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Abstract: The normalizer problem of integral group rings has been studied extensively in recent years due
to its connection with the longstanding isomorphism problem of integral group rings. Class-preserving
Coleman automorphisms of finite groups occur naturally in the study of the normalizer problem. Let G be a
finite group with a nilpotent subgroup N. Suppose that G/N acts faithfully on the center of each Sylow
subgroup of N. Then it is proved that every class-preserving Coleman automorphism of G is an inner
automorphism. In addition, if G is the product of a cyclic normal subgroup and an abelian subgroup,
then it is also proved that every class-preserving Coleman automorphism of G is an inner automorphism.
Other similar results are also obtained in this article. As direct consequence, the normalizer problem has
a positive answer for such groups.
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1 Introduction

All groups considered in this article are finite. Let M be a subgroup of G and let 0 € Aut(G). We write o |y, for
the restriction of ¢ to M. Furthermore, suppose that M < G and ¢ fixes M. Then, by abuse of notation, we
write 0 |g/u for the automorphism of G/M induced by o. Let g be a fixed element in G. We write conj(g) for
the inner automorphism of G induced by g via conjugation. Denote by 77(G) the set of all primes dividing |G|.
Other notations will be mostly standard, refer to [1,2].

Let G be a finite group and ZG be its integral group ring over Z. Denote by U(Z G) the group of units
of ZG. The normalizer problem (see problem 43 in [2]) of integral group rings asks whether
Nu@ze)(G) = G- Z(U(ZG)) for any finite group G, where Nyz¢)(G) and Z(U(ZG)) denote the normalizer
of G in U(ZG) and the center of U(Z G), respectively. If the equality is valid for G, then we say that the
normalizer property holds for G.

This equality was first shown to be true for finite nilpotent groups by Coleman in [3], and later this
result was extended to any finite group having a normal Sylow 2-subgroup by Jackowski and Marciniak in
[4]. It was Mazur who first noted that there are close connections between the normalizer problem and the
isomorphism problem (see [5-7]). Based on Mazur’s observations, among other things, Hertweck in [8]
constructed the first counterexample to the normalizer problem and then the first counterexample to the
isomorphism problem. Nevertheless, it is still of interest to determine for which groups the normalizer
property holds. Recently, lots of positive results on the normalizer problem can be found in [9-13].
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For any u € Nyz6)(G), we write ¢, to denote the automorphism of G induced by u via conjugation, i.e.,
g% = u'gu for all g € G. All such automorphisms of G form a subgroup of Aut(G), denoted by Autz(G). It is
not hard to see that Inn(G) < Autz(G). Let Outz(G) = Autz(G)/Inn(G). A question (see Question 3.7 in [4])
asks whether Outz(G) = 1 for any finite group G.

It turns out that the aforementioned question is equivalent to the normalizer problem. Due to this, it is not
a surprise that some classes of special automorphisms occur naturally in the study of the normalizer problem.
Aut(G) denotes the class-preserving automorphism group of G, in which every automorphism sends g € G to
some conjugate of g. Autc,(G) denotes the Coleman automorphism group of G, in which the restriction of
every automorphism to each Sylow subgroup of G equals the restriction of some inner automorphism of G. Set
Out(G) = Aut(G)/Inn(G) and Outc(G) = Autce(G)/Inn(G). It is known by Coleman’s lemma (see in [3])
that Outz(G) < Out.(G) N Outcy(G). In addition, Krempa showed that Outz(G) is an elementary abelian 2-
group (proof can be found in [4]). Thus, if one can show that Out.(G) N Outcy(G) is of odd order, then
Outz(G) = 1, namely, the normalizer property holds for such group G.

In this direction, Hertweck (see [1,12]) proved that if Sylow 2-subgroups of a finite group G are cyclic,
dihedral, or generalized quaternion, then Out.(G) N Outcy(G) is of odd order. Marciniak and Roggenkamp
[9] proved that the normalizer property holds for metabelian groups with abelian Sylow 2-subgroups.
For other related results, see [14-19].

The aim of this article is to investigate class-preserving Coleman automorphisms of some classes
of finite groups without any restrictions on the structure of Sylow 2-subgroups. In Section 2, we present
some lemmas which will be used in the sequel. In Section 3, we give some results on class-preserving
Coleman automorphisms of some groups. Particularly, we prove that if G is a finite group with a nilpotent
normal subgroup N and G/N acts faithfully on the center of each Sylow subgroup of N, then
Out(G) N Outce(G) = 1. The counterexample to the normalizer problem constructed by Hertweck (see
[8]) is a metabelian group. However, we can show that if G is the product of a cyclic normal subgroup and
an abelian subgroup, then Out/(G) N Outcy(G) = 1; in particular, the normalizer property holds for G.
Some other related results are also obtained in Section 3.

