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Abstract: This article investigates the spatial behavior of the solutions of the Brinkman equations in a semi-
infinite cylinder. We no longer require the solutions to satisfy any a priori assumptions at infinity. Using the
energy estimation method and the differential inequality technology, the differential inequality about the
solutions is derived. By solving this differential inequality, it is proved that the solutions grow polynomially
or decay exponentially with spatial variables. In the case of decay, the structural stability of Brinkman fluid
is also proved.
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1 Introduction

The Brinkman equations are often used to describe flow in a porous medium, which have been discussed in
the books of Nield and Bejan [1], Straughan [2], and Hewitt [3]. Many scholars in the literature have paid
attention to the spatial attenuation of Brinkman equations on a semi-infinite cylinder. Payne and Song [4]
considered the fluid in porous media controlled by Brinkman equations. The Saint-Venant-type decay of the
solutions on a semi-infinite cylinder is obtained. For more works on fluid equations, one can see [5-11].
These articles need to assume that the solutions satisfy certain a priori assumptions at the infinity of the
cylinder.

However, the classical Phragmén-Lindelof alternative theorem does not need such a priori assumption,
but proves that the solutions either decay exponentially or increase exponentially with the distance from
the finite end of the cylinder. In the past few decades, the Phragmén-Lindel6f alternative research has
received a lot of attention (see [12-17]). The above articles mainly focus on linear problems.

In this article, we suppose that a porous medium occupies the interior of a semi-infinite cylindrical pipe
of arbitrary cross-section and generators parallel to the x; axis. We let R denote the semi-infinite cylinder,
ie.,

R = {x = (q, %, x)|(4, %) € D, 3 2 0},

where D is the cross section of the cylinder (Figure 1).
The Brinkman equations we consider in this article can be written as follows:
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Figure 1: Cylindrical pipe.

-VAu; + u; = -p; + &T, in R x (0, t), (1.1
ui; =0, in R x(0,1), 1.2)
oT + u;T; = AT, in R x (0, t), (1.3)

wherei = 1, 2, 3; y; is the velocity field; T is the temperature of the fluid; p is the pressure; v > O represents

the Brinkman coefficient; and g = (g;, 8,, &) is the gravity field, which are prescribed functions. For sim-
plicity, we assume that g satisfies

gl <1, |vgl<1l. (1.4)

We use commas for derivation, repeated English subscripts for summation from 1 to 3, and repeated Greek

2 2

. . 3 ou; 2 Juq
subscripts for summation from 1 to 2, e.g., u;ju;; = Zi’jﬂ(a—;) and Ug gUap = Za’ﬁzl(a—:‘%) .
Equations (1.1)—(1.3) also satisfy the following initial-boundary conditions:

ui(X], X2, X3, t) = 03 T(Xla X2, X3, t) = 0, on aD X {X3 > 0} X (Oa t)’ (1'5)
ui(Xlr X, 0, t) = fi(Xh X2, t)9 T(Xb X2, 0, t) = h(xla X2, t)’ on D x (0) t), (1-6)
ui(x, %, x3,0) =0, T(xq,%,x,0)=0, inR, (1.7)

where f; and h are continuously differentiable and D is the boundary of D.
We also introduce the following notations:

R, = {(x, %, %)|(4, %) € D, x3 > z > 0},
Dz = {(Xb X2, X3)|(le XZ) € Da 3=z2 O}a

where z is a running variable along the x; axis.

This article studies the Phragmén-Lindel6f-type alternative theorem of equations (1.1)-(1.7) on R.
Because our model contains nonlinear terms and pressure terms that are difficult to deal with, how to
set the energy function is the key. As far as we know, there are few relevant results on the Phragmén-
Lindel6f-type alternative results of such nonlinear equations. The second work of this article is to study the
structural stability of Brinkman equations in the case of decay. This type of structural stability is proposed
by Hirsch and Smale in their book [18], which mainly studies whether small changes in the coefficients of
the equations can cause great changes in the solution. A large number of results have been achieved in the
past few decades, see [19-29]. However, these results only considered the bounded region and have not
paid enough attention to the structural stability of the solutions of partial differential equations in a semi-
infinite cylinder. Therefore, the research of this article is very meaningful and can provide a reference for
the alternative research of other types of nonlinear equations.
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2 Preliminary

Here are some lemmas that will be often used.

Lemma 2.1. [4] If w |3p = O, then

A fwsz < IwawadA,
D D

where A, is the smallest positive eigenvalue of
Ap +Ap =0, inD,p=0, onaD,

where A, is a two-dimensional Laplace operator.

