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Abstract: Let k be a nonnegative integer. Let K be a number field and Ok be the ring of integers of K.
Let € > 5 be a prime and v be a prime ideal of O over €. Let f be a modular form of weight k + % on I[(4)

such that its Fourier coefficients are in Ok. In this article, we study sufficient conditions that if f has the
form

oo t
f@@) = Y Y ar(sin)g*™ (mod v)
n=1i=1
with square-free integers s;, then f is congruent to a linear combination of iterated derivatives of a single
theta function modulo v.
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1 Introduction

The Fourier coefficients of modular forms of half-integral weight are related to various objects in number
theory and combinatorics such as the algebraic parts of the central critical values of modular L-functions,
orders of Tate-Shafarevich groups of elliptic curves, the number of partitions of a positive integer, and so
on. With a lot of application to these objects, Bruinier [1], Bruinier and Ono [2], Ono and Skinner [3],
Ahlgren and Boylan [4,5], and the others studied congruence properties modulo a power of a prime for
Fourier coefficients of modular forms of half-integral weight. Many of them considered modular forms of
half-integral weight whose the Fourier coefficients are supported on only finitely many square classes
modulo a prime £.

Let f be a modular form of half-integral weight on I3(4N). Vignéras [6] proved that if the g-expansion
of f has the form

oo t
f@) = ap(0) + ) Zaf(sinz)qsinz, q = e¥i

n=1i=1
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with a positive integer t and square-free integers s;, then f is a linear combination of single variable theta
functions (a different proof of this result was given by Bruinier [1]). Many of the aforementioned results can
be considered as positive characteristic extensions of Vignéras’ result on classification of modular forms of
half-integral weight such that their nonvanishing Fourier coefficients lie in only finitely many square
classes. Especially, Ahlgren et al. [7] obtained an explicit mod ¢ analog of the result of Vignéras for modular
forms of half-integral weight on I)(4) satisfying the Kohnen-plus condition.

Let K be a number field and Ok be the ring of integers of K. Let Mk+;(1“0(4); Og) (resp. Sk+;(1"0(4); Og)) be

the space of modular forms (resp. cusp forms) of weight k + % on Iy(4) such that their Fourier coefficients are
in Ok and S}, ,(To(4); O) be the subspace of S, 1(To(4); O) consisting of fe Sk+%(1"0(4); Oy) satisfying the
2

Kohnen-plus condition.
Let ¢ > 5 be a prime and v be a prime ideal of Ok over ¢. For f € S,:f+l(1“o(4); Og), Ahlgren et al. [7] proved
2

that if

k + 1 < E(E + é) 1.1
2 2
and
oo t
f@) = Y Yagsm>g™ (mod v) (1.2)
n=1i=1

with square-free integers s;, then k is even and
f2) = a;()) Y n*qg™ (mod v).
n=1

In this article, we study sufficient conditions that if f has the form (1.2), then f is congruent to a linear
combination of iterated derivatives of a single theta function modulo v.
For a positive number &, let F. be the set of primes ¢ such that for every f e S/ \(Io(4); Ok) with
2

k+ 3 < (loge)> ¢, if
oo t
f2) = Y. Y a(sin)g*™ (mod v)
n=1i=1
with square-free integers s;, then
f(z) = af(l)(anqnz] + af((’.)(z nk”zlq"—"z) (mod v).
n=1 n=1
The following theorem proves that the portion of P. in the set of primes is one.
Theorem 1.1. For a positive integer X, there is an absolute constant C such that
#e:0¢Pand L <X} < Coi(l + CM),

(logX)'*2 logX

222 p?
I,

where C() = 3 >2ﬁ.

For a nonnegative real number r, we define an operator ©" on C[[q]] by

n=0
=0
" 0 elsewhere.

For convenience, we let © = 0!, As in Theorem 1.1, the previous results on modular forms of half-integral
weight having the form (1.2) such as [1,2,4,5,7] and so on imply that in many cases, if f has the form (1.2),
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then O(f) is congruent to a linear combination of iterated derivatives of a single theta function modulo v.
These lead us to the following conjecture on modular forms f of half-integral weight having the form (1.2).

Conjecture 1.2. Let K be a number field and Ok be the ring of integers of K. Let £ > 5 be a prime and v be
a prime ideal of Ok over £. Assume that f € S;H%(Fo(l;); Ok) has the form

0(f)z) = OZO:snzaf(snz)qS"Z (mod v)

n=1

with a square-free integer s, then

0(NE) = 2a )| ¥ w2 | (mod v).
nezZ
e4n

Assume that ¢ is a prime and m is a nonnegative integer. Let r,(m) be the least positive integer such that

r(m) = m (mod ¢ - 1).

