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Abstract: The conjugacy relation plays an important role in group theory and the conjugacy relation of
groups has been generalized to semigroups in various methods by several authors. If a and b are elements
of a semigroup S, then a is called primarily conjugate to b ifa = uv and b = vu for some u, v € S. In general,
primary conjugacy is reflexive and symmetric, but not transitive. Finding the classes of semigroups in
which the primary conjugacy is transitive is an open problem raised by Aratjo et al. in the literature.
In this article, among other things we prove that the primary conjugacy is transitive in regular w-semigroups.
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1 Introduction and preliminaries

The conjugacy relation of groups has many applications in the theory of groups, such as defining normal
subgroups and studying the normalizers of elements in groups. It is an interesting topic to extend the
concept of conjugation in groups to semigroups. Many authors have generalized the conjugacy relation of
groups to some kinds of semigroups by various methods and obtained a series of results (see [1-15]).
To state some necessary results on conjugacy relations of semigroups, we need to recall the notions of
various kinds of conjugacy relations of semigroups.

Let G be a group. Then the conjugacy relation ~ on G is defined as follows: For all a, b € G, a ~ b if
and only if there exists g € G such that b = g'ag. It is easy to see that

a~b & (3geGlag=gb & (Fu,ve G)a=uv,b=vu.

Inspired by this fact and the text [16], Lallement [17] has considered the conjugacy relations ~; and ~,
on semigroups. Let S be a semigroup and a, b € S. Recall that

a~b & (3geSYHag=gb

and

a~pb & Qu,veSha=uv,b=vu.

From [1], the relation ~, is called the primary conjugacy on S. According to Lallement [17], if S is a free
semigroup, then ~, = ~;, and in this case, ~, is an equivalence. In a general semigroup, ~, is reflexive and
symmetric, but not transitive. For this reason, the texts [1] and [2] investigated the transitive closure ~}, of ~),
and obtained some useful results. On the other hand, the relation ~; is reflexive and transitive, but not
symmetric. In 1984, Otto [3] defined the relation ~, on a semigroup S as follows:
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Foralla,b € S,
a~,b  (3g,h e SHag = gb, bh = ha.

It is easy to see that ~, is an equivalence on S and ~, < ~, as (uv)u = u(vu) and (vu)v = v(uv) for all
u, v € S'. Moreover, if e and f are two idempotents in S, we have e(ef) = ef = (ef)f and f(fe) = fe = (fe)e,
and so e ~, f. Thus,

e ~, f for allidempotents e and f in S. (1.1

However, if S has a zero, the ~, becomes the universal relation on S. To overcome this defect, Aradjo et al.
(4] defined the relation ~. on a semigroup S as follows: For alla, b € S,

a~-b o (3g € P(a)) (3h € P(b)) ag = gb, bh = ha,
where P(0) = {0} and
P(x) = {g € SYVm € S}(mx +# 0 = (mx)g + 0)}

for all x € S with x # 0. In view of the text [4], if S contains no zero, then ~. = ~,, and in general, ~,
is contained in ~, properly. More recently, some new conjugacy relations on semigroups have been intro-
duced and investigated, such as trace conjugacy ~, for epigroups [5], i-conjugacy ~; for inverse semigroups
[6], n-conjugacy ~, for general semigroups [8] and so on. Observe that ~; = ~, in inverse semigroups by
(8, Theorem 2.6].

As mentioned above, the primary conjugacy ~, is not transitive in general semigroups. In fact, the
primary conjugacy is not transitive in many well-known classes of semigroups, such as E-unitary inverse
semigroups [5], polycyclic monoids [9], free inverse monoids [10], left or right patience sorting monoids
[11], symmetric inverse semigroups [12,18], etc. In view of this fact, the study of ~, is divided into two
aspects: One is to consider the descriptions of ~, and the transitive closure ~}, of ~, for some interesting
classes of semigroups (in particular, for various classes of (partial) transformation semigroups), the other is
to find natural classes of semigroups in which ~, is transitive. For instance, Ganyushkin and Kormysheva
[12] obtained the characterizations of ~}, for finite symmetric inverse semigroups, Kudryavtseva [7] studied
~y for the class of regular epigroups and its some special classes, and Kudryavtseva and Mazorchuk [2] gave
the descriptions of ~}, for the full transformation semigroup and partial transformation semigroup on a finite
set, symmetric inverse semigroup on a countable set and Brauer-type semigroups.

On the other hand, many authors have found some natural classes of semigroups in which ~, is
transitive. For example, Otto [3] has proved that the primary conjugacy ~, is always transitive in monoids
defined by special presentations (see also in Zhang [13]), and Kudryavtseva [7] has shown that ~, is
transitive in completely regular semigroups. As a consequence, we have the following result which will
be used several times in the next sections. Recall that Clifford semigroups are just semigroups that are both
completely regular and inverse. It is well known that each H -class is a subgroup in a Clifford semigroup
and a Clifford semigroup is a strong semilattice of its # -classes (see Howie [19]).

Lemma 1.1. The primary conjugacy ~, is transitive in Clifford semigroups.

Recently, Aratjo et al. [5] have introduced the class ‘W of semigroups which consists of semigroups S
such that the subsemigroup S? = {abla, b € S} is completely regular, and proved that ~, is transitive in
every epigroup in ‘W. As a consequence, it is shown that ~, is transitive in the variants of completely
regular semigroups. However, Example 4.19 in [5] indicates that there is an epigroup that has a variant in
which ~, is not transitive. Based on this fact, the paper [5] has raised the following question (see Problem
6.18 in [5]): Is it true that ~, is transitive in the variants of the members in ‘W ? In 2020, Borralho and Kinyon
[14] provided an affirmative answer to this question (see Corollary 11 in [14]). In the same year, Borralho [15]
has also shown that for semigroups satisfying xy € {yx, (xy)"} for some fixed integer n > 1, the primary
conjugacy ~ is transitive.
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From the aforementioned statements, we can see that it is an interesting research topic to find new
classes of semigroups in which primary conjugacy is transitive. In fact, the four kinds of conjugacy relations
of abstract semigroups including ~, ~,, ~¢, ~» have already been studied systematically by Aratijo et al. in
[5] where the task to find new classes of semigroups in which primary conjugacy is transitive is also
proposed (see Problem 6.3 in [5]). Specifically, they have raised the following question.

Problem 1.2. Find other classes of semigroups in which primary conjugacy is transitive. Describe the
(E-unitary) inverse semigroups in which primary conjugacy is transitive. Ultimately, classify the class of
semigroups in which primary conjugacy is transitive.

The aim of this article is to continue the study of primary conjugacy relations of semigroups around the
above problem. It is well known that the class of regular w-semigroups is an important class of inverse
monoids. Recall that a regular w-semigroup is a regular monoid in which the idempotents form a chain that
is isomorphic to the chain N° (the set of non-negative integers) with respect to the partial order

0>1>2>3>4>---,

By using the classification and construction of regular w-semigroups given in Koc¢in [20], Munn [21] and
Reilly [22] (see also in Howie [19], Petrich [23] and McAlister and Medeiros [24]), among other things we
shall prove that the primary conjugacy ~,, is transitive in any regular w-semigroup.

In the remainder of this section, we shall recall the classification and construction of regular w-semi-
groups which are given in Kocin [20], Munn [21] and Reilly [22]. We first recall the notion of the Bruck-Reilly
extension of a monoid determined by a morphism 6. Let T be a monoid with identity 1 and let 8 be
a morphism from T into H; the “group of units” of T (i.e. the H -class containing 1). Then we can make
NO x T x NO into a monoid with identity (0, 1, 0) by defining

(m, a,n)(p, b, q) = (m - n +t,(a0"")(b0"P),q ~p +t)
where t = max{n, p} and 6° is interpreted as the identity map of T. From Howie [19], this semigroup is

denoted by BR(T, 0) and called the Bruck-Reilly extension of T determined by 6. Obviously, BR(T, 8) contains
no zero whence ~. = ~, in BR(T, 6). Now we can state the constructions of regular w-semigroups.

Lemma 1.3. [20,21] Let S be a regular w-semigroup. If S has no kernel, then S is a Clifford semigroup. If S has
kernel K and S = K (or equivalently, S is simple), then S is a Bruck-Reilly extension BR(T, 0) of T determined by
0 where T is a Clifford monoid whose idempotents form a chain.

Lemma 1.4. [20,21] Let Gy, ..., G;_1 be a set of pairwise disjoint groups for some non-negative integer l and let
K be a simple regular w-semigroup, disjoint from each G;, with group of units G. Write G; = G. For each i such
that 0 < i <1 -1, lety; be a morphism of G; into Gy,,. For all integers i, j with 0 < i < j <1, define a;; to be
Vi1 ¥j-q and let a;; be the identity automorphism of G; for all integers i with O <i <1 - 1. Let

S=Go UG U -—-U Gi-1UK.
Define a multiplication “°” on S, extending that of K and of each G;, as follows:
a;  bj = (aa;,)(bja 1), a; o x = (@ )x, X o a;=x(aia), X oy =xy,

where a; € G, b € Gj, t = max{i, j}, and x,y € K, 1,j=0,1,...,1 - 1. Then S is a regular w-semigroup with
kernel K # S, and the identity of Gy is the identity of the whole semigroup S. Conversely, every such semigroup
can be constructed in this way.

2 Primary conjugacy in Bruck-Reilly extensions

In this section, we shall explore some technical results of the primary conjugacy in Bruck-Reilly extensions.
We begin our discussions by giving the lemma below.
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Lemma 2.1. Let T be a monoid and S = BR(T, ) the Bruck-Reilly extension of T determined by 6.
Then (m,a, m) ~, (n,b,n) inSif and only ifa ~, b in T for all (m, a, m), (n, b, n) € S.

Proof. Suppose that (m, a, m), (n, b, n) € S and (m, a, m) ~, (n, b, n). Then there are (u, ¢, v), (s,d, t) € S
such that

(m,a,m)=(u,c,v)(s,d, t) = - v+ p, (cOPV)(dOP~S),t — s + p),
(n,b,n)=(s,d,t)(u, c,v) =(s -t + q, (dOT)(cOT),v - u + q),

where p = max{v, s} and q = max{t, u}. This implies that
u-v=t-s, a=(cOP)dOPS), b =(dOIH)(cOI™Y),

andsov-s=u-t.Ifv-s=>0,then p =vandq = u. Otherwise, we have p = s and g = t. In either case,
wehavep-v=qg-uandp-s=q-t,and hencea ~, binT.
Conversely, leta ~, b inT. Then a = uv and b = vu with u, v € T. This implies that

(m, a, n) = (m, u, n)(n, v, m) and (n, b, n) = (n, v, m)(m, u, n),
which gives that (m, a, m) ~, (n, b, n) in S. O
Lemma 2.2. Let T be a monoid, S = BR(T, 6) the Bruck-Reilly extension of T determined by 0 and (my, a, ny),
(my, b, ny) € S such that (my, a, ny) ~p (My, b, ny). Then my — ny = my — ny, say p, and at least one of the
following conditions is satisfied:

(i) Thereexistq e Z,c,d € T such that p < q <0, a=c(d09P), and b = d(c679).
(ii) There existq € Z, c, d € T such that

0<gq<min{m,n}, q=m-my, a= c(de"ﬁq), b= (d@’”l*‘l)c.
(iii) There existq € Z, c, d € T such that
O0<qg<minfm,m}, qg=m-m, a= (c@’"l‘q)d, b= d(c@"l‘q).