Lemma 2.2. [30] There exists a positive constant k; depending on region D such that

1

jw“dA <k IWZdA + J.wawadA .
D D

D

Lemma 2.3. [31] If g is a continuously differentiable function on D and _[ngA = 0, then there exists a vector
function w = (wy, w,) such that

We,a = 8 in D, w, =0, on adD,
and a positive constant C depending only on the geometry of D such that

IWa,ﬁWa,pdA < CI W, aWa,a A A.
D D

To obtain the Phragmén-Lindel6f-type alternative result of the solutions to (1.1)—(1.3), we define

F(Z’ t) = 61FI(Z’ t) +F2(Z’ t) +F3(Z’ t)’ (2~1)
where 6, is a positive constant and F(z, t) (i = 1, 2, 3) are defined as follows:
t t
F(z, t) = —I J.e‘“”?pugdAdq + VI Ie‘“”ui,3uidAdn, (2.2)
0D, 0D,
t t t
F(z, t) = VI Ie‘“”lui,33ui,3dAdn + j Ie‘“’np3u3,3dAdq - '[ Je“"’?giTu,-,gdAdn, (2.3)
0 D, 0 D, 0 D,
t t
F(z,t) = —%J‘ Ie*“”u3T2dAdr1 + Jje*“’”]}TdAdn. (2.4)
0 D, 0 D,

In (2.2)-(2.4), w is a positive constant. Let zo be a positive constant that satisfies z > z5 > 0. Using the
divergence theorem, equations (1.1)-(1.3), and the initial-boundary conditions (1.5)—(1.7), we have

t z t z

Fi(z,t) — Fi(zo, t) = - I I Ie“‘”luipidAd{dn +Vv I I J.e“‘"l[uiAui + ujju; jJdAdédn

0 zy D¢ 0 zy D¢ (2.5)

t z t z
= f J J‘e*"”l[vui,,vui,j + wu;ldAdédn - I J J‘e*“”lgiudeAdé' dn.

0 zy Dy 0 zy D

Second, differentiating equation (1.1) with respect to x3, we have
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—VAu;3 + uj3 + p — [gT]3 = 0.
Therefore, we have

t z
JJ‘J‘G"(‘"’[—VAui,s + Uiz + pi3 — [gT]s]u;3dAdn = 0. (2.6)
0 zy D¢

By the divergence theorem, we have from (2.6)

t z t z
v J' j j ey, iy dAdédn + I j je—wnui,3ui,3dAd5dn

0 zy D 0 z Dy

t t t
=v I J‘e“”’lui’33ui,3dAdn - vj I e %My, 53u; 3dAdn + J.J_e“‘”lp3u3,3dAdn
0 D

), 0 Dy, 0 D,

t t
- I e “psu; 5dAdn - J.J‘e“””giTui,3dAdn + j J- e g Tu; 3dAdn
D

z0 0 D,

(2.7)

0 Dy,

We have, from (2.7) and (2.3),

t z t z
E(z,t) — F(zp, t) =V I I J‘e“"”u,-,igui,BdAd{ dn + I I J.e“‘”lui,3ui,3dAd§' dn

0 zp D¢ 0 zy D¢

t z (2.8)
- I I Ie*w”gi Tu; 33dAd&dn.
0 zy D¢

Similar to (2.5), we have

Ez, t) - Fy(zo, ) = j I IefwnTuiTidAdsdn N j I Ie*‘”"(]}T)idAdrl

0 zy D¢ 0 zy D¢

t z z
_ f J Jefwn[TiT,- . %sz]dAd.fdn N %e"‘” f ITszdf.

0 zy D¢

(2.9)

zo D¢
Combining (2.2), (2.3), and (2.4), we have

t t t
F(z,t) — F(zp, t) =-6, J Ie*"’"pu;dAdn + j je*‘”"pgu;,gdAdr} +V I Je*“”ui,33ui,3dAdn

0 D, 0 D, 0 D,

t t t
+ 6v I J‘e‘“’"ui’guidAdn - I Ie‘w"giTui,3dAdn - % I je‘w”u3T2dAdn

0D, 0D, 0D, (2.10)

t
+ I je“‘”ﬁ}TdAdq
0

D,

z

M~

L.
1
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Combining (2.5), (2.8), and (2.9), we have

z
F(z,t) - F(zp, t) = I I Ie‘wﬂ[élvui,iui,j + Ouil; + VU j3U; j3 + Ui sl + TT + %sz]dAdfdn

0 zy D

z t z t z
+ %efwf j ITszd£ ~ 6, I j I e-ungy TdAdEdn - J‘_"Je*“”lgiTui,33dAd§dn.

zo D¢ 0 zy D 0 zy D¢

From (2.11), we have

t
—F(z t)= I J‘ef“”l[(‘ilvui’jui’j + Ol + VU j3U;j3 + Ui Uiz + LT + %wTZ]dAdn
0D,
e -t ITZdA 61II e-ongu, TdAdy — '[ j e~ Ty 5;dAdy.
0D, 0 D,

We have the following lemma.

