L*(R)) defined by, for every bounded Q c C([0, w]; L*(R)),
v(Q) = max (Y{uninen)s N{uninen))s

Un}nenCQ

where

Y({Uninen) = sup ](X({un(t)}neN) + X({atn()}nen))s

te[0,w
N({nnery) = MOdc(fitnbnen) + modc(thitnbnen),
where mod, is the modulus of equicontinuity in C([0, w]; L*(R)), which has the following form:

modc(Q) = lim sup max [x(t) - Xell2w)
6—-0 yeq li-t|<6
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for each bounded Q ¢ C([0, w]; L?(R)). Obviously, mod¢(Q) = 0 implies that Q(-) is equicontinuous.
The range for v is the cone R2 and the maximum is taken in the sense of the partial ordering induced
by this cone.

Remark 3.1. The MNC v is well defined in C([0, w]; L?*(R)) and nonsingular (see [8, Theorem 4.1, p. 2531]).
In general, one says MNC v is nonsingular if v({a} U Q) = v(Q) for every a € [*(R) and bounded
Q c ([0, w]; LA(R)).

Lemma 3.2. The MNC v is regular, ie., v(Q) = (0, 0) is equivalent to that Q is relative compactness
in C([0, w]; LA(R)).

Proof. If the set Q c C([0, w]; L*(R)) is relatively compact, then for any sequence {up}neny € Q, we have

X{un(O}nen) = O for every t € [0, w] and mod({un}ney) = 0. Since k is continuous (see Lemma 3.1), one sees
that

X({kun(Oknen) = 0, ¢ € [0, w],
and that
modc({ktn}nen) = O.

Thus, v(Q) = (0, 0).
On the other hand, if v(Q) = (0, 0), then for every {u,},y € Q, we have that

sup (Y{un(O)hnen) + X {Kttn(O}hnen)) = 0,

te[0,w]
and hence, y({un(t)}neny) = O for all t € [0, w]. Moreover,
modc({untney) + modc({kintnen) = O,

and then mod¢({un}nen) = 0, which implies that {u,},en is equicontinuous.
Therefore, the well-known Arzela-Ascoli theorem (see [11, Theorem 1.3.1, p. 7]) implies that Q
is relatively compact, and then, we obtain the desired. O

To prove our main result, we state the following version for Hausdorff measures of noncompactness in
[12, Corollary 4.2.5, p. 113].

Proposition 3.1. Let {f,}nen € L0, w; L?(R)) satisfy the following conditions:
(1) {fulnen is integrably bounded in L0, w; L*(R));
(2) there exists q € LX0, w) such that, for a.e. t € [0, w),

X{fa®nen) < q(0).

Then, we have the estimate, for every t € [0, w],

t t
X Iﬂ(s)ds < Iq(s)ds.
0 0

neN

We next describe the main properties of the nonlinear term f .

Lemma 3.3. The map f satisfies the following properties:
(1) f is well defined,;
2 f (,X, ¥) is measurable for every X,y € L*(R);
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3) f(t, ) : [AR) x [A(R) — LA(R) is a(t)-Lipschitz continuous for a.e. t € [0, w], i.e., for each (%, V) €
L(R) x I’(R), n=1,2 and a.e. t € [0, w],

IFCt, 5, ) = Ft %o, P)llzwy < V2a@®) (1% - Rllzgy + 19 - Fllew) )3
(4) forevery (t, %, ¥) € [0, w] x LA(R) x L*(R),
IF (¢, % Pllwy < V2a® (1112w, + W2w))

where a is given in condition (H;).

Proof. For every (t, %, y) € [0, w] x L*(R) x L*(R), from condition (H;)(2)(3), we have that

IF (&, %, )| = If (¢, X&), FEN = If (&, X&), §E&) - £¢, 0, 0)] < a®)(XE)] + FE)D. G-2)

Then f is well defined.
From (3.2), one sees that

I, %, I, < j @E)RE)] + [FEDE < 2@l + llzw )
R

Thus, conclusion (4) holds.
Let (X, ) € LIA(R) x L2(R) be fixed. Let Q € (I?(R))*, from the Riesz representation theorem, there exists
g € I2(R) such that