(iv) There existqe Z,c,d € T such that0 < q <p,a = (c8?P9)d and b = (d69)c.

Proof. Suppose that (my, a, n;) ~, (my, b, np). Then there are (ms, ¢, n3), (N4, d, n,) € S such that
(ml’ a, nl) = (m3’ c, n3)(m4) d’ nll) = (m3 -3+ t, (Cetinz) (detiml.)r ng — My + t),
(my, b, 1) = (my, d, ny)(ms, ¢, n3) = (my = ng + 5, (d6°) (c05"™), n3 = ms + 5),
where t = max{ns, ms}, s = max{n,, ms}. This implies that

m=ms - ns+ t, nm=n4 — My + t, a= (Cel—fl3)(d6t—m4),

2.1)
My=my; —N4y+S, Ny=hn3-M3+S, b= (d@“"*) (CQS_'"3),
and so m; — n; = mz — n3 + my — N, = My — n,. Denote
m-m=ms—n3+m,—Nyg=mM— Ny =p. (2.2)

If my < n3 and ms < ny, then t = n3 and s = ny, and so my = m3, my = my and n, = n3 — m3 + n, by (2.1).
Let g = n3 — ny. Then

O>m3-na=q=nN3-Ny>2My —Ny =My — Ny =p.

Observe that t —-my=n3—-my=n3-n,—-p=q-p by (22) and s - m3 = n, - ms = —¢q, it follows that
a = c(d8?7P) and b = d(cB79) by (2.1) again. In this case, (i) holds.
If my < n3 and ms > ny, thent = n; and s = ms, and so m; = ms, n, = n3 and n; = n, — my + n3 by (2.1).
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This implies that
Ng=N—N3+My=N—Ny+ My =M — My + My (2.3)
by (2.2). Let ¢ = n4. Then by the facts that 0 < m, < n3 and m3 > n4 > 0,
0<qg=na<mg=my,q=m+mMy-N3<N, =M — My + My >mM — M.
Since t —-my=n3 - my=n - n,=n; - q by 2.3) and s - n, = m3 — n, = my — g, we have a = c(do™9)
and b = (d6™~9)c by (2.1) again. In this case, (ii) holds.

If m, > nand ms < n4, thent = myand s = ny, and som, = my, n; = nyandm; = ms — n3 + my by (2.1).
This yields that

ms=m — My + N3 =M — My + Ns. (2.4)
Let ¢ = m3. Then by the facts m4 > n3 > 0 and 0 < m3 < ny,
q=M3<Nyg =M, =M +1M3—Myu <M, q =M —My + N3 =M — My.

Ast-ny=my-n3=m -ms=m —q by (24) and s - m3 = n, — m3 = n; — ¢, we obtain a = (c6™9)d
and b = d(c6™~9) by (2.1) again. In this case, (iii) is true.

If my > n3 and ms > ny, thent = m, and s = ms, and son, = n3, iy = n, and my = ms — n3 + my by (2.1).
This implies that

m-m=m-+n—m;—-—-Mm=m-nm+n—MmMy=nN—My+p

by (2.2). Let g=m3—-n;. Then 0O <ms-n,=q=m3—-n =n3—-my +p <p by the facts my > n; and
msz > n, = n;. Observe that

t-m=my-n3=m-my=m+p-m=p-4g
by the fact thatm; = m3 — n3 + my and (2.2), and s — n, = ms — n, = mg — n; = q, it follows thata = (c6P~9)d

and b = (df9)c by (2.1) again. In this case, (iv) is valid. O

Lemma 2.3. Let T be a Clifford monoid with the identity 1 in which the idempotents form a chain,
and S = BR(T, 6) be the Bruck-Reilly extension of T determined by 6. Then ~, on S is transitive.

Proof. Let (my, a,n), (my, b, ny), and (ms,c,n3) be in S such that (my, a, n) ~, (my, b, n;) and
(my, b, ny) ~, (M3, ¢, n3). Then by Lemma 2.2, we can denote

m-m=m-n=nm-n=p, (2.5)

and have 16 cases including

to consider. In the following statements, we shall check all the cases one by one. We first observe that
(xXO)1(x0%) = (xR (x0%) = (x X)) = 1 = (xx )O* = (xB¥)(x10%) = (xO*)(xH*)!

for any positive integer k and x € T.
Case 1-(i, i). There exist q;, ¢> € Z and u, v, s, t € T such that

p<q<0, a-= u(ve‘lﬂ’), b= v(uG*ql), P<g<0, b= s(t@‘lfp), c= t(sG*q?).
In this case, by (2.5) we have
N3+@2m3+p=n3, M-@¢2m, W3+q2N3+p=m3 M —q=nmm. (2.6)

1) g1 +p,¢1#0,0#p, q2 # 0. In this case, we have 2p < g1+ ¢, <0, and so p<q1+ g —p < —p.
Ifp<q+q —-p<0,then

O<p-q1—-q<-p, a= u(seqlfp) (CQQﬁ‘]Z*p*P) [(5*16(11*1))11*1]9*1)’
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andm +p-q-q@-m=p-q - ¢q;>0and
M+ +Q-p)-M=-M+@+H-P=Q+H-p-p>p-p=0
by (2.5). This implies that
(my, a, m) = (ml, u(seqﬂ’), ns+ qi+ g2 — p)(ms, c[(s09P)u|6P- a2, my + p - gy - qz),
(ms, ¢, n3) = (m3, c[(s‘leql‘l’)u‘l]61"‘11“12, m+p-aq- qz) (ml, u(s@ql‘l’), n+aq+q- p),

which gives that (my, a, ) ~, (m3, c, n3).
If0 < q + g — p <-p, then we have

c = t(vo%)(ab-@ ) [(vi6-2)t 1] 62,
andm; —q— g - m =-q - q >0 and
M+q+@)-Mm=q+@+m3-m=q+q-p>0,
by (2.5). This implies that
(my, a, m) = (ml, a[(v*@*ql)t*] 019D, 13 + gy + o) (m3, t(vef’h), m - q - qz),
(ms, ¢, n3) = (mg, t(v@"h), m - q - qz) (ml, a[(v‘le"h)t‘l] O+9P, ny + gy + qz).

From now on, for each x € T, we shall denote the idempotent in the # -class containing x by 1,. Thus for all
x,y € T, it follows that

Lx = x = X1, L, = xx! = xx and 1y = y1,.
If ¢ + ¢, — p = 0, then we have
a = u(s6017P)(cOP)[(s04P)u]6P, ¢ = t(vo-%) (a0 )| (v0-%)t )07

and 50 1,a = a and 1;c = c. This implies that

a(vie-e), = a(vie®), c(s0P)1, = c(s160P),
Since the idempotents of T form a chain, we have 1,1; = 1 or 1,1; = 1,. If 1,1, = 1,, then

a(v16-2)tt(vo®) = a(v16-%)1,1,(v0%) = a(v0%2)1,(v0%) = a(v6-%) (v %) = a.

This implies that

(my, a, m) = (my, a(v16-%) e, my) (ms, t(v0~%), ny),

(m3, ¢, n3) = (ms, t(vO-%), m) (my, a(v16-%)¢t1, ms).
If1,1; = 1, then

c(s700 P uu(s097) = c(s101P) 1,1, (s04F) = c(s70%P)1,(s69P) = (57109 P) (s64F) = c.

This implies that

(m, @, ) = (mu, u(s6%7), m3) (ms, c(s7647 ), my),

(ms, c,n3) = (m3, c(s‘leql‘l’)u‘l, ml)(ml, u(s@ql‘l’), n3).
(12)g1=p,q1# 0,2 # p, > # 0. In this case, we have

a=u, b=vub?®), b= s(t@‘h‘l’), Cc= t(s@“h),

and so a = us(c8%P)(s'u)0P. This implies by (2.6) that
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(my, a, my) = (my, us, n3 + C]z)(m3, c(suo %, my ~ (12),
(ms, ¢, n3) = (m3, c(s e, m - qz)(ml, us, ns + qa).
A3)q1#p,q1=0, ¢ # p, ¢> # 0. In this case, we obtain
a=u(vé?), b=vu, b= s(teqﬂ’), c= t(s@*qz),
whence ¢ = t(v8%)(ab-%)[(v10-%)t"1]0P. This yields that
(my, a, m) = (ml, a[(v*@*‘h)rl] 6977, 13 + qp) (m3, t(vG*’h), mi - q3),
(ms, ¢, n3) = (m3, t(v@“h), m — qz)(ml, a[(v‘le“h)t‘l] 0%27P, n; + qz).
1.4) g1 # p,q1 # 0, g2 = p, q» # 0. In this case, we obtain
a= u(v@ql‘l’), b= v(u@‘ql), b=st, c=t(s0P),
whence a = u(s647P)(c60-P)[(s~104P)u~1]0P. This yields that

(my, a, my) = (mu, u($69°7), ns + 1) (ms, e[ (57207 P)u |60, mu - 1),
(m3, ¢, 15) = (ms, [ (s76%7)ut] 670, my — ) (o, u(s6977). ms + 1),
15 g #p,q1# 0, g # p, ¢ = 0. In this case, we obtain
a=u(vour), b=v(ug), b=st0?), c=ts,
whence ¢ = (tv)(a6-2)(v-t"1)0P. This yields that

(my, a, m) = (my, a1 109°P, ny + q1)(ms, tv, my - qy),

(ms, ¢, n3) = (ms, tv, my - Lh)(ml, a(vtHen P, n; + 611)-

(1.6) ¢1 = p, q1 = 0. In this case, we obtain

¢G=p=0, m-m=m-n=my-m=p=0, a=u, b=vu, b=st, c=ts.
By Lemmas 1.1 and 2.1, (my, a, my) ~, (m3, ¢, m3). It is easy to see that g; = p,q = 0 if and only if
> = p, q; = 0. Thus, all the cases that there exist at least three items are equal to zero in q; — p, q1, @2 — b, ¢>

reduce to this case.
(1.7) q1=p,q #0,q2 = p, q; + 0. In this case, we obtain

p=q#0, a=u, b=vud?), b=st, c=tsO7P),
whence a = (us)c(s'u™)07P. This yields that
(my, a, ny) = (my, us, ms)(ms, c(s w02, ny),
(m3, ¢, n3) = (m3, c(s"'u™)0P, ny)(my, us, ms).
1.8) q1=p,q1# 0, @ # p, g> = 0. In this case, we obtain
p=q1+#0, a=u, b=vud?), b=sté?), c=ts,
whence l;c = Iits =ts = ¢, ula =uluv = v, t7c = t7l%c = 1;s and
1,b = 1,v(ubP) = uluv(ub7>) = ulawbd7>), 1;b = 1;5(t6P) = t-lc(toP).
Since the idempotents of T form a chain, we have 1,1; = 1; or 1,1; = 1,. If 1,1; = 1;, then
1ulawbdP) = 1,1,b = 1,1;b = 1,t c(¢t7P),
11 la(uoP) = 1,1,t " lc(t0P) = 1t c(tOP).