(2.11)

(2.12)

Lemma 2.4. For the function F(z, t) defined in (2.1) and fDﬁdA = 0, the following differential inequality

is satisfied:
IF(z, 0)] < bl[a—F@, t)] + bz[a—F<z, t)]z,
oz oz

1 N NN
+ = + vé
NN TN ] 1

where by = max{Z + %} and b, = % k max{%, 1}.

Proof. Using the Holder inequality and the Young inequality, we have

t t
—54 Ie wngu TdAdy | < % J.je‘“’"uiuidAdn . %511 '[ e-o1T2dAdn,
0 D,

0 D, 0 D,

I e g, Tu; 33dAdn

DZ

Nlr—-

ol——,»

t t
1
vj Ie“""ui,33ui,33dAdn + ﬁ,[ Je‘w”Tszdn.
0 D, 0D,

Inserting (2.14) into (2.15) and choosing 6; + % < %w, we have

t
aiF(z, t) > J‘J‘e—wﬂ[élvu,-,jui’j + %Gluiui + VUi j3Uij3 + %ui,3ui,3 + IT; + %sz]dAdr]
z

+ %e“‘”J‘ T2dA,

DZ

and

| |

O ju;; + %Sluiui + VUi j3Uij3 + %umuu + IT; + %sz]dAdn

t
—F(z t) < JJe“”l
0D

z

1 —tut

T?dA.

Nb§_\

Next, we will bound ; (i = 1, 2, ...,7) by —F(z, t). To do this, we note that

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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IugdA ju3dA+jju33dAd5 IugdA jjuaadAd£ _[j%

0 D 0 D;

This shows that the area mean value of us over each cross section is the same as that over D. Since _[D f3dA =0,

we have ID uzdA = 0. According to Lemma 2.3, there exists a vector function v = (v;, v») such that
) Voo = U3, in D; V=0, on dD.

Therefore, using (1.1), we have

L=-6; J je*“”pva,adAdn

0D,

t
I _[ ~“lpvedAdn

O e~ O
,,Nc;,

=6 e NvAug + g,T — ug]v,dAdn (2.18)
=-6v I J‘e“”’?ua,ﬁvaﬁdAdn + 6 J Ie“"”ua,BvadAdrl
0D, 0D,
t
+ 61 IJ e g v,TdAdn - 6, jj e “y,v,dAdn
0 D, 0 D,
= 111 + IlZ + Il3 + 114.
Using the Holder inequality, the Young inequality, and Lemmas 2.1 and 2.3, we have
t t ;
Il < 6 I je-wnva,ﬁva,,,dAdq j Ie‘“’"ua,ﬁua,ﬁdAdn
0 D, 0 D,
[ ¢ ¢ :
<6vJC I Ie‘“”va,ava,adAdn f I e M, puty pdAdn
| 0 D, 0 D,
_ 1
t t 2
<6wC J' Ie—wnugdAdq f Ie—wnua,,;ua,,gdAdq (2.19)
| 0 D, 0 D,
1
t t 2
<6V \/; I Ie WMy 4Us,qdAdn j I e “u, gu, gdAdn
! 0D, 0 D,
C t
1
< 551 \//\il I Ie “My; ju; ;}dAdn,
0D,
1
t t 2
|| < 61v J Ie*‘”’?vavadAdn I '[e*“’”ua,ggu,,,ggdAdn
0 D, 0 D, (2.20)
C t
% ov J‘ Je*“”lulaumdAdn +Vv I J‘e*“”lua,gua,;gdAdn s
0 D, 0 D,
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1

2

t
|| < 6, I Ie*“”lvavadAdq I Ie*wnTZdAdn
0

D, 0 D,

j Oy, gV, gdAdn I J-e“‘”szdAdn
D, 0D,

O%N

t 2
<b < I fe Dy, Vi, odAdn I je‘w”Tszdn
! | 0 D, 0D,

1
2

je“""ufdAdn I je‘“"Tszdn
D, 0 D,

N
2
i)
O'—"*

t
Je‘“”?u32dAdn + %a) I Ie‘“”szdAdn ,

D, 0 D,

b1

1
/11(() 2

O e ~

1

2

t t
|Ii4] < 61 J. Ie‘w”vavadAdq I Ie‘“”?uauadAdn
0D, 0

DZ

t
I J‘e“”’lugdAdn
0D

z

1
2

I e “uu,dAdn

DZ

ol——.‘n

Ie “nyudAdn.

