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Abstract: The main aim of this article is to study admissible congruences on a type B semigroup. First,
we give characterizations of the minimum admissible congruence whose trace is a normal congruence on
a type B semigroup. After obtaining some properties of admissible congruences with the same trace on a
type B semigroup, we introduce the notion of a normal subsemigroup and give characterizations of the
minimum and maximum admissible congruences whose kernels are normal subsemigroups. Finally,
the concept of a congruence pair of a type B semigroup is given, and two congruences associated with
the congruence pair are obtained.
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1 Introduction

Since the establishment of the algebraic theory of semigroups, regular semigroups have been an important
research topic. In recent years, as a class of generalized regular semigroups, abundant semigroups have
attracted more and more attention from semigroup scholars (see [1-14]). In 1979, the concept of a type
B semigroup was introduced by Fountain in [15]. Recently, many semigroup scholars investigated type
B semigroups and obtained some results (see [6-8,10,12,13]). Congruences play an important role in char-
acterizations of properties of semigroups. The study of congruences of semigroups has been deeply devel-
oped (see [1-3,7,16—-20]). The kernel trace method is very successful in the study of an inverse semigroup
congruence. In 1954, the concept of a kernel normal system was proposed for the first time by Preston, and
congruences on inverse semigroups are characterized by the kernel normal system. On the basis of a kernel
normal system, Reilly and Scheiblich proposed concepts of kernels and traces of congruences on inverse
semigroups and obtained a kernel trace method [21]. Petrich studied congruences on inverse semigroups by
using the method of a kernel trace in [18]. El-Qalliali extends it to the study of congruences of ample
semigroups in [1]. It is well known that ample semigroups and type B semigroups are generalizations of
inverse semigroups in the range of abundant semigroups. Therefore, it is a natural thing to characterize
congruences of a type B semigroup by using the above method. This article is committed to extending these
results to type B semigroups.
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We proceed as follows: Section 2 provides some basic notions and properties of abundant semigroups.
In particular, some properties of type B semigroups are given. In Section 3, we consider normal congruences
of a type B semigroup S. It is shown that the minimum admissible congruence on S whose restriction to the
idempotent set E of S is a normal congruence 7 and a congruence containing any admissible congruence
whose restriction to E is a normal congruence 1. In Section 4, we characterize admissible congruences with
the same trace. In Section 5, we investigate kernels of congruences on a type B semigroup and obtain
equivalent sets of kernels of 0; and y,. In Section 6, we give the notion of a normal subsemigroup N of
a type B semigroup and obtain some interesting results. In Section 7, we introduce the definition of
a congruence pair on a type B semigroup. In Section 8, a conclusion is given.

2 Preliminaries

Throughout this article, we use notions and notations of [15,22-24]. For undefined concepts, the reader can
refer to [24].

In the following, we first recall some basic properties of Green* relations £* and R*. For convenience,
L7 and R} denote the £*-class and R*-class containing a, respectively; E(S) denotes the set of idempotents
of S; a* and a* denote the typical idempotent of the £*-class and R*-class containing a, respectively.

Lemma 2.1. [23] Let S be a semigroup and a, b € S. Then the following statements are equivalent:
(1) aL*b (aR*b);
(2) forallx,y € S', ax = ay (xa = ya) if and only if bx = by (xb = yb).

Corollary 2.2. [23] Let S be a semigroup and a, e = e* € S. Then the following statements are equivalent:
(1) aLre (aR*e);
(2) ae = a (a =ea) and for all x,y € S1, ax = ay (xa = ya) implies ex = ey (xe = ye).

Obviously, the relations £* and R* are right and left congruences on semigroup S, respectively.

Definition 2.1. [15] A semigroup S is rpp (resp., lpp) if each £*-class (resp., R*-class) of S contains an
idempotent. A semigroup S is said to be abundant if it is both rpp and Ipp.

Definition 2.2. [15] An rpp (resp., lpp) semigroup S is right adequate (resp., left adequate) if E(S) is
a semilattice. A semigroup is said to be adequate if it is both left and right adequate.

Asin [15], if S is a right adequate semigroup, by Proposition 1.3 [15], any L*-class of S contains a unique
idempotent. Dually, any R*-class of a left adequate semigroup S contains a unique idempotent.

Definition 2.3. [15] A right adequate semigroup S is right type B, if it satisfies the following conditions:
(B1) foralle, fec E(SY,acS, (efa) = (ea)(fa);
(B2) foralla ¢ S, e € E(S), if e < a*, then there is f € E(S!) such that e = (fa)*.
Dually, a left adequate semigroup S is left type B, if it satisfies the following conditions:
(B1) foralle, fe E(SY),a €S, (aef)" = (ae)*(af)*;
(B2) foralla € S, e ¢ E(S), ife < a*, then there is f € E(S?) such that e = (af)".

A semigroup is said to be type B if it is both left and right type B.
Lemma 2.3. [15] Let S be an adequate semigroup and a, b € S. Then the following statements hold:

(1) aL*b if and only if a* = b*; aR*b if and only if a* = b*;
(2) (ab) = (a*b)*; (ab)* = (ab*)*;
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(3) (ab)b* = (ab)*; a*(ab)" = (ab)*;
(4) (ae) = a‘e; (ea)" = ea*.

Recall from [22] that a congruence p on an adequate semigroup S is said to be admissible if for

allaeS,x,y e S,

axpay = a‘xpa‘y, xapya = xa‘pya‘.

Lemma 2.4. [22] Let p be an admissible congruence on an adequate semigroup S. If a, b are two elements of S
such that apb, then a*pb* and a*pb*.

Lemma 2.5. [22] Let p be a congruence on an abundant semigroup S. Then p is an admissible congruence on S
if and only if ap L*a*p and apR*a*p for all a € S.

Lemma 2.6. [14] Let p be an admissible congruence on an adequate semigroup S. Then
(1) S/p is a type B semigroup if S is type B;
(2) foralla € S, (ap)* = a*p and (ap)* = a*p.

Let p be an admissible congruence on a type B semigroup S. We note that if xp is an idempotent in S /p,
then there exists an idempotent e in S such that (x, e) € p.

Definition 2.4. [22] A homomorphism 6 from an adequate semigroup S onto T is said to be an admissible
homomorphism if

al*(S)b = abLxT)bl; aR*(S)b = abR*(T)bé.

Definition 2.5. [15] Let S be an adequate semigroup. The relation y is defined as follows:
(a, b) € p ifand only if for all e € E(S), (ea)* = (eb)* and (ae)* = (be)".