Let a(¢, m) be the smallest nonnegative integer i such that

m+ L« EZ"(re(m)e LS l),
2 2 2

and (£, m) be the smallest nonnegative integer i such that

m+l<€2i+1r@(m+€_l)g+1+l.
2 2 2 2

Let

T(z) =1+ ZZq"Z.

n=1
For convenience, let
b ! >
_ Y a ifaxh,
Y =15
n=a
n=a .
0 if a > b.

By using Conjecture 1.2, we have an explicit formula for modular forms of half-integral weight having the
form (1.2).

Theorem 1.3. Let K, Ok, £, and v be as in Conjecture 1.2. Assume that f € Mk+;(1“0(4); Og). Conjecture 1.2
implies that if f has the form

oo t
f@@) = ap0) + Y Yar(sin?)g*™ (mod v) 1.3)

n=1i=1

with square-free integers s;, then the following statements are true.
1) Ifry(k) + £ — 1 and (k) + %, then

1 a(e,k)-1 1 Blelo)-1
f(z) = E z af({’,Zi)@kQ(T)({’,Ziz) + 5 Z af(ezi+1)®(2k+€—l)/4(T)(£2i+lz) (mod v).
i=0 i=0

(2) Ifr(k) = ¢ -1, then

ae -1 Bek)-1/
f(2) = ¢ (0)T(2) + > Y (ap(®¥) - 2ap(0))OFA(T)(%z) + % Y a2 VAT (¢2+1z) (mod v).
i=0 i=0
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(3) Ifn(k) = 5, then

a(e,k)-1" B(e,k)-1
f(2) = a;(0)T(ez) + > Y ap()erA(T)(ez) + 5 > (ap(e?*h) — 2a5(0))0F+ VAT (0241z) (mod v).
i=0 i=0

To give numerical evidence for Conjecture 1.2, we consider a basis of the space of modular forms
of weight k + % onTly(4). Let F(z) = ZZZOO'(ZH + 1)g?™*1 be the modular form of weight 2 on I;(4), where o(n)
is the sum of positive divisors of n. Then

{F2iT2k+1—4i}0S}_£l%J

is a C-basis of the space of modular forms of weight k + % on Iy(4). Let Ax,m be an m x (BJ + 1) matrix

such that the (i, j)-entry of Ay, is the (i — 1)th Fourier coefficient of FJ'T?+5-4 modulo ¢. Let By, be
a submatrix of Ay, obtained by removing n? + 1th rows for all nonnegative integers n with (¢, n) = 1.
Let Null(Bk,m) be the null space of By ,. With this notation, we give the following conjecture.

Conjecture 1.4. Let ¢ > 5 be a prime. Let 1, be the characteristic function of the set of positive real numbers.
Then, for a positive even integer k, we have

lim dimNull(By ) = L.(a(e, k)).

m—oo
By comparing the intersection of the null spaces of By, ,, and the space of mod v modular forms of weight
k+ % on Iy(4) having the form
f@) = Yamdg" (mod v),

2in

we have the following theorem.
Theorem 1.5. Conjecture 1.2 is equivalent to Conjecture 1.4.

Let us note that Null(By ,,,) is stable for sufficiently large m. In the proof of Theorem 1.5, we prove that
dimNull(By, ) is larger than or equal to 1,(a(¢, k)) for all positive integers m. Hence, if there is a positive
integer m such that dimNull(By ») = L.(a(€, k)), then Conjecture 1.2 is true. To compute dimNull(By ),
we consider the row echelon form of By ,,. We use C++ in this process. Then we have the following theorem.

Theorem 1.6. Assume that k < 1,000, or that ¢ € {5,7, 11, 13, 17, 19} and k < 10,000. Then, Conjecture 1.2
is true.

The remainder of this article is organized as follows. In Section 2, we review some properties of f having
the form (1.3) and the filtration for modular forms. In Section 3, we prove Theorems 1.1, 1.3, 1.5, and 1.6.

2 Preliminaries

In this section, we review some notions and properties of the filtration for modular forms, and then we

introduce some properties about modular forms of half-integral weight on I4(4) such that their Fourier

coefficients are supported on finitely many square classes modulo a prime £. For further details, see [8].
Throughout the rest of this article, we fix the following notation. For a congruence subgroup I' and

we %Z, let M, (T") (resp. S,,(I")) be the space of modular forms (resp. cusp forms) of weight w on T.
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For a Dirichlet character y modulo N, let M, (To(N), x) (resp. Sw(Io(N), x)) be the space of modular forms
(resp. cusp forms) of weight w on [(N) with character y.

