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Abstract: In this article, we present a new concept named the N-tuples weighted noncommutative Orlicz
qj{)(ﬁ, 7), where L®(M, 1) is the noncommutative Orlicz space. Based on the maximum
(@)
p,A
the Clarkson inequality and some other geometrical properties which include the uniform convexity and

(
space ea;‘:le,
principle, the Riesz-Thorin interpolation theorem of &/_,L (M, 1) is given. As applications, we obtain

uniform smoothness of noncommutative Orlicz spaces L(q’s)(//ﬁ, 7),0<s<1.
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1 Preliminaries

In the world of analysis, one of the important tools for modern mathematicians is the interpolation of
operators. The first theorem regarding the interpolation of operators was proven by Marcel Riesz in 1927 [1].
In 1939, his student Olof Thorin proved a generalization of Riesz’s theorem. Although sometimes referred to
as the Riesz convexity theorem, due to the way he initially stated it in [1], this theorem is usually known as
the Riesz-Thorin interpolation theorem. In 1936, in order to study the uniform convexity of L? space,
Clarkson gave some important inequalities which are named the Clarkson inequality [2]. In [3], the author
used the noncommutative Riesz-Thorin interpolation theorem to obtain the Clarkson inequality of non-
commutative L? space.

The principal objective of this article is to investigate the Riesz-Thorin interpolation theorem on non-
commutative Orlicz spaces, which yields the Clarkson inequality of noncommutative L? spaces. As applica-
tions, some geometrical properties such as uniform convexity and uniform smoothness of noncommutative
Orlicz space L®)(M, 1), 0 < s < 1 are given.

The theory of noncommutative Orlicz spaces associated with a trace was introduced by Muratov [4] and
Kunze [5]. Let M be a semi-finite von Neumann algebra acting on a Hilbert space H with a normal semi-
finite faithful trace 7. A densely defined closed linear operator A : D(A) — H with domain D(A) € H is
called affiliated with M if and only if U*AU = A for all unitary operators U belonging to the commutant M’
of M. Clearly, if A € M, then A is affiliated with M. If A is a (densely defined closed) operator affiliated
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with M and A = U|A| the polar decomposition, where |A| = (AA) and U is a partial isometry, then A is said
to be T-measurable if and only if there exists a number A > 0 such that (e, )(JA])) < co, where e 5 is the
spectral projection of |A| and 7 is the trace of normal faithful and semifinite. The collection of all T-measur-
able operators is denoted by M. The spectral decomposition implies that a von Neumann algebra M is
generated by its projections. Recall that an element A € M, is a linear combination of mutually orthogonal
projections if A = Zﬁzlakek with ax € R, and projection e, € M such that exe; = 0 whenever k # j [3].

Next, we recall the definition and some basic properties of noncommutative Orlicz spaces.

A function @ : [0, c0) — [0, oo] is called an Orlicz function if and only if ®(u) = ﬂ)u‘p(t)dt, where the

right derivative p of @ satisfies that p is right-continuous and nondecreasing, p(t) > 0 whenevert > 0 and
p(0) = 0 with lim,_, ,p(t) = co [6].
If Ae M and @ is an Orlicz function, one can define a corresponding space, which is named the
noncommutative Orlicz space, as follows:
LM, 7) ={A € M : T(®(AJA])) < co for some A > 0}.

The following Luxemburg norm could be equipped for these spaces

ko < [0 4)) <1

In the case of ®(A) = |A]P, 1 < p < co, LPD(M, 1) is nothing but the noncommutative space LP(M, T) =
{A € M : 7(JA|P) < oo} [7] and the Luxemburg norm generated by this function is expressed by the formula:

IAll, = ((|AIP))>.
One can define another norm on L®(M, 1) as follows:
lAllo = sup{r(|AB|) : B € L¥(M, 1) and 7(¥(B)) < 1},

where ¥ : [0, c0) — [0, co]is defined by ¥(u) = sup{uv — ®@(v) : v > 0}. Here we call ¥ the complementary
function of @. In this article, we use L@(ﬁ, T) and LCD(//W, T) to denote the noncommutative Orlicz spaces
which are equipped with Luxemberg norm and Orlicz norm, respectively.