As in [22], p is the maximum congruence contained in *. By [15], the congruence y is an admissible
congruence if any two elements of E(S /u) commute. An adequate semigroup S is said to be fundamental if u
is the identity relation on S.

Lemma 2.7. [22] Let S be an adequate semigroup. If E(S /) is a semilattice, then E(S /u) = {eule € E(S)}.

Lemma 2.8. [14] Let S be a type B semigroup. If any two elements of E(S /\) are commutative, then
(1) S/u is a type B semigroup;
(2) S/ is fundamental.

Lemma 2.9. [6] Let S be a type B semigroup. The relation ¢ is defined as follows:
(a,b) e 0 & (Je € E(S)) eae = ebe.
Then o is the least cancellative monoid congruence on S.
Lemma 2.10. Let S be an adequate semigroup and E(S /1) be a semilattice. Then S is a full subdirect product

of a cancellative monoid and a fundamental type B semigroup if and only if S is a type B semigroup and
o (| K = s, where is is an identity relation on S.

Proof. Let C be a cancellative monoid and T be a fundamental type B semigroup. Put S = {(a, t) | a € C, t € T}.
Define a multiplication on S as follows:

(a, t)(b, x) = (ab, x).
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Clearly, S is a semigroup and E(S) = {(1,e) € C x T | e € E(T)} is a semilattice. Now, we prove that S is a type
B semigroup. Let (c, t) € S such that (c, t)(a, x) = (c, t)(b, y) for all (a, x), (b, y) € S'. Then (ca, tx) = (cb, ty).
Hence, ca = cb and tx = ty. Note that C is a cancellative monoid and T is a fundamental type B semigroup. We
have that a = b and t*x = t*y. Furthermore, (1, t*)(a, x) = (1, t*)(b, y). But (c, t) = (c, t)(1, t*). Therefore,
(c, )L, t*). Dually, (c, t)R*(1, t*). Hence, S is an adequate semigroup. In other words, for all (c, t) € S,
we have that (c, t)* = (1, t*) and (c, t)* = (1, t*). Let (1, e), (1, f) € E(S) and (c, t) € S. Then

[(1, e)(1, F)(c, DT = (c, eft) = (1, (eft)")
= (1, (et)*(ft)*)
= (1, (et))(A, (ft)")
= (c, et)*(c, ft)*
=[(1, e)(c, OI[(L, F)(c, O

Hence, S satisfies Condition (B1). Let (1, e) € E(S), (c, t) € S. Then

1,e)<(c,ty=0,e) <(1,t")
=0,e)=,e)1,t") =1, t)1,e)
=e=et"=t'e
Sec<t
= (3f € E(TY)e = (ft)* (by Condition (B2))
=1, e) =@, (ft)) = (c, (fty) = [, f)c, O,
where (1, f) € E(S). Hence, S satisfies Condition (B2) and S is a right type B semigroup. Dually, we can prove

that S is a left type B semigroup. This shows that S is a type B semigroup.
Let (c, t), (n, s) € S such that ((c, t), (n, s)) € [ u. Then there exists (1, f) € E(S) such that

(1: f)(C, t)(lx f) = (1’ f)(n’ S)(ly f)a
where f € E(T). For any (1, e) € E(S), we have
[(1, e)c, O] = [(4, e)(n, $)]* and [(c, £)(1, e)]" = [(n, 5)(1, )],

where e € E(T). This shows that ¢ = n, (1, (et)*) = (1, (es)*) and (1, (te)*) = (1, (se)"). Therefore, c = n and
(t,s) € u(T). As T is fundamental, we have t = s. Thus, o (| y = .

Conversely, suppose that S is a type B semigroup. Then S/¢ is a cancellative monoid and S/u is
a fundamental type B semigroup. Define a mapping as follows:

Y:S—>S/oxS/u, xyp=(xo,xp).

It is easy to see that i is a homomorphism. Let au be an idempotent of S /u. Then there exists e € E(S) such
that (e, a) € p. But ec is an identity of S/o. Thus, el = (eo, ep) and Imy is a full subdirect product of
S /o x S/u. By the hypothesis, 0 (| u = ts. Therefore, i is one-to-one and S = Imy. O

3 Normal congruences of a type B semigroup

In this section, we shall consider a normal congruence on a type B semigroup. For convenience, we replace
E(S) by E in the remaining. As usual, for an arbitrary congruence p on a semigroup S, the restriction p |¢ of
p on the idempotent set E is called a trace of p, denoted by trp. Obviously, trp is a congruence on the
idempotent set E and if e, f € E with epf and a € S, we have that (ea, fa) € p and (ae, fe) € p. In particular,
if p is an admissible, we have that (ea)*p(fa)* and (ae)*p(af)*.

Definition 3.1. A congruence 77 on an idempotent set E of a type B semigroup S is said to be normal if for all
e,feEanda €S,

enf = (ea)'n(fa): and (ae)'nm(af)*.
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Definition 3.2. Let 7 be a normal congruence on E of a type B semigroup S. Define a relation on S as follows:
o, ={(a,b) € S xS | (Fe, f € E)ena*nb*, fna*nb*, fae = fbe}.

We now give the main theorem in this section.

Theorem 3.1. Let S be a type B semigroup. Then a,, is the minimum congruence on S whose restriction to Eis 1.
Furthermore, o, is an admissible congruence on S.

Proof. First, we prove that g, is an equivalence relation on S. Clearly, g, is reflexive and symmetric. Now, we
show that o is transitive. To see it, let a, b, ¢ € S such that (a, b) € 0, and (b, ¢) € 0. Then there exist
e, f € E such that enb*ric*, fnb*nc* and fae = fbe; and there exist g, h € E such that gnb*nc*, hnb*nct and
hbg = hcg. Note that E is a semilattice. We have

fhaeg = hfaeg = hfbeg = fhbge = fhcge = fhceg.

Since ena*nb* and gnb*nc*, we have that egma*b*na*a* = a* and egnb*c*nc*c* = c*. That is, there exists
eg € E such that egrma*ric*. Similarly, there exists fh € E such that fhratnc*. Therefore, o, is an equivalence
relation on S.

