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Abstract: The main purpose of this article is to develop a theory that extends the domain of any local
isometry to the whole space containing the domain, where a local isometry is an isometry between two
proper subsets. In fact, the main purpose of this article consists of the following three detailed objectives:
The first objective is to extend the bounded domain of any local isometry to the first-order generalized linear
span. The second one is to extend the bounded domain of any local isometry to the second-order general-
ized linear span. The third objective of this article is to extend the bounded domain of any local isometry to
the whole Hilbert space.
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1 Introduction

In the course of the development of mathematics in the last century, the problem of extending the domain
of a function while keeping/preserving the characteristic properties of a function defined in a local domain
has had a great influence on the development of functional analysis.

For example, in topology, the Tietze extension theorem states that all continuous functions defined on
a closed subset of a normal topological space can be extended to the entire space.

Theorem 1.1. (Tietze) Let X be a normal space, E be a nonempty closed subset of X, and let[-L, L] be a closed
realinterval. If f : E — [-L, L]is a continuous function, then there exists a continuous extension of f to X, i.e.,
there exists a continuous function F : X — [-L, L] such that F(x) = f(x) for all x € E.

The Tietze extension theorem has a wide range of applications and is an interesting theorem, so there
are many variations in this theorem.

In 1972, Mankiewicz published his article [1] determining whether an isometry f : E — Y from a subset
E of a real normed space X into a real normed space Y admits an extension to an isometry from X onto Y.
Indeed, he proved that every isometry f: E — Y can be uniquely extended to an affine isometry between
the whole spaces when either E and f(E) are both convex bodies or E is nonempty open connected and f(E)
is open, where a convex body is a convex set with a nonempty interior.

Theorem 1.2. (Mankiewicz) Let X and Y be real normed spaces, E be a nonempty subset of X, and let
f: E — f(E) be a surjective isometry, where f(E) is a subset of Y . If either both E and f (E) are convex bodies,
or E is open and connected and f(E) is open, then f can be uniquely extended to an affine isometry F : X — Y.
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This conclusion particularly holds for the closed unit balls. Based on this fact, with the same research
direction, Tingley [2] intuitively paid attention to the unit spheres and posed the following problem, which
is now known as Tingley’s problem.

Problem 1.1. (Tingley) Is every surjective isometry between the unit spheres of two Banach spaces
a restriction to the unit sphere of a surjective real-linear isometry between the whole spaces?

Recently, many articles have been devoted to the study of the extension of isometries and Tingley’s
problem. Among them, a result of Ding [3, Theorem 2.2], which is related to Problem 1.1, will be introduced.

Theorem 1.3. (Ding) Let X and Y be real Hilbert spaces and let f : S;(X) — Si(Y) be a function between unit
spheres. If —f(S1(X)) c f(Si(X)) and |f(x) — fOo)| < I — x| for all x, % € Si(X), then f can be extended to
a real-linear isometry from X into Y (see also [4-13]).

The research in this article is strongly motivated by Theorems 1.2 and 1.3, and [14, Theorem 2.5], among
others (refer to [15-17] also).

The main purpose of this article is to develop a theory that extends the (bounded) domain of any local
isometry to the real Hilbert space M, containing the domain, where a local isometry is an isometry between
two proper subsets of the Hilbert space M,, which is defined in Section 2 of this article. In Section 3, we
introduce some concepts such as first-order generalized linear span and index set, which are essential to
prove the final result of this article. Section 4 is devoted to the problem of extending the domain of a local
isometry to the first-order generalized linear span. Solving this problem is the first objective of this article.
We introduce the concept of a second-order generalized linear span in Section 5 and develop the theory of
extension of the domain of a local isometry to the second-order generalized linear span in Section 7, which
is the second objective of this article. Finally, we prove in Theorem 8.1 that the domain of a local isometry
can be extended to the real Hilbert space M, including that domain, which is the third objective of this
article.

We observe that the domain of a local isometry is assumed to be bounded and contains at least two
elements, but it need not be a convex body nor an open set. This indicates that the main results of this
article are more general than those previously published.

2 Preliminaries

Throughout this article, the symbol R“ will denote the space of all real sequences. From now on, we denote
by (R¥, 7) the product space [];”,R, where (R, 7R) is the usual topological space. Then, since (R, 7R) is
a Hausdorff space, (R¥, 7) is a Hausdorff space.

Let a = {a;} be a sequence of positive real numbers satisfying the following condition:

0
Zaiz < 00. (2'1)
i=1

With this sequence a = {a;}, we define

(o]
M, = {(Xl, X,...) € R : Zaizxiz < oo}

i=1

Then, M, is a vector space over R, and we can define an inner product (-,-), on M, by

X, V)a = Y aixy,

i=1
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for all x = (3, x,...) and y = (,, 5, ...) of M,, with which (M, (-,-),) becomes a real inner product space.
This inner product induces the norm in the natural way

IXlla = <X, X)a

for all x € My, so that (M, |-|,) becomes a real normed space.

Remark 2.1. M, is the set of all elements x € R satisfying |x|2 < co, i.e.,
Ma = {(le XZ:---) € Rw : "X“i < OO}'

We define the metric d, on M, by

de, ) = X = Ylla = JX =Y, X = V)a

for all x, y € M,. Thus, (M,, d,) is a real metric space. Let (M,, 7,) be the topological space generated by the
metric d,.
Similar to [18, Theorem 70.4], we can prove Remark 2.2(i).

Remark 2.2. We note that
(i) (Mg, (-,+)q) is a Hilbert space over R;
(i) (Mg, 7,) is a Hausdorff space as a subspace of the Hausdorff space (R%, 7).

Definition 2.1. Given ¢ in M,, the translation by c is the mapping T : M, — M, defined by T.(x) = x + c for
all x € M,.

3 First-order generalized linear span

In [14, Theorem 2.5], we were able to extend the domain of a d,-isometry f to the entire space when the
domain of f is a nondegenerate basic cylinder (see Definition 6.1 for the exact definition of nondegenerate
basic cylinders). However, we shall see in Definition 4.1 and Theorem 4.2 that the domain of a d,-isometry f
can be extended to its first-order generalized linear span whenever f is defined on a bounded set that
contains more than one element.

From now on, it is assumed that E, E;, and E, are subsets of M,, and each of them contains more than
one element, unless specifically stated for their cardinalities. If the set has only one element or no element,
this case will not be covered here because the results derived from this case are trivial and uninteresting.

Definition 3.1. Assume that E is a nonempty bounded subset of M, and p is a fixed element of E. We define
the first-order generalized linear span of E with respect to p as

m oo
GS(E, p) = {p + Y Yajxj-p)eMg:meN; ;€ E and a;€R forall i and j}.

i=1j=1

We remark that if a bounded subset E of M, contains more than one element, then E is a proper subset
of its first-order generalized linear span GS(E, p), because x = p + (x — p) € GS(E, p) for any x € E and
p + a(x — p) € GS(E, p) for any a € R, which implies that GS(E, p) is unbounded. Moreover, we note that
ax + By € Myforallx, y € Myanda, B € R,because|ax + Byl < |allxlla + |Blllylla < co.Therefore, GS(E, p) — p
is a real vector space, because the double sum in the definition of GS(E, p) guarantees ax + By € GS(E,p) - p
forall x,y € GS(E, p) — p and a, § € R and because GS(E, p) — p is a subspace of a real vector space M, (cf.
Lemma 5.3(i)).
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For each i € N, we set ¢; = (0,...,0, 1, 0,...), where 1 is in the ith position. Then, {%ei} is a complete

orthonormal sequence in M,.

Definition 3.2. Let E be a nonempty subset of M,.
(i) We define the index set of E by

AME)={i e N: therearean x € E and an a € R\{0} satisfying x + ae; € E}.

Each i € A(E) is called an index of E. If A(E) # N, then the set E is called degenerate. Otherwise,
E is called nondegenerate.
(ii) Let B = {B;}iey be another complete orthonormal sequence in M,. We define the S-index set of E by

Ap(E) ={i e N : therearean x € E and an a € R\{0} satisfying x + af; € E}.

Eachi € Ag(E) is called a f-index of E.

We will find that the concept of an index set in Hilbert space sometimes takes over the role that the
concept of dimension plays in vector space. According to the definition above, if i is a f-index of E, i.e.,
i € Ap(E), then there are x € E and x + af; € E for some a # 0. Since x # x + aff;, we remark that if
Ag(E) # @, then the set E contains at least two elements.

In the following lemma, we prove that if i is an index of E and p ¢ E, then the first-order generalized
linear span GS(E, p) contains the line through p in the direction e;.

Lemma 3.1. Assume that E is a bounded subset of M,, and GS(E, p) is the first-order generalized linear span
of E with respect to a fixed element p € E. Ifi € A(E), then p + ae; € GS(E, p) for alla € R.

Proof. By Definition 3.2, if i € A(E), then there exist an x € E and an aq # 0, which satisfy x + ape; € E.
Since x € E and x + age; € E, by Definition 3.1, we obtain
p + aofei = p + B(x + aoe; — p) - B(x - p) € GS(E, p)
for all B € R. Setting a = agf in the above relation, we obtain p + ae; € GS(E, p) for any a € R. O
We now introduce a lemma, which is a generalized version of [14, Lemma 2.3] and whose proof runs in

the same way. We prove that the function T o f o T, : E; — p — E; — q preserves the inner product. This
property is important in proving the following theorems as a necessary condition for f to be a d,-isometry.