D

o_‘n

N

Inserting (2.19)—(2.22) into (2.18) and noting (2.16), we have

Cl o
IL| <2 |—|—F(t)],
1 /Al[az e )]

where we have used the condition §; + 1 < %w.
For L, we use (1.1) and (1.2) to have

L= I J‘e*w’l[vAu3 + 8T - uslus 3dAdn

t
=V I Ie‘wﬂu3,aau3,3dAdn + Vv I Ie‘wﬂu3,33u3,3dAdn
0 D, 0D,

z

t t
+ j Ie*‘”"g—jTu;,;dAdq - I '[e’“’”u3u3,3dz4d71
0 D, 0D,
t
-y I
0
J
0
+

t
€ ¥y qu3 43dAdn + v I J‘e“""u3’33u3,3dAd)1
0

DZ

Nb‘—'l

t
+ Ie*“’"g—jTu;,;dAdn - J‘je*“"u3u3,3dAdq
D. 0

z Dz

=Dy + Iy + L3 + Iy

— 1671

(2.21)

(2.22)

(2.23)

(2.24)
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Using the Holder inequality and the Young inequality, we have

¢ ¢
|y <v J Ie"”’lumuladAdn _[ J‘e*“”?u3,a3u3,a3dAdr1
0 D (2.25)

t
6v I _[e*“”lulau;,adAdn +Vv I J‘e*“”lu3,a3u3,a3dAdn s
0D 0 D,

z

1
2

t t
|| < V[I '[e “nus 13dAdn _[ '[ e M3 3dAdn
0 D, 0 D, (2.26)
t t
< \/— b j Ie*"”lu32,33dAdn + % J‘J‘ef‘”’?ufjdAdn ,
261 0 D, 0 D,
\/_ t t
|Ls| < N2 %wj je“‘”?Tszdn + %j Ie“""uﬁdAdn , (2.27)
w
0 D, 0 D,
t t
1 1 1
Ly < =6 IJ‘e*w”uszd + —I J‘e*“”lu2 dAdn |. 2.28
| L 205, | 2 10 sdddn + 5 0 3 3dAdn (2.28)

Inserting (2.25)—(2.28) into (2.24), we have

1 w2
s |+ o+ —][ Fe, )] 2.29)

Using the Holder inequality and the Young inequality, we have

t
5| < Tv _[Ie “My; 33U, 33dAdn + %J‘ J‘ef‘””uisui,sdAdU , (2.30)
0 D, 0D,
t t
IL| < V6, %J' Ie—wnu,-,3u,~,3d,4dq ; %&j Je‘“”uiuidAdn , (231)
0 D, 0D
t t
1 1 1
|| € — —f Ie“‘”lui 3u; 3dAdn + —wI je‘w”Tszdn s (2.32)
2 7 2
Vo | oD, 0D,
[ ¢ t
1 1
L] <« — _"Ie*“”lTﬁdAdn + —wj Ie*“”szdAdn . (2.33)
4
Vo | 0 D, 0 D,
Combining (2.30)—(2.33), we have
Jv 1 0
I L I Ll <|— vé — || —F(z,t)]|. 2.34
5] + 1L + 11| + |5 [ﬁ+ 1+m][az< )] (234)

Using the Holder inequality, the Young inequality, and Lemma 2.2, we have
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1
2

t t
|Ig| < % I J‘e*“”lT“dAdn I J-e*“”lu3u3dAdn
0 D

0 D, ),
1

t t t 2
1 (2.35)
< EJE I Je““’?Tszdn + I Ie‘w”TaTadAdn J- fe‘w”u3u3dAdn
0D, 0D, 0D,
3
< 1 ki max{i, 1}[iF(z, t)]z.
2 w 0z
Inserting (2.23), (2.29), (2.34), and (2.35) into (2.10), we can obtain Lemma 2.4. O

3 Main result
Based on Lemma 4, we can obtain the following theorem.

Theorem 3.1. Let (u;, T) be a solution of equations (1.1)—(1.3) with the initial-boundary conditions (1.5) and
(1.6) in R, then for fixed t, either

t z z
lim {z3 J-IJ‘e*“”l(cSlvui,}-ui,,- + %Sluiui + TT; + %wTZ)dAd‘fdn + %e*“”J‘J‘TZdAd{ >C (3.1

Z—00

0 zo Dg zo Dy
holds or
t oo 0
II J‘e*“"l[élvui,,-u,-,j + %SIuiui + T + %a)Tz]dAd{dn + %e*‘”‘ I ITszdf
0 z D z Dy (3.2)

< bgQ¥0, t)e m + bsQ(O, t)e s

holds, where C,, bs, and bg are positive constants and Q(0, t) will be defined in (3.16).

Proof. We consider (2.1) for two cases.
Case I. 3z¢ > 0 such that F(zo, t) > O.