Multiplying by ¢ from the left on both sides of the second equation above, we have
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(tuDad?) = t1,tc(tdP) = ttc(t0P) = 1,c(t8P) = c(t0P),
and hence ¢ = tu'a(uOP)(t10P) = tu'a(ut1)67P. This yields that

(mI’ a, nl) = (mI’ a(ut71)97p9 n3)(m3; tuils ml)’
(ms, ¢, n3) = (M3, tu™t, m)(my, aut™)6?, n3).

Similarly, we can prove the case that 1,1; = 1,,.
(1.9) ¢1#p,q1=0,q,=p, g # 0. In this case, we obtain

p+0, a=u(v6?), b=vu, b=st, c=t(s6?P),
whence 1,a = a, t”Ic = 1,(s607P), u'a = 1,(v6P) and

1,(b077) = L,WOPYUOP) = u'lad™P), 1(bOP) = 1,(sOP)(tOP) = tc(t0P),
1tC(tP) = L,1,(bOP) = 11,(bOP) = Lulaub?).

Since the idempotents of T form a chain, we have 1,1; = 1; or 1,1; = 1,. If 1,1; = 1,,, then
1,1,t7%c(t67P) = 1,1utawbP) = Lulawb™?) = uawb™>),
Multiplying by u from the left on both sides of the equation above, we have
(utHe(td7?) = uutawbd>) = 1,a(ud”?) = a(ub=7>),
and hence a = (ut )c(t0P)(u167?) = (utHc(tu)6?. This yields that

(my, a, ny) = (my, ut™, m3)(ms, c(tu )07, ny),
(ms, ¢, n3) = (m3, c(tw )0, ny)(my, ut™, ms).

Similarly, we can prove the case that 1,1, = 1;.
(110) q1 # p,q1 = 0, q, # p, ¢ = 0. In this case, we obtain

p+0, a=u(vd?P), b=vu, b=stOP), c=ts,
whence ¢ = tva(v-'t"1)0P. This yields that

(my, a, ny) = (my, a(v't™1)0?, n3)(ms, tv, my),
(ms, ¢, n3) = (ms, tv, m))(my, a(v-t"1)0P, n3).

Case 2—(i, ii). There exist q;, g, € Z and u, v, s, t € T such that
m—m=p<q<0,a=u(veir),b=v(ub®),
0<qa<my<my, g 2m—ms,b=s(t0m%), c= (16 %)s.
In this case,
m-m=n-my=-p=>20,n3+q2n3+p=m3,m—¢q =m.
1) q#p,q#0,q # n, g # m. In this case, we obtain
a= u(t—lgnﬁqrqz)(cgqrp) [(tenﬁqrqz)ufl]gfp_

This yields that

(my, a, my) = (my, u(t719"+ 0%, ny + qy) (ms, [ (0™ 9-%)ut|6-0, my - gy),

(m3, ¢, n3) = (ms, c[ (002 )u |60, my - q1) (my, u(t7040%), 3 + q).
22 q1=p,q1+ 0, q # Ny, ¢ # My. In this case, we obtain

p=q#0, a=u, b=vud?), b= s(t@"Z‘qZ), Cc= (t9’"2“12)s,
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whence a = u(t~10™-%)c[(t0™%)u~1)6P. This yields that
(my, a, m) = (ml, u(t‘19m2“12), m3) (m3, c[(t@mz“h)u‘l] 0-», nl),
(m3, ¢, n3) = (ms, c[ (t0™-%)u]6P, my) (my, u(t-6m%), ms).
(23) q1#p,q1=0,q # ny, ¢, #+ my. In this case, we obtain
p#0, a=u®d?), b=wu, b=s(tom®), c=/(t6m®)s,
whence ¢ = (t6™ %)va[v-Y(t10™-%)]6P. This yields that
(my, a, ny) = (my, a[v-(t710m-92) |02, n3) (ms, (16™%)v, my),
(ms, ¢, n3) = (ms, (t0™%)v, m) (my, a[v-(t716™%) |67, n3).
(2.4) go = my. In this case,
G=m=my, =p=0, m-m=m-m=m-n=p=0, a=uy, b=wu, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, m3).
25) q1#p,q # 0, g # Ny, ¢ = my. In this case, we obtain

a= u(v@‘?l‘l’), b= v(u@‘ql), b =s(tfP), c-=ts,
whence ¢ = tv(af~9)(v-t"1)0P. This yields that
(my, a, ny) = (ml, a(vt™oNP, ns + Q1)(m3, tv, m; - qo),
(ms, ¢, n3) = (ms, tv, my - q)(my, aQv- )09, 3 + ).
(2.6) g1 =p, q. = 0. In this case, we obtain
m-m=m-nm=m-n=p=0, a=uv, b=vu

and b = s(tg™"%), c = (t0™ %)s. By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, m3).
27) q1=p,q1# 0, q #+ Ny, ¢ = m,. In this case, we obtain

a=uv, b=v@ud?), b=s{tlP), c=ts.

In view of (1.8), we obtain (my, a, my) ~, (ms, ¢, ms).
2.8) q1+#p,q=0,q + Ny, g, = M. In this case, we obtain

p#0, a=u(vd?), b=vu, b=s({t0P), c-=ts,
whence ¢ = tva(v-t )P, This yields that

(my, a, ny) = (my, a(v't 0P, n3)(m;, tv, my),
(ms, ¢, n3) = (m3, tv, m)(my, a(v-'t 0P, n3).

Case 3—(i, iii). There exist q;, g, € Z and u, v, s, t € T such that
m-n=p<q<0, a= u(v@‘?l‘l’), b= v(u@“h),
O<q<ms<m, @2m-m, b= (s0m %), c=t(som®).
In this case,
nm-m=n-my=-p=20,m+q2n3+p=m,m-—q =m.
Bl g #p,q1+0,q + Ny q; + My. In this case, we obtain
a= u(sG"ﬁqrqz)(c@‘hﬂ’) [(5*10"2*‘11*‘12)u*1]6*1’.
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This yields that
O, @ o) = (i, u(50%197%), 15 + ) (ms, e[ (5700 )t [ 070, m — ),
(ms, ¢, n3) = (m3, c[ (s70™+ 0 2)u 1] 0-%, my — ;) (my, u(s6™74%), ns + qy).
(32) a1=Pp,q1#0,4 # Ny, g # My. In this case, we obtain
pP=q#0, a=uw, b=vub?), b= (s %), c=t(s6m%),
whence a = u(s6™%)c[(s™'9™%)u"1]6 7. This yields that
(s, @) = (i, u(5077%), ) (ms, [ (570 )]0, ),
(s 1) = (s, [ (71077017, ) (s, (50770 ms).
(3.3) q1#p,q1 =0, g # ny, ¢ # my. In this case, we obtain
p#0, a=u®d?), b=vwu, b=/ (s0m ), c=1(shn%),
whence ¢ = (s7'0™%)va[v!(s6™%)]0?. This yields that
(s, @) = (i, [y (s0m2) 67, ) (s, (5702w, my),
(s 1) = (s, (5707w, me) (ms, a[v1(s07-%) 7, ).
(3.4) ¢ =n,. In this case, we obtain
G=mpy=my, m-m=m-m=m-n=p=0, a=u, b=w, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (m3, ¢, m3).
(3.5) q1#p,q1 # 0, g # np, ¢ = my. In this case, we obtain

a=u(verr), b=v(ug %), b=st, c=ts6P),
whence a = u(s8%77)(c64P)[(s00P)u-1]6P. This yields that
(m, @, ) = (mu, u(s6%77), ms + 1) (ms, c[ (704 7)u' |67 mu - q1),
(m3, ¢, n3) = (m3, c[(s700P)u )09, my — q1) (my, u(s697), 15 + q1).
(3.6) ¢ =D, qi = 0. In this case, we obtain
mo-nm=m-m=m-n=p=0, a=uv, b=vwu, b=(s0m %), c=1t(so™%).

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, ms).
B.7) q1=p,q1 # 0, @ # ny, ¢ = my. In this case, we obtain
p=q1#0, a=uw, b=vué?), b=st, c=ts6P),

whence a = usc(s'u1)6P. This yields that

(my, a, ny) = (my, us, ms)(ms, c(s"uHO?, ny),
(ms, ¢, n3) = (M3, c(s"w)OP, ny)(my, us, ms).

(3.8) q1#p,q =0, g # ny, ¢ = m,. In this case, we obtain
a=u(vé?P), b=vu, b=st, c=t(s67P).

It follows that (my, a, m;) ~, (ms, ¢, m3) from (1.9).
Case 4—(i, iv). There exist q;, ¢» € Z and u, v, s, t € T such that

p<q:1<0, a= u(v@ql‘P), b= v(u@“h), O<qp<p, b= (SGP‘QZ)t, c= (tG‘h)s.
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In this case,
m-m=m-nm=m-n=p=0,¢1=q¢=0,a=uv,b=vu,b=st,c-=ts,

and so (my, a, m;) ~, (m3, ¢, m3) by Lemmas 1.1 and 2.1.
Case 5—(ii, i). There exist q, ¢> € Z and u, v, s, t € T such that

Osqsmsm, gz2m-m, a=u(vema), b= (vOma)u,

and p < q; < 0, b = s(t%7P), ¢ = t(s67%). In this case,

Mp-My=n-m=n-MmM3=-p>20, N3+@>N3+p=m3, M —¢>=m.
(5.1) q# m, ¢ # m, @ # p, g # 0. In this case, we obtain

c= t(vO’"l*ql*‘h) (aG*qZ) [(v*le’”l*ql*qz)tfl] 6>

This yields that

(my, a, m) = (ml, a[(v*lemI*qI*QZ)t*] 697P, n; + qz) (m3, t(v@’"l*ql*‘b), mi - ),

(ms, ¢, n3) = (m3, t(v@ml“h‘qz), m - qz)(ml, a[(v‘leml“h‘ql)t‘l] 0%7P, n; + qz).
(5.2) @1 = ny. In this case, we obtain

Gi=m, p=m-nm=m-nm=m3-n3=0, ¢=0, a=uv, b=vu, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, ms).
(5.3) q1# ny, q=my, g # p, g> # 0. In this case, we obtain

a=u@b?), b=w, b=s(t027?), c=1t(s62),
whence ¢ = t(v9~%)(af~%)[(v-6-%)t"']67. This yields that
(my, a, ny) = (my, a[ (v16-2)t1]0%7, ny + g,) (ms, t(v0%), my - qp),
(ms, ¢, n3) = (ms, t(vO%), my — qo) (my, a[ (v16-%)t 1] 647, ny + gy).
(5.4) ¢ # m, q1 # my, ¢ = p, g, # 0. In this case, we obtain
p=g#0, a=u(v0ua), b=(voma)u, b=st, c=t(s6P),
whence a = (v19™@)sc[s~/(v6™~#)]6P. This yields that
(1 @) = (i, (47 300)5, m3) (s, [ (v6m-0) |07, my),
(ms, ¢, n3) = (ms, c[s(v0™-0) |6, ) (my, (v-6™-4)s, m3).
(5.5) q # ny, q1 + my, g» # p, q; = 0. In this case, we obtain
p#0, a=u(vema), b=(vdm ), b=stoP), c=ts,
whence ¢ = t(v8™-9)a[(v-10™-@)¢t-1]6P. This yields that
(my, a, ny) = (my, a[ (vIo™-0)t1]6P, ns) (ms, t(vOm-a), my),
(m3, ¢, n3) = (ms, t(v™=0), my) (my, a[ (vI0™-)t1] 677, n5).
(5.6) q1# n, q1=m, g2 =p, g2 # 0. In this case, we obtain
a=u(e?), b=wu, b=st, c=t(s67),

whence (my, a, my) ~, (m3, ¢, m3) by (1.9).



