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Abstract: In this article, we consider the identification of an unknown steady source in a class of fractional
diffusion equations. A modified Tikhonov regularization method based on Hermite expansion is presented
to deal with the ill-posedness of the problem. By using the properties of Hermitian functions, we construct a
modified penalty term for the Tikhonov functional. It can be proved that the method can adaptively achieve
the order optimal results when we choose the regularization parameter by the discrepancy principle. Some
examples are also provided to verify the effectiveness of the method.
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1 Introduction

Due to its wide application in many fields, including physical, and mechanical engineering, signal proces-
sing and systems identification, control theory, and finance, fractional differential equations have received
extensive attention during the past decades. One of the most important applications of fractional differ-
ential equations is that it can characterize the abnormal diffusion effectively. For a review, the reader can
refer to [1-3] and the references therein.

In this article, we consider a space fractional diffusion equation that can describe the probability
distribution of particles with superdiffusion [4]. It has the following forms:

aJE (x,t
au(axt,t) = - ]m’gi )+f(x), —0<Xx<00,0<t<T, M

ulx, T) = g(x), u(x,0) =0,

where
]rgz,n(xy t) = _Ka{m—OOD)?_l - nngo_l}“

withm + n =1, and x, > 0. For m, n < 0. We define the right Riemann-Liouville fractional derivatives ,D5
and the left Riemann-Liouville fractional derivatives _,,DJ(1 < a < 2) as follows:
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where[a]is the smallest integer no less than a. Our goal is to identify the source function f(x) in (1) from the
additional observed data g(x). Generally, the data g(x) is measured, and we only have the noisy data
g% € IX(R) that satisfies

lg - g9 < 6. @)

This problem is referred as an inverse source problem.

The inverse problems occur in many fields: for example, crack identification, heat conduction prob-
lems, pollutant detection, target tracking, and antenna synthesis [5-13]. The main difficulty of the inverse
source problem is usually ill-posed. Regularization technique has to be introduced to obtain stable numer-
ical solution. A few progress has been developed for solving the inverse source problems of space-fractional
diffusion equation [4,14,15-17]. In [16], a truncated Hermite expansion method has been proposed to deal
with problem (1). The method is effective, but the source condition for deriving convergence result is not
natural, and the convergence rate of the method is not ordered optimal. To overcome the aforementioned
shortcomings, we proposed a modified Tikhonov regularization based on Hermite expansion for problem
(1). This method has been successfully applied to solving the numerical differentiation problem [18] and the
Cauchy problem of the Laplace equation [19]. For the new method, we can obtain the convergence results
under a weaker condition, and the convergence rates is the order optimal when the regularization param-
eter is chosen by the discrepancy principle.

This article has the following structure. In Section 2, we describe the process of this method. Section 3 is
about the error estimate of the method. To verify the effectiveness of the method, we also give some
numerical experiments in Section 4.

2 Basic description of the method

2.1 Problem of the solution

Let1%(R) and HP(R)(p > 0) are the usual Lebesgue and Sobolev spaces on R, and ||-||; denote the norms in
HP(R). We define the Fourier transform of the function f ¢ 1%(R) as follows:

200y I U R
F@&) = FLFOO) mj FOOeEdx.

It is well known that the norm of Sobolev space H(R) can be defined as follows:

12

Iflls = j|f|2(1 b EP)YdE
R

The Fourier transform of ¥/, ,(x, t)} can be given as follows [20]:

FUmn(X, O} = [mI&* + n(-iH)*1ag, t), §eR. )
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From [4],
m(i&)* + n(-i&)* = |¢ |"‘[(m - n)sgn(¢) sin(?)i + cos(?)],
where sgn(x) represents the signum function.