Let k be a nonnegative integer and £ > 5 be a prime. Let K be a number field and Ok be the ring of
integers of K. Let v be a prime ideal of Ok over €. Let Mk+%(l"0(4N ); Og) (resp. Sk+%(l"o(4N ); Og)) be the space
of modular forms (resp. cusp forms) of weight k + % on [(4N) such that their Fourier coefficients are in Og
and S/ ,(Io(4); Ok) be the subspace of Si.1(Io(4); Ok) consisting of fe Sk%(l"o(lt); Og) satisfying the

2
Kohnen-plus condition.

Now, we review the basic notions and properties about the Shimura correspondence. Assume that f is

a cusp form of weight k + % on Iy(4). For a square-free integer t, we define A¢(n) by

AWM SfEDR) 1 aw(f)
Z - Z( )ns—k+1nz=:1 ns

s
n=1 n n=1 n

Then, the Shimura lift Sh,(f) of f is defined by

Sh(f)(z) = Y Adn)g™.

n=1

Note that Shy(f) € Sx(Io(2)). In particular, if f € S/ (To(4)), then Shy(f) € Sx(To(1)). For each odd prime p
with ptt, we have !

She( FIT2:1) = Sh(H)I Ty

where T, ,, denotes the nth Hecke operator on the space of modular forms of weight w. For each prime ¢,
operators U, and V; on formal power series are defined by

( > a(n)qn)w = Y aten)gr

n=0 n=0

and

( y a(n)qn]m = Y a(mg™.

n=0 n=0

2.1 Filtration for modular forms of half integral weight modulo a prime ¢

The theory of filtration for modular forms of integral weight was developed by Serre [9], Swinnerton-Dyer
[10], Katz [11], and Gross [12]. From this, the theory of filtration for modular forms of half-integral weight on
Io(4) was studied. In this section, we review some properties of filtration for modular forms of half-integral
weight on Iy(4). For the details, we refer to [13, Section 2].

We say that ) > ja(n)q" is congruent to Y ° 'b(n)q" modulo v, i.e.,

Y a(mq"= Y b(n)g" (mod v),
n=0 n=0

if a(n) = b(n) (mod v) for all nonnegative integers n. For f € Mk+%(l"o(4); Og), we define a filtration w(f)
of f modulo v by

w(f) = inf{k’ + % :  thereis f' € My, 1(To(4); Ok) such that f'=f (mod v)}.

For convenience, if f=0 (mod v), then let w(f) = —co. We summarize the properties of w(f) in the
following lemma.
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Lemma 2.1. Let f € Mk+%(l"o(4); Og). Then, the following statements are true.
(1) k= w(f) - 5 (mod ¢ - 1).

2 w(fY =t w(f).

(3) There is a nonnegative integer k' such that

k’zk+€_1

(mod ¢ - 1),

and there is g € My, 1(Io(4); Ok) such that g = f|U, (mod v). Moreover, if f2) = ¥ jar(en)g*(mod v),
then there is a nonnegative integer k' such that
< l(k + l),
14 2
and thereis g € Mk:+%(l"o(4); Og) such that g = f|U; (mod v).
(4) There is h € Sg,0.3(To(4)) such that h=0(f) (mod v). In particular, if fe S/ (To(4)), then h e
2
St s To(4).

Ko=k+ L1

(mod ¢ — 1) and k' +

N | —

Proof. The proofs of (1) and (2) are in [13, Proposition 2.2]. The proof of (3) is obtained by combining [7,
Lemma 4.2] and [13, Proposition 2.2]. To prove (4), let

h- (k + %)G(Ee,w‘— (€ - DEO(F),

where E,_; denotes the Eisenstein series of weight ¢ — 1. Since E,_; = 1 (mod v), we have h = O(f) (mod v).
By [14, Corollary 7.2], we obtain h € Sk+e+;(l"o(4)). When f satisfies the Kohnen-plus condition, the proof
of (4) is in [7, Lemma 4.1]. O

2.2 Modular forms of half-integral weight such that their Fourier coefficients are
supported on finitely many square classes modulo ¢

In this section, we introduce some properties of modular forms of half-integral weight on I[(4) such that
their Fourier coefficients are supported on finitely many square classes modulo v.

Ahlgren and Boylan [4] obtained the necessary conditions for the weight of f € M,H%(l"o(l;)) such that
their Fourier coefficients are supported on finitely many square classes modulo v by using the theory of
Galois representations. This was reproved in [15] by using only the theory of filtration for modular forms of
integral weight. The Choi and Kilbourn [16] improved the necessary conditions for the weight by using only
the theory of filtration for modular forms of integral weight. We review the results [4,16] in the following
theorem.