Next, we prove that o, is a congruence on S. Let a, b € S such that (a, b) € o,. Then fae = fbe for some
e, f € E, ena*nb* and fra*nb*. Hence, for all c € S, cfae = cfbe and c*fae = c*fbe. Note that c*f < c*.
By Condition (B2), we have c*f = (gc)* for some g € E1, and so (gc)*ae = (gc)*be. Therefore, gcae = gcbe.
That is, gc*ca(ca)*e = gctch(ch)*e. Multiplying it on the left by c¢*, we obtain that c*gc*ca(ca)‘e =
c*gc*cb(ch)*e. By the normality of 7 and Lemma 2.3(2), we have that

frat = (cf)'n(ca*)" = (ca)t.
Note that R* is a left congruence and S is R*-unipotent. We have that gc* = (gc)*. Again since c*£L*c and L*

is a right congruence, we have that c*(gc)*L*c(gc)*L*(c(gc)*)*. Note that S is L*-unipotent. We have
c*(gct) = (c(ge)h)*. That is, c*gctm(c(gc)t)*. Thus,

c*gctn(c(ge)y) m(eccf )t = (cf ).

Similarly, (cb)*ric*gct. Therefore, c*gctm(ca)tn(chb)*. Clearly, c*gctcaL*(c*gctca)*. Again, since S is a right
congruence, we have that
(c*gctca(ca) e) L*c*gc*ca(ca)e L*(c*gctca)*(ca)*e.
Hence, (c*gctca(ca)*e)* = (c*gc*ca)*(ca)*e since S is L*-unipotent. Again since emra*mb*, we obtain
(ca)*ert(ca)*a*n(ca)* and (cb)*em(ch)*b*m(ch)*.
Thus, (c*gc*ca)*(ca)*en(c*gctca)*(ca)*. But, c*gc*m(ca)*. By the normality of 77, (c*gc*ca)*(ca)*n((ca)*ca)*(ca)*.
Therefore,
(c*gctca(caye)yn((ca)tca)(ca): = (ca)*.

Similarly, we can prove that (c*gc*cb(cbh)*e)*n(cb)*. Since c*gc*ca(ca)*e = c*gc*cb(ch)*e. We obtain that
(ca)yn(ch)*n(ca)‘e = e(ca)*. But, gcae = gche. Multiplying it on the left by ¢* and on the right by (ca),
we have that c*gc*cae(ca)* = c*gc*cbe(ca)*. Thus, (ca, cb) € 0.

On the other hand, let a, b € S such that (a, b) € 0,. Then fae = fbe for somee, f € E, ena*nb*, fna*nb*
and faec = fbec. Hence, faec* = fbec*. Note that ec* < c*. By Condition (B2'), there exists h € E! such that

ect = (ch)*, and so fa(ch)* = fb(ch)*. Multiplying it on the right by ch, we obtain that fach = fbch. That is,
f(ac)tachc*ct = f(bc)*bchc*ct. By the normality of 7 and Lemma 2.3(2),

ena* = (ec)*n(a*c)* = (ac)*.

Again since hc* = c*h.L*chL*(ch)* and S is £*-unipotent, we have that hc* = (ch)* and so hc*c*R*(ch)*cR*((ch)*c)*.
This gives that hc*c* = ((ch)*c)* since S is R*-unipotent. Thus,
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hc*ctn((ch) c)*n(ectc)* = (ec)*.

Therefore, hc*c*m(ac)*. Similarly, we can prove that hc*c*m(bc)*. Hence, hc*ctm(ac)*m(bc)*. Obviously,
achc*c*R*(achc*ct)*. Since R* is a left congruence, we have that

(f(ac)tachc*c*)y*R*f(ac)tachc*c*R*f (ac)*(achc*c*)*.
Note that S is R*-unipotent. We have (f(ac)*achc*c*)* = f(ac)*(achc*c*)*. But fma*nb*, we have that
flac)tma*t(ac)tn(ac)t and f(bc)*nb*(bc)tm(bc)t.

Thus, f(ac)*(achc*c*)*n(ac)*(achc*ct)t. Again hc*c*m(ac)*, by the normality of m, (ac)*(achc*c*)*n(ac)*
(ac(ac)*)*. Therefore,
(f(ac)rachc*c*y*n(ac)*(ac(ac)*)* = (ac)*.
Similarly, (f(bc)*bchc*ct) m(bc)t. But, f(ac)*achc*c* = f(bc)*bchc*ct. We have
(ac)y*n(bc)tnf(ac)*.

As fach = fbch, so f(ac)tachc*c* = f(ac)*bchc*c*. Thus, (ac, bc) € oy.

Summing up the above arguments, we conclude that g, is a congruence on S.

Now, we prove that tro, = 1. Clearly, tro, € 7. Let e, f € E such that enif. Then fee = fe = ffe. By the
definition of o,;, we have eoy, f. Thus, tro, = .

Next, we show that g, is the minimum congruence whose restriction to E is 1. Let p be a congruence

whose restriction to E is n. If (a, b) € g, then fae = fbe for some e, f € E, ena*nb* and frma*nb*. Since
trp = 1, we have that epa*pb* and fpa'pb*. Hence,

ap = a*aa’p = a*papa’p = fpapep = (fae)p = (fbe)p = fpbpep = b*pbpb*p = b*bb*p = bp.

Thus, (a, b) € p. That is, o, < p. Therefore, 0, is the minimum congruence whose restriction to E is 7.

Finally, we prove that o, is admissible. Leta € S, s, t € S! such that (as, at) € o,. Then fase = fate for
some e, f € E, en(as)*n(at)* and fr(as)'m(at)*. By Lemma 2.3, (as)* = (a*s)* and (at)* = (a*t)*, and so
en(a*s)*m(a*t)*. But

fase = fate = faa*se = faa*te = (fa)*a*se = (fa)*a‘te.
Thus, (a*s, a*t) € 0. Similarly, (sa, ta) € o, implies (sa®, ta*) € o,. Therefore, o, is an admissible congru-

ence. This completes the proof. O

Let 7 be an admissible congruence on S. By Theorem 3.1, we have that o, is the minimum admissible
congruence on S whose restriction to E is 71. As usual, a congruence p on a semigroup S is called idempo-
tent-separating if ep = fp implies e = f for all e, f € E. Similarly, we can define an idempotent-separating
homomorphism.

Proposition 3.2. Let p be an admissible congruence on a type B semigroup S whose restriction to E is .
Then S /p is an idempotent-separating homomorphic image of S / 0.

Proof. Define a mapping ¢ as follows:
¢:S/op— S/p, (sox)p = sp.
Then, it is easy to see that ¢ is a homomorphism of S /0o, onto S/p. By Lemma 2.7, we have that
E(S/o,) = {eo, | e € E}.
Let edy,, fo, be two idempotents of S /o,, where e, f € E. Then
(eon)p = (fo)p = ep=fp = (e,f)ep = (e,f)en (p=m) = ey = for.