We can deduce the following equation in Fourier space by using the the Fourier transform to prob-
lem (1):

o,
5 = f(&) + A(O)id(€, 1), €€R, 0<t<T, @
¢, 7)=8@©¢), u,0=0, {cR,
where
Ao§) = xocos( 22 g + [m(m - mysinf 2% g ]i.
We have a solution to problem (4) in the following form:
—1a
t) = .
ug,t) = - ( 3 ——f )
We define
A8
a(‘f’) '_ eAﬂ(E)T — 1’
and then it is easy to see that
f= = [Adetaras = xc. )
R

A,(¢) is unbounded as |£] tends to infinity, so the problem is difficult to solve. Small errors can have a huge
impact on the results. Therefore, special regularization technique is required to deal with it.

2.2 The modified Tikhonov regularization method

Let Hy(x) be the normalized Hermite function of degree €. According to [21], the Hermite functions {Hy(x)}2,
have the following orthogonality relations:

j HHGOOOX = 6y

The Hermite expansion of a function f € 1%(R) can be given as follows:

fGo) = ZfeHe(X),

£=0

where

f, - If(X)HedX

N
Let f = (fo, f,... f,,...)T € €2, we define operators

HD) = Y EH, Pyf = HIFIHEEp @], RE = HOFIHE@cosh@)],  (6)

£=0

where yy is the characteristic function of the interval [-N, N].
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Suppose that f, g satisfy equation (1), i.e., f = Kg and the condition (2) holds. Moreover, we define an
a priori bound on unknown source,

”f"s < E9 S > 0’ (7)

where E > 0 is a constant. Now we devote to develop a method to obtain a stable approximation of f from
the noisy data g%. Let a > 0 and 7 = K. We propose a modified Tikhonov functional of the following
form:

— — 5 —
O(f) = I17f - g°I° + BIR £ I%. (8)
5
If ? B is the minimizer of above functional, then
5
f§=HE, ©)

)
is chosen as the approximation of f. It can be deduced that ? p can be obtained by solving the following
equation [22]:

(77 + BRI = Tg?. 10)

Lemma 1. If we let & = TR, then

Ty = RUYEEES with [(0) = —
B~ B g B - ﬁ + 9'
The function Ig(6) has the following properties [23]:
1
sup 6V2|13(0)| < , supf|l9)] <1,
6>0 g 2\/ﬁ 6>0 g (11)
and
sup 2|1 - 6lg(0)| < ﬁ, sup|l - Ol()] < 1. (12)
050 2 050

3 Error estimate of the method
In this section, we deduce the error estimate of the new method. The following auxiliary results are needed.

Lemma 2. [4] For1 < a < 2, we have
ca(1 + [ER)2 < |Au(®)] < C(1 + [EP):, € €R, 13)
where c, and C, are two constants.
Lemma 3. [16] For any r > 0, if h € H"(R), then
a
Il < cal K« |l (14)

N
Suppose that the Fourier Hermite coefficients vector of h € 1%R) is h = (ho, hy, ...,h,, ...)7, i.e,,

h(x) = (Hh)X),
then we let

hy =Pyh, hy=Hhy, (15)
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where N < oo is a positive integer that has to be chosen properly. (It should be noted that N is only used in
theoretical analysis.)

Lemma 4. If h € H'(R), then we have
— — —
[Th — Thy|| < cyN7%E and |Rhy|e < CyE, (16)

where

1 eN
cy=— and Cy=max|l, —|.
Cu 2NT"

Proof. According to Parseval’s formula and Lemma 2, we obtain

[7(h - Dl = j AZ@IhE)PAE

\€\>N

<L j (1 + [ER)h(E)PdE

a
1§1>N

j (1 + [ER) COREPA + £2ydE

1§1>N

NM) j RERA + £2yde

[§I>N

1
= SN,

a

ﬁ

s:ﬁN| =

IRBulz = [ cosh®@)1i)pPds

|§]<N
- C°Sh o8 ey + gyd
D)
|£|£N
2N
<max( 4N2r)||h||2 m|

B
Lemma 5. Let k; (i = 1, 2, 3) is some fixed constants, if the vector H = (h5, hf, . ,hﬁ, ..)! sequence satisfies
5 5 Vs
I7h | < k6, IR g < keb 5, 6 o. (17)
Then there exists a constant M > O such that

—6
IHN |5 < M. (18)

Proof. Let Ny = ks6~Y*®, then by using the triangle inequality, we have
—6 —é —6
IHR s < IH(T - Py,) b lls + IHP N .