2 Preliminaries
In this section, some lemmas needed in the sequel are presented.

Lemma 2.1. [17] Let G be a finite group with a nilpotent normal subgroup N. Assume that P is an arbitrary
Sylow subgroup of N and G | N acts faithfully on Z(P). Then Cs(P) < N. In particular, C4(N) < N.

Lemma 2.2. [19] Let P be a normal p-subgroup of a finite group G. If Cz(P) < P, then G has no noninner
p-central automorphisms. In particular, Outcy(G) = 1.

Lemma 2.3. Let G be a finite group, H be a subgroup of G, and let 6 be an automorphism of G of p-power order,
where p is a prime. If there is x € G such that o |y = conj(x)|y, then there exists some y € Inn(G) such that
oy |g = id |y and ay is still of p-power order.

Proof. Set o(0) = p!, where i € N. Write B == conj(x). Then ¢ |g = B |g, i.e., 087! |y = id |y. Let n € N such
that (0f~")" be the p-part of g~ with (n, p) = 1. Then there exists s, t € Z such that sn + tp' = 1. Obviously,
(0B~ is of p-power order and (08~1)*"|; = id |g. Note that Inn(G)<Aut(G), so there exists some y € Inn(G)

such that (9B~ = %" = o'-®y = oy. Hence, y is the desired inner automorphism. O

Lemma 2.4. [1] Let p be a prime, and ¢ an automorphism of G of p-power order. Assume further that there is
N < G such that o fixes all elements of N, and that o induces the identity on G / N. Then ¢ induces the identity
on G | O,(Z(N)). If 0 fixes in addition a Sylow p-subgroup of G element-wise, then 0 is an inner automorphism.
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Lemma 2.5. [1] Let N < G and let p be a prime which does not divide the order of G/N. Then the fol-

lowing hold.

(1) If 0 € Aut(G) is a class-preserving or Coleman automorphism of G of p-power order, then ¢ induces
a class-preserving or a Coleman automorphism of N, respectively;

(2) IfOut(N) or Outco(N) is a p’-group, then so is Out.(G) or Outcy(G). If Out (N) n Outcy(N) is a p'-group,
then so is Out.(G) N Outcy(G).

Lemma 2.6. Let G be a finite group and let N be a subgroup of G. Let 0 be an automorphism of G of p-power
order with p a prime. Suppose that ¢ fixes N and o |y = conj(x)|y for some x € G. Then there exists
a p-element y € G such that o |y = conj(y)|n.

Proof. Let o(0) = p', o(x) = pt, wherei, j, t € Nand (p, t) = 1. Set k = max{i, j}. Since (p¥, t) = 1, it follows

that there exists u, v € Z such that up* + vt = 1. Write y = x*. Then it is obvious that y is a p-element.
) k uj k uj k+V uj k Vi Vi

For any z € N, since z=29" =2z*", it follows that z7 = z* = 2" ™ = (z*” " = 2" = 27, namely,

0 |y = conj(y)|n. O

Lemma 2.7. [20] Let A be an abelian p’-group and let N be a p-group on which A acts, where p is a prime. Then
Ca(N) = Ca(x) = Ca(N) = Cy4(X) forsomex € N,where N = N | D(N) with®(N) being the Frattini subgroup of N .

3 Proof of the theorems

Theorem 3.1. Let G be a finite group with a nontrivial nilpotent normal subgroup N. Assume that G /N acts
faithfully on the center of each Sylow subgroup of N. Then Out.(G) n Outcy(G) = 1. In particular, the normal-
izer property holds for G.

Proof. Let ¢ € 71(G) and let 0 € Aut.(G) N Autc,(G) be of g-power order. We have to show that o € Inn(G).
If |7(N)| = 1, then by Lemma 2.1, C5(N) < N. Furthermore, by Lemma 2.2, this implies that Outc(G) = 1.
In particular, Out.(G) N Outcy(G) = 1. Hereafter, we assume that [7(N)| =r > 1.
Claim 1.0 |y = id |y.