This means that ¢ is idempotent-separating. This completes the proof. O
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Definition 3.3. Let S be a type B semigroup and 7 be a normal congruence on E. Define a relation on S
as follows:

U, =1{@a, b) € S xS | (Ve € E)(ea)*n(eb)*, (ae)'nm(be)'}.

Lemma 3.3. Let S be a type B semigroup and i be a normal congruence on E. Then the following statements
are equivalent:

(1) (a,b) € pys

(2) foralle,f ¢ E, enf implies (ea)*n(fb)* and (ae)*n(bf)";

(3) (aog, boy) € u(S /a,), where u(S / ;) denotes the relation p on S / 0.

Proof. (1) = (2) is clear. Now, we show that (2) = (1). For all b € S, e, f € E with enf, we have

(eby'n(fb)*. If (a, b) € p,, then (ea)*n(eb)*. Hence, (ea)nt(fb)*. On the other hand, for all b € S,e,f € E

with enf, it follows that (be)*mr(bf)*. If (a, b) € u,, then (ae)*n(be)*. Hence, (ae)*n(bf)*. That is, (2) holds.
(1) & (3) Foralla, b € S, we have

(a, b) € u, & (Ve € E)ea)ni(eb), (ae)*'n(be)*
& (Ve € E)(ea)*o, = (eb)*oy, (ae) o, = (be)to, (since tro, = m)
& (Ve € E)(eoa0,)* = (e0:bo,)*
(aozeo,)™ = (bozeo, )t (since o, is admissible)
o (aoy, bay) € u(S/oy). O

Theorem 3.4. Let S be a type B semigroup. Then tru = nt. In particular, if p is an admissible congruence on S
with ttp = mt, thenp < ..

Proof. Obviously, j, is an equivalence relation on S. Now, we prove that y, is a congruence on S. For any
a,b,ceS,eckE,if(a,b) € u,, then (ea)'n(eb)*. By the normality of 7 and Lemma 2.3(2), we have that

(ea)ynn(eb): = ((ea)c)*n((eb)c)* = (eac)* = (ea)*c*n((eb)*c)* = (ebc)*.

Hence, (eac)*rr(ebc)*. Since (ce)* € E, we have (a(ce)")'n(b(ce)*)* from the definition of y,. By Lemma
2.3(2), (a(ce)*)* = (ace)* and (b(ce)*)* = (bce)*. That is, (ace)*m(bce)*. Thus, (ac, bc) € p,. On the other
hand, for all a, b, c € S, e € E, if (a, b) € u,, then (ae)*nm(be)*. By the normality of 7 and Lemma 2.3(2),
we have

(ae)y'n(be)r = (c(ae)")'m(c(be))* = (cae)*m(cbe)’.

Since (ec)* € E, we obtain ((ec)*a)*m((ec)*b)*. But ((ec)*a)* = (eca)* and ((ec)*b)* = (ech)*. This shows that
(eca)* = (ech)*. Thus, (ca, cb) € u,. To sum up, u, is a congruence.
Next, we prove that tru, = 71. It is easy to see that 7 ¢ u,. For all f, g € E with fu_g, then efreg for all
ecE. Lete = f and e = g, respectively. This gives that fafg and gfng. As fg = gf. So fng. Thus, tru, = 7.
Finally, we show that i, is the maximum admissible congruence whose trace is 71. To see it, let p be any
admissible congruence on S such that trp = 1. If (a, b) € p, then (ea, eb) € p and (ae, be) € p for alle € E.
By Lemma 2.4,

((ea)", (eb)") € p and ((ae)", (be)") € p.

Hence, (ea)*n(eb)*, (ae)*n(be)*. That is, (a, b) € u,. This completes the proof. O

4 Congruences with same trace on a type B semigroup

In this section, we mainly describe the relationship between two admissible congruences p and 7 on a type
B semigroup S, which have the same trace. Clearly, if we restrict p to E, then trp is normal, and
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Oteps My, AT€ the minimum and the maximum admissible congruences on S, respectively. In particular,
troy, = tip = try,,,, where

Oup = 1{(a, b) € S x S | a’pb*, a*pb*, (e € a’p N E, 3f € a*p n E)fae = fbe}
Hyp = {(a, b) € S x S | (Ve € E)(ea)*nt(eb)*, (ae)*m(be)'}.

For convenience, we denote 0y, by 0, and denote p,, by p,.

Theorem 4.1. Let p be an arbitrary admissible congruence on a type B semigroup S. Then 0, < p < J,
and tro, = tip = try,,

Proof. It follows directly from Theorems 3.1 and 3.4. O

Definition 4.1. Let p and 7 be two congruences on a type B semigroup S with 7 < p. Define a congruence
p/ton S/ as follows:

(a, b € S)ar(p/T)bt © apb.

Theorem 4.2. Let p and T be two admissible congruences on a type B semigroup S. Then the following
statements are equivalent:

(1) trp = trr;

(2 pcu and p,/p=uS/p;

(3) (Va, b € S)apu(S/p)bp & atu(S/1)bt;

(4) (Va, b € S)apH*(S/p)bp & arH*S/T)br;

(5) p N Tl and p N T | are cancellative congruences, where e € E;

(6) p/pnTandT/p N T are congruences contained in H*(S/p N T).

Proof. (1) = (2) Since Hup = Mp» Hyr = U, and tip = trr, we have p, = p,. Thus, p < p,. For all a, b € S,
it follows that

ap(u,/p)bp < ap(u,/p)bp < ap,b & (Ve € E)ea)p(eb), (ae)'p(be)" < (ap, bp) € u(S/p).
(2) = (1) It is easy to see that trp < tru, C tr7. For all e, f € E, we have
etf = ey f = ep(u, /p)fp = ep=fp = epf.

That is, trt € trp. Thus, trt = trp.
(1)= (3) For all a, b € S, we have

apu(S /p)bp < (Ve € E)(ea)'p = (eb)'p, (ae)'p = (be)'p
o (Ve € E)(ea)* T = (eb)*t, (ae)'t = (be)'T
o atu(S/t)br.

(3)= (1) For all e, f € E, it follows that
epf © ep=fp o epu(S/plfp & etu(S/T)ft & et =fr o etf.