Lemma 3.2. Assume that E, and E, are bounded subsets of M, that are d-isometric to each other via
a surjective d,-isometry f : E; — E,. Assume that p is an element of E; and q is an element of E; withq = f(p).
Then, the functionT_q4 o f o T, : E; — p — E, — q preserves the inner product, i.e.,

((Ig - fo Tp))(x - p), (T.q ° fo )Y -Pa=X~-D,Y — D

for all x,y € E;.

Proof. SinceT.; o f o T, : E; — p — E; — q is a dg-isometry, we have
I(TqofeoT)x=p)=(TqefeT)y—-pPla=I1x=-p)=-Dla
for any x, y € E;. If we put y = p in the previous equality, then we obtain
I(Tq o fo Tp)x = Plla = lIx = plla
for each x € E;. Moreover, it follows from the previous equality that

I(TqofoT)x-p)—(TgeofoT)y-pla=((TqofeT)x-p)-(Tqefe T)y-Dp)
(T—q ofo Tp)(x -p) - (T—q ofo Tp)(y -Da=lx - p"(zz - 2<(T—q ofe Tp)(x - D), (T—q ofo Tp)(y -Dha+ly - p”%z
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and

Ix-p)-(y-pPla=(x-p)-(-p),x-p) = -Pa=lx-pli - 2x-p,y —p) +lly - pla.

Finally, comparing the last two equalities yields the validity of our assertion. O

4 First-order extension of isometries

In the previous section, we made all the necessary preparations to extend the domain E; of the surjective
dg-isometry f: E; — E, to its first-order generalized linear span GS(E, p).

Although E; is a bounded set, GS(Ey, p) — p is a real vector space. Now we will extend the d,-isometry
I, o feo T, defined on the bounded set E; - p to the d;-isometry T_; o F o T, defined on the vector
space GS(Ey, p) — p.

Definition 4.1. Assume that E; and E, are nonempty bounded subsets of M, that are d,-isometric to each
other via a surjective d,-isometry f : E; — E,. Let p be a fixed element of E; and let q be an element of E, that
satisfies ¢ = f(p). We define a function F : GS(Ey, p) — M, as

m oo

(T—q oFo Tp) zzaij(xij - P) ZZCXU(T ° f Tp)(Xl}
i=1j=1 i=1j=1

for any m € N, x; € E;, and for all a; € R satisfying Z;’li?glaij(xij - p) € M,.

We note that in the definition above, it is important for the argument of T_; - F - T, to belong to M,.
Now, we show that the function F : GS(E;, p) — M, is well defined.

Lemma 4.1. Assume that E, and E, are bounded subsets of M, that are d,-isometric to each other via
a surjective d,-isometry f: E; — E,. Let p be an element of E; and let q be an element of E, that satisfy
q = f(p). The function F : GS(E;, p) — M, given in Definition 4.1 is well defined.

Proof. First, we will check that the range of F is a subset of M,. For any m, n;, n, € N with n, > ny, x; € Ej,
and for all & € R, it follows from Lemma 3.2 that

S YTy o fo T - p) - Y3 ay(Ty o fo T)x5 - p)

i=1j=1 i=1j=1

a

<z zz (T g © f o Tp)( — p)s Z ZZ Are(Tg o f o Tp)(Xxe —P)>

i=1j=ny+1 k=12=m+1

mm n n,

ZZ Z QAjj Z ak€<(T—q ofoe Tp)(Xij -p), (T—q ofe Tp)(xld -Pa
i=1k=1j=m+1 ¢= n1+1

m

(4.1)

)

Z QAjj Z ak€<X11 D> Xie — p>a

i=1k=1j=m+1 2=m+1

1
2
<Z Z a;i(x; = p), Z Z akz(xkz—P)>
i=1j=m+1 k=1¢=ny+1

Y g - P) > ay(x; - p) - zzl:aij(xij -Dp)

i=1j=ny+1 i=1j=1 i=1j=1

2

a a

Indeed, equality (4.1) holds for all m, nj, n, € N,
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We now assume that ZZIZ?Zlai,-(xij - p) € M, for some x;; € E; and a;; € R, where m is a fixed positive
integer. Then, since (Mg, 7,) is a Hausdorff space on account of Remark 2.2(ii) and the topology 7 is

consistent with the metric d, and with the norm |-|,, the sequence {Zﬁlz;'zlaii(xﬁ - p)} converges to
n
Z;':'lz]'filai,-(x,-,- - p) (in M,), and hence, the sequence {Z;ﬁlz;':laii(xij - p)}n is a Cauchy sequence in M,.

We know by (4.1) and the definition of Cauchy sequences that for each € > 0, there exists an integer
N; > 0 such that

Ziaij(x,-j -p) - zzlzaij(xij -p)

i=1j=1 i=1j=1

<&

DY ay(Tq o fo Tp)0 - p) - Zzlaﬂq o fo T —

i=1j=1 i=1j=1

a a

for all integers n;, n, > N,, which implies that {Z;le?zlaij(]:q o fo Tp)(x; — p)} is also a Cauchy sequence
n
in M,. By Remark 2.2(i), we observe that (M,, (-,-);) is a real Hilbert space. Thus, M, is not only complete,

but also a Hausdorft space, so the Cauchy sequence {ZZIZ;’:laU(T_q o fo Tp)(x; — p)} converges in M, i.e.,
n
by Definition 4.1, we have

(TgoFo Tp)[z Y ai(x - P)) =Y Y ay(Tq o f o Tp)X; - p)

i=1j=1 i=1j=1
= nhm ZZO&,(T o Tp)(x;j — p) € Mg,
T i=1j=1

which implies

m oo
F(P + Zzaij(xij —P)] €M, +q=M,
i=1j=1
for all x;; € E; and a;; € R with Z;’llz;?zlaii(xﬁ — p) € Mg, i.e., the image of each element of GS(Ej, p) under
F belongs to M,.
We now assume that Z Z] 15 — p) = Z i 1/31}()/11 p) € M, for some my, my €N, Xy, y; € Ey,
and ay, ,Bl.]- € R. It then follows from Definition 4.1 and Lemma 3.2 that

2

(T—q o Fo Tp)[i Zaij(xi,- - p)) - (T—q oFo Tp)[iZﬁy(yu - p)]

i—1j=1 i—1j=1 .,
2
m oo m, co
= zaij(T—q ofoe Tp)(xij -p)- ZZﬁij(T—q ofoe Tp)(yij -p)
i=1j=1 iaja j

<leaii(T—q o fo Tp)X5 - p) - ZZZﬁij(T_q o fo T)(; - P)»

i=1j=1 i=1j=1

21: Z“ke(T—q o fo Tp)Xxe = P) — Zz: Zﬁke(T—q o fo Tp) Ve — p)>

k=12=1 k=1¢=1
== <Zzaij(xf,~—p) ZZﬁ,,(yu D), Zzake(xke p) - ZZﬁke(m p)>
i=1j=1 i=1j=1 k=1e=1 k=1e=1

= O’

1Zﬂlij(xij -p)- ZZBU(YU p)

i=1j=1 i=1j=1

which implies that
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(’Lq o Fo Tp)(iz:aij(xij - p)] = (T,q oFo Tp)(zz: Zﬁi]‘(yij - p)]

i=1j=1 i=1j=1

for all my, m, € N, x;, y; € Ey, and @y, B; € R, satisfying Zﬁllz}’:lai,-(xij -p) =YY" ;.’Zlﬁij(yi]- -peM, 0O

We prove in the following theorem that the domain of a d,-isometry f : E; — E, can be extended to the
first-order generalized linear span GS(Ej, p) whenever E; is a nonempty bounded subset of M,. Therefore,
Theorem 4.2 is a generalization of [19, Theorem 2.2] for M,.

Theorem 4.2. Assume that E; and E, are bounded subsets of M, that are d,-isometric to each other via a
surjective d,-isometry f : E; — E,. Assume that p is an element of E;, and q is an element of E, withq = f(p).
The function F : GS(E;, p) — M, defined in Definition 4.1 is a d,-isometry and the function T4 o F o Tp:
GS(E;, p) — p — M, is a linear d,-isometry. In particular, F is an extension of f.