Q(h) = Ih({ )g(£)d¢é  for every h € L*(R).
R

We consider the functional Q - f (s %, ¥) : [0, w] —» R defined by

Q- f(t.%9) = jf(t, (&), JENEE, t e [0, w].
R

The condition (H;)(1)(3) implies that f is globally measurable, and hence,
Ft, ) = ft, %8, ¥(§N8 ()
is measurable on [0, w] x R. In addition, we obtain
If (¢, X(8), ¥(§))8 () < a(t)(IX(E)] + [¥(E)DIg(E)],

so, f (-, -) € I{[0, w] x R). Then from the Fubini theorem, one can see Q o f(-, %,¥) € L{0, w) and so is
measurable. By the arbitrariness of Q and the separability of L2(R), we obtain the measurability of f G, %9
from [13, Corollary 1.11, p. 279] (see also [14, Corollary 3.10.5, p. 365]).

To prove conclusion (3). Let (%, J,) € L*(R) x L*([R), n = 1, 2, from condition (H;)(3), one has that for
a.e.t € [0, w],

|lf(t’ fl’ )71) - f(t’ )229 yz)"iz([R) = IV(t’ fl({)’ YI(‘f)) - f(t, f2({)’ j’é('{))lzd{
R
< I(a(t))z(lf1(§ ) = B + 1) - HEDdE
R

< 2(a(t ))ZI(I21(€ ) = B + 11,8) - BOP)AE
R

< 20’ (I% - %leg) + 17, = Blrg)?

Then the proof is complete. O
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The map K, multimap W and linear operator A(t) for every t € [0, w] are all well defined and have
following properties (see [1, pp. 829-837]).

Lemma 3.4. [1, Proposition 3.1, p. 832] The map K satisfies the following properties:
(1) K(-,%) is measurable for every X € [A(R);
() K(t, ) : [2(R) — LX(R) is a(t)-Lipschitz continuous for everyt € [0, w), i.e., for each X, j € L(R), one has

IK(t, %) - K(t, Py < a®If - Flpgy  for every t e [0, w].

Lemma 3.5. [1, Proposition 3.2, p. 833, Propositions 3.3, 3.4, p. 835] The multimap W satisfies the following
properties:

(1) W) is nonempty, closed, and convex in L*(R) for every X € L*(R);

(2) W is locally compact, i.e., its restriction to a neighborhood of every point is compact;

3) W is lower semicontinuous.

Lemma 3.6. [1, p. 830] The linear operator A(t) for every t € [0, w] satisfy the following properties:

(1) A(t) is bounded, t € [0, w];

(2) the family {A(t)}te[o,o) Senerates an evolution system {U(t, S)},syea, and each U(t, s) : LA(R) — LX(R)
is defined, for every X € L*(R), by

| " bo,0)d

Ut,s)x(é) =e U)Z({) for every & € R.

Remarks 3.2. [1, p. 831]
(1) U(t, s) is bounded with

1U(t, 9l 2wy < €0 forall (t,s) € A; (3.3)

(2) the unique solution of the linear-associated initial problem

xX'(6) = A{)x() + f(t), t € [0, w], fe LY0, w; LAR)),
x(0) = X9, Xxo € L2(R)

can be written in the integral form
t
X(t) = U(t, 0)xq + I UG, s)f(s)ds, t e [0, wl:
0

(3) I - U(w, 0) is an invertible operator with

I = Ulw, O) Y 2wy < (3.4)

1_ el -sae”

4 The proof of the main result

To prove that problem (1.1) admits at least one solution, we study the periodic problem in L*(R) given by
(2.1) and

x(0) = x(w).
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Since the multimap W in (2.1) is lower semicontinuous with closed and convex values (see Lemma
3.5(1),(3)), it admits a continuous selection g : L*(R) — L*(R) from [12, Theorem 1.2.18, p. 19]. The local

compactness of W (see Lemma 3.5(2)) implies that & is compact. So, we study the semilinear evolution
equation in L?(R) instead of (2.1)

