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1 Introduction

On one hand, many differential equations cannot be solved directly. To simulate the solutions of differential
equations numerically, we need to discretize differential equations, which are difference equations. On the
other hand, difference equations have been widely used as mathematical models to describe real-life
situations. Therefore, it is worthwhile to explore this topic. As we all know, periodic phenomena often
appear in nature. Thus, the existence of periodic solutions is an important subject in discrete dynamical
systems. Many mathematicians used all kinds of fixing point theorems to study the existence of periodic
solutions to discrete systems. In 2003, Guo and Yu established the variational structure of the difference
equations [1-3]. Since then, discrete dynamical systems have attracted the attention of many researchers, for
example, the boundary value problems [4], periodic solutions and subharmonic solutions [1-3,5], positive
solutions [6], solutions with a minimal period [7], homoclinic orbits [8], and heteroclinic orbits [9]. Focusing
on the fourth-order difference equation, we refer to [10,11] on periodic solutions and [12,13] on boundary
value problems.

In this article, we are interested in the existence of periodic solutions with prescribed minimal periods
to difference equations by variational methods. To introduce the results, we give some notations. LetN, 7,
and R be the set of all natural numbers, integers, and real numbers, respectively. For a, b € Z, define
Zlal={a,a + 1, ...} and Z[a, b] ={a,a + 1, ...,b} when a < b.

Focusing on the periodic solutions with a minimal period, Yu et al. [7] studied the existence of
a solution to the following equation:

DXp_q + Asinx, = f(n),n € Z, x, € R. (1.1)
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Using the critical point theory, the authors obtained sufficient conditions to ensure a subharmonic solution
with a minimum period.
In 2006, Guo and Yu [5] studied the second-order difference equation

Doxn_q + f(X,) = 0, x, € R, (1.2)

When f is super linear, using the Zp geometrical index theory, the authors proved that (1.2) possessed
at least p — 1 distinct Z,-orbits with the minimal period p. They also gave an example to illustrate that p — 1
is the best lower bound.

In 2008, using the dual least action principle and perturbation method, Long [14] studied the existence
of a subharmonic solution with a minimal period to the second-order sub-quadratic discrete Hamiltonian
system. In 2010, using the minimax theory and pseudo Z, index theory, Long [15] obtained sufficient
conditions to guarantee the existence and multiplicity of periodic solutions with minimal periods to
non-convex super-quadratic discrete Hamiltonian systems. For more results from this direction, we refer
to [16,17].

In 2014, using the Nehari manifold method, Xiao [18] studied the existence of periodic solutions with
prescribed minimal periods to second-order difference equations when the nonlinear term is both sub-
quadratic and super-quadratic.

In 2018, Liu et al. [19] considered a fourth-order nonlinear difference equation

Nup_y =f(n,uy), n € Z, u, €R. (1.3)
Using the linking theorem and a variational technique, the authors obtained some criteria for the existence
of periodic solutions with minimal periods to (1.3). For more results in this direction, we refer to [20,21].

In 2020, Yang [22] used the critical point theory to study the existence of at least a periodic solution with
a minimal period for fourth-order nonlinear difference equations.

Note that most of the results are on low-dimensional difference equations. In this article, we focus on
the existence of periodic solutions to difference systems. The rest of the article is divided into two parts.
In Section 2, we study the multiplicity of periodic solutions to the fourth-order non-autonomous difference
system. In Section 3, we study the existence of periodic solutions with prescribed minimal periods to the
fourth-order difference system.

2 Non-autonomous system
2.1 Variational structure

In this section, we consider the non-autonomous fourth-order difference system
Axps+f(n,x) =0, neZ,x, €« RM, meN. 2.1)

Assume that:
(F1) there exists an even function F € C3(Z x R™, R) such that f(n, z) is the gradient of F(n, z) with respect
to z, i.e.,

F(-n,-z) =F(n,z), f(n,z)=V,F(n,z), V(t,z)eZ xR™
(F2) there exists a positive integer T > 4 such that
Fn+T,z)=F(n,z), VY(n,z)eZ xR™,
(F3) there exists an a > 1 such that
0<a(f(t,z),z) <(f'(t,2)z,z), VzeR™\{0},

where f'(t, -) denotes the Hermite matrix of F(¢, -).
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Let H be the space of vector sequences x = (++ ,X_p, «.-5X05 X1y ---sXns ---) = Xt s 1-€45
H={xx = {32 oy Xn=OLx2 .., x™ eR™, neZ}
For any x,y € H, a, b € R, define
ax + by = {axy + by, ;2 _o-
Then, H is a vector space. Define the subspace Hr of H as follows:
Hr = {x € H|xp,7 = X, VYneZ}.