Proof. (a) Let u and v be arbitrary elements of the first-order generalized linear span GS(E;, p) of E; with
respect to p. Then,

m oo n oo
u-p=YYaj-p)eM, and v-p=73>B(y;-p)eM, (4.2)
i=1j=1 i=1j=1
for some m, n e N, x;, Yy € E;, and ay, Bl.j € R. Then, according to Definition 4.1, we have

(TqeFoT)u-p)=) Y aiTqefo T)x; - p),

i=1j=1

n co (4.3)
(Tq o Feo L)W -p)=) Y By(Tq o fo L)Y~ b
i=1j=1
(b) By Lemma 3.2, (4.2), and (4.3), we obtain
(T.geo FoTpy)u-p)(TgoFoTy)V-pa
= <Zzaif(Tq ° f ° Tp)(xij - P), Z ZBke(T—q ° f ° Tp)()’ke - p)>
i=1j=1 k=1¢=1 a
= zz Z(X,‘j ZBH((T%] ° f ° Tp)(Xij - P), (T—q ° f ° Tp)()’ke - p))a
i=1k=1j=1 =1 (4.4

= Z Z Z“i]‘ Zﬂke<xﬁ ~DPsYie — Pha

i=1k=1j=1 ¢=1
m oo n oo
= Zzaij(xij -p), z Zﬁke()’ke -p)
i=1j=1 k=1e=1 a
= (U-Dp,V-Dh
for all u,v € GS(E;, p). That is, T; o F o T, preserves the inner product. Indeed, equality (4.4) is an

extended version of Lemma 3.2.
(c) By using equality (4.4), we further obtain

do(F(u), F())? = IF(w) - FO)I3
=[[(Tgo FoTpu-p)—(TqgeFoT)v —p)II§
=((Tgo FoTy)u~-p)-(TyeFe°Tp)v-p),
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(TgeFoTp)u-p)-(Tgo FoT)(v-pla=U-p,u—pla—U=-—DP,V-Pla—(V-—Dp,U~-DP
+{(V-p,V-Dh
=(u-p)-@-p),Uu-p)-V-p)a
=lu-p)-v-pl
=fu - VI
=dg(u, v)?

for all u, v € GS(Ey, p), i.e., F is a d,-isometry.

(d) Now, let u and v be arbitrary elements of GS(Ej, p). Then, it holds that u — p € GS(Ey, p) - p,
v-peGSE,p)-p, and a(u —p) + B(v — p) € GS(E, p) — p for any a, B € R, because GS(E;, p) - p
is a real vector space.

We obtain

I(T.q o F o Ty)a —p) + Bv - p)) - a(Tq o Fo T)u~p) - f(Tq4° F o T)v - Pz
=((T.g o F o Ty)(a(u - p) + (v - p)) — a(Tg > F o Ty)(u - p)
=B(Tq o FoT)(v-p)(TgeFeoT)a-p)+pv-p)-alyeFeoT)u-p
—B(Tq o FoT)(V-Dpa

Since a(u — p) + B(v — p) = w — p for some w € GS(E;, p), we further use (4.4) to obtain

I(Tg o Fo T)a —p)+PBv-p)—a(TqgeFoT)u-p) -B(Iy°FoT)v-pli
=(W-p,W-Dla —aW—p,u—pa —fW-p,V-Dlg — U —p,W—Dp)g +a*U—P,U— P
+U‘B<U—Pav—p>a —B<V—P»W—p>a +aﬁ(V—p’U—P>a +ﬁ2<V—p,V—P>a :O,

which implies that the function T o F o T, : GS(E;, p) - p — M, is linear.
(e) Finally, we set ay; = 1 and a; = O for any (i, j) # (1, 1), and x; = x in (4.2) and (4.3) to see

(lq o Fo Tp)(x —P) = (T—q °f° Tp)(x -p)

for every x € E;, which implies that F(x) = f(x) for every x € E, i.e., F is an extension of f. O

5 Second-order generalized linear span

For any element x of M, and r > O, we denote by B,(x) the open ball defined by B,(x) = {y € Mg:
ly — xlla <1}

Definitions 3.1 and 4.1 will be generalized to the cases of n > 2 in the following definition. We introduce
the concept of nth-order generalized linear span GS™(Ey, p), which generalizes the concept of first-order
generalized linear span GS(E, p). Moreover, we define the d,-isometry F,, which extends the domain of
a dg-isometry f to GS"(Ey, p).

It is surprising, however, that this process of generalization does not go far. Indeed, we will find in
Proposition 5.4 and Theorem 7.2 that GS*(E;, p) and F, are their limits.

Definition 5.1. Let E; be a nonempty bounded subset of M, that is d,-isometric to a subset E, of M, via a

surjective d,-isometry f : E; — E,. Let p be an element of E; and q an element of E, with g = f(p). Assume

that r is a positive real number satisfying E; ¢ B,(p).

(i) We define GS°(E;, p) = E; and GS'(E;, p) = GS(Ey, p). In general, we define the nth-order generalized
linear span of E; with respect to p as GS™(Ey, p) = GS(GS™(Ey, p) n B,(p), p) for all n € N.

(ii) We define Fy = f and F; = F, where F is defined in Definition 4.1. Moreover, for any n € N, we define the
function F, : GS"(E;, p) — M, by
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m

(ILgo Fyo Tp)(z Zaij(xij - p)] = zzaij(T—q o By o Tp)( — p)

i=1j-1 i=1j=1
for allm e N, x; € GS""Y(E;, p) N B{(p), and a;; € R with Z:’;i;ﬁlay(xij - p) € M,.

Proposition 5.1. Let E be a nonempty bounded subset of M,. If s and t are positive real numbers that satisfy
E c Bs(p) n B(p), then

GS(GS(E, p) n Bs(p), p) = GS(GS(E, p) N B«(p), p).

Proof. Assume that O < s < t. Then, there exists a real number ¢ > 1 with s > é, and it is obvious that
B/(p) € Bs(p). Assume that x is an arbitrary element of GS(GS(E, p) n B«(p), p). Then, there exist some
m e N, u; € GS(E, p) N Bi(p), and @;; € R such that x = p + Z::ilz;-)ilaij(uij - p) € M,. We note that

(GS(E,p) —p) N (B(p) —p) ={u —p € My : u € GS(E, p) n B(p)}.

Since GS(E, p) - p is a real vector space,% < s, and since u;; — p € (GS(E, p) — p) N (B«(p) - p) for any
i and j, we have

%(uij ~ p) € (GS(E, p) - p) n (Bo(p) - D).

Hence, we can choose a v;; € GS(E, p) n Bs(p) such that %(ul-j - p) = V5 — p. Thus, we obtain

X=p+ zzaij(uij -p)=p+ chaij(‘/ij - p) € GS(GS(E, p) n B«(p), p),

i=1j=1 i=1j=1

which implies that GS(GS(E, p) n B«(p), p) < GS(GS(E, p) n Bs(p), p).
The reverse inclusion is obvious, since Bs(p) C B«(p). O

We generalize Lemma 3.2 and formula (4.4) in the following lemma. Indeed, we prove that the function
T 40 F o T,:GS"E;, p) - p — M, preserves the inner product. This property is important in proving the
following theorems as a necessary condition for F, to be a d,-isometry.

Lemma 5.2. Let E; be a bounded subset of M, that is d,-isometric to a subset E, of M, via a surjective
dg-isometry f : E; — E,. Assume that p and q are elements of E; and E,, which satisfy q = f(p). Ifn € N, then

((T—q o Ko Tp)(u -p), (T—q o Fyo Tp)(v ~Pa=U-D,V-Dh
for all u, v € GS"(E;, p).

Proof. Our assertion for n = 1 was already proved in (4.4). Considering Proposition 5.1, assume that r is a
positive real number satisfying E; ¢ B,(p). Now we assume that the assertion is true for somen € N. Letu, v
be arbitrary elements of GS"*1(E;, p). Then, there exist some m;, m, € N, X;, ¥;, € GS"(E, p) n B,(p), and
a3, By, € R such that

m; oo m; oo
u-p= zzaij(xij — p) € Ma al’ld V—-p= z Zﬂk@(ykz - p) € Ma‘
i—1j=1 k=1¢=1

Using Definition 5.1(ii) and our assumption, we obtain

((T—q © Inyp © Tp)(u - P), (T—q ° I'ny1 ° Tp)(v - p))a

= <izaii(Tq o By o T = D)y 2. Y Beo(Tg © Fa o Tp)(Wee — p)>

i=1j=1 k=1e=1
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m; m; oo

=YY Yay Zﬁu((T o Fyo T = p), (Tg o Fy o Ty) Ve = PVa
i=1k=1j=1 ¢=1

= ZZZ% ZBM(XU DsVie — P

i=1k=1j=1 ¢=1

= <Zzau(xu p), ZZﬁke(ykl p)>

i=1j=1 k=1¢=1
= (U-p,V-DPk

for allu, v € GS™1(E,, p). By mathematical induction, we may then conclude that our assertion is true for all
neN, O

Whenn = 1and p = p’, the first assertion in (i) of the following lemma is obvious, so we have used that
fact several times before, omitting the proof. The assertion (iv) in the following lemma seems to be related in
some way to Proposition 5.1.

Lemma 5.3. Let E be a bounded subset of M, and p, p' € E. Assume that r is a positive real number
satisfying E ¢ B/(p).
(i) GS(E, p) - p' is a vector space over R for eachn € N.
(if) GSY(E, p) c GS™YE, p) for eachn € N,
(iti)y GSX(E, p) = GS(E, p), where GS(E, p) is the closure of GS(E, p) in M,.
(iv) A(GS™(E, p)) = A(GS™(E, p) N B,(p)) foralln € N.

Proof. (i) By using Definitions 3.1 and 5.1, we prove that GS(E, p) — p' is a real vector space. (We can prove
similarly for the case of n > 1.) Given x, y € GS(E, p) — p’, we may choose some m;, m, € N, u;;, vij € E, and
@, ﬁl] € R such that x=(p - p') + Z Z] i(uj —p) e M, and y=(p-p') + Z:’fl ;?Zlﬁii(vi,- - p) € M,.
Since M, is a real vector space, azi=lz]~=laij(u1j -p)+ By j.’zlﬁij(wj -p)eMyforala,f eR.