X'(t) = AWOx() + f(t, x(0), kx(8)) + R(¢t, x(1)) + 8(x(t)), t € [0, w]. (4.1)
For every g € C([0, w]; L*(R)), consider the linear equation:
X(t) = AOX(®) + A(f (¢, q(t), ka(®)) + R(t, q(®) + &(@(®)), t € [0, w], (4.2)

with the parameter A € [0, 1]. From Remarks 3.2(2), the unique solution of (4.2) with a given initial condition
x(0) = xy € L2(R) can be written as follows:

t
x(t) = U(t, O)xo + Aj U(t, s)(F(s, q(s), kq(s)) + R(s, q(s)) + &(q(s))ds, t € [0, w].
0

Since I - U(w, 0) is invertible (see Remarks 3.2(3)), the unique solution x,;‘ of (4.2) with the periodic
condition x(0) = x(w) is that, for t € [0, w],

X3 = AU(t, 0)I - U(w, 0))‘1I Uw, s)(f(s, (s), kq()) + K(s, q(s)) + &(g(s)))ds

, ° (4.3)

+A I Ut, s)(f(s, a(s), kq(s)) + K(s, q(s)) + &(g(s))ds.
0

Then, we introduce the operator T : C([0, w]; L*(R)) x [0, 1] — C([0, w]; I*(R)) defined by
T(g, ) = x,.

Obviously, the fixed points of T(-,1) are solutions of equation (4.1) with x(0) = x(w), which give the solu-
tions for equation (2.1).

Lemma 4.1. Assume all conditions of Theorem 1.1 hold. Then T is a bounded and continuous operator.

Proof. Let A ¢ C([0, w]; L*(R)) be bounded. Since g is compact, there exists a constant y > 0 such that
18(@(E)l|i2w) < ¥ for t € [0, w] and every g € A.
Let (g, A) € A x [0, 1] be fixed. From (3.3), (3.4), and Lemma 3.1(3), we have that

w

- J‘€'|52”L1<°"H>|lf(5, a(s), kq(s)) + K(s, q(s)) + 8@l ds
- ejo st |

I1s21l1
A e'%2lllo,w)
IIxg (Oll2w) <

¢
+ J‘E"SZ”L‘wvalf(S, a(s), kq(s)) + K(s, q(s)) + 8@z, ds
0

ellsalio

ejo —sit)dt

w
+1 el j(ﬁa(s)(||q<s>||Lz® + lkg(S)lliwy ) + a)lg)lz) + 9)ds
1- 0

ellsalio

Im + 1 [l ion(My|[V2a + allgo,w) + MiMAw|IN2al|10,0) + TW),
—si(t)dt
eJo

1-

where ||g(s)||2w) < My for every s € [0, w] and g € A. Thus, T is bounded on bounded sets.
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To prove T is a continuous operator. Let g, — q in C([0, w]; L>(R)) and A, — AinR. From (4.3), we have

M oA A wA Ly A Ay ol A
Xgr = Xq = X! = Xg, + Xg, = Xg = (A = A)Xg + (g, = Xg).

Since g, — q in C([0, w]; LA(R)), {gu}tnen is bounded in C([0, w]; L*(R)). From an argument similar as
mentioned earlier, one obtains that {x;n}neN is also bounded in C([0, w]; L*(R)) for n € N. The boundedness
property in C([0, w]; L(R)) of {x} },cn implies that

A

xpn = x2 in C([0, w]; LAR)).

Again from (4.3), we obtain that for t € [0, w],
w t
x;"(t) - xé‘(t) =AU(t, 0)I - U(w, 0))’1IU(w, $)(hu(s) — h(s))ds + AIU(t, s)(hn(s) — h(s))ds,
0 0

where

ha(S) = f (S, qu(s), kgu(s)) + K(s, gu(s)) + £(gu(s)),
h(s) = f (s, q(s), kq(s)) + K(s, q(s)) + £(q(s)),

From (3.3) and (3.4), we have

s € [0, w].