Define the norm |-| and inner product {-,-) on Hy by

T T

IXIP = Y 1xa s 6 y) = D O Y)s Y,y € Hp,
n=1 n=1

where || and (-,-) denote the usual norm and inner product in R™. Define L norm on Hy by

T 3
Ixlls = | D Ixp | -
n=1

Then, L norm is equivalent to |||, and there exists Cs > 0 such that

1
—lxlls < IIxll < Gillxlls, ~ vx € Hr.
S

Define a linear map ¢ : Hr — R™T by

Ux = O, %, ..., xp ).

— 1631

(2.2)

Then, ¢ is a linear homeomorphism with |x|| = x| and (Hy, {-,-)) is a Hilbert space, which can be

identified with R™T,
The functional J, defined on the Hilbert space Hr, is

1 T T
J) = EZlAzxn—l - ZF(H, Xn)-
n=1

n=1

Arguing similarly as reference [2], we can prove the following result.

Lemma 2.1. Assume that F satisfies (F1)-(F3). The functional ] is twice continuously differentiable on Hr.

Critical points of ] correspond to T periodic solutions of (2.1).

Due to the identification of Hy with R™T, we write x € Hy as x = (x{, x3,...,XF ). For convenience, J(x)

is written as

1 T
J) = SxDx = Y F(n, x),

n=1
where
6l -4 I 0 ... I -4
41 6I -4 I ... O I
i
I 0 0O O .. 6l -4I
41 I 0O O ... -4 eI

mTxmT

and [ is the m x m identity matrix.

(2.3)



1632 —— Rumin Ling et al. DE GRUYTER

By direct computation, we have
.4k
Ax = 16 sin T k=0,1,..., T - 1.
0 is an eigenvalue of A of multiplicity m. It has m eigenvectors given by

Noi = L(el, ey,...,er), & = (0,...,0, 1(i-th component), 0, ...,0), j € Z[1, T], i € Z[1, m].

NG

Other eigenvalues of A are positive. When T is odd, for any k = 1, 2,...,(T — 1)/2, Ak is the eigenvalue of A
with multiplicity 2m and Ay = Ar_; and the maximal eigenvalue is 16 cos*(7t /2T). When T is even, for any
k=1,2,...,T/2 -1, A is the eigenvalue of A with multiplicity 2m. Denote by | -] the upper integral func-
tion. For any k, 1 < k < [(T — 1)/2], Ax has eigenvalues as follows:

D _

n) = O pnO Wy, nk’) = (0,...,0, cos]an(ith component), 0,...,0), je Z[1,T],ie Z[1,m],

JT =y s Mz -+ > My
and

2 . .
72;521) = ﬁ(nk(?,n,ﬁ?, ,n,f?) n,éz) —( .50, sinl " (lth component), 0,. 0), jeZ[1,T], ieZ[1,m].

Furthermore, if T is even, Ay, = 16 is the maximal eigenvalue of A of multiplicity of m. Its eigenvectors are

Nej = %(el’, e, ...,er), & = (0,...,0, (-1)/~!(ith component), 0,...,0), j € Z[1,T], i€ Z[1, m].

Define the spaces W; (I = 1, 2, 3, 4) as follows:

W; = spaniy i € Z[1, ml}, Ws = span{n,g}g|k 1,2, [%J i€z, m]},

W, = span{néi?lk -1, zt%] iz, m]}, W, = spanin, i € Z[1, ml}.