Moreover, we see that

m, co

ax+By=|p+UA-a-B)p -p)+ Zzaau(uu p)+ ) ) BBjvi—p)|-p' € GS(E,p) - p'

i=1j=1 i=1j=1

for all @, B € R. Hence, GS(E, p) — p' is a real vector space as a subspace of real vector space M,.

(ii) Let r be a positive real number with E ¢ B,(p). If x € GS*(E, p) for some n € N, then x - p €
GS"(E, p) — p. Since GS™(E, p) — p is a real vector space by (i) and B,(p) — p = B,(0), we can choose a
(positive or negative but sufficiently small) real number u # 0 such that u(x — p) € (GS*(E,p) - p) n
(B,(p) — p). We note that

(GSYE,p) -p) N (B(p) -p)={v-p €M, :veGS(E, p)nB(p)} (5.1)

Thus, we see that u(x - p) = v — p for some v € GS*(E, p) n B,(p). Since x =p + i(v - p), it holds that

x € GS™I(E, p). Therefore, we conclude that GS™(E, p) ¢ GS™(E, p) for every n € N,

(iii) Let x be an arbitrary element of GS(E, p). Then, there exists some sequence {x,} in GS(E, p) that
converges to x, where x, # x for alln € N. We now set y; = 3 and y; = x; — x;_; for each integeri > 2. Then,
we have

n
Xn = Zyp
i=1

where y, = (x; — p) - (xi-1 — p) € GS(E, p) — p for i > 2. Since GS(E,p) — p is a real vector space and
B,(p) — p = B/(0), we can select a real number y; # O such that

uy; € GS(E,p) -p and py; € B(p)-p
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for every integer i > 2. Thus, it follows from (5.1) that

n n 1 n 1
Xn=YVi=yi+ > —Wy)=x+ Yy —v-p),

i=1 i=2 Mi i=2 Mi
where v; € GS(E, p) n B(p) for i > 2. Since the sequence {x,} is assumed to converge to x, the sequence

n 1
{xl + ZHE(VI— - p)}n converges to x. Hence, we have

[eo0) 1 .
X + Z_(Vi -p) = lim x, = x € M,. (5.2)
i Mi n—oo

(Since M, is a Hausdorff space, x is the unique limit point of the sequence {x,}.)
Furthermore, there exists a real number p, # O that satisfies y,(xy — p) € GS(E, p) — p and p,(xs — p) €
B,(p) - p, i.e., u(q — p) € (GS(E, p) - p) N (Bp) — p). Thus, there exists a v; € GS(E, p) n B,(p) such

that y(xq —p)=w—-porx -p= ui(vl — p). Therefore,
1

X:p+(xl—p)+Zi(vi—p)=p+zi(vi—p), (5.3)

i=2 Fi i=1Hi

where v; € GS(E, p) n B,(p) for each i € N. It follows from (5.2) that 2?31%("1' - p) € M. Thus, by (5.3),
we see that x € GSX(E, p), which implies that GS(E, p) ¢ GS*(E, p). '
On the other hand, let y € GS*(E, p). Then, there are some m € N, v; € GS(E, p) N B,(p), and a; € R

such thaty = p + 3", 7 a;(vij — p) € M,. Let us define y, = p + ¥, ¥ ,a;(v; — p) for every n € N. Since
Vi —p € GS(E,p) — p for all i and j and GS(E, p) — p is a real vector space, we know that y, —p =
Zi"l 12;':1a,-j(vi,- - p) € GS(E, p) — p, and hence, y, € GS(E, p) foralln € N. Since GS(E, p) is a Hausdorff space,
y is the unique limit point of the sequence {y,}. Thus, we see that

m oo
y=p+ ) Yayv;-p) = lim y, e GS(E, p),
i=1j=1
which implies that GS%(E, p) c GS(E, p).

(iv) Let i € A(GS™(E, p)). In view of Definition 3.2, there exist x € GS*(E, p) and a # O with x + ae; €
GS"(E, p). Furthermore, x = p + Z;ﬁlz;’ilaij(uﬁ - p) for some m e N, u; € GS"Y(E, p) n B,(p), and a; € R.
Since Z:ilz(]?:laij(ui]’ -p)+ae=x-p+ae € GSYE, p) — p, it holds that y(z;’llz;}ilaﬁ(uij -p)+ae) e
(GS™(E, p) — p) n (B.(p) - p) for any sufficiently small u # 0, or equivalently, it follows from (5.1) that

i=1j=1

(p + ) ) pag(uy — p)] + pae; € GS'(E, p) N B.(p). (5.4)

On the other hand, since Z;’;lz;’i’laii(uij - p)=x-p e GSYE, p) — p, it holds that Z;":IZ?zlyaij(uii -p)e
(GS™(E, p) - p) n (B,(p) - p) for any sufficiently small u #+ 0. Hence, it follows from (5.1) that p +
Z;’l 12;?21;1{11-,»(11,7 - p) € GSY(E, p) n B,(p) for any sufficiently small y # 0. Thus, by Definition 3.2 and (5.4),

it holds that i € A(GS"(E, p) n B,(p)), which implies that A(GS"(E, p)) ¢ A(GS"(E, p) n B,(p)). Obviously,
the inverse inclusion is true. O

As we mentioned earlier, we will see that the second-order generalized linear span is the last step in this
kind of domain extension.
Proposition 5.4. If E is a bounded subset of M, and p € E, then
E c GS(E, p) < GS(E, p) = GS*(E, p) = GS"(E, p)
for any integer n > 3. Indeed, GS™(E, p) — p is a real Hilbert space for n > 2.
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Proof. (a) Considering Proposition 5.1, we can choose a real number r > O that satisfies E ¢ B,(p). Assume
that x € GS*(E, p). Then, there exist some mg € N, w; € GS*(E, p) N B(p), and a; € R such that x = p +
Yo 2w — p) € Mo

We define x,, = p + Zﬁﬁzgilaﬁ(ui; — p) for each m € N. Since u;; € GS*(E, p), there exist some my € N,
Viike € GS(E, p) N B,(p), and Bijke € R such thatu; = p + folzgzlﬁiike(vﬁke — p) € M,. Hence, it holds that

my m M co

Xm=p t+ zz Z Zaijﬁijkg(vijk?. - p) € Mg,
i=1j=1k=1¢=1
which implies that x,, € GS(E, p) for all m € N. Thus, {x,,} is a sequence in GS*(E, p) that converges to x.
Therefore, x € GS*(E, p) because GS*(E, p) is closed. Thus, GS3(E, p) ¢ GS*(E, p). The inverse inclusion is of
course true due to Lemma 5.3(ii). We have proved that GSX(E, p) = GS3(E, p).

(b) Assume that GS*(E, p) =---= GS'(E, p) = GS™*!(E, p) for some integer n > 2.

(c) If we replace GS(E, p), GSX(E, p), and GS*(E, p) in the previous part (a) with GS*(E, p), GS™'(E, p),
and GS™%(E, p), respectively, and if we consider the fact that GS™(E, p) = GS*(E, p) is closed in M, by
Lemma 5.3(iii) and our assumption (b), then we arrive at the conclusion that GS"*1(E, p) = GS™*2(E, p).

(d) With the conclusion of mathematical induction we prove that GS*(E, p) = GS*(E, p) for every integer
n > 3. Moreover, when n > 2, GS(E, p) is complete as a closed subset of a real Hilbert space M, (ref. Remark
2.2). Therefore, GS*(E, p) — p is a real Hilbert space for n > 2. O

The following lemma is an extension of Lemma 3.1 for the second-order generalized linear span
GS?(E, p). Indeed, we prove that if i ¢ A(GS*(E, p)), then the second-order generalized linear span of E
contains all the lines through GS(E, p) in the direction e;.

Lemma 5.5. Assume that a bounded subset E of M, contains at least two elements and p € E.
Ifi € A(GSX(E, p)) and p' € GS(E, p), then p' + a;e; € GS*(E, p) for any a; € R.

Proof. Let r be a positive real number with E ¢ B,(p). Assume that i ¢ A(GS%(E, p)). Considering Lemma
5.3(iv) and Proposition 5.4, if we substitute GS?(E, p) n B,(p) for E in Lemma 3.1, then p + ase; ¢
GS*(E, p) = GS*(E, p) for all a; € R. Thus, there are some m € N, w;; € GS(E, p) N B,(p), and B;j € R with

Y2 2B(Wi — p) € M, such that p + aie; = p + Y, Y2 B;(w — p), and hence, we have
m oo
p +aei=p+ae+(p -p)=p+ )Y Bwi-p) +® -p). (5.5)
i=1j=1

Because p’ — p belongs to GS(E, p) — p, which is a real vector space by Lemma 5.3(i), and B,(p) - p = B,(0),
we can choose some sufficiently small real number y # 0 such that

u(p' -p) € GS(E,p) -p and u(p'-p) € B(p) - p. (5.6)

Considering (5.1), (5.5), and (5.6), if we put u(p’ — p) = w — p with a w € GS(E, p) n B,(p), then we
have

m oo 1
p+ae=p+ ZZB;‘]'(WU -p)+ ;(W - p) € GSXE, p)

i=1j=1

for all a; € R. O

6 Basic cylinders and basic intervals

First, we will define the infinite dimensional intervals, which were simply defined in [14], more precisely
divided into nondegenerate basic cylinders, degenerate basic cylinders, and basic intervals.
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Definition 6.1. For any positive integer n, we define the infinite dimensional interval by

[0, pai] (forie Ny,

0 [p1i> P2i] (for i e Ay,
J=1Dk where = {[py,1]  (forie Ag),
= {pu} (for i € Ay),

[0, 1] (otherwise)

for some disjoint finite subsets Ay, Ay, and As of {1,2, ...,n} and O < py; < py; <1forie Ay U A, U A3 and
0<py<lforie A, If A, =, then ] is called a nondegenerate basic cylinder. When A, is a nonempty
finite set, J is called a degenerate basic cylinder. If A, is an infinite set, then J will be called a basic interval.