t

o je”sz“ﬂ<o,w>||hn(s) ~ hS)llzgods + je"sz“mw>||hn(s> — Bl ds
—sy(t)dt
eJo 0

1521,
2 A e L(0,w)
[1xg, (&) = xgOll2w) <
1- 0
eHSZ”Ll(O,w)

w
S feliten [ iha(s) - ROl ds.
J- —sy(t)dt
el 0

1-
From the continuity of the f ,k, K, and g (see Lemma 3.1-3.4), one sees that h,(s) — h(s) for a.e. s € [0, w].
Also from Lemmas 3.1-3.4 and a similar argument as mentioned earlier, we have that
lha(s) = h(S)Il2w) < V2a($)(IIgn(s) - a(S)ll2w) + 1k(gu(s) = GDNzwy) + aS)IIgn(s) = G(Sllzw) + 27
< 20(N2a(s) + a(s)) + 232 wpMa(s) + 27,
where ||g,(s)||2w) < p for every s € [0, w] and n € N. Thanks to Lebesgue’s dominated convergence the-
orem, we have that xé‘n (t) — x,;‘(t) in L2(R) for every t € [0, w], i.e.,

xp = x} inC([0, w]; LA(R)).

Therefore, we obtain the desired. O
Lemma 4.2. Assume all conditions of Theorem 1.1 hold. Then T is condensing with respect to the MNC v.

Proof. To prove that T is an v-condensing operator, i.e., for bounded Q < C([0, w]; L*(R)), the relation
u(T(Q x [0,1])) = v(Q) implies that Q is relatively compact. Let Q ¢ C([0, w]; L(R)) be bounded.
T(Q x [0, 1]) is bounded in C([0, w]; L*(R)) from Lemma 4.1. Consider a sequence {x,},en € T(Q x [0, 1]),
which achieves that

u(T(Q x [0, 1])) = (Y({a}nen)s N({Xadnen)) € R3.

There exist {gu}ney € Q and {A,}neny € [0, 1] such that x;n" = Xp.
From Lemmas 3.3(3), 3.4(2), and the compactness of the map g, we have that, for a.e. t € [0, w],

XAF(E, @a(t), kgu(t)knen) < V2N UGu(t)bnen) + XEkGu(O}nen))s

XUK(E, ga()hnen) < alOX{gn(Obnen)s
X({g(qn(t))}nsN) =0.
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Since the Hausdorff MNC y is algebraically semiadditive (see [12, (vii), p. 34]), we conclude that

XS hnew) < XAF(S Gu(S)s KGu(S)hnerw) + XUAR(S, Guls))hnew) + XUE(Gn(S))knen)
< V2a(S)X{Gn(S)hnen) + X (Tkgn(8)inen)) + a(SNEGn(S)bnen) (4.4)
< (N2a(s) + a(s)y({gniney) forace. s e [0, w],

where the form of hy(s) is given in the proof of Lemma 4.1. By a inequality (see [12, (2.1.2), p. 35]), one sees
that

XU $)ha(hhnen) < (V2a(s) + a(S)y({Gnnen)e!™ o forace. (¢, s) € A.

Clearly, {U(t, -)h}nen is integrably bounded in LY(0, t; I>(R)) for all t € [0, w], so is {A,U(t, )hp}tnen-
Then, we can exchange the MNC y with the integral by Proposition 3.1 and obtain that

t t
x| jU(t, M()dst | < y({guhmene!® 0w j(ﬁ a(s) + a(s))ds
0 0

neN

< Y({Qn}nsN)e‘IsZIlLl(O'“’)l|\/§a + a“Ll(O,w)

for all t € [0, w], and here, we used the semi-homogeneity of y. From (3.3) and (3.4), we have that

ellsllio

m elsliow|[V2a + allgo,w)-
1- eIo —sy(t)dt

X| AU, 0)T - U(w, 0))'1IU(w, $)hn(s)ds < Y({Gninen)
0

neN

Then we deduce that

ellsllio

l1-e j:’ _si(t)dt

Xx(®hnen) < y({Qn}neN)( + 1Je|52|"l(°"")”\/§a + dllpo,w) = y({Qn}neN)M

for allt € [0, w]. And since k(t, s) can be regarded as a real number, it follows from semi-homogeneity of y
that