According to Parseval’s formula, we have the following results:

(- Pa) R = [ G+ €I ©Pag
[§1>No

1+ Py

cosh?(¢)

1§1>No

| cosh(@)Hh (©)F dé
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2s
< (1 + No)

—
2
< CoslP(NY) ) [cosh(§)Hh (5 d§

|>No
4N?
- eZ(N()*])

5
IR IR, < de2kghgs
and
285 2\s 7 2
[P = [ Py ©pdg
[€]<No

- j (1 + |ERYAZEIANEHD ()PdE

1§1<No

2(s+a) -1 o 2
< CalNy A ($)Hh (§)IFd§
[§1<No

—6
= CaN3S O Th P = CalZls®*®.

This completes the proof. O

Theorem 6. If fg is defined by (9) and the conditions (2) and (7) hold. In addition, the regularization
parameter  is determined by the following equation:

5
lgb - TFgl=C5 C>1. (19)
and then we have
If§ - £l = 0(&8%5*). (20)
Proof. Due to (2), (16), and (19), we can obtain the following result by using the triangle inequality:
Y R— —6 s 5 - - 71
I7CE g~ Il < I7F 5 g0l + lg? = gll + I7CE — £l < (C + DS + cuN—~°E. (21)
If we define ?;3 N = R7U(E*E)Efy, then we have

—6 - s —
R( f B~ fﬁ’N) = Iﬁ(a*a)a*(g - TfN)) 22
R(Ey - B =[I - W(EE)EEIR .

Hence, by using the triangle inequality, (6), (16), (22), and Lemma 1,

—6 - —6 > NN
IRCE 5 — Wl <IRCE g~ 5l + IR( £y — f5n)lle2

L 1o — TR + IR Kl
< g" — T In|l + [N Il¢2
P
< L(5 + cyN—°7%E) + CyE.

25

8
Let Gp =1 - [,(EE)EE®, note that go — T ?ﬁ = Gpg®. According to the triangle inequality, (16), (22),
and Lemma 1, we obtain

s —6 — — 5
Ig® — T£ gl <IGpT tnll + 1Gp(g = TEI + 1Gp(8° - &I
— —
<IGpSI- IR Nl + g — TEnll + 6

< @CNE + cyNS7%E + 6.
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Suppose that N satisfies
Nsap- g 23)
2
then
-6 -
17CE 5 — £)lls <k,
6 ~1/s

IRCE 5 - Bl < ke 5

holds with constants k;(i = 1, 2, 3). Hence, according to Lemma 5, there exists a constant M,
-6 -
NHCE 5 - E)lls < M.

So we can obtain

—6 -6 -
IHE g = flls =NIHCE = Ells + If = fvlls

-6 - (24)
SINHCE g = Ells + IIflls
<M+ E.
Due to (2) and (19), we can obtain the following result by using triangle inequality:
—6 —6
lg — 7 gl < lig — g°1l + lg® — TH gll < (C + D)8, (25)
The assertion can be obtained by using (24), (25), and Lemma 3. O

4 Numerical experiments

To verify the effectiveness of the proposed method, we present some numerical tests in this section. For
simplicity, let m =n = 0.5, N=256, T =1, and k, = 1. We also test the effect of the method when the
parameters are different, and the result is similar.

We perform the numerical tests in a finite interval [-B, B], and f(x) approaches zero as |x| > B. Let the
knots x; = -B + ih,i = 0, 1,..., m with m = 256. The datum g = {g(x;)}i, represents values of g(x) on the
grid. Then the perturbation data g? is obtained by adding random uniformly distributed perturbation to g,
ie.,

g% = g + 6;rand(size(g)), (26)

where 8, is the noise level and the noise § is measured by

5= llg® - glle = J %zg%xi) - 0. 27)

i=1

The analytical solution of equation (1) is usually difficult to obtain, so we have to use the numerical method
to obtain the datum g for a given f(x). This step is similar to the method presented in [16]. The following
relative error of £ norm is used to measure the accuracy of the numerical approximation:

. [z;ﬁo(f,?(x,-) - f)Y )”

28
Yo f(6)? %

Moreover, we would like to compare the relative errors obtained by the method in this article (M1) with that
in [16] (M2). All the results are obtained by using Matlab2017b in the case of C = 1.05 in (19).
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Example 1. We take the function f as follows:

X 3x) 2
fx) = (? - z)e 7, (29)

and the numerical text is implemented in the interval [-10, 10].