Let (N) = {p1, p2, ....p;} and let P; € Syl ,(N), where i =1,2,...,r. Then N = P, x P)x---x R. Since
0 € Autcy(G), there exists some h; € G such that

olp, = conj(hy)|p,. ey
For any z; € Z(P,), by equation (1), we have
z? = hi'z;h;. (2
For any z; € Z(P;) and z; € Z(P) with i # j, by equation (2),
(ziz))° = b 'zihhy 'z;hy. 3)
On the other hand, since o € Aut.(G), there exists h € G such that
(ziz))° = hlz;hh7'z;h. (4)
Combining equation (3) with (4), we obtain
(hi'zih)(hi'z;hy) = (h~'z;h)(h7'z;h). 5)
Since N is nilpotent, by equation (5), we have h;'z;h; = h™'z;h and h}-‘lzihj = h7'z;h. That s,
(hih ) 'zi(hh™) = z, (6)
(KN zi(hih ™) = z;. @)
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Since (A, ) is cyclic, there exists some element in Z(P,), say z;, such that
C<Eih‘lf1>(zi) = nzeZ(P;)C<;‘,'.ﬁi’1>(Z) = C(ﬁiﬁi’1>(z(1:’i)) < CG/N(Z(PI')) =1

So by equations (6) and (7), hN = ;N = ljN. As i,j are arbitrary, we have hN = 4N = loN =---= h,N.
Set h; = hn; withn; € N,i =1, 2,..., r. For any x; € P,, by equation (1),

x? = ni'hx;hn;. (8)

As N is nilpotent, we may assume n; € P, in equation (8). Write n := njn, --- n,. Then, by equation (8), for any
X =Xx% - X, € N with x; € P,

x° = n"'h xhn. )

This shows that ¢ |y = conj(hn)|y. By Lemma 2.3, we may assume that o |y = id |y, as claimed.
Claim 2. ¢ |G/N =id |G/N-

Forany g € G and n € N, by Claim 1, n8 = (n8)° = n8’, implying g~ € C4(N). Recall that C5(N) < N.
So the preceding equality implies that o ¢y = id |¢/n, as claimed.

Claim 3. 0 € Inn(G).

By Lemma 2.4, Claims 1 and 2 yield that o0 |0,z = id |6 0,z- If g ¢ 1(N), then the preceding
equation implies that o = id. It remains to consider the case g € m(N). Let Q be a Sylow g-subgroup of G
fixed by 0. Then Q; := Q n N is the Sylow g-subgroup of N. Since 0 € Autc,(G), there exists some g-element
g € G such that o |y = conj(g)le. In particular, o |z, = conj(g)lzq,. On the other hand, By Claim 1,
0 |z = id |z¢q,). Consequently, g € Cs(Z(Qy)). It follows that gN € C;,n(Z(Q;)). From this we deduce
that gN = N since the action of G/N on Z(Q,) is faithful. So g€ N and hence g € Q;. Note that
0 g, = conj(g)lg, = id lo,- So g € Z(Q;) < Z(N). It follows that oconj(g!)|y = id |y, oconj(gVle,n = id lg/n,
and oconj(g1)|g = idg. So by Lemma 2.4 ¢ € Inn(G). We are done. O

As immediate consequences of Theorem 3.1, we have the following results.

Corollary 3.2. Let G = NwrK be the standard wreath product of N by K, where N is a nontrivial nilpotent group
and K is an arbitrary group. Then Out(G) n Outcy(G) = 1. In particular, the normalizer property holds for G.

Proof. Let |[K| = r. Then G = NwrK = N" x K, where N" is the direct product of r copies of N. Let p € n(N)
and let P € Syl (N"). We will show that K acts faithfully on Z(P). Since N is a nilpotent group, thus N” is

also a nilpotent group. Obviously, K acts on Z(P). For any y € Z(P), if y" = y, where h € K. Since the
intersection of Z(P) with each component of N is nontrivial, i.e., Z(P) is extensive in N, we deduce
that h = 1, this shows that K acts faithfully on Z(P). Thus, the assertion follows from Theorem 3.1. O

As a direct consequence of Corollary 3.2, we have the following result, which generalizes a well-known
result due to Petit Lobao and Sehgal ([11], Theorem 1).

Corollary 3.3. Let G = NwrS,,, where N is a finite nilpotent group and S,, is the group of all permutations on m
letters. Then the normalizer property holds for G.

Corollary 3.4. Let G be the holomorph of an arbitrary nilpotent group N, ie., G=N x Aut(N).
Then Out.(G) n Outco(G) = 1. In particular, the normalizer property holds for G.

Theorem 3.5. Let G = NA, where N is a nilpotent normal subgroup and A is an abelian subgroup.
Then Out(G) N Outcy(G) is a p’-group for each p € n(G)\n(N) n r(A).