Theorem 2.2. Let N be a positive integer and £ > 5 be a prime with (£, N) = 1. Assume that f(z) €
M. 1(Ti(4N)) n Okllgl] has the form

oo t
f@@) = ar0) + ¥ Yar(sin)g*" (mod v)
n=1i=1

with square-free integers s;. Let k and i, be nonnegative integers, which satisfy k = (£ — 1)ix + k andk < ¢ - 1.
Then, the following statements are true.
(1) If ein; for some i, then

k < 2i; + 1.
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() Ifen; foralliand k < %, then

£+1

k < I —
(3) Ife|n; for alli and k > %, then

ESik+

Bruinier and Ono [2, Theorem 3.1] proved the following theorem by using an argument in [1].

Theorem 2.3. Let N be a positive integer and € > 5 be a prime with (¢, N) = 1. Let x be a real Dirichlet
character modulo 4N and f(z) € Sk, 1(Io(4N), x) N Okl[q]]. For each prime p with (p, 4N¢) = 1, if there exists

&p € {1} such that

f@= ) a(g" (modv),
(3t

then

(-
p

(P = DfIT 2 g1 = ep( )X(p)(pk + p*D(p - Df (mod v).

Ahlgren et al. [7] proved that if f € S} ,(To(4); Ok) and the Fourier coefficients of f are supported on
2
finitely many square classes modulo v, then f has the form
f(z) = Zaf(nz)q"2 + Zaf((’.nz)qmZ (mod v).
n=1 n=1

By using the theory of Galois representations, we extend the result [7] to cusp forms of half-integral weight
on [(4) without the Kohnen-plus condition.

Proposition 2.4. Assume that f € Sk+;(1"0(4); Ox) has the form

oo t

f@) = Y Y ag(sm>g™ (mod v) (2.1)

n=1i=1

with square-free integers s;. Then, the following statements are true.
(1) If2lk and ¢ = 1 (mod 4), then

f@) = Y arn)g™ + Y ap(en>)q®™ (mod v).
n=1 n=1

(2) If 2k and ¢ = 3 (mod 4), then
fl2) = Zaf(nz)q”2 (mod v).

n=1

(3) If 2tk and ¢ = 3 (mod 4), then

f(2) = iaf(ﬁnz)qe"Z (mod v).

n=1
(4) If 2tk and € = 1 (mod 4), then
f(z) = 0 (mod v).
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Proof. Assume that for each i € {1,...,t}, there is a positive integer n; such that as(sin?) # 0 (mod v).
Following the proof of Lemma 4.1 in [4], there exist distinct odd primes p; i,..., pir, each relatively to

n;si¢, and a modular form f; € Sk+%(l“o(4]—[;":1pfj) ; Og) such that

(o]

fiz) = > as(sm?gs™ £ 0 (mod v).

n=1

ged ( n,ﬁpw )=1
j=1
By Theorem 2.3, for each prime p with p+ZsiEH;f:1pi,j and p # 1 (mod ¢), we have
1)%s
FIT s = (( r ’)(p + PN (mod v).

Since Si1(To(4)) = S3(To(4)) = {0}, we may assume that k > 2. Let F; := Shy(f;) € SZk(FO(Zl_[:."zlpfi)) be the
Shimura lift of f;. Since the Shimura correspondence commutes with the Hecke operators, for each prime
p with erZSiE]_[;f:lpi,,- and p # 1 (mod ¢), we obtain

F|Ty o = ((_173’(51')(17" + p*HE (mod v).

Then, there is an integer N; such that I\I,-|2]_[;"=1pfj, and there is a newform G; € Sy (Io(NN;)) such that for each
prime p with p{2s; (ZI—[I pijand p # 1 (mod ¢),

/\i(p)z(( Dfs )( K4 p*1) (mod v).

Here, Ai(p) denotes the pth Hecke eigenvalue of G;. Let IF, := Og/A. Note that there is a semi-simple Galois
representation

Gal(Q/Q) — GLx(F,),
such that for each prime p with p{N;¢
tr(p;(Frob,)) = Ai(p) (mod v) and det(p;(Frob,)) = p*~! (mod v),

where Frob, denotes any Frobenius element at p. Let x, : Gal(Q@Q) — F} be the mod-¢ cyclotomic char-
acter. Following the argument of the proof of [5, Proposition 4.3], we have

((_I—)ksi)xzk 0
if e}s;,
0 ((_1—)1(&)ng_1
p; =3 - (2.2)
((_1)k+ zs/ ]Xehezl 0
( 1)’”“ N s if ¢]s;,
0 (7 )X@ 2

where ¢s/ = s;.