The comparisons of the exact function and its approximations for various a with §; = 0.1 are given in
Figure 1. The relative errors of M1 and M2 for various a and §; are presented in Table 1. It can be seen that
when alpha is close to 1, the results of the two methods are close. With the increase of a, method 1 performs
better than method 2, and the numerical results are more stable and the relative errors are smaller. Figures 2
and 3 exhibit the variation of E, with the changes of « and §;, respectively. It can be seen that the method is
stable for various a and ;.

Example 2. Consider a nonsmooth function:

0, -10<x< -4,
X+4, -4<x<0,
X -4, 0<x<A4,
o, 4 < x <10.

foo) = (30)

The errors are given in Table 2, and the comparisons of the exact function and its approximations for
various a with §; = 0.01 are shown in Figure 4. It can be seen that the method is still stable, and the results
of M1 are also better than M2 in this case.

0.4 T T T 0.4 T T T T T T T T T
— Exact solution R — Exact solution

0.2 02r 1
0.1 011

0 0
-0.1r -01
021 -0.2
03f 0.3}
04 04 .

-0 -8 6 -4 -2 0 2 4 6 8 10 -0 8 6 -4 -2 0 2 4 6 8 10

10 -8 -6 -4 2 0 2 4 6 8 10

Figure 1: Comparison of exact functions and their approximation (Example 1). (a) @ = 1.1. (b) a = 1.5. (c) a = 1.9.
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Table 1: The relative errors of Example 1

—_— 1317

0 a=11 a=15 a=19
M1 M2 M1 M2 M1 M2
1x 1071 0.0729 0.0684 0.1588 0.1934 0.2102 0.4258
1x 102 0.0093 0.0087 0.0376 0.0581 0.0554 0.1584
1x1073 0.0018 0.0020 0.0057 0.0095 0.0117 0.0222
0.28 0.08
0.07 | g
0.24} g
0.06 | ]
0.2r 1 0.05 | 1
— LIJ N B
w6l ] 0.04
0.03 | g
012y T 0.02 .
0.08f ] 0.01 | J
0
1 1.2 1.4 1.6 1.8 2 1 1.2 1.4 1.6 1.8 2
o o
(a) (b)
Figure 2: The variation of E, with a (Example 1). (a) d; = 0.1. (b) ; = 0.01.
0.16
0.12
ui 0.08
0.04
0
0 0.02 0.04 0.06 0.08 0.1
o
Figure 3: The variation of E, with 0, (Example 1). a = 1.5.
Table 2: The relative errors of Example 2
0, a=11 a=15 a=19
M1 M2 M1 M2 M1 M2
1x 101 0.1046 0.1065 0.1732 0.2256 0.2509 0.4522
1x 1072 0.0128 0.0135 0.0548 0.0846 0.0782 0.2126
1x 1073 0.0082 0.0094 0.0157 0.0213 0.0468 0.0952
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exact solution

——— M2

o =~ N W b~ O
T T

-0 8 6 -4 -2 0 2

DE GRUYTER

exact solution | |

——— M2

10 -8 -6 -4

- M2

exact solution | |

2 0

Figure 4: Comparison of exact functions and their approximation (Example 2). (a) a = 1.1. (b) a = 1.5. (¢) a = 1.9.

5 Conclusion

On the basis of the Hermite extension method, we propose a modified Tikhonov regularization to solve
an unknown source problem in the space fractional diffusion equation. In addition, the framework of this
approach can be used to deal with other ill-posed problems.
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