1490 —— Xin Liu and Shoufeng Wang

(5.7) q1 # ni, q1 =My, @ + p, g> = 0. In this case, we obtain
p+0, a=u(v8”P), b=vu, b-=s(to?P),
whence ¢ = tva(v-t"1)0P. This yields that

(my, a, ny) = (my, a(v'tH)0P, n3)(ms, tv, my),
(ms, ¢, n3) = (m3, tv, m)(my, a(v't )0 ?, n3).

(5.8) q1 + m, q1 + My, @ = p, g = 0. In this case, we obtain
a= u(v6“1*‘11), b= (v0”1*‘11)u, b = st,

and so (my, a, my) ~, (m3, ¢, ms3) by Lemmas 1.1 and 2.1.
We observe that it is impossible that q; # ny, g1 = my, ¢ = p, ¢ = O.

Case 6—(ii,ii). If p < 0, then there exist q;, ¢, € Z and u, v, s, t € T such that

O<q<m<m,q=m-m,as=u(vona),b= (v ),

O<@p<ms<nm,g>m-m,b-= s(tf)"f‘h), c= (tf)mz*‘h)s.

In this case, n3 — m3 = —-p > 0.
(6.1) q1# m,q1 + My, q> + N, @ + My. In this case, we obtain

c=ts,

c=ts,

a= (v—leml—ql) (t*lgmrlh)c [ (temrtb) (ngrlh) ] 0P,

This yields that

(my, a,ny) = (ml, (v*lemrql) (t*lemf‘b) s m;) (m;, c[(t@’"f‘b) (vG’”l*‘h) ] 6>, nl),
(mz, c,n3) = (m3, c [ (t@"‘z‘qz) (veml‘ql) ] 6», nl) (ml, (v‘le’“l‘ql) (t‘lemz“h) R m3).

(6.2) g = ny. In this case, we obtain

DE GRUYTER

G =m=n,p=0,mpy=n,,my=n3,a=uv,b=vu,b= s(t@mf‘h), Cc= (t@mf‘h)s.

By Lemmas 1.1 and 2.1, (my, a, my) ~, (m3, ¢, m3).
(6.3) q1 #+ m, q1 = my, @ + Ny, @ + My. In this case, we obtain

p=m-n+0, a=u(vd?), b=vu, b= s(t@"?“h), c= (t@mz“h)s,

whence ¢ = (t0™~%)va[v-Y(t-16™%)]6-P. This yields that

(my, a, ny) = (ml, a [v*l(tflemf‘b)]efp, n3) (m3, (t@mf‘?z)v, ml),
(ms, c,n3) = (mg, (tGmZ“h)v, ml) (ml, a [v‘l(t‘le’"r‘h) ] 6», ng).

(6.4) @> = ny. In this case, we obtain

G=my=n, p=0, m=n, mg=n;, a-= u(vG”l"h), b= (v@”l“h)u, b

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, ms).
(6.5) q1 + m, q1 # My, @; # Ny, @ = My. In this case, we obtain

p=m-n+0, a-= u(v@"l‘ql), b= (veml—ql)u, b=stBP), c=ts,

whence ¢ = t(vO™~9)a[(v-10™~%)t1)6P. This yields that

(my, a,m) = (ml, a [ (v‘leml‘ql)t‘l] 9r, n3) (m3, t(ve’”l"h), ml),
(ms, ¢, n3) = (m3, t(v@’"l*ql), ml) (ml, a[(v*le’"l*ql)tfl] o>, n;).
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(6.6) q1# m, q1 = my, q; # Ny, g = My. In this case, we obtain
p=my-n+#0, a=u(vl?), b=vu, b=s{t0P), c=ts,
whence ¢ = tva(v1t"1)0-P. This yields that

(my, a, iy) = (my, a(v-t107P, n3)(ms, tv, my),
(ms, ¢, n3) = (m3, tv, m)(my, a(v't 10 ?, n3),

which gives that (my, a, my) ~, (ms, c, n3).
If p > 0, then there exist q;, ¢ € Z and u, v, s, t € T such that

O<q<m<m,q=m—m,a=u(vena),b=(vdm )y,

O<@p<m<m,qg=m—-msb-= s(tG”Z*qZ), c= (tG’"Z*qZ)s.

In this case,my —ny=my - ny=m3 —n3 =p > 0.
(6.7) q1 # n, ¢1 # My, > # N2, @2 # My. In this case, we obtain

a = [(vign-a)(t10m-9) ] 6rc(t0m-22) (vor-a).
This yields that
(i, 0, ) = (. [ (7700 (69672) 0%, ms) (s, (1072 (v67-9) ),
(m3, ¢, n3) = (n3, (0722 (vo=a), my) (my, [ (v'0m-a) (¢716m2) | 6Pc, n3).
(6.8) q1=m,q1# my, g # My, g2 # my. In this case, we obtain
p=m-m#0, a=uv, b=@o"u, b=s(t%), c=(10"%)s,
whence a = [v-}(¢-16"4)]6Pc(t6™%)v. This yields that
(my, a, ny) = (my, [vI(£707%) |6%c, n3) (ms, (t67%)v, ny),
(ms, ¢, n3) = (ns, (t0"%)v, ny) (my, [v(£7167-%2) | 6%c, n3).

(6.9) ¢, = my. In this case, we obtain
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Gg=m=m, p=0, my=n, mz=n3, a=uv, b=vu, b= s(tGmZ‘qZ), c= (temr‘h)s.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, ms).
(6.10) q # ny, q1 + My, @ = Ny, @ # My. In this case, we obtain

p=my-m#0, a=u(vena), b=(vema)u, b=st, c=/(t6"s,
whence a = [(v'6™~%)t1]0Pct(v6™~4). This yields that
(my, a, ny) = (ml, [(v‘le"l‘ql)t‘l] orc, n3)(n3, t(v@”l“h), nl),
(ms, ¢, 3) = (n3, t(vO"™=), my) (my, [(vI0-2)t]6%c, ms),
(6.11) g, = m,. In this case, we obtain
@2=m, p=0, m=m, m=n;, a=u(vema), b=(vo"mM)u, b-=st,

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, m3).
(6.12) q1=m, q1 + My, q> = Ny, q> + My. In this case, we obtain

p=m-m+0, a=uv, b=W0Pu, b=st, c=/(t6P)s,
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whence a = (vit"1)6Pctv. This yields that
(mI’ a, nl) = (mlr (viltil)epcs n3)(n3’ tV, nl)a
(ms, ¢, n3) = (n3, tv, m)(my, (vt 1)0Fc, n3).
O<sgrsm<sn,qu=2m—-m,a-= u(vG”f‘h), b= (v@’"l*‘h)u,

O<@p<ms<n,g>2m-m,b-= (s@mf‘?z)t, c= t(sG"Z*‘JZ).

In this case, n3 — m3 =n — m; = —p > 0.
(7.1) q # ni, g1 # my, g # My, g> + Ny In this case, we obtain

a = (v iom-a) (som-e)c] (some) (vom-a) o
This yields that
(s, 2, ) = (1, (v70-4) (s07:7%), ms) (s, [ (s707-) (9m-#) |67, my),
(s €, 1) = (ms, [ (570m) (99107, ) (ms, (v 10 (507 4), )
(7.2) q1=m. In this case, we obtain
gi=mi=n, p=0, my=n, m=ny, a=uv, b=vwvu, b= ("), c=1t(so™%).

By Lemmas 1.1 and 2.1, (my, a, my) ~, (m3, ¢, m3).
(73) q1 # m, q1 = my, ¢ # My, @> #+ Ny. In this case, we obtain

p=m-m#0, a=u(Wb?), b=wvu, b= (som0)t, c=t(som ),
whence ¢ = (s7'0™-%)va[v-'(s6™4:)]6P. This yields that
(my, a, m) = (my, a[v-(s6™%)]62, n3) (ms, (s %)v, m;),
(s 1) = (s, (570" %)y, m) (m, [y (507%) 7, ms)
(7.4) q # m, 1 # my, ¢ = My, q> # ny. In this case, we obtain
p=my-m#0, a=u(vena), b=(vm W), b=st, c=1itshP),
whence a = (v710™-)sc[s7}(vO™~41)]6P. This yields that
(i @, ) = (m, (v10m4)s, ) (s, ¢[1(v0m-) |07, ),
(5 1) = (1, [57(4070) 07, ) (my, (v70m-4)s, ms).
(7.5) g, = n,. In this case, we obtain
G=my=ny, p=0, m=m, m=n, a=u(ve" %), b=(v0"M)u, b=stc=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~, (m3, ¢, m3).
(7.6) q1 + m, ¢ = My, @; = My, q» # Ny. In this case, we obtain
a=u(ve?), b=vu, b=st, c=t(s8P),

whence (my, a, m;) ~, (ms, ¢, ms) by (1.9).
If p > 0, then there exist ¢, ¢, € Z and u, v, s, t € T such that

O<q<m<m,q=m-m,as=u(vo"a),b= (v ),

O<@p<m<m,g>m—-m,b= (59’"2*‘12)1‘, c= t(sG"Z*‘JZ).
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In this case,my —my=my —-ny=ms —-n3=p > 0.
7.7 q#ny, q + my, g # My, g> + Ny. In this case, we obtain

a = [(vign-a)(s6m-)|6rc(s10m) (vor-ar).
This yields that
()= o, [(47672) 5672 7, ) s (57672 (o). ),
(€)= (1 (5707 2) (s070), ) m, [ (v (s0) e, ).
(7.8) q1=m, q1 + my, q; + My, @; # np. In this case, we obtain
p=m-m#0, a=uwv, b=, b= (s ), c=t(s6m %),
whence a = [vY(s6™%)]0Pc(s10™~%)y. This yields that
(my, a, ny) = (ml, [v‘l(se"r‘h)]el’c, n3)(n3, (s‘19"2“12)v, nl),
(m3, ¢, n3) = (n3, (710" %)v, ny) (my, [v-1(s0%-%)]6%c, ns).
(7.9) q1 = my. In this case, we obtain
gi=m=m, p=0, my=ny, my=n;, a=uw, b=vwu, b=(sOm %), c=1t(som%).