XUk(t, (Ohnen) < [k(t, $)ly{gnlne)M

for all (¢, s) € A.
Since {k(t, -)Xu}nen is integrably bounded in L1(0, t; L2(R)) for allt € [0, w] (see the proof of Lemma 4.1),
from Proposition 3.1, we have that

te[0,w] te[0,w]

t
sup XX (O)nen) = SUp X fk(t, SP(s)ds
0

neN
t

< sup | x({k(t, $)x4(S)}nen)ds

te[0,w] o
< j(?‘;)ae)zlk(t, S)IX({Xn(S)}nGN)dS
o &

< Y({Qn}neN)Mle-
Thus, we deduce that

Y(Ohnen) < sUp (X(X(Ohnen) + YT O}new)) < Y({@ulnen)M(A + Miw).

te[0,w]
Since v(T(Q x [0, 1])) = v(Q), we obtain that

Y{Gnhnew) < Y(@adnen) < Y{Gnhnen) M1 + Myw).
By the condition (1.4), we obtain that y({gn}nen) = 0. So, Y({Xn}nen) = O.
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From (4.4), we have that y({h,(s)}nen) = O for a.e. s € [0, w]. Recall {h,} ey is integrably bounded in
LY0, w; IL*(R)), S0 {xn}nen is relatively compact in C([0, w]; L?(R)). This implies that modc({x,}nen) = O (see
[15, Lemma 2, p. 626]). And the continuity of k (see Lemma 3.1(2)) guarantees that modc({lzxn},,em) = 0, too.
Then we deduce that n({x;}nen) = O.

Therefore, we have that

(0, 0) = (y({Xn}new)> NExntnen)) = v(T(Q % [0, 1])) > v(Q),
and hence, v(Q) = (0, 0). Since v is regular MNC, we obtain that Q is relatively compact. This implies that T

is an v-condensing operator. O

Proof of Theorem 1.1. We first prove that T has no fixed points on the bounded of Q for every A € [0, 1).
Define

Q= {q € €0, wl; XR)) : llg®)llzw) <R, forevery t € [0, ]},

where R is given in (1.5). It is obviously that Q is nonempty, closed, and convex set of C([0, w]; L*(R)).

For the case A = 0, it is easy to see x(? =0 for all g € Q; thus, T(Q x {0}) N 0Q = &.

For the case A € (0, 1), we reason by contradiction and assume that there exists (g, 1) € 0Q n (0, 1)
such that x; = q. From the definition of Q, one sees that there exists t; € [0, w] such that [|g(fo)||2R) = R.
Since g(0) = g(w), we can assume that ty € (0, w] without loss of generality.

Let us denote by (-,-) the scalar product in L2(R). According to (4.2), it follows that for a.e. t € [0, w],

(@), g'() = (), AD)g(t) + AF (¢, q(), kq(t)) + K(¢t, q(t)) + §(q(t))))
= Iq(t)(f JAg()(§)ds + IM(O@ I (t, q(t), kg(0))(E)dg
R R

+ Iﬁq(t)(f K(t, g()(§)dé + j/\q(t)(f)é(q(t))(é’ )ds.
R R

For every t € [0, w], we estimate that as follows:
» from condition (Hs),

Jao®@aoaoxe = [ - b xa0P)E < [ - SO@OPEE = -SOIAOIE,
R R

R

» by using the Holder inequality and Lemma 3.3,

qu(t)({)f(t, q(t), kq()(&)d¢ < A jm(t)(s)f(t, q(t), kq())(&)|d¢
R R

<|If (¢, g(®), kgl 2@ 1a®Oll 2@
< \/Ea(f)(HCI(t)HLZ(R) + ||lzq(t)||L2([R))||q(t)||L2([R)

< V2O, + VZAOMROIGO] )

» by using the Holder inequality and (Hs),

qu(t)(f)K(t, Q(E)(E)de = qu(t)(f)a(t)jK(f, a(O)(n)dndé
R R R
< Aa(t)ﬁq(tx{n j IK (&, )a(6)(pldndé
R R