From (2.11), we know that %F(z, t) > 0.So, we have F(z, t) > F(zo, t) > 0, z > zy. Therefore, (2.1) can be
written as

3
2
s

Fzt) < bl[a—F(z, t)] N bz[a—F(z, t)] 23z (3.3)
9z 9z

Using the Young inequality, we have

3.2 3.1 3 3
oF oF '3[ OF 2’3 2| oF “ 1[oF 2
—(z, )| =|=—(,t —(z, t < 2| —(zt | —(@ bt . (3.4)
[az(z )] [az(z )] [az(z )] = B[az(z )] i 3[62(2 )]
Inserting (3.4) into (3.3), we have

3 3
F, ) < b{i(z, t)]” " m[i(z, t)]z, 22 70,
0z 0z

where b3 = %bl and b, = %bl + b,. Therefore, we have
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2
F(z,t) + b—j [( (z, t)) bs } ,  Z3> 2. (3.5)

4

From (3.5), it follows that

4
2 3
2—5@,02[ biF<z,t)+b—3 —ﬁl  zsz
4

4b}  2b,
So, we have
2, ! + by L g F(z ne B bs
. ¥ by b P 4b} 2b4 (3.6)
b—F(Z,f) wl " b *F( t) + W ~ b,
>1, z2>2 2z
Integrating (3.6) from z, to z, we have
; S ; ;
| [ Lre o+ BB | Lpg . BB
b, 4b;  2b, b, 4b;  2b,
(3.7)

a1 1
2 3 2 3
- 3bs iF(z,t)+b—32—ﬁ —F(zo,t)+b——£ >z -2y, Z2>2p.
b, 4b;  2b, 4b}  2b,

We discard the second and third terms at the left end of (3.7). In the first term of (3.7), we use the following
inequality:

Ja+b<va++b, ab>0,

; b2 b
3b,| |[—F(z,t) | = = 3by| | LF ,t 3 -2
[ b (z )] z -2z 3[ (z0 )+4b4 b,
Therefore, we have
_1
1 b b |°
F(z, t) > - - ——| |[—F(zp, t) + — - — . (3.8)
2, 0) 3_( R l/m Cot)+ s = o

On the other hand, we integrate (2.12) from z, to z to obtain

to have

t z z
F(z,t) - F(zo, t) < jfje‘“"[&lvui,jui,i + %61uiui + TT + %sz]dAd{dn + %e‘“’fJ‘J‘TZdAdgv. (3.9)

0 zo D; Zo D

Combining (3.8) and (3.9), we can obtain (3.1).
Case II. Vz > O such that F(z, t) < 0, then we have from (2.1)

_F(z, 1) < bl[a—F(z, t)] + bz[a—F(z, t)]j, z30. (3.10)
Jz Jz

Using the Young inequality again, we have
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o] <[] [Seo] ' o] o]

Inserting (3.11) into (3.10), we have
2
F@,t) < bs[a—F(z, t)] + b6[a—F(z, t)] , 230,
oz oz

where bs = b; + %bz and bg = %bz. It follows from (3.12) that

2
a—F(Z, t) > _FeH + b—52 - ﬁ
aZ b6 4b6 2b6
So, we have
2
_2bg — bs ! d —w+b5 b1y 2so0.
_Fit) _ bs b6 4b6 2b6
be 4b6 2bs

Integrating (3.13) from O to z, we have

2 2 2
2b6 — M + b_sz — — M + b_52 + bsln — M + b_52 — ﬁ
b6 4b6 b6 4b6 b6 4b6 2b6

2
— bsin F(O H + —= - bs < -z.
4b6 2b¢

Dropping the first term on the left of (3.14), we have

2 2
bsIn _Fz 0 + b—sz _bs < -z + 2bg, |- F(O t) + —= + bsIn _FO. D + b—52

Therefore, we obtain

F(Z l’) bs
< Q(o,t et
where
2 2bg “‘m
Q(,t) = —F(O’ D + b_52 - ﬁ b5\ be g
be 4b¢  2bg

Squaring (3.15), we have
~F(z, t) < beQ¥(0, t)e s + bsQ(O, t)e .

So, we have lim,_,.,[-F(z, t)] = 0. Now, we integrate (2.11) from z to co to obtain

t oo 00
-F(z,t) > Ijje*“”[61vui,jui,j + %&uiui + TT; + %sz]dAdfdn + %ef‘”‘j‘ J T?dAd¢.

0 z D z D¢

Combining (3.17) and (3.18), we can obtain (3.2).
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(3.11)

(3.12)

(3.13)

(3.14)

_ bs
2bg |

(3.15)

(3.16)

(3.17)

(3.18)

O

Remark 3.2. Theorem 3.1 shows that the solution of equations (1.1)—(1.3) grows polynomially or decays

exponentially as z — oo, and the growth rate is at least as fast as z73.

Remark 3.3. To make the decay estimate explicit, we have to derive the upper bounds for —F(0, t). To do

this, we let
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Fo, t) =fx, e, o>0.

Using a similar methods of [4, 5], it is easy to derive that —F(0, t) can be bounded in terms of known data.

4 Continuous dependence result

In this section, we derive the continuous dependence on the Brinkman coefficient v in the case of decay.
To do this, we first give a useful lemma.

Lemma 4.1. (See [32]) Let R be a bounded simply connected region in R3 with the Lipschitz boundary oR.
Then, given any Dirichlet integrable function v satisfying ijdx = 0, there exist a vector field with components
w; (i = 1, 2, 3), which is Dirichlet integrable and vanishes on oR, and a dimensionless constant ks depending
only on the geometry of R such that
Wii=v, inR,

and

jw,-,,-w,-,,-dx < k;_[[vVJ,j]zdx.

