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Abstract: This article is concerned with the inverse eigenvalue problem for rank one perturbations of the
Sturm-Liouville operator. I obtain the relationship between the spectra of the Sturm-Liouville operator and
its rank one perturbations, and from the spectra I reconstruct the perturbed operators, provided that the
potential is known a priori.
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1 Introduction

Consider the boundary problem
1
Ly = -y" + qx)y + ac(X)J@ydx =y (11)
0

on (0, 1) with
y(0) =y(1) = 0, (1.2)

where g(x), c(x) € L,(0, 1), g(x) = q(x), and a = +1. It is known [1] that the operator L is a self-adjoint
operator in I*(0,1) and its spectrum consists of discrete eigenvalues. This problem is related to the
boundary problem

Loy = -y" + q(x)y = ly (1.3)

on (0, 1) with (1.2). The operator L is also self-adjoint in L,(0, 1) and it has a discrete spectrum consisting of
simple real eigenvalues, see [2]. The operator L is a rank one perturbation of the Sturm-Liouville
operator L.

The goal of this article is to deal with the inverse problem of recovering the operator L from the spectra
of Ly and L, by applying the work in [1] and the perturbation theory for linear operators [3].

Such operator L appears not only in electronics but also in other areas such as the theory of diffusion
processes, see [4]. Some spectral and inverse spectral problems for rank one perturbations of the Sturm-
Liouville operator have been investigated in [1,5-20]. In particular, in [17] we deal with this problem by
solving the initial value problem (1.1) with the initial conditions

J/(O):O,)’/(O):h,hé[R,
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which may have non-unique solutions. In this article, we obtain the relationship of spectra of Ly, L by the
method in [1] and the perturbation theory [3], which provides a necessary preliminary for treating with the
inverse eigenvalue problem. Actually, the proof of the result is more brief and the approach we use can also
solve inverse problems for the other operators, see [18].

The main result in this article is as follows:

Theorem 1.1. Let {y;}{%1, {A;}°; be the eigenvalues of the operators Ly, L, respectively, then c(x) in (1.1) can
be recovered by {y}2;, {Ai}2.

We will prove it in the next section.

2 The proof of the main theorem

We describe some preliminaries which will be needed subsequently, based on [1, p. 8-10]. Since the
operator Ly is bounded from below (see [2]), for simplicity, we suppose that Ly > 0. One can define the
scale of spaces H.i(Lo) associated with L, as follows. The space H,(Lo) is D(LY?) with the norm

lolla,, = ILo + DV?@li20,1)
in which H,;(Lo) is easily seen to be complete. For H_i(Ly), take L*(0, 1) with the norm given by
lple, = ILo + 1) @ll20,1)

and complete it. Note that H,;(Lo) and H_;(L,) are dual in such a way that ¢ € H_y(Lo) is associated with the
function 7 given by l,(17) = (@(x), n(x)). Clearly, c(x) lies in H_i(Lo). Hence, one can define F(z) by

1
F@) = [ (€00, Lo - 2 c0)ix. 2.1)
0
Combining with Section 2 in [1, p. 115], one can find a spectral measure du > O such that
1
F(z) = f ) 2.2)
X -z

0

The following preliminaries are due to [3, pp. 245-250]. By (2.1), aF(z) + 1 is the Weinstein-Aronszajn
determinant associated with Ly and (L - Ly). All zeros of aF(z) + 1 are the eigenvalues of the operator L.
The multiplicity index for aF(z) + 1 is given by

k, if { isazeroof aF(z) + 1 of order k,
v({; aF(z) + 1) = { -k, if { isapoleof aF(z) + 1 of order k,
0, forallother (e C.

The multiplicity function for a closed operator T is defined by
0, if ¢ belongs to the resolvent set,
V({; T) ={m, if { isaneigenvalue of T with multiplicity m,
+00, forallother {eC.