(1) = (4) For all a, b € S with apH*(S/p)bp. We have ap L*(S /p)bp and apR*(S /p)bp. By the hypoth-
esis, p is admissible. Thus, by Lemma 2.5, we have a*p L*(S /p)b*p and a*pR*(S /p)b*p. By Lemma 2.6(1),
S/p is a type B semigroup, it shows that S/p is L*-unipotent and R*-unipotent. Thus, a*p = b*p and
a‘’p = b*p. But, trp = trr, this shows that a*r = b*t and a*t = b*t. Therefore, arH*(S /7)bt. Similarly,
atH*(S /)bt implies apH*(S / p)bp.

(4) = (1) For all e, f € E with epf, we have epH*(S /p)fp, and so et H*(S /7)fr. Hence, et = fr. That is,
etf. Similarly, etf implies epf.
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(1) = (5) Clearly, ep is an adequate semigroup, where e € E. Let a, b, c € ep and (ab,ac) epnr.
By the hypothesis, p and 7 are admissible congruences. Hence, (a*b, a*c) € p n 7. Since ep is an adequate
semigroup, we have a*, b* € ep. Thus, (a*, b*) e pn 1 and (b, a*h) € p N 7. Similarly, we can show
(a*, c*) € p n 1 such that (a*c, ¢) € p N 7. According to transitivity, (b, ¢) € p N 7. Therefore, p N 7 is left
cancellative. Similarly, p N 7 is right cancellative. Thus, p N 7 |, is a cancellative congruence. Dually,
we can prove that p N 7 |, is a cancellative congruence.

(5) = (1) Let g, h € ep n E. Clearly, ggh = gh, where g, h, gh € ep n E. It follows that (ggh, gh) e p n 7.
By the hypothesis, p N T is a cancellative congruence. Hence, (gh, h) € p N . Similarly, we have (hg, g) € p N 1.
As gh = hg, we have (g, h) € p N 1. In particular, for all e, f € E,

eof = feep = (e,f)epnt = (e,f)eT = etf.

Similarly, etrf = epf is also true.
(1) = (6) For any a, b € S, we obtain

apnT)p/pnth(pnTt)=apb = apb*, a'pb*
>aont)p/pnt b*(NT)
atfont)yp/pnt bi(pnT)
salpnTt) LS/pnT)blpNT)
alpNT)R(S/pnT)blNT)
=alpnt)H(S/pnT)blpnrT).

Hence, p/pnt € H*(S/p N 7). Similarly, 7 /p n 7 < H*S/p N 1).
(6) = (1) For all e, f € E, we have

eof = epnop/pntf(pnt) = epnNnT)H*S/pNnT)f(pNT) = e(pn1)=flPpNnT) = etf.
Similarly, etf implies epf. This completes the proof. O

Corollary 4.3. Let p be an admissible congruence on a type B semigroup S. Then p = Ky ifand only if S /p
is fundamental.

Proof. By Theorem 4.2,
p=M, e U, /p=1tso uS/p)=1ts & S/p is fundamental,

where s is an identity relation on S. This completes the proof. O

5 Kernels of congruences on a type B semigroup

In this section, we investigate kernels of admissible congruences on a type B semigroup. Recall from the
study of Petrich [19] that for any congruence p on a semigroup S, the kernel kerp of p is defined as follows:

kerp ={a € S | (3e € E)(e, a) € p}.
Proposition 5.1. Let p be an admissible congruence on a type B semigroup S. If a € kerp, then (a*, a*) € tip.

Proof. Let a € kerp. Then there exists e € E such that (e, a) € p. Since p is admissible, by Lemma 2.4,
(e, a*) € p and (e, a*) € p. Thus, (a*, a*) € p. Clearly, a*, a* € E. Therefore, (a*, a*) € trp. O

Proposition 5.2. Let p be an admissible congruence on a type B semigroup S. Then ep = ey, N kerp for
alle € E.
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Proof. Leta € S, e € E such thata € ey, N kerp. It follows that ap,e and there is f € E such that apf. Since p
is admissible, we have that a“y,e and a*pf. Again since trp = trp,, we have ay, f and a*pe. By transitivity,

epf and ape. Thus, a € ep. That is, ey, N kerp < ep.
Conversely, if a € ep, then a € kerp. Since p ¢ My, we have (a, e) € Hy- That is, a € ep,. Therefore,
a € ey, N kerp and ep < ey, N kerp. O

Proposition 5.3. Let p be an admissible congruence on a type B semigroup S. Then the following sets are
the same:

(1) Ky =kerg, ={a € S | (3e € E)(e, a) € dp};

2) K,={aeS|(@ecapnkE,fea'pnE)fae = fe}.

Proof. For all a € S, we have

acKi=(3g€ckE)a,g) co,
= a‘pg, a‘'pg,(Je e a*p N E, f € a'p n E)fae = fge
=>(eeapnkE,fgeapnE)gae=fge = aclk.

On the other hand,

ackhb=>(FecapnkE, featpnE)fae =fe
= fe=fae p a*aa*=a
= fepa®, fepa* (since p is admissible).

Again since feafe = efaef = effeef = fe = fefefe, fepa* and fepa*, we have (a, fe) € g,. That is, a € K.
This completes the proof. O

Corollaries directly from Proposition 5.3 are as follows.

Corollary 5.4. Let p be an admissible congruence on a type B semigroup S. Then the following sets are
the same:

(1) Ky =kero, ={a €S| (Je € E)(e, a) € 0,};

2 K={aeS|(FecapnkE,fea'pnkE) fae = fe}

Corollary 5.5. Let p be an admissible congruence on a type B semigroup S. Then the following sets are
the same:

1) K = keryp ={aeS|(3FecE)ea) e yp};

2) K; ={a € S| (Ve € E) eamnae}.

Corollary 5.6. Let p be an admissible congruence on a type B semigroup S. Then the following sets are
the same:

(1) Ky =kery, ={acS | (JecE)e, a) e pu,i;

2 K; ={a €S| (Ve € E) eanae}.

Proposition 5.7. Let p be an admissible congruence on a type B semigroup S. Then the following sets are
the same:

(1) kero={a € S | (e € E) eae = e};

(2) keru={a eS| (Ve e€E)ea = ae}.

Proof. Obviously,
ackeroc = (Ife€E)(a,f) e o0 = (Je €E) eae =efe = (e € E) feafe = feaef = fefef = fe.
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That is, kero c {a € S | (3e € E) eae = e}. Conversely, let a € S such that eae = e for some e € E.
Then (e,a) eo, and so ae€kero. That is, {aeS|(JecE)eae=e}ckerog. Thus, kero=
{a € S| (3e € E) eae = e}. This completes the proof. O

The aforementioned corollaries show that the kernel of y on S is the centralizer E¢ of E (i.e.,
foralle € E,s € E§, es = se).