For more information on the theory of noncommutative Orlicz spaces we refer the reader to [4,5]
and [7-10].

2 Riesz-Thorin interpolation theorem of noncommutative Orlicz
spaces

In this section, we first present a new concept named N-tuple noncommutative Orlicz spaces and then give
some norm inequalities. In order to research the Riesz-Thorin interpolation theorem, an equivalent defini-
tion of the Luxemburg norm must be given. As a corollary, the Clarkson inequality of noncommutative
LP space could be obtained. The main ideas of proof in this article are derived from literature [3] and [11].

Let N = M & Ma---& M be the nth von Neumann algebra direct sum of M with itself. We know that
N acts on the direct sum Hilbert space H & Ho---® H coordinatewise:

n
(Al) AZ; ---yAn)(XI’ X2, ...,Xn) = ZA]X})
j=1

where 4j e M, ;¢ H,and j=1,2,...n.Then N, =M, e M, & ---& M,.
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We definev : N, — C byv(4y, 4, ..., A,) = Z;':l)ljr(A,-), where A; > 0 and 7 is normal semifinite faithful
trace on M, then v is a weighted normal faithful normal trace on N.

Definition 2.1. Let ® = (&, ®,, ... ®,) be n-tuple of N-functions. For each p > 1, 4; > 0, and n-tuple
of weights A = (A, ...,Ay), consider the following direct sum space:

_erilalij{) ={A= A, A A A € LOM, T), 1<) < n}
]:

with norm |- [l@),p,2 defined as follows:

1

n p
ZAj"Aj ||f’cp}.) , 1<p<oo,
lAll@)pa = 4] j=2

max [|4jll;), p = oo,
j

@

or the norm ||-|lp 2 defined in the same way as before in which |||, is replaced by the Orlicz norm ||l
If ¥} is the complementary N-function of ®;, denote by &/ 1L(§ ,{) which is equipped with | - [lw),4,2 and e]’?:lL;:’;\

which is equipped with |- |y 4,1 for the same weights A = (4, ...,A;) and g = p—

Lemma 2.1. Assuming A € oy 1LI(,GI;{ and B € e 1Lq » where1 < p < oo, we have

1
) IfllAjll@).p.a < 1, then (®(A)) < ||All@).p,1-61, where 6; = (Z;il)\)q-

@ FlAl@ypa > 1, then v(@®(A)) > 65, where 5, = [ > APIA ||@)] .
(3) (Holder inequality) v(AB) < |Al@),p,1-IBllw,g.1-

Proof. (1) If |4jll@).p.a <1, by Proposition 3.4 of [8] and classical Holder inequality, we then have

u(D(A)) = Y AT(D(4)))

1

]" 1 1
= Y AT APT(Di(4)))
]:

[grr] 2]

[ZA 14, ||@)] 5

j=1

= |All@),p,a-61-

2 If 14 l@wp.p.2 > 1, by Proposition 3.4 of [8], we have

I3 n n
> ZAjuAju@, Z 1A,

j=1

[u(DA))]P [ZM(@D (4))

j=1

which means that

v(D(4)) > [ZA]PnAjug’@j)} = 8.

j=1

(3) By Theorem 3.3 of [8] and classical Holder inequality, one obtain that
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U(AB) = i/l |T(4;B))|
i

=

1

L1
< YA 140 1Bl
]:

1

(ZA 14 II@)] (gxljqun@i ]q

= | All@),p,a - IBllw,g,2 - -

Remark 1. If @ is 1-tuple of N-function and A = 1, Lemma 2.1 is exactly Theorem 3.3 and Proposition 3.4
of [8].