Let y; be the eigenvalue of Lo, vi(x) be the normalized eigenfunction corresponding to the eigenvalue y;,
i=1,2,.... Then

19 C € {)’1}?31,

V({5 Lo) = {0, { e C\{yly.
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By Theorem 6.2 in [3], there is

1 ; aF 1), raeh
V(¢ L) =v((; aF(z) + 1) + ¥({; Lo) = {v (:V'vg: (:) izi; ()E éf {;);901.1 (2.3)

In the following proposition, we give the relationship of the spectra of Ly and L.

Proposition 2.1. Let {y}{°}, {A:}2, be the eigenvalues of the operators Lo, L, respectively, then the following
relation holds:

<A< Vi 24)
or

A < Vi < i1 (2.5)

Proof. By (2.1) and [2, p. 15],
11

©
F@ = [ {60, 2xc0c@dxay = Y14

am— 2.6
00 mihi—2 >0

1
where G(x, y, z) is the Green’s function for Ly and ¢; = IO c(x)vi(x)dx. Thus, F(z) is meromorphic with simple
poles in the points z = y,, n; € {j € N*|¢; # 0}. Moreover, for x € [R\{yn,-}iO:OI’ it follows

F(x +i0) = F(x)

and
dF(x +i0) _ (_du(y) 2.7)
dx (x —y)? '
Let {a;}{°; be the zero set of aF(x + i0) + 1. In the case @ = 1, by (2.6) and (2.7),
lim F i0) = s
ng’, (x +1i0) = +o0 (2.8)
lim F i0) = —oo0,
Xﬂyr‘; (X Tt ) R (29)
and
lim F(x +i0) = 0. (2.10)
X——00
Then there is no zero of F(x + i0) + 1 in (—co, ynl) and exactly one zero in (Yn,-’ ynm), that is,
Yo < i < Vyp,oe (2.11)

All zeros of F(z) + 1 are the eigenvalues of the operator L, thus the zeros of F(z) + 1 are real and consist
of the zeros of F(x + i0). Then we have the multiplicity function

19 (E {ai}?gly
v((3 F@) + 1) =1{-1, (e {y}2,
0, forallother (€ C.

Using (2.3), it follows
A2 = fakS U (R {r ) (2.12)

Combining with (2.11), we have (2.4). Similarly, in the case a = -1, (2.5) holds. The proof is complete. [

Now we prove the main result.
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Proof of Theorem 1.1. By (2.12), there is

{yn,- i1 = A ASD, {ailks) = {Ai}iofl\({yi ?Sl\{yni}?gl)'

Let

Inverse problems for rank one perturbations

£Q) = a%Arg(l + aF(A + i0)).

In the case a = 1, by (2.8)—(2.10), we have

F(x +i0) > -1 for x € (—oo, ym),

F(x +i0) < -1 for x € (ym, ai),

F(x +1i0) > -1 for x € (ai, ynm),

and
then
O;
EM =11,
Os
Similarly, in the case a = -1,
07
§ =11
0,
By (1.16) and (I.19) in [1],
50 4,
A-z

that is,

Ae (—oo, ynl),
Ae (yn,_, ai),
Ae (ai, ynm).

Ae (_003 al):

. Ae(any)

Ae (Yn,» am).

=1n(1 + aF(2)),

F(z) = aﬁu -a.

i=17n;

Combining with (2.6), |¢; |? = limzﬁy,,(yi — z)F(z). Thus, we can construct

c(x) = iCiVi(X):

i=1

— 1907

(2.13)

(2.14)

(2.15)

where v;(x) is the normalized eigenfunction corresponding to the eigenvalue y;, and the proof is therefore

complete.

The boundary value problem (1.1)—(1.2) can be constructed by the following algorithm:

Algorithm 2.2.

(i) From the given sequences {y,, An}2;, we construct the functions F(z) by (2.13) and (2.14);

(i) Find the number |¢| by |¢> = lim,_(A; — 2)F(2);

(iii) Calculate c(x) by (2.15).

O
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