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, m3).
(7.10) g, = my. In this case, we obtain

Gp=n=m,, p=0, m=n, mM3=n3 a= u(v@"’l‘ql), b= (v9m1—41)u, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, m3).
(711) q1 # ny, i # My, @ # My, g> = ny. In this case, we obtain

p=m-m#0, a=u(vo"a), b=(vem ), b=(sO"), c=ts,
whence ¢ = [s7}(v@™~9)]0Pa(v-10"~9)s. This yields that
(my, a, m) = (nl, (v‘lenl‘ql)s, n3)(m3, [s‘l(ve”l“h)]el’a, nl),
(m3, ¢, n3) = (ms, [s7(vo"=0)]6Pa, m) (m, (v16™-)s, n3).
(7.12) q, = ny, q1 + my, g # My, ¢> = Ny In this case, we obtain
p=m-m#0, a=uv, b=, b=(6"t c-=ts,
whence

cly=c, avl=ul,, cs=-tl,
b1, = (vOP)ul, = (vBP)avl, bl = (sOP)t1s = (s6P)cs.

Since the idempotents of T form a chain, we have 1,15 = 15 or 1,15 = 1,. If 1,15 = 15, then

vOP)av = b1,15 = bl l, = (sBP)cs™ 1,
vBP)av1g = (vOP)av 1515 = (sOP)cs 1,15 = (sOP)cs Mg = (sOP)cs™.

Multiplying by s on the right on both sides of the second equation above, we obtain
vOP)avls = (vOP)av s = (sBP)csIs = (s6P)cls = (s6P)c,
and hence ¢ = (s7v)0Pa(v~1s). This yields that

(my, a, ny) = (ny, vis, n3)(ms, (s v)6Pa, ny),
(ms, ¢, n3) = (m3, (s7'v)6Pa, n)(my, v7's, n3).
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Similarly, we can prove the case that 1,15 = 1,.
Case 8-(ii,iv). There exist q;, g» € Z and u, v, s, t € T such that

Osqsms<m,q2m-m,a=u(vea),b=(vfmu )y,
and 0 < g, < p, b = (sOP~%)t, ¢ = (t0%)s. In this case,
m-n=m-n=p=0, My-@Q>my-p="n3 m+g2=n.
8.1) q1# n,q1+ My, @+ p, g # 0. In this case, we obtain
a = [(v7iom-a)])0r(cor-a)e(vom-a).
This yields that
(my, a, m) = (nl + o, [(v*le"lf‘h)tfl] O%c, ng)(m3 - @, t(vB”l’ql), n1),
(ms, ¢, n3) = (m3 - @, t(v@”l“h), nl)(nl + @, [(v‘le"l‘ql)t‘l] 6%c, n3),
(8.2) q1=ny,q1#m,q # P, g # 0. In this case, we obtain
a=uv, b=WoPu, b= (SGP“JZ)t, c= (t@‘b)s,
whence a = (v"t"1)0P(cOP~%)tv. This yields that
(my, a, ny) = (nl + @, (vitT)0%¢, ng)(m3 - G, tv, my),
(ms, ¢, n3) = (m3 — g, tv, m) (1 + go, (VD% 13).
(8.3) @1 = my. In this case, we obtain
q=m=m, p=0=q, my=n, ms=n3 a=uv, b=vu, b-=st,

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, ms).
(8.4) q1+ ny,q1#my, @ =p, g # 0. In this case, we obtain

pP=q+0, a=u(vo"), b=(voma)u, b=st, c=(6")s,
whence a = [(v710m-@)t-1)0Pct(vO™~). This yields that
(my, a, my) = (ml, [(v‘lenl‘ql)t‘l] 6%c, n3) (ng, t(vG"l‘ql), nl),
(m3, ¢, n3) = (n3, t(vO"=), ny) (my, [ (vI0m-)t-1] 6%, n3).
(85) q1+m,q1+m,q + D, g = 0. In this case, we obtain
p+#0, a=u(vena), b=(v0m ), b=(s6Pt, c=ts,
whence ¢ = [s7}(v0~4)]0Pa(v-10™-%)s. This yields that
(my, a, ny) = (ny, (v-10"-)s, n3) (ms, [s71(vO-) |67, ny),
(m3, ¢, 3) = (ms, [s71(vo=0) ] 0Pa, m) (my, (v167-4)s, n3).
(8.6) q1=m,q # M, g2 =p, g, # 0. In this case, we obtain
p=¢:#0, a=uv, b=@WPu, b=st, c=(6P)s,
whence a = (v-'¢"1)6Pctv. This yields that

(my, a, ny) = (my, (vt )6%c, n3)(ns, tv, my),
(ms, ¢, n3) = (n3, tv, m)(my, (v 11)6%c, n3).

DE GRUYTER
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(8.7) q1=ny, q1 +# my, q» # p, ¢» = 0. In this case, we obtain
a=u, b=WoPu, b= (s6P)t, c-=ts,

whence (my, a, my) ~, (ms, ¢, m3) by (7.12).
(8.8) @2 =p, q» = 0. In this case, we obtain

p=0, m=mn, m=n, mg=n, a-= u(v@'"l*‘h), b= (v@’"l*ql)u, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, ms).
Case 9—(iii,i). There exist q;, ¢, € Z and u, v, s, t € T such that

O<sqi<sm<sn, qG=2m-m, a-= (u@’"l‘ql)v, b= v(u6"l‘ql),
and p<q, <0, b=s(t8%?), c=1t(s6%).In this case,
m-m=m3-n3=p<0, m+qg=2n+p=ms, m-q,=>m.
(9.1) @1 # my, g1 # m, g2 # p, g # 0. In this case, we obtain
a= (u@’"l‘ql)s(ceqrp) [s‘l(u‘leml“h)] or.
This yields that
(my, a, ny) = (ml, (u@””‘ql)s, ns + qz)(m3, c[s—l(u—leml—ql)]e—m, m — qz),
(ms, ¢, i3) = (m;, c[s*l(u*16m1*ql)]0*‘J2, my - qz)(ml, (quI*ql)s, n3 + qz).
(9.2) q1=my, q#m,q#p,q; # 0. In this case, we obtain
a=uv, b=v@udb>?), b= s(tequp), c= t(sG*qz),
whence a = us(c6%P)(slu1)6?. This yields that
(my, a, m) = (my, us, n3 + o) (ms, c(swHO%, my - q5),
(ms, ¢, n3) = (m3, c(s 8%, my — ;) (my, us, n3 + o).
(9.3) g1 = ny. In this case, we obtain
Gq=m=m, p=0, my=n, my=n, ¢=0, a=uv, b=wvu, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, ms).
9.4) q1+my,q# M, g =p, g # 0. In this case, we obtain

p=q+#0, a=(uoma)y, b=v(ugm®), b=st, c=ts67P),
whence a = (u6™-9)sc[s~}(u"16™-9)]6-P. This yields that
()= (m, (46705, ) (o, (70 ]2, ),
(msz, c,n3) = (m3, c[s‘l(u‘leml‘ql)]e‘l’, nl) (ml, (uerm—ql)s, m3).
(9.5) qi#m, q1 # m, g # P, > = 0. In this case, we obtain
p+0, a-= (u@’"l*ql)v, b= v(u@"lf‘h), b =s(tO?), c=ts,
whence ¢ = t(ul0™-)a[(u™-4)t-1]0P. This yields that
(my, a, ny) = (ml, a [ (u@’”l"h)t‘l] 6-», n3) (mg, t(u‘le’"l“h), ml) ,
(ms, ¢, n3) = (m3, t(u*lemI*‘Il), ml) (ml, a[(u@’"l*‘h) t*l] 6», n3).
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(9.6) q1=m, q1 + N, q =p, g + 0. In this case, we obtain
p=¢#0, a=u, b=vud?), b=st, c=t(sOP),
whence a = (us)c(s~lu1)6?. This yields that

(my, a, m) = (my, us, m3)(ms, c[(s"u )07, ny),
(m37 c, n3) = (m33 C[(Siluil)eipL nl)(mb us, m3)'

9.7) q1=m, q1 #ny, ¢ # p, ¢ = 0. In this case, we obtain
a=uv, b=vub?P), b=s(tlP),c=ts,

whence (my, a, my) ~, (ms, ¢, m3) by (1.8).
(9.8) q» =p, g, = 0. In this case, we obtain

m=mn, mM=n, mM=n, d= (u@"‘l*‘h)v, b= v(u@"’l*‘h), b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~, (m3, ¢, m3).

O<sgsm<n,qu=m-—-m,a= (u@’"l*ql)v, b= v(uO"l*ql),

O<S@p<ms<nm,g>m-m,b-= s(t@"?“h), c= (t@’"z“h)s.

In this case, ns —ms =n; —m;y = -p > 0.
(10.1) q1 # my, q1 # Ny, @ + Ny, @> + My. In this case, we obtain

a = (uom-a)(t-1gma-az)c[ (tom-2) (ulom-a) 6P,
This yields that
()= (o, (560 (1), ) o, 1674 a9, ),
(€)= (€[ (107-2) (t0m-0) |6, m) (m, (gm0 (c-m-0), ).
(10.2) g1 =my, q1 + Ny, > # N, g # My. In this case, we obtain
p=m-m#0, a=uv, b=vub?), b=s(t0"%), c= (10" %)s,
whence a = u(t"10™-%)c[(t6™~%)u1)6P. This yields that
(my, a, ny) = (ml, u(t‘lemz“h), m3)(m3, c[(tGmZ‘qZ)u‘1]9‘P, nl),
(€)= (€[ (1072102, m) (i, u(167), m,)
(10.3) ¢, = my. In this case, we obtain
Gi=my=n, mMy=hny, my=n3, a=uv, b=vu, b= s(temz“h), Cc= (t9’"2“12)s.

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (m3, ¢, m3).
(10.4) @> = n,. In this case, we obtain

Gp=Mpy=n, mMm=n, mMy=n3 da= (u@ml‘ql)v, b= v(u@ml‘ql), b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, m;) ~p, (m3, ¢, m3).
(10.5) q1 + my, q1 + my, q> # Ny, g = M. In this case, we obtain

p=m-n+0, a= (u@ml‘ql)v, b= v(uG"i‘ql), b=s(tdP), c=ts,
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whence ¢ = t(u™160™-9)a[(u6™-%)¢t-1]0-P. This yields that
(my, a, ny) = (ml, a [ (u@ml“h)t‘l] o-», n3) (mg, t(u‘le’"l‘ql), ml) ,
(ms, ¢, n3) = (mg, t(u*le’”l*‘h), ml) (ml, a [ (uemlf‘ll)tfl] or, n;).
(10.6) g1 =my, q1 + Ny, @> + N, g = My. In this case, we obtain
a=uv,b=vub™>?),b=st0?),c=ts,

whence (my, a, my) ~, (ms, ¢, m3) by (1.8).
If p > 0, then there exist ¢;, ¢, € Z and u, v, s, t € T such that

O<qgsm<m,q=m-m,a= (u@ml“h)v, b= v(u@"l“h),

0<q<m<my, gy 2my—ms,b=s(td2%), c= (16 %)s.