Remark 6.1.

(i) In order for an infinite dimensional interval J to become a basic cylinder, A4, must be a finite set.
(i) We remark that A, = N\A(J) and A(J) = N\ A,. That is, N is the disjoint union of A(J) and A,.
(iii) If p = (p1, P2,...>Pi,...) is an element of J, then J; = {p;} for eachi ¢ A(J).

We note that the basic cylinder or the basic interval J defined in Definition 6.1 can be expressed as

J= {Zai(lei) ca;eaqf forallie N},
i-1 \@i

1

where J; is the interval defined in Definition 6.1.

Definition 6.2. Let = {f;};cn be a complete orthonormal sequence in M, J; the interval given in Definition
6.1, and let n be a positive integer. We define

Jp = {Zaiﬁi ca;€qf; forallie N}
i=1

for some disjoint finite subsets Ay, Ay, and A; of {1,2,...,n}; 0 < p;; < py <1 forie AyU A U A;; and
0 < py < 1forie A4 IfA, = @, then Jp is called a nondegenerate fB-basic cylinder. When A, is a nonempty
finite set, Jg is called a degenerate B-basic cylinder. If A, is an infinite set, then Jz will be called a -basic
interval.

Using Definitions 6.1 and 6.2, Remark 6.1(ii) is generalized as follows:

Remark 6.2. Let 8 = {f;};cn be a complete orthonormal sequence in M, and let Jg be a -basic cylinder or
a f-basic interval. It holds that Ag(Jz) = N\ A4, where A, is given in Definitions 6.1 and 6.2.

Proof. In general, if i € A4, then it follows from Definition 6.2 that

*, Bpa = <Zajﬁ,~,/31-> = ; € af; = {aipu}
=1

a

for all x € Jg. That is, (x, B;)a = @; = a;py; for all x € Jg and i € A4. If i € Ay, then (x + aB;, B)a = (X, Bla +
& = a;py + & # a;py; for all x € Jp and a # 0, which implies that x + af; ¢ Jg. That is, in view of Definition
3.2(ii), we conclude that i ¢ Ag(Jp).

We now assume that i ¢ Ag(Jp). Then, by Definition 3.2(ii), it holds that

X+ ap ¢Jp (6.1)

for any x € Jp and a # 0. Using Definition 6.2 again, we have
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X+ oaf = Z ap; + Z apyP; + ap; (6.2)

jEA, jehy

for all x € Jg and a # 0. We assume on the contrary that i ¢ A,. In view of (6.2) and by the structure of J;
(ajJ; is indeed a nondegenerate interval fori ¢ A,), it holds that

x+ap= Y af+(@+aB+ Y apyelp

jEA4U{i} jehy
for some x ¢ Jg and a # 0, which is contrary to (6.1). (We note that, for eachi ¢ A4, a; € ay; and there exists

an a # O satisfying a; + a € aJ;.) Therefore, we conclude that if i ¢ Ag(Jp), theni € A,. O

Theorem 6.1. Let = {B;}ieny be a complete orthonormal sequence in M, and let Jg be either a translation of
a B-basic cylinder or a translation of a B-basic interval and p € J. Then,

ieAg(Jp)

GSUs, p) = {p + Y apeM:aeR forallie A,;(J,;)}.

Proof. Assume that x is an arbitrary element of GS(Jg, p). By Definition 3.1, we have
m oo
X-p=Y) Y& —p)eM,
i=1j=1
for some m € N, g; € R, and x; € Jg. Furthermore, since x;, p € Jg, by Definition 6.2, we obtain
(o]
Xi= DvB= Y WB+ Y apub
k=1 keN\ Ay kel
and
(o]
p=Y8B = Y 6B+ ) apub
k=1 keN\ Ay kel

for some y,, 6 € ay.

Since {f;}ien is @ complete orthonormal sequence in M, it follows from Definition 6.2 and Remark 6.2
that

m oo m oo
X-p=)Ye5-p =2 D& Y W-0Bc= Y wb= ) wph
i=1j=1 i=1j=1 keN\A, keN\ A, ieAg(p)
for some real numbers w;. Since x € GS(Jg, p) € M,, it holds that
x=p+ Y wp(eM)eip+ Y af;eM;:a R forallie Agp)e,
iEAﬁ(]p) iEAp(]p)
which implies that
GSUp.p) c{p+ ) af € My:a R forall i € AgJp) ;.
iGA/;(]/;)

It remains to prove the reverse inclusion. According to the structure of Jg given in Definition 6.2, for
each i € Ag(Jp), there exists a real number y; # O such that p + y; € Jz. In other words, for each i € Ag(Jp),
there exists a u; € Jg such that ¥if: = u; — p. Thus, if we assume that

b+ z aiﬁi € Ma
ieAp(p)
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for some a; € R, then
@ a;
p+ Y aB=p+ Y —OB)=p+ Y —(u-p)eGSUs,p),
ieAg(p) ieAg(p) 11 ierg(p) 71

since u; € Jp for all i € Ag(Jp), which implies that

GSUg, p) > {p + Z aif; e My: ;€ R forall ie Aﬁ(]ﬁ)}.
ieAp(p)

We end the proof in this way. O

Since in some ways, index sets have some properties of dimensions in vector space, the following
theorem may seem to be obvious.

Theorem 6.2. Assume that a bounded subset E of M, contains at least two elements and p € E. Then,
A(GS*(E, p)) = N if and only if GS*(E, p) = M,.

Proof. Let x be an arbitrary element of M,. There exist some real numbers a; such that
X =Y e € M, (6.3)
i=1
If A(GSX(E, p)) = N, then it follows from Lemma 5.5 that
p + ae; € GS*(E, p)
for all i € N. In other words,
ae; € GS(E,p) - p

foralli e N.
By Lemma 5.3(i), we obtain

n
Xp = ) ae; € GSXE,p) - p

i=1

for any n € N. Due to Lemma 5.3(iii) and (6.3), we further obtain

X = Zaiei = lim x, € GS*(E, p) - p,
vy n—oco
which implies that M, ¢ GS%(E, p) - p, or equivalently, M, ¢ GS*(E, p).
The reverse inclusion is trivial. O

7 Second-order extension of isometries

It was proved in Theorem 4.2 that the domain of a d,-isometry f : E; — E, can be extended to the first-order
generalized linear span GS(E;, p) whenever E; is a nonempty bounded subset of M,, whether degenerate or
nondegenerate.

Now we generalize Theorem 4.2 into the following theorem. More precisely, we prove that the domain of
f can be extended to its second-order generalized linear span GS(E;, p). It follows from Lemma 5.3(iii) that
GS%(E;, p) = GS(E,, p). Therefore, the following theorem is a further generalization of [19, Theorem 2.2].

Although the closure 5pan E; of the linear span of E; is a real Hilbert space, it seems difficult to extend
the domain E; of a local isometry to the Hilbert space span E;. However, we can extend the domain E; of a
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local isometry to the second-order generalized linear span, as we see in the following theorem. For this
reason, we use the second-order generalized linear span instead of the closure of linear span of E;.
In the proof, we use the fact that GS"(Ey, p) — p is a real vector space.

Theorem 7.1. Let E; be a bounded subset of M, that is d,-isometric to a subset E, of M, via a surjective
d,-isometry f : E; — E,. Assume that p and q are elements of E, and E,, which satisfy q = f(p). The function
F, : GSX(Ey, p) — M, is a dg-isometry and the function T4 o F> o T, : GS*(Ey, p) — p — M, is linear. In par-
ticular, F, is an extension of F.

Proof.
(a) Suppose r is a positive real number satisfying E; ¢ B,(p). Referring to the changes presented in the
table below and following the first part of proof of Theorem 4.2, we can easily prove that F, is a d,-isometry.

Theorem 4.2: E, GS(E;, p) f F Definition 4.1 Lemma 3.2

Here: GS(E1, p) N B(p) GS*(Ey, p) F F Definition 5.1 Lemma 5.2

(b) We prove the linearity of T ; o F, o T, : GS"(E;, p) — p — M, in a more general setting for n > 2.
Referring to the changes presented in the table below and following (d) of the proof of Theorem 4.2, we can
easily prove that T, o F,; o T, is linear.