Theorem 2.1. If A € o 1L§Ij{), then for 1 < p < oo, the weighted norm ||- (), p,a is given by

n LA
[All@),p,A = SUp {U(AB) :Be _eBlejA, [Blly,g,1 < 1}.
]:

Proof. Assume ||B|ly 4,1 < 1. On one side, by (3) of Lemma 2.1, we have
U(AB) < |Al@),p,1-IBllw,g.1 < 1All@),p,a-
On the other side, we may take, for simplicity, that 4; > 0, ||4; lwp =1, and Z;’zlilj =1, then |Al@)p,2 = 1.
By Proposition 3.4 of [8], for any € > O one obtain that
(DA + )4)] 2 I(1 + &)4jll@) =1 + &.
Let {en},2; be orthogonal projections of A; and O < 7(gy) < co. If we define the operator Aj, =

Aj(ej + € + - +em)(m < n), where A; = Zkzlake}'k and ej, = 0 for k > n, then A;, T Ajasm — oo, and there
exists an mg such that for m > mo,

V[@((1 + £)Ap)] = i/\jr[qaj((l + A 21+ %
j=1

Recalling that p is the left derivative of @, if we set

o p((A + €)Ajm)
1+ (B + ©)Am)

then B, € o 1Eq'/1 and Bjy, is bounded for each m. Moreover, by Definition 1.7 of [7] and 1.9 of [6] (Young’s

inequality) we have

(A - Byy) = T(Ajm - p((1 + E)AjAjm))
T T+ ©)AAm)))
_ T@(Am)) + TCHP(A + ©)Aim)
1+ 7(¥(p((A + EAAR)))
1+ TC¥(p((1 + &)Am)))
T 1+ T(¥(((1 + O4Am))
=1,

one can obtain [|Bjnlly < 1, which implies that

1

n q
IBmllw,q,0 = (z/\j"Bjm"?yj] <1,

j=1

. n
since };_,A; = 1.
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However, one has

n

n A

sup{v(4B), |Bly,qg1 < 1} = SUP{Z/\jT(Aij) :Bj e _GBqu,’A, [Bllw,g,1 < 1}
j=1 =

n n ¥
> sup | Y AT(A;Bjm) : Bjm € jefqu”A, IBjmlhg g1 < 1

m=mgo i:1

1 n
> sup {ZA;T @+ E)AimBim)}

1 o, (@ + &)Ajm) + T(¥(p(A + £)Ajm))
= sup { YA,
1+ Ememy | 2 1+ T(¥(p(L + £)Ajm))
1
>
1+¢
Since € > 0 is arbitrary we obtain the desired inequality. O

Definition 2.2. [12] Let @, and @, be a pair of N-functions, and 0 < s < 1 be fixed. Then @ is the uniquely
defined inverse of ®;'(u) = [®; (w)]'~5[D5'(w)]* for u > 0, where ;! is the uniquely inverse of the N-function
®;, O, is called an intermediate function.

Theorem 2.2. Let ®; = (O, Djy,... Pin), Qi = (Qi1, Qizy ... Qin), i = 1,2 be n-tuples of N-functions and 0 <
n,nt,bh<oo,A=(0,...,A,) be given positive numbers. Next let @ = (Dy, Dg,... Dsy), Qs =
(Qs15 Qs2, ... Qsp) be the associated intermediate N-functions,
1 1=s, s 1 125,85 6cs<.
Is n n ot 4 5]

If T: ea;-’:lL,(ﬁ"’) — ea;?:lLtfg"") is a bounded linear operator with bounds Ki, K, such that |TAlq) 1 <
KillAllwy,rn, A € aa]’?:lLr(iﬁif), i=1,2, then T is also defined on ea?zlL,(jf") into ea;-‘zlL[(ﬁ”) for all 0 <s <1 and
one has the bound

ITAllgen < K& K31 All @y, ron»

(@)
where A € ®]_|L, )

Proof. Let A= (A, 4,...,A,) € @ L%, B = (B, B,,...,By) € @ L, and polar decompositions Ay =

UilAxl, Br = Vi|Bi| where |A¢| = Z;.l:lajekj, |By| = Z';:lﬁje,ij. For convenience, we assume that |4l 1 < 1,
Bllg, g2 < 1.
ForzeCandk=1,2,...,n, we define