Corollary 5.8. Let S be a type B semigroup and x € S. If x € E&, then

x*=x*, XxH*x*.

Proof. Forall x € S, e € E, if x € E{, then ex = xe. Let e = x*. Then x = xx* = x*x. By Lemma 2.1, x* = x*x*.
Let e = x*. Then x = xx* = x*x. By Lemma 2.1, x* = x*x*. To sum up, x* = x*. In other words, x£L** = x™.
Clearly, xR*x*. Therefore, xH*x*. O

6 Congruences with the same kernel on a type B semigroup

In this section, we shall extend the notion of normal subsemigroups in the class of inverse semigroups to
the class of type B semigroups. By using the concept of a normal subsemigroup of a type B semigroup, some
characterizations of congruences with the same kernel on a type B semigroup are given.

Definition 6.1. Let S be a type B semigroup and N be a full subsemigroup of S (i.e., E(N) = E(S)). Then N
is said to be a normal subsemigroup of S if it satisfies the following conditions:

(@) (Vx,yeS)(¥YneN)xyeN = xnyeN;

(b) (Vx,y e S (Y ne N)xnye N = xn*y € N,xn'y € N.

Remark 6.1.

(1) Obviously, the idempotent set E of S is a full subsemigroup of S and it satisfies Condition (b). If S
is commutative, then Condition (a) holds for any subsemigroup of S. Thus, if S is commutative, then E
is normal.

(2) There are full subsemigroups of commutative type B semigroups which do not satisfy Condition (b). For
example, under the general multiplication, Z, Q and R are commutative type B semigroups. Clearly,
the set of non-negative integers is a full subsemigroup of Z and a normal subsemigroup of Z. While Z
is a full subsemigroup of Q and Z is not normal. Therefore, Condition (a) is not sufficient for N to be
normal in S.

(3) When N and S are groups, forall x,y € S,n € N, xy € N, we haven™' € N and xnn"'y € N, xn"'ny € N.
Hence, forall x,y € S, n € N, xy € N implies that xny ¢ N & N is normal.

(4) There are non-normal subsemigroups which satisfy Condition (b). That is, Condition (b) is not sufficient
for N to be normal in S.

Example 6.1. Let R be a real set. Put

x 0 0 x
S:{[O y]l x,ye[R,xyq&O}, T:{[y 0]| x,ye[R,xquO}.

Let G = SU T. Then G is a group under the matrix multiplication. Clearly, G is a type B semigroup.

Let N = {[(1) 2]| X # 0}. Obviously, N is a subgroup of G. It is easy to see that N is a full subse-

, [0 a L |10 b? _[1 0] . +_[1 0]
mlgroupofG.ForallA—[b O]eT,A _[al 0]andforallM— 0 x e N,M*=M"= o 1 €N,
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-1 _
AA _[01

-1 _ | X 0
]eN.ButAMA _[0 1

LetA,BeG,CeN.Thenc*:m:[(1) 0

If A,B € S and ACB € N, then AB € N;
IfAeSand B e T, then ACB ¢ N;
IfAeTandBce€S, then ACB ¢ N;
0 x
y O
From Example 6.1, Conditions (a) and (b) of normal semigroups are independent.
A non-empty subset A of a semigroup S is said to be unitary if for alla € A, s € S, as, sa € A imply
that s € A.

] ¢ N. This means that N is not a normal subsemigroup of G.

] € N. Hence, AC*B = AC'B = AB. Note that

IfA,BeTwithB:[ ],xy:landC:[(l) ?],thenACBeNandsoABeN.

Theorem 6.1. Let p be an admissible congruence on a type B semigroup S. Then
(1) If kerp is unitary, then kerp is a normal subsemigroup of S;
(2) If kerp is cancellative, then kerp is a normal subsemigroup of S.

Proof. (1) By hypothesis, it is clear that E ¢ kerp and kerp is a full subsemigroup of S. Let x, y € S, n € kerp
and xy € kerp. Then there is e € E such that (n, e) € p and (xny, xey) € p. Note that ey* < y*. We have that
there exists f € E' such that ey* = (yf)* from Condition (B2'). Hence,

xeyf = xey*yf
=x(yf)yf (since ey* = (y)")
= xyf € kerp (since xy € kerp, f € kerp).

Note that f € kerp and kerp is unitary. We have that xey € kerp, and so xny € kerp. Thus, Condition (a)
holds.

Since p is an admissible congruence on S and (n, e) € p, we have (n*, e) € p. By transitivity, (n, n*) € p.
Hence, for all x, y € S, (xny, xn*y) € p. Thus, xny € kerp implies xn*y € kerp. Similarly, xny € kerp implies
xn*y € kerp. This means that Condition (b) holds. To sum up, kerp is a normal subsemigroup of S.

(2) By the proof of (1), for all x,y € S, n € kerp, there exist e, f € E such that xeyf = xyf. Since p is a
congruence on S, we have xeyfpxyf. By the hypothesis, xeypxy. Note that xy € kerp, we have xey € kerp.
Hence, xny € kerp. Thus, Condition (a) holds. By the proof of (1), Condition (b) holds. To sum up, kerp is
a normal subsemigroup of S. O

Definition 6.2. Let N be any subsemigroup of a type B semigroup S. Define a syntactic congruence r,; of N
as follows:

ny={a,b)eSxS|(Vx,yeSYxay e N & xby € N}.

Obviously, ny is a congruence and 1, is the maximum congruence. If E(S) ¢ N, then kern, ¢ N.If S is
a type B semigroup and N is normal, then we have that the maximum congruence on S whose kernel is N
on S.

Proposition 6.2. Let S be a type B semigroup and N be a normal subsemigroup of S. Then n is the maximum

admissible congruence on S whose kernel is N.

Proof. It is easy to see that 17 is a congruence on S. Now, we prove that kern, = N. To seeit, leta € S. Then
ackerny = (FecE)e,a)eny = (Vx,yeSYxaye N ifandonlyif xey e N.

Let x = a* and y = a*. We have that a*ea* € N since N is a full subsemigroup. Hence, a*aa* € N. That is,
a € N. On the other hand, let n € N. Then, for all x, y € S!, we have
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xnye N = xn'ye N = xnn*y e N = xny € N.

Hence, xny € N if and only if xn*y € N. Thus, (n, n*) € n. This shows that n € kern,. Therefore, kern, = N.