R

R

Suppose that u;, p, T and u/, p*, T* be the solutions of equations (1.1)-(1.7) but corresponding to
deferent v and v*, respectively. Let

vi=u—u, X=T-T% m=p-p*, V=v-v (4.1)

then v;, £, and 7 satisfy the following system:

—VAu; — v*Av; + vy = -m + gZ, in R x (0, 1), (4.2)

vi,i=0, in R x (0, 1), (4.3)

02 + wZ; + I; = AX, in R x (0, 1), (4.4)

vi(x, %, 3, t) = 0, 204, X%, X3, t) = 0, on oD x {x3 > 0} x (0, 7), (4.5)
vi(x, %,0,t) =0, Z(x4,%,0,t)=0, on D x(0,1), (4.6)
vi(x, %,6,0) =0, X(x,X%,x3,0)=0, in R. (4.7)

Next, we derive the continuous dependence result.
We multiply (4.2) with (£ - z)e"“M; and integrate in R, x [0, t] to obtain

t
f_[(é’ - 2)e[-VAy; — v*Av; + v + m; — gZ]vidxdn = 0,
0 R,
from which it follows that
t
I I(é’ - 2)e" Vi + vvildxdn

0 R,
t t

t
= -7 j J,e“‘"?uijvidxdn -v* _[ J.e‘“”?v,-,3v,~dxdn + '[Je‘“”?nvgdxdn (4.8)
0 R O R OR

'z 'z

t

-7 j j({ - z)e My, v jdxdn + fj(f - z)e g Tydxdn = ZS:]i-
0 R

i=1
z O R,
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Using the Schwarz inequality and (3.2), we obtain

1

2

j J e~uny Zui,gui,gdxdn

0 R,

O e,

J ~“yvdxdn
R

z

t

Ije Ny, su; sdxdn + —— J‘J- e ¥y dxdn,
461\/

0 R,

t t
< \/;_ _[ '[e‘w”v*vijv,-,gdxdn + \/;_ IIe‘“’”vmdxdn.
0 R, 0

'z

—_ 1677

(4.9)

(4.10)

Obviously, _[Dv3dA = 0. So, according to Lemma 4.1, there exists a vector function W = (W, w», ws) such that

Wii=v3 inR, Ww=0, ondR.

O e~ O C—
o%,~ X ey

t
Je Wi, dxdn = _'[ J‘e*“”?niv_vidxdn

R 0 R,

M

e M[-VAu; — v:Ay; + v; — gZlwidxdn

R

z 0 R,

+ Ife‘w”wmdxdn - Ife‘“”gizmdxdn
0 R, 0 R,

= J31 + J2 + J33 + J3s.

Using the Schwarz inequality and Lemma 4.1, we obtain

t 2 2
<v I Ie—wnui,,.ui,jdxdn I Ie—wnwi,jwi,idxdq
0 R, 0 R, |
¢ T
<Vl I I “My; su; jdxdn j I e “vidxdn
0 R,

¢
< V26 II WMy s jdxdn + —— II e “vidxdn,
0

RZ

t t
Ji
a2 < v v*J Je v v, jdxdn + Ije"””vgzdxdn ;
0 R

0 R,

z

t t
ksh
J3 < ks J"[e*“”lviwdxdn + J‘J‘ef“”lvfdxdn ,
4
0 0 R,

RZ

[ t
Ish
Ju < 0 Ije‘wﬂzzdxdn + J‘J‘e‘“”lv%dxdrl .
0 0 R

z

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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Inserting (4.12)—(4.15) into (4.11), we have

DE GRUYTER

t
< \7261V I Ie’“"’ui,,-u,-,jdxdq + \/73

0 R,

t t
Jlav*
X J‘ J‘e*“”lvividxdn + <3v J J‘e*‘“'lvi,]-vi,,»dxdn .
0 0 R,

RZ

2

¢
h jje’“"’szxdq +[ s + Koy +
461\/
0 R,

Using the Schwarz inequality, we obtain
t

< 21*172"- I({ - z)e™y; ju; ;dxdn + %V*J‘ j({ - z)e ¥, jv; jdxdn,
v

0 R,

t t

%J‘ I({ z)e"“"z2dxdn + —I I({ z)e vy dxdn.