Proof. For any p € n(G)\n(N) n r(A), let p € Aut(G) N Autco(G) be of p-power order. We will show that p
is an inner automorphism.
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Case 1. p € 1(N).

Let N, be the Sylow p-subgroup of N. Then N, char N < G. It follows that N, is a normal Sylow
p-group of G. By Lemma 2.5(2) (replacing N therein with Nj), Outcq(G) is a p’-group. In particular,
Out(G) N Outcy(G) is a p'-group.

Case 2. p € m(A).

Let A, be the Sylow p-subgroup of A. Then NA, is normal in G since G /N is abelian. Note that G /NA,
is a p'-group. By Lemma 2.5, we may assume that G = NA,,.
Claim 1. pconj(g Y|y € Autco(N) for some g € G.

Let n(N) = {p1, p2, ...,p;} and let P, € Sylpi(N), wherei=1,2,...,r. Then N = P; x P,x---x B. Since p
is a Coleman automorphism, by Lemma 2.6, for each P, there exists a p-element h; € G such that

plp, = conj(hy)|p,. (10)

By Lemma 2.7, C4,(P;) = Ca,(x;) for some x; € B, wherei =1, 2,..., r. Write x = xx; --- X,. Then there exists
g € G such that x? = x3, i.e., (g7xg) (g %g) = (hx4hy)---(h, x,h,). From this we obtain g-lxg = h; x;h;.
It follows that

[hig™, x| = 1. (11)
Since G=N %A, we may set hg!=na, where ne N and acA, We will show ae¢ Ca,(P).
Let P := P,/ ®(P,), where ®(P) is the Frattini subgroup of P.. Then G acts on P.. By equation (11), we have

[hig™, %] = 1. (12)
On the other hand,

[hig™, %] = [na, %] = [a, X;]. (13)

So equations (12) and (13) imply that[a, x;] = 1. Again by Lemma 2.7, a € Cy,(X;) = C4,(P,). This, together with
equation (10), implies that pconj(g~1|p, = conj(n)|p,.. This shows that pconj(g )|y € Autca(N), as claimed.
Claim 2. p € Inn(G).

Since N is nilpotent, it follows that pconj(g~1)|y = conj(n)|y for some n € N. That is, p |y = conj(ng)|y.
With this in hand, by Lemma 2.3, we may assume that

ply=id]|y. (14)
Note that G /N is abelian. So we have
plow =idlg/n. (15)

By Lemma 2.4, equations (14) and (15) yield that p | ,0,zav)) = id l60,zv))- Note that N is a p’-group. So the
preceding equality is precisely p = id. We are done. O

Corollary 3.6. Let G be an extension of a p-group by an abelian group. Then Out(G) N Outcy(G) = 1.
In particular, the normalizer property holds for G.

Corollary 3.7. Let G be an extension of a nilpotent group of odd order by an abelian group. Then
Out(G) n Outce(G) is of odd order. In particular, the normalizer property holds for G.

Marciniak and Roggenkamp (see [9]) constructed a finite metabelian group G = (C7 x C3) x C3 for
which Out(G) n Outcy(G) is of even order. It is clear that the group G is the semidirect product of a cyclic
group of 3 by a nonabelian 2-group. This shows that if G is the product of a cyclic normal subgroup and a
nilpotent subgroup, then it is not necessary that Out.(G) N Outcy(G) is trivial. However, we can prove the
following result.

Theorem 3.8. Let G = CA, where C is a cyclic normal subgroup and A is an abelian subgroup. Then
Out(G) n Outce(G) = 1. In particular, the normalizer property holds for G.
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Proof. Let p € 71(G) and p € Aut(G) N Autc(G) be of p-power order. We will show that p is inner. If either
p € n(C)\n(A) or p € m(A)\n(C), then by Theorem 3.5 p € Inn(G). If p € 1(C) Nn m(A), then by Lemma
2.5(2) we may assume that A itself is a p-subgroup. Since C is cyclic and p € Aut(G), it follows that there
exists some g € G such that p |¢ = conj(g)|c. Without loss of generality, we may set p |¢ = id |c. Let P; be the
Sylow p-subgroup of C. Then P = P;A is a Sylow p-subgroup of G. Without loss of generality, we may
assume that p fixes P and p [p = conj(x)|p for some p-element x. Set x = ab with a € P; and b € A. Note
that id |p, = p |p. = conj(ab)|p. = conj(b)|p,. This yields that b € C4(P;). Since A is abelian, it follows
that b € Z(P) and thus p [p = conj(x)|p = conj(ab)|p = conj(a)|p. From this we deduce that p = conj(a).
We are done. O
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