Then, dim(W;) = m, dim(W,) = dim(W5) = m|(T - 1)/2] and dim(W,) = m if T is even. Also, we have
H=We W, W0 W,, when Tiseven;
H=We W,® W5, when Tisodd.
Thus, for any x = (xq, %, ...,xr) € Hr, X, has the form of
T_

2
Xp=a + z (ak cosknTﬂ + by sinknTn) + (=)™, when T iseven,

k
T

—_ =

2
Xp=a + Z(akcos— + by si k%), when T isodd,

where a, b, ai, by(k =1, 2,...,|(T — 1)/2]) are all constant vectors of R™.
Now, we define a subspace of Hr as follows:

Er={xeHr [x,=-Xu}

Obviously, Er = Ws. Thus, dim(Er) = m|(T — 1)/2]. For any x € Er, no matter whether T is even or odd,
X, has the Fourier expansion as follows:

lTTJ
= ) b sm—
k=1
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Lemma 2.2. [18] The critical points of ] restricted to Er are also critical points of ] on the whole space, which
corresponds to periodic solutions of system (2.1).

Next, we will study the functional J restricted to Er. For simplicity, we denote J |5, by J again. Then, the
matrix A restricted to Er has only m|(T — 1)/2] eigenvalues. Denote the minimal eigenvalue and the max-
imum eigenvalue by Api, and Ayax. Then,

LT
Amin = 16 sin® T Amax = Ar-1)/2)- (2.4)

A sequence {x¥} is called a (PS) sequence for J if {J(x¥)} is bounded and J'(x¥) — 0 ask — +co. J is said
to satisfy the (PS) condition if every (PS) sequence contains a convergent subsequence.

Suppose that H is a real Banach space and M is a closed symmetric C'-submanifold of H with 0 ¢ M.
Suppose that ¢ € C}(M, R).
Lemma 2.3. [23] Suppose that ¢ is even and bounded below. Define

¢ = infsupopx), j=1,2..,
AcTj xep

whereTj={A cM:A=-A, A c H\{0}, A is compact, and y(A) > j}. Here, y(A) is the Lusternik-Schnirel-
mann category of A. If Ty + & for some k > 1 and if ¢ satisfies the (PS)c forallc = ¢,j =1, 2,..., k, then ¢ has
at least k distinct pairs of critical points.

Lemma 2.4. [24] If ¢ is bounded below and the (PS) condition is satisfied, then c = infy is attained and is
a critical value of ¢.

2.2 Main results and proofs

In this subsection, we consider the existence of multiple periodic solutions of system (2.1), where F satisfies
(F1), (F2), and (F3).

Lemma 2.5. [25] If F satisfies (F1), (F2), and (F3), then 0 < (1 + @)F(t, x) < (f(¢, x), x) for all x ¢ R™\{0}.
Also,

F(t,x) < M|x |**! when |x| <1 and F(t, x) > M|x |**' when |x| > 1,

where M = maxyo<r<ryMaX y=1F (¢, X) and M = mingjo<r<rymingy-1F (£, X).

Let h(x) = {J'(x), x). Define a Nehari manifold M on Er as follows:
M = {x € Er\{O}|h(x) = O}.

Obviously, 0 ¢ M.
Arguing similarly as [26], one can prove the following lemma.

Lemma 2.6. M is C'-manifold with dimension m|(T - 1)/2| — 1. If x, is a critical point of ] restricted on M,
then x, is also a critical point of ] restricted on Er.

By Lemmas 2.2 and 2.6, the critical points of J restricted on M correspond to periodic solutions of (2.1).
Lemma 2.7. Given x € Er\{O}, there exists a unique t, > O such that t,x € M.

Proof. Given x € Er\{0}, define ¢, (t) := J(tx) for t € [0, +c0). Obviously, ¢, € C2. It is easy to check that
@.,(t) = 0 if and only if tx € M.
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If 0 < t < 1/||x|,, then |tx,| < 1. It follows from Lemma 2.5 that |[F(n, tx,)| < M|tx, |**'. Thus,

T 2
o) = %<tx, A®0) - Y F(n, tx,) > %Ammuxuz — L CE e,

n=1

where Cg, is the constant defined by (2.2) by setting s = a + 1. Since a > 1, there exists a t; > 0 depending
only on ||x|| such that

t2
(Px(t) 2 ZAmin”Xllz, vt € (0, t].