In this case, m; —ny=ms; —n3=p > 0.
(10.7) q1 #+ my, q1 # ny, g; # Ny, @2 # M. In this case, we obtain

a= [ (uenl_ql) (t—lenz—lh) ] Qpc(tenz—th) (u—lenl—ch) .
This yields that

(my, a, ny) = (ml, [(u@”l‘ql) (t‘19"2“12) ] orc, n3) (n3, (tG"Z‘qZ) (u‘lenl“h), nl),
(ms, ¢, n3) = (n3, (tO"Z*qZ) (u*lenlfql), nl) (ml, [(u@"lf‘h) (t*IG"Z*‘D) ] frc, ng).

(10.8) gy = my. In this case, we obtain

— 1497

Gg=m=m, p=0, my=n, ms=n3, a=uv, b=vu, b= s(t@mz“h), c= (t9m2"12)s.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, m3).
(10.9) q1 +# my, 1 = m, @ + N, @ + My. In this case, we obtain

p=m-m+0, a=wbP)yY, b=vu, b= s(t9”2“12), c= (t@’"Z“I?)s,
whence ¢ = [(t0™%)u"1]|0Pau(t~'0™%). This yields that
(my, a, ny) = (nl, u(t‘lenz‘qz), n3)(m3, [(te”z"lz)u‘l]epa, nl),
(m3, ¢, m3) = (ms, [ (t6%)ut]6Pa, ny) (ny, u(t0™-%), ns).
(10.10) q # my, q1 #+ N1, > = Ny, @> + My. In this case, we obtain
p=my-m#0, a=(udmu)v, b=v(ugm), b=st, c=/(t6"s,
whence a = [(u6™~4)t1)6Pct(u"16™4). This yields that
(my, a, ny) = (my, [(u6™-0)t1)6c, n5) (ns, t(u10m4), my),
(ms, ¢, n3) = (n3, t(u‘le”l‘ql), nl) (ml, [(uG"l‘ql)t‘l] 6¥c, n3).
(10.11) ¢, = my. In this case, we obtain
G=m=m, p=0, m=n, mMy=n3 a= (u@”’l‘ql)v, b= v(u@’"l‘ql), b=

By Lemmas 1.1 and 2.1, (my, a, my) ~, (ms, ¢, ms).
(10.12) q; + my, q1 = ny, @ = Ny, @, # M. In this case, we obtain

p=m-nm+0, a=wbP), b=vu, b=st, c=(t6P)s,
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whence

cly=c, c¢s1=(tOP)l, av!=(ubp)l,,
(b6P)1, = (vu)6*1, = (vOP)(ub”?)1, = (véP)av,
(bBP)1, = (st)BP1s = (sOP)(tOP)1s = (sOP)cs.

Since the idempotents of T form a chain, we have 1,15 = 15 or 1,15 = 1,. If 151, = 1, then

vOP)av11 = (bOP)1,15 = (bOP)11, = (sOP)cs™1,,
vBP)av 1 = (vOP)av 1515 = (sOP)cs 1,15 = (sOP)cs g = (sOP)cs™,

Multiplying by s from the right on both sides of the second equation above, then
(vBP)av's = (sOP)cs™'s = (sBP)cl, = (s6P)c,
hence ¢ = (s 'v)8Pa(v~1s). This yields that

(my, a, ) = (ny, vis, n3)(ms, (s"v)6Pa, ny),
(ms, ¢, n3) = (m3, (s v)0Pa, ny)(ny, v's, n3).

Similarly, we can prove the case that 151, = 1,.

Osqsm<m,q2m-m,a=(u"™)v,b=v(uma),

0<qa<my<my,gp>my—ms, b= (0™ %)t c = t(s6m ).

In this case, n3; - m3=m - m; = —-p > 0.
(11.1) q # my, g1 # m, g # Ny, g, # M. In this case, we obtain

a = (ug™-a)(som-a)c[ (s710m-) (ulom-a) | 6P,
This yields that
(s, @, )= (m, (w0 (s07), ms) (s, [ (5707) (u'0-9) |07, ),
(s 1) = (€[ (5767) (0 0) |07, m) (i, (5672 (5972, ms).
(11.2) q1 = my, g # m, g # My, g, # M. In this case, we obtain
p=m-m#0, a=uwv, b=vub?), b=(so" ), c=rt(s6m%),
whence a = u(s8™4%)c[(s16™4%)u-']0P. This yields that
(i @, ) = (m (502, ) (s, [ (570m)u 07, ),
(s 1) = (1, [ (570 ) 07, ) (i, (50 ).
(11.3) g, = m;. In this case, we obtain
Gi=my=n, My=n,, my=n;y, a=uv, b=vu, b= (s@"z‘qZ)t, Cc= t(sG"Z“h).

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, ms).
(11.4) q + my, q1 + my, @2 = My, g» # Ny. In this case, we obtain

p=my-m#0, a=(udma)v, b=v(ug" ), b=stc=ts67r),
whence a = (u6™-9)sc[s~}(u"16™~-1)]6P. This yields that
(om0, m) = (m, (487 0)s, m) (s, e[ (u0m ) 62, ),
(.1 = (57 6m4) |0, m) (m, (um0)s, ).
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(11.5) @, = n,. In this case, we obtain
G=Mpy=n,, m=nmnm, M3=n3 da-= (u@’"l"h)v, b= v(uB’”l‘ql), b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, ms).
(11.6) gy = my, q1 + m, @ = My, @» + Ny In this case, we obtain

p=m-nm+0, a=u, b=vud?), b=st, c=t(sO7P),
whence a = usc(s"u™1)07P. This yields that

(my, a, ny) = (my, us, ms)(ms, c(s w72, ny),
(ms, ¢, n3) = (m3, c(s w0, ny)(my, us, ms).

If p > 0, then there exist ¢;, ¢, € Z and u, v, s, t € T such that
O<qgsm<m,q=m-—-m,a-= (uO’”l*ql)v, b= v(u@"f‘h),

O<@p<m<m,g=>m—-m,b-= (s@mrqz)t, Cc= t(s@"f‘h).

In this case, m; —ny=m3 -n3=p > 0.
(11.7) q1 # my, 1 # ny, @2 + Ny, @> + My. In this case, we obtain

o= [ 0) o) Jore(s o) o)
This yields that
)= [ (407 (50%4)]0%, 1) s (507) (o 07-0), ),
() = (s (1) (00, ) (s, [ () (s Joe, ).
(11.8) q; = my. In this case, we obtain
G=m=m, p=0, my=n, my=n;, a=uv, b=vu, b= (s@mz—éh)t, c= t(semz-qz),

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, ms).
(11.9) q + my, q1 = ny, @ # My, g> # Ny. In this case, we obtain

p=mi-m#0, a=@d), b=vu, b= (s0"%), c=1t(som%),
whence ¢ = [(s710""%2)u | 6Pau(s6™~%). This yields that
(my, a, m) = (g, u(s0™°%), n3) (ms, [ (0% %)u]6%a, ny),
(ms, c,n3) = (mg, [(s‘le”z‘qz)u‘l] 0Pq, nl) (nl, u(s@"?“h), ng).
(11.10) g» = my. In this case, we obtain
B=m=my, p=0, m=m, m=n, a=udm )y, b=v(ubm ), b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, m3).
(11.11) q + my, @1 # y, @ ¥ My, @, = Ny, In this case, we obtain

p=my-n#0, a=(ubm )y, b=v(ugmu), b=(s), c-=ts,
whence ¢ = [s7!(u10™-9)]Pa(ud™-)s. This yields that
(my, a, ny) = (nl, (u@”l“h)s, n3)(m3, [s‘l(u‘le”l‘ql)]epa, nl),
(m3, ¢, n3) = (ms, [s7(ul6m-0)|6Pa, ny) (my, (u6™0)s, ns).
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(11.12) q1 + my, q1 = ny, g» # My, q> = n,. In this case, we obtain
p=m-nm+0, a=wbP), b=vu, b=(sH), c=ts,
whence ¢ = (s"lu1)6Paus. This yields that

(my, a, my) = (my, us, n3)(ms, (s w)0Pa, ny),
(ms, ¢, n3) = (m3, (s 'u™b%a, ny)(ny, us, ns).

Case 12—(iii,iv). There exist q;, ¢ € Z and u, v, s, t € T such that

Osqsmsm, gxm-m, as=udma)y, b=v(ugna)
and 0 < ¢, < p, b = (s6P~@)t, ¢ = (t0%)s. In this case,

m-m=m;-nm=p=20, M-G@2m-p=n, n+qg=zn
(121) g+ my, q1 + 1, @2 # p, ¢> # 0. In this case, we obtain

a= [(u@"l‘ql)t‘1] GP(CHP“ZZ)t(u‘IG"l‘ql).

This yields that

(my, a, m) = (n1 + @, [(u@"l‘ql)t‘l] 0%, n3)(m3 - @, t(u—lem—ql), nl),

(m3, ¢, m3) = (m5 = g, t(u'0™9), m) (m + qo, [ (u6™-)t1]6%, n3).
(12.2) @ = my. In this case, we obtain

Gi=m=m, p=0, my=n, m=n, =0, a=uv, b=vu, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, m;) ~p, (m3, ¢, m3).
(12.3) q1 # my, 1 = ny, @ # p, > # 0. In this case, we obtain

a=@dv, b=wu, b= (s07%)t, c=/(16%)s,
whence ¢ = [s7(u'6%)]67(aB%)(u6%)s. This yields that
(my, a, m) = (ny + ga, (u6%)s, n3)(ms - qu, [s7(u'0%) |67 -%a, ny),
(ms, ¢, n3) = (m3 - g, [s7(u10%) |67%a, ny) (ny + go, (u6%)s, n3).
(12.4) @ # my, g # m, g2 = p, g2 # 0. In this case, we obtain
pP=q#0, a=(uom o), b=v(ugna), b=st, c=(t6P)s,
whence a = [(uf™~4)t1|0Pct(u19™~4). This yields that
(my, a, ny) = (my, [ (u@™-0)t1)6%c, ns) (ns, t(u6m-0), my),
(mz, c,n3) = (n3, t(u‘ler‘l‘ql), nl) (ml, [(ue"l‘ql)t‘l] 0rc, ng).
(12.5) q1# my, 1 + Ny, ¢ # p, ¢ = 0. In this case, we obtain
p#0, a=(u6m )y, b=v(uga), b= ("), c=ts,
whence ¢ = [s7(u10"~%)]6Pa(uf™-4)s. This yields that
(my, a, ny) = (ny, (u0™~)s, n3) (ms, [s7(u'6m-)]6%a, ny),
(mz, c,n3) = (m3, [s‘l(u‘lenl‘ql)]el’a, nl)(nl, (uG”l‘ql)s, n3).
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(12.6) g1+ my, q1 = ny, ¢ = p, > # 0. In this case, we obtain
a=WbPyv, b=vu, b=st, c=(tOP)s,

whence (my, a, my) ~, (ms, ¢, ms) by (10.12).
(12.7) q1# my, ¢ = i, @2 #+ p, ¢ = 0. In this case, we obtain

p=m-m+0, a=wbP)y, b=vu, b=(sOP), c=ts,
whence ¢ = (s'u1)6Paus. This yields that

(my, a, m) = (ny, us, n3)(ms, (s"'u™)6?a, ny),
(ms, ¢, n3) = (M, (s"'w™HbPa, ny)(ny, us, n3).