Theorem 4.2: GS(Ey, p) F (4.4)

Here: GS"(E;, p) F, Lemma 5.2

(c) According to Definition 5.1(i), for any m € N, x; € GS(Ey, p) N B,(p), and any a; € R with Z;’:’l
Z;.":’lai,-(xij - p) € M, there exists a u € GS*(E;, p) satisfying

m oo
u-p=yYayx;-p)eM,. (7.1)
i=1j=1
Due to Definition 5.1(ii), we further have
m oo
(TgoFoT)u—-p)=)YaiTyoF o T,)x - p). (7.2)
i=1j=1
If we set ay; = 1, a = O for each (i, j) # (1, 1), and x; = x in (7.1) and (7.2), we see that
(T—q ° FZ ° Tp)(x - P) = (T—q oFo Tp)(x - P) (7-3)

for all x € GS(Ey, p) N B.(p).
Let w be an arbitrary element of GS(Ey, p). Then, w — p € GS(Ey, p) — p. Since GS(Ey, p) — p is a real
vector space and B,(p) — p = B,(0), there exists a (sufficiently small) real number u +# 0 such that

u(w - p) € (GS(Ey, p) - p) N (B:(p) - p)-

Hence, by (5.1), we can choose a v € GS(E;, p) N B,(p) such that y(w — p) =v — p. Since both T ; o F, o T},
and T4 o F o T, are linear and GS(E;, p) ¢ GS*(Ey, p), it follows from (7.3) that

WT g o Fo T)w-p)=(T4° F o T)(uw - p))
=(Tg o F, o Tp)(v - p)
=(T,y o F o T,) - p)
=(Lq o F o T)(uw - p))
= M(T—q oFo Tp)(w - p).
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Therefore, it follows that (T.; o F5 o T,)(w — p) = (T_4 o F o T,)(w — p) for all w € GS(Ey, p), i.e., K(w) =
F(w) for all w € GS(Ej, p). In other words, F, is an extension of F. Also, because of Theorem 4.2, we see
that F, is obviously an extension of f. O

On account of Proposition 5.4, it holds that
GS*(Ey, p) =---= GS"™'(Ey, p) = GS™(Ey, p)

for every integer n > 3.

Theorem 7.2. Let E; be a bounded subset of M, that is d,-isometric to a subset E, of M, via a surjective
dg-isometry f : E; — E,. Assume that p and q are elements of E; and E,, which satisfy q = f(p). Then, F, is
identically the same as F, for any integer n > 3, where F, and F, are defined in Definition 5.1.

Proof. Let r be a fixed positive real number satisfying E; ¢ B,(p). We assume that F, = F5 =---= F,_; on
GS?(Ey, p). Let x be an arbitrary element of GS*(E;, p). Then, in view of (5.1), there exist a real number y # 0
and an element u of GS*(Ey, p) n B,(p) such that

u-p=ux -p) e (GS(Ey, p) - p) n (B(p) - p).
If we put & = 1, a;; = O for all (i, j) # (1, 1), and x; = v in Definition 5.1(ii), then we obtain
(Tgo B oTp)(v—-p)=(Tq40 o TV -p) (7.4)

for all v € GS*Y(Ey, p) n B.(p) = GS™(E1, p) N B,(p) by Proposition 5.4.
Since T4 o F, o T, is linear by (b) in the proof of Theorem 7.1, it follows from (7.4) and our assumption
that

WT g o B o T)x—p)=(Tq4°F o T)u-p)
=(T4 o F 0 Tp)u-p)
=(Tgo F o T)u-p)
=u(Ty o F o T))x - p),

i.e., Fy(x) = Fp(x) for every x € GS™(E;, p) = GS?(E;, p). By mathematical induction, we conclude that F,
is identically the same as F, for every integer n > 3. O

Assume that ] is either a translation of a basic cylinder or a translation of a basic interval, and p is an
element of J. Due to Definition 6.1, Remark 6.1, and Theorem 6.1, GS(J, p) is a closed subset of M,.

Remark 7.1. GS(J, p) is a closed subset of M,.

Proof. Assume that p = (py, p2,...,Di,...) is a fixed element of J, where ] is a translation of a basic cylinder
or a translation of a basic interval. In view of Definition 3.1 and Remark 6.1(iii), we note that x; = p; for each
x = (X%, X%,...,X,...) € GS(J, p) and eachi ¢ A(J).

Assume that {z,},y is a sequence of elements in GS(J, p), which converges to an element z =
(21, 225 .-.52i5...) Of M. Let us denote by z,; the ith component of z, for any i, n € N. Since z, € GS(J, p)
for every n € N, the previous argument implies that z,; = p; for eachi ¢ A(J). Thus, we conclude that z; = p;

for each i ¢ A(J). This fact and Theorem 6.1 with 8 = {iei}.
1 1€
clude that GS(J, p) is a closed subset of M,,. O

imply that z € GS(J, p). Therefore, we con-
N

We note that {iei} is a complete orthonormal sequence in M,. On account of Theorem 6.1 with
i ieN

B= {%ei}. X we note that A(J) = A(GS(J, p)).

1€



1370 — Soon-Mo Jung DE GRUYTER

Remark 7.2. GS?(J, p) = GS(J, p).

Proof. Referring to the changes presented in the table below

Proposition 5.4: GS(E, p) n B(p) GS?(E, p) GS3(E, p) X Xm

Here: ] GS({, p) GS?(J, p) u Un

and following the part (a) in the proof of Proposition 5.4, we can easily show that GS%(J, p) =
GS(, p). o

Hence, by Theorem 6.1 with § = {%ei} and Remark 7.2, we have
i ieN

- 1 1
u —p=z<u - p, —iei> P
i a
- 1
= Y ai(u; - p))—e;
i=1 ai
(7.5)

for all u € GS*(J, p) = GS"(J, p), where n € N.
Using a similar approach to the proof of [14, Theorem 2.4], we can apply Lemma 5.2 to prove the
following theorem.

Theorem 7.3. Assume that ] is either a translation of a basic cylinder or a translation of a basic interval, K is a
subset of M,, and that there exists a surjective d,-isometry f : ] — K. Suppose p is an element of ] and q is an
element of K withq = f(p). For anyn € N, the d,-isometry E, : GS"(J, p) — M, given in Definition 5.1 satisfies

(TgoFooTu-p)= 3 <u—p, ief>

1
) ;(T—q o By o Tp)(ei)
ieA)) i

a "

for all u € GS"(J, p).

Proof. First, we have

<<T_q cEoT)u-p) - Y <u -p, ief> L(Lq o B e Ty)e). (Tq o B o Tp)u - p)
ieA(J) d a1

3t

jeAQ) j
=((Tgo FyoT)w—p),(TgoFo Ty)Uu-pa

1
;(T—q o Iy o Tp)(e) >a

a

1 1
- z <u - Db _ej> _<(T—q o Fyo Tp)(u - D), (T—q o Fyo Tp)(ej)>a
jeAU) G [, %

- ) <u—p, l.ei>

%«T_q o Fyo Ty)e)s (Tq o Fy o T - P))a

ieA() i [q
1 1 1
+ Y Y (u-p,—e) (u-p,—¢) —((Tq o F o T)e), (Tq° F o T)e)a
ieA() jeAY) i /aq a [/, aq

for all u € GS"(J, p).
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Since p + e; € GS'(J, p) for each i € A(J), it follows from Lemma 5.2 that

<(Tq o T)u-p) - Y <u -p, iei> (T Fyo T(e). (Tq o By T)u - p)
ieA(J) g a1

1 1
- Z <“ -p _ej> —(Lq o Ey o Tp)(e)
jeA() G |, % "

1 1 1 1
=U-pu-pa- ) <u—p,—e;> <u—p,—e;> -2 <u—p,—ei> <—ef,u—p> (7.6)
jeAy) 4G/ G [a ieA() G [q\G a

1 1 1 1
+ Z Z <u_ps _ei> <u_pa _e]> <_ei’ _e}>
i€AU) jeAU) a4 /q G [ \E G [,
1 1
=U-pu-pa- ) (u-p ¢ u-p,—¢
a a

jeA() j j

for all u € GS"(J, p), since {%e,-} is an orthonormal sequence in M,.

Furthermore, we note that each u € GS"(J, p) has the expression given in (7.5). Hence, if we replace
u — p in (7.6) with the expression (7.5), then we have

2
1 1
(TqoFoT)u-p) - ) <u - p, —ei> —(Tq°F o T)e)|| =0
ieA) i [q G .,
for all u € GS™(J, p), which implies the validity of our assertion. a

According to the following theorem, the image of the first-order generalized linear span of E; with
respect to p under the d,-isometry F is just the first-order generalized linear span of F(E;) with respect to
F(p). This assertion holds also for the second-order generalized linear span and F.

Theorem 7.4. Assume that E; and E, are bounded subsets of M, that are d,-isometric to each other via
a surjective d,-isometry f: E; — E,. Suppose p is an element of E; and q is an element of E, with q = f(p).
If E, : GS'(E;, p) — M, is the extension of f defined in Definition 5.1, then GS"(E,, q) = E(GS"(Ei, p)) for
everyn € N,

Proof.

(a) First, we prove that our assertion is true for n = 1, i.e., we prove that GS(E,, q) = F(GS(Ej, p)).
Let r be a fixed positive real number satisfying E; ¢ B,(p).