Denote by By(x) = {n € Z[1, T]|x, # 0}. Obviously, Bo(x) # @. If t > 1/ min{|x,||n € Bo(x)}, then t|x,| > 1
for all n € Bo(x). It follows from Lemma 2.5 again that

T
1
O 3 < tx, A(tx) > - Y F(n, tx,)
n=1
2
< el MY [

neBy(x)

a+1

tZ
< E/lmax IxI? = e+ eMC G et

Since a > 1, ¢ () < 0 when t > 1 is large enough. Thus, Rolle’s Mean Value Theorem implies that there
exists a t, > 0 such that

,(t) = 0. 25)
Claim: There exists a unique t, > 0 satisfying (2.5).

Suppose, to the opposite, that there exist 0 < § < &, satisfying (2.5). By a direct computation, we have

T T
(p;(t) = t<Xs AX) - Z(f(n’ tXrl)’ Xn): (P:(t) = <X! AX) - Z(f,(n’ tXn)Xm Xrl)'

n=1 n=1
Fori =1, 2, since go; (t;) = 0, then t;{x, Ax) = ZLI( f(n, tx,), x,). It follows from (F3) that

1

o) = 2

T
Y IF O, txn), tixa) = (f(0, tx)tixn, tXn)] < O, i=1,2, (2.6)
n=1

Thus, there exists & € (t;, &) satisfying ¢ (t;) = min,.,.,@,(t). Consequently, ¢!(t;) = 0 and ¢/(t) > 0.
However, by a similar argument as (2.6), (p):’(t3) < 0, which is a contradiction. Thus, t, is unique. O

Lemma 2.8. ¢, is continuous in x.

Proof. Suppose x, — xo # 0. Denote t,, and t,, by constants such that

J(texn) = supJ(txa), J(txXo) = supJ(txo).
teR teR

It suffices to show that t,, — t,, after passing to a subsequence.
Suppose to the opposite that t,, — to # ty,- Choose € € (0, [J(t,Xo) — J(toX0)]/3). The continuity of
J implies that, for sufficient large n,

U(txnxn) - ](tOXO)l <§g, U(txoxo) - ](txoxn)| <&
Thus,
](txnxn) - ](txoxn) = ](tx,lxn) - ](t()x()) + ](tOXO) - ](txoxo) + ](txoxo) - ](txoxn) < 0.

It follows that sup;erJ(txn) = J(ty%n) < J(txXn), Which is a contradiction. Thus, t, is continuous in x. O
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Since @|(t,) = 0 and @;'(t,) < 0, then @ (t) = MaX.c(o,c)?(t). Hence, J(tx) restricted on (0, co) attains
its maximum at ¢,.

Lemma 2.9. J satisfies the (PS) condition on M.

Proof. Assume that {xX} ¢ M is a (PS) sequence for J. Then, there exists M; > 0 such that |[J(x*)| < M; for all
m e N and J'(x¥) — 0 as k — oo. Set
Bi(x¥) = {n € Z[1, T]IIx{I<1},  Box¥) = fn € Z[1, T]lIxg] > 1.
Since F is continuous, there exists M, > 0 such that
[Mx |["** — F(n,x)| < M,, Vn € Z[1, T], x € R™ with |x| < 1.
Then,
~My < J(R) = —<xk Axky - ZF(n X))

n=1

1
< S Amax X~ Y Fn,x)-M Y |xf[i*e
neBy(xk) neB,(x*)
1
< AmaxIXKP + Y [Mlxy [ = F(n, x)] = MCr G @lxk|t+e
2 neB;(xk)
1
<5 AmaxIX¥IP + TM, — MCI& ke,

Thus, I\_/IC{,%*;X“)IIX"IIH“ = 1/ 2max IX¥I? < My + TM,. Since a > 1, {|x¥|} is bounded. Since Er is a finite dimen-

sional space, there exists a convergent subsequence of {xX}. O
Denote S! the unit sphere of Er. Define a new map
g:S' > M x b

It follows from Lemma 2.7 that g is a bijection whose inverse g! is given by g~(x) = x/|Ix|. According to
Lemma 2.8, g is continuous. Thus, g is the homomorphism between S! and M.

Lemma 2.10. M, = inf»J(x) > O.

Proof. For any x € M, since J(X) = SuPye(0,+00) (£X) = SUDPte(0,+00) (tX / IX]), it follows that
1nf J(x) = inf sup J(tx) = 1nf sup J(tx).