A(z) = (A(2), A (2),...,A4(2))

and
B(z) = (Bi(2), Bx(2), ..., Bn(2)),
where
A(2) = Ui@ai[ (D) Z(@3)1(IAKD),  Bi(2) = ViWarl (¥ 30 #(¥201(IBi]).
Then,

Ar(2) = U Dy (dn;kl(z’;:lajekj) )l-z [q’ii(iaiekj]]z

-1
= Zq)sk[(q)II}(aj))l_z((Dill(aj))z]Ukekj-
i

Hence, z — A(z) is an analytic function on C with value in M. The same reduction applies to B.
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Now we could define a bounded entire function
H(z) = K 'K;*u(B(2) TA(2)).

If z =it fort € R, we have

Ag(it) = Z‘Dsk[(‘bfﬁ(a;))l’”@511((1]'))”]Ukekj
( cDZk(al) )
chk(aj)

it
q’z"quD ] - Do D(ALD).

n
Ureij - Y Do Dri(ay) | Urerg
i1

o

Hence,
|AR (P = Ag(it) Ax(it) = [Dsi(Di(|A D),

which means

JAk(it)] = Dot @ (1AK]))-
Hence, for any 1 < k < n we have 7(®(Ax(it))) = T(Dg(Ax)), which implies that

I14; (@)l = 14 llwg)
and

V(Dy(A(it))) = i/\jf[q)u[@sk(%l(llljI))]]
j=1

= MT(@s(JA1]) + AT(@s2(142]) + ... + AT (Dsn(|An])
= v(Ds(JA]).

We obtain that
IAGO @y, r1 = 1All@g,ra < 1.
Similarly ||B(it)llw, 2 = Bl .2 < 1. Thus by (3) of Lemma 2.1 and the assumption on T, we have
[u(BAOTA(it))| < Kil B Iw, ¢, A 1A @y, r1 < Ki.

It then follows that |H(it)| < 1 for any ¢t € R. In the same way, we could know that |[H(1 + it)| < 1.
Therefore, by the maximum principle, for any 8 € C, we obtain

|H®)| = |K{~'K;*u(B(6)TA(9))| < 1. O
Hence,
[u(BTA)| < KKY.
By Theorem 2.1 we could obtain that
ITAlo .t < Ki K51l
Theorem 2.3. Let ® be an N-function and ®; be the inverse which satisfies that ®X(u) =

[ W) S[DF W) s = [@'w)]'Sus where 0 < s <1 and ®y(u) = u2. If LP(M, 1) is the noncommutative
Orlicz space, then we have for A, B € L®(M, 1):

[N

2 2\ 2 2 \%
(IIA + Bl + 1A - B"(Scps)) < 23| |AlGS + IBIZGS | -
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Proof. Let ®; = (O, @) be the 2-vector of N-functions, A = (1,1),1 < n < oo and set

2 — —
o L”(M, 1) = {(4,B) : A, B ¢ LM, 1), (4, B)l@p.n, < 00},
j=1

where

1
(AR, + 1Bl 5, 1<ni<oo,

ICA, B)ll@y,r, = { )

max{|Alw), I1Bl@}  n=oco.

Take Q; = @; = (D, ®) and Q, = D, = (Dy, Do) where Dy(u) = u.
Setr=1,1 =t =2, and t = +oo. Define the linear operator T : ®?_L* — &2_,L{% by the equation
T(A, B) = (A + B, A — B), we then have

IT(A, B)ly,s = max{l|A + Bl), 1A - Bl@)} < lAl@) + Bl = Kill(4, Bl@,),n-
Hence, K; = 1 and since ||-|@,) = [I-Il,, we find
IT(A, B)la,.c, = [IA + BI3 + IA - BI3J: = V2[IAI3 + IBI3]: = Kl(A, B)lwy.n-

Thus, K, = /2. Let r; and t; be given by

1 1-5s s 1 1-s s

L= =
Is n n t b4 b

s

2 2
then we have r; = T ts= 5

By Theorem 2.2,
ITCA, Bl < 2314, B)l@y,r»

since K} °K$ = 23.
Hence, we have

2-s
2 2 |z
14, B)lgy.r, = [uAuzq;; + ||B||3q;5]

and

2 2 \2
ITCA, B)lkgy.r, = (uA + Bl + 4 - B||5¢S)) : O

The following corollary is the Clarkson inequality of noncommutative L? space and the proof is similar
to the P42 of [11].