(b) Due to Definition 3.1, for any y € F(GS(Ey, p)), there exists an element x € GS(E;, p) with

y=FXx) = F(P + ) gy - p)]
i=1j=1

for somem e N, uj € E; N B(p), and a;; € R withx = p + Z;’llz;’jlaij(ug - p) € M,.
On the other hand, by Definition 4.1, we have

m oo m oo

(Tqo Fo T Y Yayuy - p)| =) YayTyofo T)u; - p),
i=1j=1 i=1j=1

which is equivalent to

F(x)-q = F(p + )Y auy - p)] -q =Y ay(f(uy) - ).

i=1j=1 i=1j=1



1372 =— Soon-Mo Jung DE GRUYTER

Since u; € E; = E; n By(p) for alli and j, it holds that f(u;) € f(E;) = E; for each i and j. Moreover, since
u; € E; n B,(p) for all i and j, it follows from Lemma 3.2 that

If (ug) = g2 =I(T4 o f o T)(us - p)IIZ
={(Tq o fo Tp)us — p), (Tg o fo Tp)Uj — p)a
={uj - p, Wj — Pla
=|luy - pl2
<r?
for all i and j. Hence, f(u;) € E; n B,(q) for all i and j.
Furthermore, it follows from Lemma 3.2 that

2 2

Y a(Tq o fo Tp)(uy - p)

i=1j=1

Y a(f(uy) - @)

i=1j=1

a a

1l
/\

zzaij(T—q o fo Ty)(uy — p), Z Zake(T—q o fo Tp)(Uke - P)>
i=1j=1 k=1¢=1 “

M8

@ ) ae{(Tg o fo T)(uy — p)y (Tg o f o Tp)Uie — P))a

I Il
Mz Tz
Mz Tz
Mg T8
Mg T

@i ) Qe{Uii — P, Uke — Pla
i=1k=1j=1 e=1
m oo m oo
=( Y Y ai(uy - p), Y. Y (ke — p)
i=1j-1 k=1t-1 .
2
m oo
=|| 2 Y i - p)|| < oo,
i=1j=1 .

since Z:Lllz;):laij(uij -p)=x-peM,.
Thus, on account of Remark 2.1, we see that Z;’Z'IZ;?Zlai,-( fluy) — q) € M,.
Therefore, in view of Definition 3.1, we obtain

y=FX)=q+ )Y ay(f(uy) - q) € GS(Es, q)

i=1j=1
and we conclude that F(GS(Ey, p)) ¢ GS(E>, q).

(c) Now we assume that y € GS(E,, q). By Definition 3.1, there exist some m € N, v; € E; N B.(q), and
a; € R such that y - g = Z;ﬁlz?jla,-j(vij - q) € M,. Since f: E; — E, is surjective, there exists a u; € E;
satisfying v;; = f(u;) for any i and j. Moreover, by Lemma 3.2, we have

lug — pllz = (uy — p, us — Pla
=((Tg o fo Ty —p), (T o fo Tp)uy —p)a
={f(uy) - q, f(wy) - @a
=(Vjj — ¢, Vij — Qa

2
=vs — qll; < r?

for any i and j. So we conclude that u; € E; N B(p) and v; = f(uy) for all i and j.
On the other hand, using Lemma 3.2, we have
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since Y 12?21(117(\/17 - q) =y — q € M. Thus, Remark 2.1 implies that Z;':'lz‘;ila,-j(uij - p) € M,.

Y a(uy - p)

i=1j=1

—

R

Mz
Mz
D18

—_

~
I

—_
-
Il

M=
M=
ygk!
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M=

1

I
—

(o] m oo
Y iy - p), Y. Y are(ue - p)
j=1 k=1¢=1 a

M8

@ ) el — P, Uge — D)a

j=1

[
I
—_

M8

i

_
T

1j=1

-
Il

o
Il

[SN

Zzaij(T—q ofo Tp)(uij - P, Z zakE(T—q ofo Tp)(uke -p)

i=1j=1 k=1¢=1
2

DY ai(Tq o fo Tp)(uy - p)

i=1j=1

a
2

Zzaij(f(uij) -q)

i=1j=1

DY avi — @)

i=1j=1

2

< 00

a

Hence, it follows from Definition 4.1 that

y=q+ ) Y a(fluy) - q)

i=1j=1
=q + ZZ(Xij(lq o f ° Tp)(uij - p)
i=1j=1
=q+(T40Fo Tp)(zzaij(uij - p)]
i=1j=1

= F(P + )Y a(uy - P)]

i=1j=1
€ F(GS(Ey, p))-

Thus, we conclude that GS(E,, q) ¢ F(GS(E;, p)).
(d) Similarly, referring to the changes presented in the tables below and following the previous parts (b)
and (c) in this proof, we can prove that GS*(E,, q) = F(GS*(Ey, p)).

e{(Tg o f o Tp)uy — p), (Tq © f o Tp)(uke = P))a

)

The casen = 1: E, GS(Ey, p) GS(E3, q) f F
The casen = 2: GS(E1, p) GS(E, q) GS?(E;, p) GS*(E,, q) F R
The casen = 1: Definition 3.1 Definition 4.1 Lemma 3.2
The case n = 2: Definition 5.1(i) Definition 5.1(ii) (4.4)
(e) Finally, according to Proposition 5.4, Theorem 7.2, and (d), we further have
GS"(E, q) = GS*(Ey, q) = Fx(GS*(Ey, p)) = F(GS"(Ey, p))
for any integer n > 3. O
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8 Extension of isometries to the entire space

LetI¢ = ]_[ffll be the Hilbert cube, where I = [0, 1] is the unit closed interval. From now on, we assume that
E, and E, are nonempty subsets of I“. They are bounded, of course.

In our main theorem (Theorem 8.1), we will prove that the domain of a local d,-isometry f : E; — E, can
be extended to any real Hilbert space including the domain E;.

Definition 8.1. Let E; be a nonempty subset of I“ that is d,-isometric to a subset E, of I¥ via a surjective
d,-isometry f: E; — E,. Let p be an element of E; and g be an element of E, with g = f(p). Assume that
{aiie,-}imu is a complete orthonormal sequence in the Hilbert space GS*(E;, p) — p, where A, is a nonempty
proper subset of N. Moreover, assume that {f;};cn is @ complete orthonormal sequence in the Hilbert space
M, such that §; = aii(T,q o F5 o T,)(e;) foreachi € A,, where F, : GS*(E;, p) — M, is defined in Definition 5.1.
Let p; be the ith component of p, i.e., p = Z;’flpiei. For any set A satisfying A, ¢ A ¢ N, we define a basic

cylinder or a basic interval J by

~_OO”. . [0,1] (forie A),
J =11 where ji= {{pi} (for i ¢ A).

Moreover, referring to Theorem 7.3, we define the function G, : GS2(J, p) — M, by
1
(T—q 0o Gyo Tp)(u -p)= z <u - D, _ei> ﬁi (8.1
ieA(J) a4 [,
for all u € GS*(J, p).

The following theorem states that the domain of a local d,-isometry can be extended to any real Hilbert
space including the domain of the local d,-isometry.

Theorem 8.1. Let E; be a bounded subset of I¥ that contains at least two elements. Suppose E; is d,-isometric
to a subset E, of I“ via a surjective d,-isometry f : E; — E,. Let p and q be elements of E,; and E, satisfying
q = f(p). Assume that{aiiei}ieAa is a complete orthonormal sequence in the Hilbert space GS*(Ey, p) — p, where
A, is a nonempty proper subset of N. Moreover, assume that {B;}icn is a complete orthonormal sequence in the
Hilbert space M, such that ; = ail_(T_q o F, o Ty)(e) for eachi € A,. Let A be a set satisfying A, ¢ A ¢ N and

let J be defined as in Definition 8.1. Then, the function G, : GSXJ, p) — M, is a d,-isometry and the function
Tg0GyoTy,: GS*(J, p) - p — M, is linear. In particular, G, is an extension of F.

Proof.
(a) First, we assert that the function T'j o G, o Ty : GS2(J, p) - p — M, preserves the inner product.
Assume that u and v are arbitrary elements of GS2(J, p). Since A = A(J), it follows from (7.5), (8.1), and the

1 1
<§\<u P ai£’1>aﬁi’ ];\<V P aiej>aﬁi>a

> <u -, lei> Y <v - b lej> (B> Bj)a
T\ i [q jen 4/,

1 1 1 1
Y(u-p.—e) Y (v-p,—e) ( —e,—¢
ieh A [qjen G [ N4 aG ],

orthonormality of {%ei} and {B;}ien that
i ieN

((T.g o Gy o Tp)u = p), (Tg o Gz o T))(V —P)a
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1 1 1 1
= Z u-p,—¢6) —é, z V-p,—6€ ) —¢
ieA ai /g4 jeA G /.9 a

=U-p,v-Dph

forallu,v e GS2(]~ , D), i.e., T4 o G, o T, preserves the inner product.
(b) We assert that G, is a d,-isometry. Let u and v be arbitrary elements of GS2(J, p). Since Tg0G°T,
preserves the inner product by (a), we have

da(Go(), Gy(V))? =(Tg © Gy ° Ty)u - p) = (T4 ° Gy » T,)V - p)lla
=((Tq o Gy o Tp)u -p) - (Tqo Gy o Tp)v - p),

(T—q oGy o Tp)(u -p) - (T—q 0o Gyo Tp)(v_p)>a
= U-p,U-Pla—U—D,V=D)a —{V-D,U-Dlg +{V =D,V —D)
(u-p)-@-p),Uu-p)-V-p)a
= (u-p) - -pl
lu = VI3
= dy(u, v)?

for allu, v € GS¥(J, p), i.e., G, : GSX(J, p) — M, is a d,-isometry.