O R 0 R,

Inserting (4.9), (4.10), and (4.16)—(4.18) into (4.8), we have

% I _[(é' - 2)e" vy + vvldxdn

0 R,

t \/k7h t
<1 j (& - 2)ewns2dxdn + 2 j j e-o152dxdn
2 2
0

R, 0 R,

1, W \/_ \/kjh]j,[ e myydxdn

+ +
[ 46y 2 451v

S [

2 JJ({ z)e Uy su; ;dxdn + 20%6v J-I e My ju; dxdn.
0 R,

Now, we multiply (4.4) with (¢ - z)e "X and integrate in R, x [0, ] to obtain

II(E - 2)e 0,2 + w;Z; + viI; — AX]Zdxdn = 0,

from which it follows that

2 [ ey + j Je- z)e*wﬂ[ngz . zizi]dxdn

R, 0 R,

t t
- IJe‘“’”Zidxdn + % J.I e “Myu3¥2dxdn

0 R, 0 R

J-I ~UnT*Zvydxdn + II({ z)e My T*¥dxdn

0 R, 0 R,

Il
Inebs
o

Il
SN

Jigh
T

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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Using the Schwarz inequality, we obtain

1
2

[ ¢ t 2
Ji< \/z II —wn_ wZdedn J‘J‘e*“”lzﬁdxdn
w
L O R 0k (4.21)
t
< |2 Ije wn— wZdedn + IJ e 133dxdn |.
@ 0 R, 0 R,
Using Lemma 2.2, we have
t oo
B j j J ~om,2dA j ~ongada | dédn
0 z D5
t co 2
<Jk f_[ _[ e Muus 5dx Ie‘“"ZZdA + Je‘“”?ZaZadA dédn (4.22)
0 z D,g Df
t t
2kg max J "”lu3dxj e vy3 3dx X J e nx2dxdn + Ije’w”ZaZadAdxdn .
te|o,
<o) 0 R, 0 R,
Let
Ty = max {h(x, x, t)},
Rx[0,1]
we have
_ 1 1
t 2 2
I < \/ZTM Ije wn_ wZdedn Jj e “lvidxdn
w
L0 R 0k (4.23)
t
< iTM IIe‘“’” wXdxdn + II e “vidxdn |,
@ 0 R, 0 R,
t t
o< 2| [ enmzaxan + 21 [ [ - e mmaxdn. (4.24)
0 R, 0 R,
Inserting (4.21)—(4.24) into (4.20), we have
t
1 I({ _eutgdx |+ j j(g - z)e-u"I[lwz2 " lZ‘Zi]dxdn
t
\/7 + 2k1— max I e Vyuddx j enug 3dx + \/7 M jje‘w"—wzzdxdn
W tel0,1]
0 R,
(4.25)

1

Y \/Zklz max Ie“”’?ufdx J‘e““"ugjdx
w W te[0,1]

RZ RZ

t t
y J Ie*‘”’lzizidxdn . \E Tu j j e-om2dxdn + —TM I j({ 2)e-vyydxdn.
0 R, @ 0 R, 0 R,
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If we define

t

Y(z,t) = I({ - 2)e" X |- + I I({ - 2)eMw2? + £Z;]dxdn

R, 0 R,

(4.26)

+ %wj- I(‘S - z)e” v vj + vv;ldxdn,
0 R,

then we have

t
——‘I’(z t) = j e R2dx |- + II e “Nw3? + £%;]dxdn + %wJ’ J‘e‘“”l[v*vi,jvi,j + vyldxdn.  (4.27)
0

R, 0 R, R,

Combining (4.19) and (4.25) and choosing w > 4Ty, we have

Y(z,t) < b7[——‘I’(z t)] + —Vzwj j({ z)e My ju; sdxdn + 2v261ijj e ¥y, ju; ;dxdn, (4.28)

0 R,
where

1
4

2 2
b; = max{?2 + 2k1 max I ~ony2dx J‘e*“”lui sdx | p+ 2 =Ty
w W te[0,71] w

R, R, (4.29)

2. /ksh * Jksv ksh
+ \/_3 ! +\/V_+ ks + £id +\/_3 +2\/ZTM}.
m w

hw 46w 2 46 2

In view of (3.2), we have

t
j Ie“""ui Ui ]dXdl’[ < ﬁQz(O, t)€7i275 + ﬁQZ(O, t)eibis. (4.30)
T V61 V61
0 R,
Therefore,
t t oo
Ij(f - z)e My ju; jdxdn = IJI ey ju; jdxdédn < b6b5 QZ(O t)e b + QZ(O e k. (4.31)
0 R, 0z R

Inserting (4.30) and (4.31) into (4.28), we have
W(z, t) < b7[—ai\y(z, t)] + bgV2%e s + boV2e hs, (4.32)
z

where bg = %QZ(O, Hw + bsQ*(0, t)w and by = ZV“"/é Q%(0, H)w + bsQ*(0, t)w. It follows that from (4.32)

i{\y(z, i} < bede 7 + bove it (4.33)
0z
If bs + 2b; and bs # b;, then we integrate (4.33) from O to z to obtain

W(z, t) < W(0, t)e b + %Vz[e’b% - e’b%] + %ﬁz[e’ﬁ - e’b%]. (4.34)
- 4+ — -+ — )
bs = by bs by