Next, we prove that 1, is an admissible congruence on S. Foralla € S, m, n € S, ifamn,, an, then for
all x,y € S!, xamy € N if and only if xany € N. Since N is a normal semigroup of S, we obtain that
xa*my € N if and only if xa'ny € N. Thus, a*mny a*n. Similarly, for all a € S, m, n € S!, man, na implies
ma*ny na*. Therefore, 1y is an admissible congruence.

Finally, we show that r is the maximum admissible congruence on S whose kernel is N. To see it,
suppose p is an admissible congruence on S and kerp = N. Let (a, b) € p. Then for all x, y € S!, we have
(xay, xby) € p. Hence, xay € ker p if and only if xby € kerp. That is, xay € N if and only if xby € N.
Therefore, (a, b) € ny.

To sum up, 1, is the maximum admissible congruence on S whose kernel is N. O

Let S be a type B semigroup and N be a normal subsemigroup of S. In order to give the minimum
admissible congruence on S whose kernel is N, we first give the following lemma:

Lemma 6.3. Let S be a type B semigroup and N be a normal subsemigroup of S. Define a relation Ty on S as
follows:

v = {(xnyy, xnyy) | x,y € Shm, ny € Ninf™ = n}.

Then the following statements hold:

(1) 7y is an equivalence relation on S;

2 N={aeS|(JecE)(a,e) e w};

(3) 1y is contained in an arbitrary admissible congruence on S whose kernel is N.

Proof. (1) It is clear.

(2) Let a € N. Clearly, a = a*taa* and a*a* = ata*a*. Since a, a* € N and a* = (a*)" = a*, we have
(a, ata*) € 1y. That is, there exists e = ata* € E such that (a, e) € 1.

Conversely, let a € S and (a, f) € 1y for some f € E. By the definition of 7y, we have

a=xny, f=xmy; n,n eN; nf=nj.

Note that E ¢ N. We have xnyy = f € N. Since N is normal. We obtain xn;'y = xnjy € N. Hence, xnyy =
xnnyy € N. That is, a € N and (2) holds.
(3) Let p be any admissible congruence on S whose kernel is N. Let (a, b) € 1y. By the definition of 1y,

a=xny, b=xny; n,neN; nf=nj.

Since kerp = N, there are e, f € E such that (ny, e) € p, (n, e) € p. Note that p is an admissible congruence
on S. We have that (n/,e) € p and (ny,f) € p. But n; = ny, we have (e, f) € p. Thus, (xey, xfy) € p.
It follows that:

(m, e) ep,(n, f) e p = (xmy, xey) € p, xmpy, xfy) € p = (xmyy,xnyy) € p = (a, b) € p.
Therefore, (3) holds. O

As usual, let S be an arbitrary relation on X. Define S*, the transitive closure of S,
by §®° = [ J{S" | n > 1}.

Proposition 6.4. Let S be a type B semigroup and Ay be a transitive closure of iy (Ay = T4). Then Ay is the
minimum admissible congruence on S whose kernel is N.

Proof. Obviously, Ay is a congruence on S. Now, we prove that kerAy = N. To see it, let n € N. Then there
exists e € E such that (n, e) € y. By Lemma 6.3, we have that (n, e) € Ay for some e € E and n € kerAy.
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Conversely, let a € kerAy. Then (a, f) € Ay for some f € E. By hypothesis, Ay = TI{,. Hence, there exist
a, ay,..., a, € S such that

(@, @) € v, (@, @) € W, ..., (@n-1, ) € Ty, (@n, f) € Ty
Note that
(an, f) ey = ap=xny, f=xmy; m,m,feN; nf=ny;
xny=feN = xnfjye N = xnjye N = xnye N = a, €N.

Similarly, a,_1, @y-,..., a1, a € N. That is, a € N. Therefore, ker Ay = N.
Finally, we show that Ay is the minimum admissible congruence on S whose kernel is N. Let p be any
admissible congruence on S whose kernel is N. By Lemma 6.3, we have that 7y € p, and so Ay € p. O

The following corollary can be obtained from Propositions 6.2 and 6.4.

Corollary 6.5. Let S be a type B semigroup and p be an admissible congruence on S whose kernel is N.
Then Ay < p < ny and kerAy = kerp = Kkern,,.

A congruence on S is said to be idempotent-pure if for alla € S, e € E and (a, e) € p imply a € E.

Proposition 6.6. Let S be a type B semigroup and p be an admissible congruence. If Ay is an admissible
congruence on S, then S [ p is an idempotent-pure image of S [ Ay.

Proof. Define a mapping ¢ as follows:
¢:S/Av— S/p, (alw)p = ap.

It is easy to see that ¢ is a homomorphism from S /Ay to S/p. Let a € S, e € E such that (aAy)¢ = (eAy)e.
Then ap = ep. That is, ape. By Proposition 5.7, kerdy = N = kerp. Hence, aAye. That is, aly = ely.
Therefore, S /p is an idempotent-pure image of S/Ay. O

7 Congruence pairs on a type B semigroup
In this section, we extend the concept of congruence pairs from inverse semigroup to type B semigroups.

Definition 7.1. Let N be a normal subsemigroup of a type B semigroup and 77 be a normal congruence on E.
Then (71, N) is a congruence pair on S if the following statements hold:

(1) for all n € N, ntnn*;

(2) forallx,y € S,e,f e E, xey € N and enf imply xfy € N.

Lemma 7.1. Let p be an admissible congruence on a type B semigroup and kerp is unitary. Then (tip, kerp) is
a congruence pair of S.

Proof. Obviously, trp is a normal congruence. Since kerp is unitary, by Theorem 6.1, we have that kerp is a
normal subsemigroup of S. Let n € kerp. By Proposition 5.1, (n*, n*) € trp. Let x,y € S, e, f € E such that
xey € kerp and etrpf. Then

ettof = epf = xey p xfy.

Since xey € kerp, we obtain xfy € kerp. Therefore, (trp, kerp) is a congruence pair of S. O
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Let N be a normal subsemigroup of a type B semigroup and 77 be a normal congruence on E such that
(m, N) is a congruence pair of S. A congruence p is said to be associated with the congruence pair (r, N)
if kerp = N, ttp = . The following theorem will show that a congruence associated with the congruence
pair (7, N) can be constructed on S by using relations p, and n.

Theorem 7.2. The relation p, N 1y is a congruence on a type B semigroup S associated with the congruence
pair (1, N).