(12.8) g, = p, q; = 0. In this case, we obtain
m=n, m=n, m=m, ¢ =0 a= (uB’”l"h)v, b= v(u@ml‘ql), b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, ms).
Case 13—(iv,i). There exist q;, ¢ € Z and u, v, s, t € T such that

O<qi<p, a= (u@l"‘h)v, b= (v@ql)u, p<q<0, b= s(t@’h‘P), c= t(se“h).
In this case,
pr=0, ¢1=¢=0, a=uv, b=vu, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, m3).
Case 14—(iv,ii). There exist ¢, ¢ € Z and u, v, s, t € T such that

O<q<p, a=(ubPm)v, b= (vo")u,
O<@<ms<m, @2m-m, b=s(to®), c=(t0m2)s.
In this case,
ml—n1=m3—n3=p20, m—-q =2m—p=n3,mnm+q=n.
14.1) q1+p,q1 # 0, q + Ny, @ + My. In this case, we obtain
c= [(t@"f‘h)u*]GP(anl)u(t*G"f‘h).
This yields that
(my, a, ny) = (nl + qi, u(t*le"fqz), n;)(m3 - qi [(t@”z’qz)u’l]el”qla, nl),
(ms, ¢, n3) = (m3 -, [(t@"z‘qz)u‘l]el"qla, nl)(nl + i, u(t‘le"z“h), ng).
(14.2) q1=p,q # 0, q> + Ny, g + my. In this case, we obtain
p=q#0, a=uw, b=, b=s(t0"%), c=/(10m%)s,
whence a = [v7}(t"16"~%)]6Pc[(t0™~%)v]. This yields that
(my, a, ) = (ml, [v‘l(t‘IH"Z‘qZ)]GPc, n3)(n3, (tG”Z‘qZ)v, nl),
(ms, ¢, n3) = (n3, (te”f‘b)v, nl)(ml, [v*l(t*IG"Z*QZ)]Gl’c, n;).
14.3) q1#p, q1 =0, g2 # Ny, g #+ M,. In this case, we obtain
p#0, a=@dy, b=wu, b=s(t0%), c=(10"%)s,
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whence ¢ = [(t0™~%)u!]0Pa[u(t710™%)]. This yields that
(my, a, ny) = (nl, u(t‘19”2‘42), n3)(m3, [(tG"Z‘qZ)u‘I]GPa, nl),
(m3, ¢, m3) = (ms, [ (t0%)u']6Pa, ny) (ny, u(t0™-%), ns).
(14.4) q1 #p, q1 # 0, @2 = Ny, g; #+ my. In this case, we obtain
a=(ubr-m)v, b=(v6")u, b=st, c=(t6"s,
whence a = [vI(t-19P-)]0P(cOP~4)[(t9P~41)v]. This yields that
(my, a,ny) = (ny + qu, [v7(t76P-0)]0%c, n3) (ms - qu, (699, ny),
(m3, ¢, 3) = (m5 — qu, (t07-%)v, my) (g + qu, [v(£767-0) ] 0%c, n3).
(14.5) g, = m,. In this case, we obtain
@=m=my, p=0, m=m, my=n;, ¢=0, a=u, b=wu, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~, (m3, ¢, m3).
(14.6) q; = p, q1 = 0. In this case, we obtain

m=m, mMy=n,, my=n, a=u, b=vu, b= s(t@"l“h), c= (tG"Z“D)s.

By Lemmas 1.1 and 2.1, (my, a, my) ~, (m3, ¢, m3).
14.7) q1=p,q # 0, > = ny, g, # my. In this case, we obtain

pr=q#0, a=u, b=W0Pu, b=st, c=(t6P)s,
whence a = (vt "1)6Pc(tv). This yields that

(my, a, m) = (my, (vt H0%c, n3)(ns, tv, ny),
(ms, ¢, n3) = (n3, tv, n))(my, (v t"H)0%c, n3).

(14.8) q1 # p, q1 = 0, g> = Ny, g> + My. In this case, we obtain
a=WoPy, b=vu, b=st, c=(OP)s,

whence (my, a, my) ~, (ms, ¢, m3) by (10.12).
Case 15—(iv,iii). There exist q;, ¢ € Z and u, v, s, t € T such that

O<q<p, a=(ubru)v, b= (v6")u,
0<@<m<m,g2m-m, b= (s ), c=t(s6m %),
In this case,
m-m=m3-n3=p20, M3—q2m3—p=n3,nm+q2n.
(15.1) g1 # p, ¢ # 0, g2 # My, g> # ny. In this case, we obtain
c = [(s70m%)u]6r(abt)u(s6m ).
This yields that
(my, a, m) = (ny + o, u(s0™°%), ;) (ms - qu, [ (570 %)u |67 %a, ny),
(ms, ¢, n3) = (m5 - qu, [ (s70"%)u]6P-%a, ny) (ny + g1, u(s6™%), n3).
(15.2) q1=p,q # 0, ¢, # my, q; #+ n,. In this case, we obtain
p=@#0, a=uw, b=, b=(som%)t, c=t(so %),
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whence a = [v7Y(s6™%)]0Pc[(s~10™~4%)v]. This yields that
(my, a, ny) = (ml, [v‘l(se"Z‘qZ)]Gl’c, n3)(n3, (s‘19"2“12)v, nl),
(m3, ¢, m3) = (n3, (710" %)v, ny) (my, [v-1(s0%-%)]6%c, ns).
(15.3) g1+ p,q1 =0, ¢; #+ My, ¢ # Np. In this case, we obtain
p#0, a=@éPy, b=wu, b=(som @), c=t(so %),
whence ¢ = [(s76™-%)u1]0Pqu(s6™-%). This yields that
(my, a, my) = (nl, u(se”f‘h), n3) (m3, [(5*16”2*42)11*1] 0ra, nl),
(m3, ¢, n3) = (ms, [(s70™%)u ] 6Pa, ny) (my, u(s0™-%), n).
(15.4) g, = m,. In this case, we obtain
G=m=my, p=0, m=mn, my=n;, @=0, a=uv, b=wu b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~p, (ms, ¢, m3).
(15.5) q1+p, q1 + 0, q» + My, @ = ny. In this case, we obtain

a= (uGP‘ql)v, b= (v@‘h)u, b = (sP)t, c=ts,
whence ¢ = (s'u1)8P(ab%)us. This yields that
(my, a, ny) = (ny + qu, us, "3)("‘13 - qi, (sT'u )P 9q, nl),
(ms, ¢, n3) = (m3 — qu, (s HOP~%a, my)(my + gy, us, ns).
(15.6) @1 = p, q1 = 0. In this case, we obtain
m=n, mM=n, m=n, a=u, b=vu, b= (sG’"Z‘qZ)t, Cc= t(sGmZ“h).

By Lemmas 1.1 and 2.1, (my, a, m;) ~, (ms, ¢, ms).
(15.7) q1=p,q + 0, g + my, @, = n,. In this case, we obtain
a=uv, b=W0Pu, b= (s6P)t, c-=ts,

whence (my, a, my) ~, (ms3, ¢, m3) by (7.12).
(15.8) q1 # p,q1 = 0, @2 #+ my, g» = n». In this case, we obtain

p#0, a=bP)v, b=vu, b=(sOP)t, c=ts,
whence ¢ = (s"'u1)fPaus. This yields that

(my, a, ny) = (ny, us, n3)(ms, (s"'u™)6Pa, ny),
(ms, ¢, n3) = (m3, (s"'w)6Pa, ny)(m, us, ns).

Case 16—(iv,iv). There exist q;, ¢, € Z and u, v, s, t € T such that
o<q<p, a=(ubP ")y, b=(v0"u, 0<q<p, b=(s67®)t, c=/(t0%)s.
In this case,
m;—qlzm3—p:n3,n1+qlznl,m3—q22m3—p=n3,n1+q22n1.

16.1) g1+ p,q1+ 0,9 #p, g # 0. In this case, we have 0 < g; + g> < 2p.
If-p < g1+ g — p <0, then we have ¢ = [s}(u10%)]07(ad%+49)(u6%)s. This implies that

(my, a,np) = (ny + g1 + g2, (u6%)s, n3) (ms - q1 - qo, [s7(u160%) |6P-0-2a, ny),
(ms, ¢, n3) = (m3 - - G [s‘l(u‘lqu)]el"‘h‘qza, nl)(nl + ¢+ (u@‘b)s, n3).
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If 0 < g1 + ¢> - p < p, then we have a = [v-(t"16P~®)]67(c6P~(@+a:-P))(t6P~%)v. This implies that
(my, a,ny) = (ny + g + g2 — p, [v7(t767-0) |04+ ePe, n3) (ms + p - @1 - qo, (079, my),
(ms, ¢, m3)=(ms + p - g — o, (1679 v, ) (my + q1 + g2 - p, [v}(£707-4) |04+%2c, ns).

If g1 + g, — p = 0, then we have

c = [s7(u0%)]07(ad?)(ub%)s, a = [vI(t7167-) | 6P(coP)(t6P-)v,

and hence 1,(t710P-9)c = (¢t710P~9)c, 1,(u'0%)a = (u~'0%)a. Since the idempotents of T form a chain,
we have 11, = 15 or 11, = 1,. If 151, = 1,, then

(u@qZ)ss*(u*lO‘b)a = (u@‘b)lslv(u*W‘h)a = (u@‘h)lv(u*@’h)a = (u@‘h) (u*le‘h)a =a.
This implies that

(my, a, m) = (ml, (uqu)s, n3)(n3, s‘l(u‘le‘h)a, nl),
(mz, c,n3) = (ng, s‘l(u‘le‘b)a, nl)(ml, (u@‘h)s, n3).