If bs = 2b;, then we integrate (4.33) from O to z to obtain

W(z, t) < (0, t)e i + beiZze i + 2b9b7\72[6’_2§7 - e-iy]. (4.35)
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If bs = by, then we integrate (4.33) from O to z to obtain
W(z, t) < W(0, t)e i + b8b7ﬁ2[e-b% - e-z%] + bovze b, (4.36)
To obtain the main result, we have to derive the upper bound for (0, t). In (4.32), we choose z = 0 to have

(0, t) < b7[—ai\y(o, t)] + bgv? + bo¥2. (4.37)
z

Therefore, we only need to derive the bound for —E‘P(O, t). In (4.27), we choose z = 0 to have

“Oy,p - Ie‘wfzzdx N
0z

R n=t

Ot ~

j ~M[w3? + £X;]dxdn + wjj “OnlyHy v + vivildxdn.  (4.38)
R

On the other hand, combining (4.8) and (4.20) and using the initial-boundary conditions (4.5)—(4.7), we
obtain

t t
e Yy, jv; jdxdn + %w I Je‘“"ginidxdn + Ije‘“”wTZidxdn
0 R, 0 R,
t t

¢
< 1 Vw I J‘e*“"lui,jvi,jdxdn + %wv* I J‘e*“”lvi,,-v,-,]-dxdn + %a) j J‘e*“”Iszxdn (4.39)
0

R, 0 R, 0 R,

t

1
——‘P0t<——a)J_
) ©.0 2
0

& —

t t t
+ %w J‘ Ie‘“”viwdxdn + ETAZ,, j Ie“""ZiZidxdn + éa} I Ie‘“’"wwdxdq.
w
0 R 0

z 0 R, R,

Since w > 4T,§I, we combine (4.30), (4.38), and (4.39) to have
d 1 9 ~ be 2z bs _z
-—WY(0,t) < —| -—Y(, t) | + TZw—>—0Q%0, t)e bs + V2w——=>—Q%(0, t)e bs.
0z ©.0 2[ 0z ( )] 4v*v610( e 4v*v61Q( e
Therefore, we have
be
——‘I’ 0, t) < V2Zw—>—0%0, t) + Vw—=2>—Q*0 4.40
% 0,8 2vv6, Q*(0, 1) o Q (0, B). (4.40)

Inserting (4.40) into (4.37), we have
¥(0, t) < bigv?, (4.41)

w2 Qo0, t) + wzbvi—l’j;le(O, t) + bg + bo. Inserting (4.41) into (4.34)—(4.35) and combining

where by = e,

with (4.26), we can obtain the following theorem.

Theorem 4.1. Let (u, T) and (u*, T*) be solutions of (1.1)—(1.7) corresponding to the coefficients v and v*,
respectively. If Vz > 0 such that F(z, t) < 0 and ID f3dA = 0, then the solutions of equations (1.1)-(1.7) depend
0

continuously on the effective viscosity coefficient v. Specifically, if bs + 2b; and bs + b;, then we obtain

t
I({ - z)e¥i¥2dx + I I(‘f - 2)eMw2? + £Zi]dxdn + %a) I I({ - 2)e" vy, v, ; + vvildxdn
0 R, 0 R,

b ~f -2 _z b9 ~2| -Z —Z
ﬁv [e bs — @ b7] + ﬁv [e bs — @ b7].
b T b T b

n=t

~ _Zz
< bV +
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If bs = 2b;, then we obtain

t t
I({ — z)e ¥t¥2dx + II({ 2)eMw? + Z;Z;]dxdn + ;w I I({ - 2)e" v, v ; + vvildxdn
0 R 0 R,

R, n=t z

b _.z _z
< bV b + —V%e by + 2boV [e % — e b7].
7

If bs = by, then we obtain

t

t
I(f - z)e ¥t¥2dx + I J-( - 2)ews? + L5;]dxdn + ;w I I({ - 2)e" v, v ; + vvildxdn
R, et OR 0 R,

~) —Z ~ _z _2z b ~ _z
< bV v + bgvz[e by — e b7] + 2925,
7

5 Conclusion

In this article, we define the Brinkman equations (1.1)—(1.3) in a semi-infinite cylinder and the Phragmén-
Lindel6f alternative result and the continuous dependence result on v are obtained. However, there are still
some deeper problems to be studied in this article. We note that Quintanilla [13] considered the spatial
selectivity of solutions of several kinds of partial differential equations with a radius defined in the outer
region of the sphere for the first time, in which the so-called outer region of the sphere is

Q = {0a, %, ) + X3 + x5 > RG, Ro > O},

Li et al. [17,33] studied the selectivity of the wave equations in the region Q, and obtained the rapid attenuation
rate and growth rate. However, this type of research has not received sufficient attention. Therefore, it will be
a meaningful topic to study the spatial properties of solutions of Brinkman equations on Q.
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