XeMte(0,+00) xe§ te(O +00)

To prove that M; > 0, one only needs to show that inf, . gt Sup;e(o,+00)/ (£X) > O.
Arguing similarly as Lemma 2.7, there exists t, > 0, which is independent of x, such that

o (t) > Amint? /4, VO <t<t, VxeS.

Setting t = t, /2, one obtains

ty (tz,) Amintzf 1
—=x|= >——>0, VxeSh.
](2 ) x 2 16

Thus,

Amintlf
= inf sup J(tx) > —— > 0. O

xeS' te(0,00)
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For the non-autonomous system, we have the following two results.

Theorem 2.11. Suppose that F satisfies (F1), (F2), and (F3). Then system (2.1) has at least m[(T - 1)/2] - 1
distinct pairs of different T-periodic solutions.

Proof. Because of (F2), M is a closed symmetric manifold and 0 ¢ M. It follows from Lemma 2.6 that M is
a C! manifold with dimension m[(T — 1)/2] — 1. By Lemmas 2.9 and 2.10, J is bounded from below and
satisfies the (PS) condition. It is easy to check that J is even. Then, Lemma 2.3 implies that J has at least
m|(T - 1)/2] — 1distinct pairs of critical points. Thus, (2.1) possesses at least m| (T — 1) /2] — 1 distinct pairs
of periodic solutions. O

3 Autonomous difference system

In this section, consider the autonomous difference system:
DXy +f(X) =0, neZ. (3.1

Assume that
(F4) there exists an even function F € CI(R™, R) such that f(z) is the gradient of F(z), i.e.,

F(-z) =F(2),f(z) = V,F(z), VzeR™

Given T > 4, the variational functional corresponding to (3.1) defined on Hy is

T

1 1 u
1) = Z[menlz - F(xn)] = (DX, ) = Y F(xo). (32)
n=1

n=1

If F satisfies (F4), then I is continuously differentiable. The critical points of I restricted on Ey are also
critical points of I on the whole space Hr, which correspond to T periodic solutions to (3.1). Now we restrict
the functional I to Ey and find its critical points.

3.1 Global (AR) conditions
Assume that F satisfies
(F5) and that there exists an even function F € C3(R™, R) such that f(z) is the gradient of F(z), i.e.,
F(-z) =F(2),f(z) = ,F(z), VzeR™
(F6) (Global (AR) conditions) and that there exists &’ > 1 such that
0 < d(f(2),2) <(f(2)z,2z), VzeR™\{0}.

If F satisfies (F5) and (F6), then I is twice continuously differentiable. We define the Nehari manifold M
on Er as follows:

M = {x € Ef\{O}I'(x), x) = O}.

With a similar argument as reference [26], one can prove the following lemma.

Lemma 3.1. M is C'-manifold with dimension m|(T — 1)/2] - 1. If x, is a critical point of I restricted on M,
then xq is also a critical point of I restricted on Ey.
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Arguing similarly as Subsection 2.2, one can check the following facts:
(i) 0 < (1 + a)F(x) < (f(x), x) for all x e R™\{0}. Also,

F(x) < M'|x**! when |x| <1and F(x) > M'|x|**! when |x| > 1,
where M’ = max,-;F(x) and M’ = min,_F(x);
(ii) M is a C! manifold;
(iii) critical points of I restricted on M are also critical points of I restricted on Er;
(iv) for any x € Er\{0}, there exists a unique ¢, such that t,x € M and I(tx) = MaXse(o,c0) (EX);

(v) I restricted on M satisfies the (PS) condition;
(vi) I restricted on M is bounded from below and M, = inf, .3 (x) > O.

Let us state the main result of this subsection.

Theorem 3.2. Suppose that F satisfies (F5) and (F6). Then, for any integer T > 4, system (3.1) possesses
at least a periodic solution with the minimal period T.

Proof. It follows from (iii) and (vi) that M, is a critical value. Denote by X the critical point of I corre-
sponding to M,. Then, X is a T periodic solution of (3.1). It is easy to check that X is a nonconstant periodic
solution.

Claim: X has T as its minimal period.