(c) Now, we assert that the function Ty o G, o Tj : GS2(J, p) - p — M, is linear. Assume that u and v
are arbitrary elements of GSXJ, p) and a and f are real numbers. Since GSX(J, p) — p is a real vector space,
it holds that a(u — p) + B(v — p) € GSXJ, p) — p. Thus, a(u — p) + B(v — p) = w — p for some w € GS%(J, p).
Hence, referring to the changes presented in the table below and following (d) of the proof of Theorem 4.2,
we can easily prove that T; o G, o T} is linear.

Theorem 4.2: GS(Ey, p) F (4.4)
Here: GS¥J, p) G, (a)

(d) Finally, we assert that G, is an extension of F. Let J be either a basic cylinder or a basic interval
defined by

[0,1] (forie Ay,

J =11 where ] - {{pi} (for i ¢ Ay).

We see that p = (p1, P2, ...) € ] N Eyand A(J) = A, = A(GSX(Ey, p)).
According to Lemma 5.5, ifi € A(GS*(E;, p)), then a;e; € GS?(Ey, p) — p foralla; € R. Since GS%(E;, p) — p
is a real vector space, if we set A, = {i € A(GS*(E}, p)) : i < n}, then we have
Y ae; € GSHEy, p) - p
ieh,
foralln € N and all ¢; € R. For now, with all ¢; fixed, we define x, =p + Y, A, Qi€ for any n € N. Then, {x,}
is a sequence in GS*(E;, p). When {x,,} converges in M,, it holds that

p+ Z ae; = lim x, € GSZ(Ela D),
ic A(GSX(Ey,p)) n-eo

because GS%(E;, p) is closed by Lemma 5.3(iii). That is,

p+ )  aeeM:aeR forall i € AGS¥Ey p))¢ ¢ GSX(Ey, p).
ie A(GS(Ey,p))

Hence, by the previous inclusion and Theorem 6.1 with f§ = { ei}.

1 and Jp = f , We obtain
4G )ieN
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GS(, p) —pz{ Y aeieM:a; R forallie A(f)}
ieA())

ie A(GS%(Ey,p))
c GS*(Ey, p) - p.

:{ Z ae; € M, : a; € R forall i e A(GS*(Fy, p))}

So, we have

J nB,(p) < GS(J, p) n B,(p) c GSX(Ey, p) N B,(p)

for some real number r > 0, and hence, we further have
GS(7, p)  GS%(J, p) < GS*(Ey, p) = GS*(E, ).
Moreover, by Remark 7.2, we know that GSz(f , D) = GS(f , p). Hence, we have
GS(, p) = GSX(J, p) c GSX(E,, p).

On the other hand, since {aiei} is a complete orthonormal sequence in GS*(E;, p) — p, it follows from
ieAg

i

Theorem 6.1 with 8 = {%e,-} that
i JieN
1 1 N 5
x= ) (x,—e) —e €GS(J,p)-p=GS(J,p) - p
ielAg a a ai

for all x € GS3(Ey, p) — p, which implies that GSX(E;, p) = GS*(J, p) = GSU, p).
Let u be an arbitrary element of GS*(E;, p). Then, by (7.5) with J instead of J, we have

1 1

u-p= ) (u-p,—e) —e, (8.2)
ieA(d) i [q @i

and since T, o F, o T, is linear and continuous, we use (8.1), (8.2), and the facts

GSX(E;, p) = GSX(J, p) = GS(J, p), and A(J) = A, = A(GS*(Ey, p)) to have

(T,q o Gyo Tp)(u —p)= Z <u -b %ei> Bi

ieA(J)
1
= Z <u - D, _ei> ﬁi
ieA() i /a
1 1
=y <u - D, —€i> —(Tq o F, o Tp)(er)
ieA() i [
. 1 1
= lim z <u - D, —ei> —(T_q oF5 o0 Tp)(e,»)
n=co ieAy(f) i a ai
. 1 1
= lim(Tgo Ko Tp)| ) <u -p, —ei> —e
nmee ieAn(j) i at

1 1
=(TgoFoTy) ) <u - D, —ei> —e
ieA(f) a; aai
= (T—q o Fyo Tp)(u _p)’

where we set An(f) ={ie A(f) : 1 < n} for every n € N.



DE GRUYTER Extension of isometries = 1377

Therefore, it follows that (T.y G, o T,)(u — p) = (T4 o F> o T,)(u — p) forallu € GS*(E,, p), i.e., Go(u) =
Fy(u) for all u € GS?(E;, p). In other words, G, is an extension of F. O

9 Applications
Given an integer n > 0, let a = {a;}icy be a sequence of positive real numbers that satisfies

(o)
@=-=a,=1 and ) a? < co.
i=n+1
We know that the n dimensional real vector space R" can be identified with a subspace of M,.
More precisely, it holds that R" = {(x,...,X;, 0,0,...) : ; € R for 1 <i < n}.
We can define an inner product (-,-), for R" by

o0 n
X, Yo = Y aixy; = Y xy;
i=1 i=1
for all x,y € R", with which (R", (-,-),) becomes a real Hilbert space. This inner product induces the
Euclidean norm in the natural way as follows:

IXla = 06 XY = | Y2
i=1

for all x € R, and (R", ||-|l,) becomes a real Banach space.

If we replace Mgy, N, and I¢ with R", {1, 2, ...,n}, and [0, 1]", respectively, in the definitions and
theorems in the previous sections, it is not difficult to see that they also hold for the n dimensional
Euclidean space R™.

The following theorem is the finite dimensional real Hilbert space version of Theorem 8.1, the main
theorem of this article. More specifically, Theorem 8.1, which applies to infinite dimensional real Hilbert
spaces, is also applicable to finite dimensional real Hilbert spaces.

Theorem 9.1. Let E; be a bounded subset of [0, 1]* that contains at least two elements. Suppose E; is
d,-isometric to a subset E, of [0, 1]" via a surjective d,-isometry f : E; — E,. Let p and q be elements of E;

and E, satisfying q = f(p). Assume that {aiei} is a complete orthonormal sequence in the Hilbert space
ieNqy

GS*(Ey, p) — p, where A, is a nonempty proper subset of {1, 2,...,n}. Moreover, assume that {B}icq1,2, .. m iS @

complete orthonormal sequence in the Hilbert space R™ such that f; = %(T_q o F, o Ty)(e;) for eachi € A,. Let

A be a set satisfying Ay ¢ A C {1,2,...,n} and let J be defined as in Definition 8.1. Then, the function
G, : GS(J, p) — R" is a d,-isometry and the function T4 o G, o T, : GS*(J, p) - p — R" is linear. In par-
ticular, G, is an extension of F,.

10 Discussion

The pair (X, Y) of Hilbert spaces is said to have the isometric extension property if for every isometry f from
an arbitrary subset S of X into Y, there exists an isometry F of X into Y such that the restriction of F to S
coincides with f.

The following theorem is a well-known result due to [20, Theorem 11.4].
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Theorem 10.1. (Wells and Williams) If H is a Hilbert space, then (H, H) has the isometric extension property
if and only if H is finite dimensional. In general, if S ¢ H and f : S — H is an isometry, then f can be extended
as an isometry to the closed linear span of S.

We note that Theorem 10.1 does not imply Theorem 8.1. For example, let E; and E, be subsets of the
Hilbert cube I“. Then, GSX(J, p) — p is a proper subspace of the real Hilbert space M,, and GS%(E, p) — pisa
proper subspace of GSX(J, p) — p. Nevertheless, it follows from Theorem 8.1 that every surjective isometry
f: E; = E, can be extended to an isometry G, : GS%(J, p) — M,. On the other hand, we cannot expect to
obtain this result using Theorem 10.1, since the closed linear span of E; is a proper subset of GS2(J, p) — p,
which implies that Theorem 8.1 is not only different from Theorem 10.1 but also has a number of
advantages.

Moreover, for any bounded subset S of I¢, it is clear that 5pan S ¢ GS(S, p). But, it is not yet clear
whether span S = GS(S, p), where span S denotes the closed linear span of S. If 5pan S + GS%(S, p) is
correct, Theorem 8.1 has more advantages than Theorem 10.1.

According to Theorem 8.1, the domain of a local d,-isometry can be extended to any real Hilbert space
containing that domain.

11 Conclusion

In view of Theorem 8.1, the domain of a local d,-isometry can be extended to any real Hilbert space
containing that domain. The domain of a local d,-isometry does not need to be a convex body or an
open set required by [1], it just needs to be bounded and contain at least two elements. Therefore, the
coverage of our result is wider than that of previous results. This is the biggest advantage of this article
compared to the previous results.
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