Proof. Let p = p, N ny. Clearly, p is a congruence on S. Now, we prove that kerp = N. Letn € N. Then for all
e € E < N,wehaveen € N. Since (71, N) is a congruence pair, we obtain that (en)*r(en)*, n*nn* and en*men*.
Note that en* = (en*)* and en* = (en)*. We have

(en)*n(en) mentmen*n(en*)*.

That is, (en)*rr(en*)*. Similarly, (ne)*n(n*e)*. Thus, (n, n*) € u,. By the proof of Proposition 6.2, (n, n*) € n.
Thus, (n, n*) € p, n € kerp. That is, N ¢ kerp. On the other hand, it is easy to see that kerp ¢ kern, = N.
Therefore, kerp ¢ N and kerp = N.

Next, we show that trp = 7. Obviously, p < u,. For all e, f € E and (e, f) € p, we have (e,f) e u.
Furthermore, enif and trp € 1. On the other hand, let e, f € E with enrf. Then, by the definition of (1, N),
we have that xey € N if and only if xfy € N. Hence, (e, f) € . Since (e, f) € p,, we have that (e, f) € p and
7 C trp. Therefore, trp = 1. O

Let p be an admissible congruence on a type B semigroup S. If kerp = N and ttp = m, then p < p, from
Theorem 3.4 and p ¢ ny from Proposition 6.2. Thus, we have the following corollary:

Corollary 7.3. Let p be an admissible congruence on a type B semigroup S. If kerp = N and tip = m,
then p C u, N ny.

Theorem 7.4. The relation o, vV Ay is a congruence on a type B semigroup S associated with the congruence
pair (i, N).
Proof. Let T = 0; V Ay. Then
T =(Yp | p is acongruence, 0, € p and Ay < p},
and for all a, b € S, (a, b) € 1 if and only if there exist aj, as, ..., a, € S such that
(@, @) € Ay, (@1, @) € On, (@2, @3) € Ay, ..., (an-1, Gn) € Op, (an, b) € Ay.

Therefore, 7 is the minimum congruence containing both o, and Ay.
Now, we prove ker T = N. To see it, let a € kert. Then there exists e € E such that (a, e) € 7. Hence,
there exist ay, a,, ..., a, € S such that

(a, m) € Ay, (@, @) € O, (@2, a3) € Ay, ..., (Gn-1, An) € Oy, (An, €) € Ay.

Since (ay, e) € Ay, by Proposition 6.4, a,, € N, (a,_1, a,) € 0. By the definition of 0, there are e, f € E such
that

ena,na,_,, fna;na;_; and fame = fa, ie.
Since N is normal, a, € N, fa,e € N and fa,_.e € N, we have
fa,_1ea, 1 € N, ena,_;.
By the definition of congruence pairs, we obtain

fan_1 = fan_1a;_1ay_; € N.
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Thus, a,_,fa,_; € N. Again, since fma,_;, we have
an-1= an_1a,_1a, 1 € N.

Hence, a,_; € N and (a,_,, a,_1) € Ay. By the proof of Theorem 6.4, a,_, € N. Since (a,_3, a,_») € 0y, we have
an_3 € N from the above proof. The process will continue until we reach a € N. Thus, kert ¢ N. Conversely,

neN = nekerly = (Je€E)n,e)e Ay = (GecE)n,e) et = n € Kerr.

Hence, N ¢ kert. Therefore, kert = N.
Next, we prove that trr = 71. Let e, f € E. Then

(e,fem = (e,f)eo, = (e,f)eT.

This means that 7 C tr 7.
On the other hand, lete, f € E and (e, f) € trr. That is, (e, f) € 7. Then there exist a;, ay, ..., a, € S such
that

(e, m) € Ay, (a1, @) € Op, (@3, @3) € Ay, ..., (Gn-1, Gn) € Op, (an, f) € A.
Note that (e, a;) € Ay. There are by, b,, ..., by € S such that
(e, by) € 1y, (b, by) € Ty, ..., (bi-1, bi) € v, (bi, a1) € Ty.
Again (e, by) € 1y, by the definition of 7y,
e =xny, b, =xny; n,nmeN; nf=nj.

According to the definition of congruence pairs, for alln € N, we have n*an*. Thus, forall x, y € S, ny* € N,
which follows (ny*)*m(ny*)*. Since (ny)* = (ny*)*, we have (ny)*n(ny*)*. By the normality of 7,

(x(ny)" yrm(x(ny*)).
That is, (xny)*m(x(ny*)*)*. In particular, since n;, n, € N, we have
Omy) (x(ny )", () m(x(ny*))*.
Again since n/7n;', n; = ny and nymn,, we obtain n/in;, ny*anyy* and (my*)*m(nyy*)*. By the normality of

7, (x(my") ) (x(npy*)*)*. By transitivity of @, (xnyy)*m(xnyy)*. That is, erb;’. Note that (b, b,) € y. We have
by = xinzy,, by = xngy;; ns,ng € Ny ny =nj.
Similarly, we can prove b;'ntb;, bymb;, ..., b{na;'. By transitivity, we have erra;". Since (ay, a,) € 0, we obtain
a;nay . Note that (ay, a;) € Ay. According to the above procedure, a; a5, asna;, a;nas, ..., a,_na, and a,nf.
By transitivity, enrf. Therefore, trt C 7.
To sum up, 0, V Ay is a congruence on a type B semigroup associated with the congruence pair (77, N).
This completes the proof. O

Let p be an admissible congruence on a type B semigroup. If kerp = N, ttp = n. By Theorem 3.1,
we have g, < p. By Proposition 6.4, we obtain Ay < p. Therefore, we obtain the following corollary:

Corollary 7.5. Let p be an admissible congruence on a type B semigroup S. If ketp = N and trp = 1,
then o; v Ay € p.

Theorem 7.6. Let p be an admissible congruence on a type B semigroup S. If kerp = N and trp = 7, then p, N
and o, V Ay are congruences on S associated with the congruence pair (1, N). Furthermore, 0, V Ay € p € u, N 1.

Proof. It follows from Theorems 7.2 and 7.4 and Corollary 7.5. O
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8 Conclusion

As we know, abundant semigroups are generalized regular semigroups and type B semigroups are general-
ized inverse semigroups in the range of abundant semigroups. The kernel-trace approach consists in
splitting the analysis of a congruence on a regular semigroup into two parts: the kernel and the trace.
Here we develop the kernel-trace approach of inverse semigroups to the cases of type B semigroups.
As a concrete application of the above approach, we introduce admissible congruences of type B semi-
groups. Admissible congruences introduced here could improve studies of the inverse semigroup theory.
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