Suppose, to the opposite, that there exists a positive integer k > 2 such that X has T/k as its minimal
period. Define y = {yj|l € Z[1, T]} as follows:

= %o

Since X € M, then ¥ ¢ Er\{0}. Thus, there exists a 1y > 0 such that ry ¢ ‘M. Then,

T
1(57)= Y [%|Aryﬁl|2 - F(ryyn)]
nlle/k T
=2 Y 1ArZ - Y F(r%)
n=1 n=1

T
<y I:%|AYVYH|Z - F(ry)’Zn)]
n=1

=1(r%) < IRX) = inf 100).

~

This contradicts with ;% € M. Hence, X has T as its minimal period. O

3.2 Strictly monotonic case

In this subsection, we study the periodic solutions of (3.1) under the assumption (F4) and the following
assumptions:

(F7) F(x) = 0 for all x € R™,

(F8) f(x) =o(x]) as x —» 0 in R™,

(F9) F(x)/|x|> = oo as |x| — oo,
(F10) there exists a > 2 and C > 0 such that |[f(x)| < C(1 + |x|*D),

(F11) for any x € R™ with |x| =1, the map s~ (f(sxy), x,)/s is strictly increasing on (-oo, 0)

and on (0, 0o).
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According to (2.4),
Amin IXI? < lIxllo = (Dx, X} < Amax [IXI.

Thus, ||-| and ||-||p are equivalent norms. For s > 1, there exists C; > 0 such that

1 _
FIIXIIS < lxllo < Glixls, — Vx € Er, (3.3)
S

where G, := max{1/Amin, Amax}. Then, the functional I can be rewritten as follows:
1 P
100) = Slxl ~ Y F(xy), (3.4)
n=1

Given x € Er\{0}, define g, : R* — R by setting g,(s) = I(sx). One can easily verify that g, is continuously
differentiable. In particular, if x € S!, where S! denotes the unit sphere of Er, then g, € C}(R*, R).

Lemma 3.3. Assume that F satisfies (F4) and (F7)-(F11). Given x € S, there exists a unique positive constant
sy depending on x such that

8(sy) = maxg(s), g.(s)>0, VO<s<s, g(s)<0, Vs>s,. (3.5)
seR*

Proof. First, we will show that g,(s) > 0 in a small interval. Thanks to (F8), we have

If(sx)] = o(s|x]) for s small enough.

Consequently, we have F(x) = o(s?|x|?) for s small enough. Substituting the preview inequality into (3.4),
there exists s; > 0 small enough such that

g(s) = %52, Vs < s;.

Set
Bs(x) = {n € Z[1, T]||xa|<1},  Bu(x) = {n € Z[1, T]||xn| > 1}.

Thanks to the condition (F9), for any M > 0, there exists Ry, > 0 such that F(x) > Ms|x|? for all |x| > Ry,
Consequently, for large enough s, we have

8(s) < [% - MsC, 2]52 - ) [F(sxa) — Mss?|xq?]. (3.6)
neBs(x)
Obviously, % - M5Cy > < 0if My > C2/2. For s large enough, one has |sx,| > Ry, for all x, € B4(x) and the
right side of the (3.6) is negative. Hence, there exists s, € [0, s] such that g,(sx) = maXscr-g,(s) > 0
and g/(sy) = 0.
Finally, we will show that there exists a unique s, such that g,(sy) = max,cr-g,(s). By calculating the
derivative of g,, one obtains

T T
gi(s) =5 - Y (f(sxn), Xn) = s[l -y
n=1

n=1

(f (%), %) ] 67)

S

Thanks to (F11), g, has the unique zero, which is s,, and g;(s) > 0 for all s € (0, s,), g,(s) < O forall s > s,.
Then, the proof of Lemma 3.3 is completed. O

Remark 3.4. Take x € E7\{0}. Then, Lemma 3.3 states that there exists a unique s, > O such that
8,(Sx) = supser+g,(S) = supserI(slx|-x /lIx]) and g;(s) > 0 for all s € (0, sy), g;(s) < 0 forall s > s,.
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Define the Nehari manifold by setting
N = {saix e Er\{0},  g(s) = maxg ()},
or equivalently,
N = {sxix € S', g (s,) = glg%gch(s)}.

The main result in this subsection reads as follows.