Corollary 2.1. Suppose that1 < p < co and q = pi Then for A, B € LP(M, T), we have

-1

(14 + Bl + 1A - BI§)s < 2i(JAlI5 + I1BIB)», 1<p<2,
and

(IA + BIE + |A - BIB)» < 25(JAl% + |BI%)s, 2<p < co.

Proof. If 1<p<2, let 1<a<p<2 and @) = [u*, Po(u) = |uf?,s = %. Then 0<s<1 and
_ . .2 . 2-
O;lw) = lulp or @yu) = |ul. Hence, |-y =I-lpy and since limg;% = ﬁ =q, hmallTS = %

by Theorem 2.3 we obtain the first inequality.

Similarly, let 2 < p < B < oo and @) = [u|?, Do(u) = [uf?, s = ;ﬁ_fg Then 0 < s <1 and ®,(u) = |ul?,
1

limmoof = p; limmoozzi = by the Theorem 2.3 we obtain the second inequality. O
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3 Uniform convexity and uniform smoothness

In this section, we present some geometrical properties of noncommutative Orlicz spaces which include
uniform convexity and uniform smoothness.

Definition 3.1. [13] Let X be a Banach space. We define its modulus of convexity by

X+Yy

ox(e) = inf{l - H H xyeX, Ixl=l=11lx-yl = s}, O<e<?2

and its modulus of smoothness by

Ix + tyll + llx — tyl
2

px(t) = Sup{ —l:x,yeX, |xl =yl = 1}, t>0.

U

X is said to be uniformly convex if 6x(¢) > O for every 2 > € > 0, and uniformly smooth if lim,_,, p

Theorem 3.1. Let ® be an N-function and ®s; be the inverse which satisfies that ®X(u) =
[@ 1 w)]'-S[Dy ()] = [@ Y (w)]'Suz where O < s < 1 and ®y(u) = u?, then we have for 0 < € < 2,

Ore9(e) 21 - %[2% - s%]z

and

2-s

2 2
pL(fl)s)(t) < (1 + tﬁ) - 1.

Proof. First, if |A - B, = €, then Theorem 2.3 implies for A, B € L@®(M, 1),
2 2 % s 2-s
(IIA + BII(ScDS) + Ss) <22.27 =2,
Hence,

1 1.2 275
1= 1A + Bl = 1- 5[23 - ei]z.

Taking infimum of |Als, = |Bl@, = 1 we can obtain the desired result and L®(M, 1) is uniformly convex
if 0 < € < 2 and reflexive.
Second, if |All, = IBl@, =1, then since 2 > 2,

.
1 s 1 2 2
| 304+ Bllay + 14 - Bl | <3114 + tBlGy, + 14 - tBng@s)]

2
2-s |s
2 2

s L <) 2
23 141253 + ||tB||3@5)

N | =
1

—_

N | =
r

Hence,

P 2-s
%(IlA + tBllwy + A — tBlay) — 1 < (1 + tﬁ) .
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Taking the supremum on the left we can obtain the conclusion. Since ¢ > 0, we have that L®(M, 1)
is uniformly smooth. O

From corollary 2.1, we can easily obtain the following result which appeared in [3].

Corollary 3.1. Suppose that1 < p < co, q = ﬁ, 0<e, andt > 0. Then for A, B € LP(M, 1), we have
(1) If1<p <2, then

el d t?
an < —.
q-29 Prro="p

5LP(£) >

(2) If2 < p < oo, then

p q
61r(e) = € and  pppq) < t—.
p q

(3) LP(M, 1) is uniformly convex and uniformly smooth. Consequently, it is reflexive.
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