< a(t)IIQ(t)(f)IIII<(§, Nlezw) 1Ol 2w)d§
R

< aO)llaO g
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» recall that g o q(t) € W(q(t)), from the definition of Q, condition (H,), and the Holder inequality,

f AO@EEONE)E < A j 4O@E@O)O)IdE
R R

SJIq(t)(é' Jmax | fi ¢, fcv(n)q(t)(n)dn dé
i=1,2
R R

<gOll ) P C Ry »

where we have used the fact that

_fqo(n)q(t)(n)dn < jlgo(n)q(t)(n)ldn < lg®llzw)y < R.
R R

Therefore, we deduce that for a.e. t € [0, w],

@), 4©) < =51OIOI, + V2aOUGOI Ry, + V2AOMROIGOlI g + AOIOIEse,

+ g2y 1Y CHBON 2Ry

= IIQ(t)Hfz(rR)(_Sl(t) +\2a(t) + a(t) + IPCR)w) + ﬁa(t)MlRw]'

||q(t)||L2([R)

Since q is continuous, there exists € > 0 such that

1 1 5
- R)||;2 V2a®OMRw) ————— - = | <=, te(ty-¢,ty), 4.5
(YCRllrw) + v2a(t) lw)(llq(t)llg(m) R)< 5 € (to - &, to) (4.5)

with 8 is given in (1.5). Therefore, by combining (4.5) with (1.5), we have that
(@), q'(t)) <0, ae. te(t- & to).

So, one sees that

to
I (@), ¢(©O)dt < 0. (4.6)

to—¢€

On the other hand, we claim that

to
j (@), ¢O)dt = %(HCI(to)”LZ(m) ~llatto - ©llzg) = 0,

to—¢€

which in contradiction with (4.6). Then we obtain the desired.

If there exists g € 0Q such that g = x;, then g is a solution of equation (4.1) with x(0) = x(w).

A Schauder degree is well defined in C([0, w]; L?(R)) referring to condensing operator (see [12, p. 55]).
Ifg + X‘; for all g € 0Q, then from the similar argument as above, T is a homotopy connecting the maps
T(-,0) and T(-,1). Thus, by the normalization property of the degree, we have that

deg(I - T(-,1), Q) = deg(I - T(-,0), Q) = 1.

So by [12, Theorem 3.3.1, p. 60], there exists g € Q such that g = x,}.
In conclusion, there is at least one solution of equation (4.1) with x(0) = x(w), which furnishes the
solution of problem (1.1). O
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5 Discussion

From the proof of Theorem 1.1, one can easily see that our methods can be used to study the following
problems:
» the multipoint boundary value problem

t
a”(at’ 9 _ Al u, o), J K(t, s)u(s, £)ds | + a(t) J KGx, mu(t, )dn
t 0 R
‘ + W&, [punute, mn| - bt Oue. O, te 10wl £eR, G0
) R
u(O’ ‘f) = zniu(ti’ '{)’ ‘f € [Rs
i=1
wherem; e R fori=1,2,...,p,and 0 < 1 < f << tp < w;
» the weighted mean value problem
t
%: e, uct, o), f k(t, s)us, £)ds | + a(t)jK(x, u(t, p)dn
0 R
3 + W| ¢, f(p(n)u(t, ndn | - b(t, EHu(t, &), te[0,w],éeR, (5.2)
R
1 w
w0, -~ [poue, Hat, ger,
w 0

where ¢ : [0, w] — R is continuous.
We could obtain the following existence results.

Theorem 5.1. Assume conditions (H,)-(Hs) and (1.5) hold; suppose also that

)4
(Mw + 1)e'sz'Ll<0vw{II\/5 a+ allpo,w + Z|7Ti|) <1

i=1

is satisfied. Then, problem (5.1) admits at least one solution u with ||u(t, -)|| <R, for allt € [0, w].

Theorem 5.2. Assume conditions (H,)—(Hs) and (1.5) hold; suppose also that
Mw + el oo (|[V2a + allyo,e + 19llcqow ) <1

is satisfied. Then, problem (5.2) admits at least one solution u with ||u(t, -)|| < R, for all t € [0, w].

The proofs deal with the boundary value problems associated with inclusion (2.1) equipped with
boundary conditions

p
v(0) = Y mv(t) (5.3)

i=1

and

¥(0) = qub(r)v(t)dt, (5.4)
@ 0
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respectively. Then applying the similar topological argument as the one used in Theorem 1.1, one could
obtain the solutions of problems (2.1), (5.3) and (2.1), (5.4). According to Section 2, these furnish the
solutions of problems (5.1) and (5.2), respectively.
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