Theorem 3.5. Assume that f satisfies (F4) and (F7)—(F11). Then, for any given positive constant T > 4, system
(3.1) admits a non-constant T periodic solution with minimal period T.

To prove our main results, we state a useful result that has been proved in [24] (see Theorem 3.5 for
more details).

Lemma 3.6. Let F be a Hilbert space and suppose that ®(x) = %HX"Z - ¢(x), where
(@) ¢'x) =o(lxl) as x —» 0 inF,

(if) s — @'(sx)x /s is strictly increasing for all x # 0 and s > 0,

(iii) ¢(sx)/s?> — oo uniformly for x on weakly compact subsets of F \{0} as s — o,

(iv) ¢ is completely continuous.

Then, equation ®'(x) = 0 has a ground state solution.

To prove Theorem 3.5, putF = E, ®(x) = I(x) and ¢(x) = Z:le (xn). Let us check that all conditions of
Lemma 3.6 hold.

Lemma 3.7. If F satisfies (F6) and (F8), then ¢'(x) = o(||xllp) as x — 0O in Er.

Proof. Since V satisfies (F8), for any € > 0, there exists § > 0 such that

[FCOl < elxl, Vx| < 6.

If|xllo < 6/C, then |x;| < x|l < Glxllo < 8. Subsequently,
T T
& €=
(@0, )0 = Y (FOw), ) < € [l lyl] < Syl < EC22||X||0'||Y||0, Vy € Er. (3.8)
n=1 n=1

This implies that ||¢'(x)| < 5622 lxllo. Since € is arbitrary, one has ¢'(x)| = o(|x[lp). Thus, (i) of Lemma 3.6
holds. -

Lemma 3.8. Assume that (F10) and (F11) are satisfied. Then, s — {¢/(sx), x) /s is strictly increasing for all
|x| =1 ands > 0.

Proof. For all x € Er\{0} such that |x| = 1, set
Bs3(x) = {n € Z[1, T]||xx|#0}.

For any s > 0, one has

X2
S S S|

(@0, L (Flsxx) (f(s"‘"'lﬁﬁl)’lfﬁ)
0 - nzl _ Z

neBs3(x)

Thanks to assumption (F11), the map s — (¢'(sx), x)o/s is strictly increasing on (0, co). Hence, (ii) of Lemma
3.6 holds. O
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Lemma 3.9. If F satisfies (F9), then ¢(sx) /s> — co uniformly for x on weakly compact subsets of Er\{0}
ass — oo.

Proof. Let X c Er\{0} be a weakly compact set and let {y*} ¢ X. It suffices to show that if s — oo as
k — oo, then so does a subsequence of ¢(sy*)/s?. Passing to a subsequence, y* — y° in Er. Obviously,
y° # 0. Set By(y°) = {n € Z[1, T]|ly?| # 0}. Assumption (F9) yields

Plsy) _ ¥ F(siy)

|yk [? - ococask — oo.
SZ |S yk |2
k neBy(y°) k

Hence (iii) of Lemma 3.6 holds. O
Now we are in a position to prove Theorem 3.5.

Proof of Theorem 3.5. Since Er is finite-dimensional, then ¢’ is completely continuous. Thus, (iv) of
Lemma 3.6 holds. According to Lemmas 3.7, 3.8, and 3.9, all conditions of Lemma 3.6 are satisfied. Applying
Lemma 3.6, one can obtain that I restricted to N has a ground state solution x°. As we can see in the proof
of Theorem 12 in [24], I(x°) > 0. Consequently, x° is not a trivial solution.

Suppose, to the opposite, that there exists a positive integer k > 2 such that x° has T / k as its minimal
period. Define X = {xj|l € Z[1, T]} as follows:

¥ = x0
XI_XI_—IJH'
k

Since x° € N, then X € Er\{0}. Thus, there exists r;y > 0 such that rzX € N. Then,

T
~ 1 ~ -
I(r;x) = [§|Ar,7x,, - F(r,yx,,)]
n=1
1 Tk T
=3 Y larx) P - Y F(rex?)
n=1 n=1
Ll
<y [ElArgx,? ?- F(rgx,?)]
n=1
= I(rex®) < I(x°) = inf I(x).
xeN
This contradicts with rzx € N . Hence, x° has T as its minimal period. O
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