If 1,1, = 15, then
(7= )1 (e7197-0)c = (10P-9)1,15(¢710P-4)c = (t0P-9)15(t70P-0)c = (t6P-4)(t16P-4)c = c.
This implies that

(my, a, ny) = (nl, v‘l(t‘lep"h)c, n3)(m3, (tel"ql)v, nl),
(m3, ¢, n3) = (ms, (t6P-0)v, ny) (my, v(£710P-4)c, n3).
(16.2) gi=p,q1 # 0,2 # p, ¢ # 0. In this case, we obtain
a=uwv, b=@6Pu, b= (s07%)t, c=/(t6%)s,
whence a = (v-'t")8P(c6P-%)tv. This yields that
(my, a, ny) = (ny + ga, (vt)0%, n3)(m; — g, tv, my),
(m3, ¢, n3) = (M3 — G2, tv, m)(ny + o, (VE)0%c, 13).
(16.3) g1 #p,q1=0,q, # b, q> # 0. In this case, we obtain
a=@dv, b=wu, b= (s072)t, c=/(16%)s,
whence ¢ = [s7!(u"16%)]6P(ab%)(u6%)s. This yields that
(my, a, ) = (ny + qa, (u6%)s, n3) (ms - qu, [s7(u6%)|67-%a, ny),
(ms, ¢, n3) = (m3 - @, [s‘l(u‘IH‘IZ)]@P‘an, nl) (nl + @, (u@‘b)s, ng).
(16.4) q1+p,q1#0,q =p, g # 0. In this case, we obtain
a=(ubr)v, b=(v0")u, b=st, c=(t6"s,
whence a = [vY(t-16P~4)]6P(cHP~)(t0P~%)v. This yields that
(my, a, ny) = (nl + i, [v‘l(t‘lel"ql)]eqlc, ng)(m3 -, (t@P‘ql)v, nl),
(5, ¢, 15) = (15 — g, (679w, 1) (my + 1, [v(¢67-) ] 0%c, ).
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(16.5) q1#p,q1 # 0, q, # p, g> = 0. In this case, we obtain
a=(ubr)v, b=(v0")u, b=(s6"), c=ts,
whence ¢ = (s 'w1)0P(ad%)(us). This yields that
(my, @, my) = (my + gy, us, n3)(ms — qu, (s uHOP~%a, ny),

(ms, ¢, m3) = (m3 - gy, (su)gP9q, nl)(nl + qu, us, nz).

(16.6) q1 = p, q1 = 0. In this case, we obtain
¢&=p=0, m=n, m=nm, my=n, a=uv, b=wvu, b=st, c=ts.

By Lemmas 1.1 and 2.1, (my, a, my) ~, (m3, ¢, m3). It is easy to see that g; = p,q, = 0 if and only if
> = p, q; = 0. Thus, all the cases that there exist at least three items are equal to zero in q; — p, q1, @2 — P, ¢>
reduce to this case.

(16.7) q1=p,q1 # 0, ¢ = p, g» # 0. In this case, we obtain

a=uv, b=W6Pu, b=st, c=(OP)s,
whence p = ¢, # 0, a = (v-it™1)6Pctv. This yields that
(my, a, m) = (my, (v't1)6Pc, n3)(ns, tv, ny),
(ms, ¢, n3) = (n3, tv, n))(my, (vt 1)0%c, ns).
(16.8) q1=p,q1 # 0, # p, g, = 0. In this case, we obtain
a=uv, b=W0Pu, b= (s6P)t, c-=ts,
whence (my, a, my) ~, (ms, ¢, m3) by (7.12).
(16.9) q1+p,q1 =0, q = p, ¢ # 0. In this case, we obtain
a= by, b=vu, b=st, c=(OP)s,
whence (my, a, m;) ~, (ms, ¢, m3) by (10.12).
(16.10) q1# p,q1 =0, @2 # p, g> = 0. In this case, we obtain
p+0, a=bP), b=vu, b=(sO)t, c=ts,
whence ¢ = (s"'u"1)6Paus. This yields that

(my, a, m) = (ny, us, n3)(ms, (s"u1)6?, ny),
(ms, ¢, n3) = (m3, (s 'u™M)OP, ny)(ny, us, n3).

We have completed the proof. O

The following example shows that ~, is not transitive in a Bruck-Reilly extension of a general Clifford
semigroup.

Example 2.4. Let Y = {0, 1, a, 3, ¥, 6} be a semilattice with the greatest element 1 and the least element O
such that the four elements a, 8, y, 6 are pairwise incomparable. Consider the Bruck-Reilly extension
S =BR(Y, 0) of Y determined by 8 where 6 : Y — {1}, x — 1. Take three elements (0, a, 1), (0, 0, 1) and
(0, B8,1) in S. Since

(O’ O’ 1) = (0’ B’ 0)(0’ a’ 1)’ (0’ a’ 1) = (O’ a’ 1)(0’ B’ O)’
(O’ O’ 1) = (0’ Vs O)(Oa 6’ 1)» (0, 5) 1) = (O’ 5s 1)(0’ Vs O)’
we have (0, a, 1) ~, (0, 0, 1) and (0, 0, 1) ~, (0, 8, 1). Suppose that (0, a, 1) ~, (0, 6, 1). In view of Lemma

2.2 and the fact that p = 0 — 1 = -1 < 0, we obtain that at least one of items (1), (2) and (3) in Lemma 2.2
holds. We shall show that this is impossible. In fact, if (1) holds, then there exist q € Z, ¢, d € Y such that
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-1=p<q<0,a=c(df?P)and é = d(c6~9) whenceq =0orq =-1.Ifg = 0, thena = c¢(df) = c1 = ¢ and
6 = dc. This implies that § = da, and so 6 < a.If g = -1, thena = c¢d and 6 = d(cf) = d1 = d. This gives that
a = c6, and so a < 6. If (2) holds, then there exist g € Z, ¢, d € Y such that

0<qg<min{0,1}, g=0-0, a=c(dd 9, &=(d6°9c,

which shows that g = 0, and so a = ¢(df) = c1 = ¢ and 6 = dc = da. Thus, 6 < a. If (3) holds, then there
existq € Z, ¢, d € Y such that

0<q<min{0,1}, g=0-0, a=(hB°Nd, 6&=d(ch'9).

This implies that a = c§, and so a < 6. We have shown that @ and § are comparable in any case. However,
a and 6 are incomparable by hypothesis, which is a contradiction. Thus, ~, is not transitive.

Remark 2.5. From the Introduction part, ~, is contained in ~, = ~. in Bruck-Reilly extensions of general
Clifford semigroups. We observe that the inclusion ~, < ~, is proper by the following example. Let T be a
Clifford monoid which has at least two H -classes and S = BR(T, ) the Bruck-Reilly extension of T deter-
mined by 8. Assume that e and f are distinct idempotents in T. Then (0, e, 0) and (O, f, 0) are two
idempotents in S. By the fact (1.1), we have (0, e, 0) ~, (0, f, 0). If (0, e, 0) ~, (O, f, 0), then by Lemma
2.1 we obtain that e ~, f in T. Thus, there exist ¢, d € T such thate = cd and f = dc, and so e, f lie in the
same H -class of T whence e = f, which is a contradiction.

3 The primary conjugacy is transitive in regular w-semigroups

In this section, we shall show that the primary conjugacy ~, is transitive in any regular w-semigroup by
using the technical results obtained in Section 2.

Theorem 3.1. The relation ~, in a regular w-semigroup is transitive.

Proof. Let S be a regular w-semigroup. If S has no kernel, then S is a Clifford semigroup by Lemma 1.3, and
S0 ~p is transitive by Lemma 1.1. If S has kernel K and S = K, then by Lemma 1.3, S is a Bruck-Reilly
extension BR(T, 8) of T determined by 6 in which T is a Clifford monoid whose idempotents form a chain,
and so ~), is transitive by Lemma 2.3.

Now, we consider the case that S has kernel K which is not equal to S. By Lemma 1.4, we can assume
that S is the semigroup constructed in Lemma 1.4. Suppose thata, b, c € Sand a ~, b, b ~, c. Then there
exist u, v, s, t € S such that

a=u-v, b=vou, b=sot, c=tos.

We shall consider the following cases in the sequel.

(1) Ifu,v,s,t € K,thena, b,c € Kanda ~, bandb ~, cinK. Since K is a simple regular w-semigroup,
it follows that K has kernel K, and so a ~,, ¢ in K by the above arguments. This certainly gives thata ~, ¢
inS.

(2 Ifv,s,t € K and u € S\K, then u € G; for some i with 0 <i <[ - 1. By Lemma 1.4 we have

a=u-v=WUa)v, b=vou=vuay), b=sot=st, c=tos=ts.
Observe thatua;;, v, s, t are allin K, it follows thata, b, c € Kanda ~, b, b ~, cinK,andsoa ~, cin K by
Lemma 2.3. Hence, a ~,, c in S. Similarly, we can prove a ~, c in S for all the cases with|{u, v, s, t} N K| = 3.

(3)Ifu,veKands,t e S\K, thens € G; and t € G;j for some i, j with 0 < i,j <[ - 1. By Lemma 1.4 we
have

b=vou=vuek, b=sot=(sa)(tay) € S\K,
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where x = max{i, j}. This leads to a contradiction. Similarly, we can prove the case thatu,v ¢ K and s, t € K
is also impossible.

(4 Ifv,t e Kandu,s € S\K, thenu € G; and s € G; for some i, j with 0 < i,j <1 - 1. By Lemma 1.4 we
have

a=uecv=av, b=vou=v(uay), b=sot=(saPt, c=tes=t(sa.

By similar arguments in Case (2), we havea ~, c in S. Similarly, we can provea ~, c in S for the following
cases: ) u,s e K,v,t € S\K, (ii) u, t € K, v,s € S\K and (iii) v, s € K, u, t € S\K.

(5) If se K and u,v,t e S\K, then u € G;, veGj and t € G, for some i,j,r with 0 <i,j,r<l-1.
By Lemma 1.4, we have

b=vou=(va,)(ua;y) € S\K,b =s ot =s(ta,) € K,

where x = max({i, j}. This also leads to a contradiction. Therefore, this case does not occur. Similarly, we can
show that it is impossible for all the cases with [{u, v, s, t} N K| = 1.

6)Ifu,v,s,t e S\K, thenu € G;, v € Gj, s € G, and t € Gy, for some i, j,m,nwithO <i,j,n,m<1-1.
By Lemma 1.4, we have

a=u o v=ua,)Va),b=voeu= (vaj,)(ua),

b=s ot =(Sty)ttmy), C =t o S = (ty,)(SAy,),

where x = max{i, j} and y = max{m, n}. This implies that b € G, and b € G, whence x = y. Thus, a, b, ¢ € G
anda ~, b, b ~, c in the group G, and hence a ~, c in G, by Lemma 1.1. Certainly, it follows thata ~, ¢
in S. O

Remark 3.2. By Theorem 3.1, primary conjugacy in a regular w-semigroup is transitive. However, the proof
is too complicated. Thus, it will be a necessary work to find a simple proof of this result in future.
We observe that it is impossible to give a proof by showing that ~, = ~, according to Remark 2.5. Moreover,
the characterizations of various kinds of conjugacy relations and the relationships among them on regular
w-semigroups are also worthy of further study.
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