By the result of Carayol [17], the conductor of p; divides N;. By (2.2), we obtain that if ¢1s;, then sf divides
the conductor of p;, and if ¢|s;, then (s;)? divides the conductor of p;. Since N;|2[T" i lp, jand ged(s;, ] ] ' Dij) =
we have s; € {1, ¢}. Moreover, the conductor of p; is not divided by 4. Therefore, we conclude that if k is odd,
then's; # 1and if k + " is odd, thens; # ¢. O

We extend Proposition 2.4 to general modular forms of half-integral weight including noncusp forms in
the following proposition.
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Proposition 2.5. Assume that f € Mk+%(l"o(4); Og) has the form

oo t

f@) =a0) + ) Zaf(s,-nz)qsf"2 (mod v) (2.3)

n=1i=1

with square-free integers s;. Then,

f(z) = ap(0) + Zaf(nz)q”2 + Zaf(ﬁnz)q‘an (mod v).

n=1 n=1

Proof. Without loss of generality, we assume that there is a positive integer n; such that af(slnlz) #0
(mod v). Let a be the exponent of € in s;n?. Then, there is a unique square-free integer s; such that
sin? = ¢9%s,m? for some positive integer m;. By Lemma 2.1 (3), there is an integer k' and a modular form
8 € My,1(Io(4)) such that g = f|U« (mod v). By Lemma 2.1 (4), there is h € Sy, 3(Io(4)) such that h = 6(g)
(mod v). Since ag(sind) # 0 (mod v), we have ap(sim?) # 0 (mod v) and then h has the form (2.1). Then,
s{ = 1 by Proposition 2.4. This implies that s; € {1, £}. Therefore, Proposition 2.5 is proved. O

Combining Theorem 2.2 and Proposition 2.5, we obtain an explicit formula of f € Mk+%(l"0(4)) having the
form (2.3) when k < ¢ — 1.

Lemma 2.6. Assume that f € My, 1(Io(4); Ok) has the form (2.3) and f#£0 (modv). If k<€ -1, then
k € {0, %}. Moreover,

f2) = af(O)(1 + 2§q”2] (mod v) if k=0

n=1

and

= $ o i 1
f(z):af(O)(1+Zqu )(modv) if k= —

n=1
Proof. We assume that k < ¢ — 1. By Theorem 2.2, we have k € {0, 1, %}. Note that M%(l"o(l;)) is generated
by T. Thus, when k = 0, we obtain that f is a constant multiple of T. If f has the form (2.3), then
ar(2) = 0 (mod v) by Proposition 2.5. Note that M:(To(4)) is generated by T3 and ap3(2) = 3. Thus, when
k =1, we have f=0 (mod v). When k = Z—;l, we have by Theorem 2.2

f(z) = Y ap(tn)g™ (mod v).
n=0
By Lemma 2.1 (3), there is g € Mi(ITo(4)) such that g = flU; (mod v). Since g is a constant multiple of T,
f is congruent to a constant multiple of T|V, modulo v. O

3 Proof of Theorems
In this section, we prove Theorems 1.1, 1.3, 1.5, and 1.6. First, we prove Theorem 1.3.

Proof of Theorem 1.3. We fix a prime ¢ > 5. We prove Theorem 1.3 by induction on k. When k < ¢ - 1,
Theorem 1.3 is true by Lemma 2.6. Thus, we assume that Theorem 1.3 is true when k < ko with a fixed
positive integer ko, where kg is a positive integer larger than ¢ - 1.

To prove Theorem 1.3, it is enough to show that Theorem 1.3 is true when k = ko by induction on k.
Assume that f € Mk0+é(1"0(4); Og) has the form (1.3). Then by Lemma 2.5, f has the form
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f(2) = ap(0) + Zaf(nz)q"2 + Zaf(enz)q“”2 (mod v),

n=1 n=1

and

OE-D2(f)(z) = 1 Z af(nz)q"Z (mod v).
2 nez
24n
By Lemma 2.1 (4), there is g, ¢ Sk0+ 2(To(4)) such that
2
8o = O V2(f) (mod v).
Let k; = max(ko + %, a)(go)) - % Then, thereis g, € Mkﬁ%(l"o(l;); Og) such that
(@) = (f - 0 DA))(z) = ap(0) + Y ar(en?)g™ + Y ap(2n?)g*™ (mod v).

n=1 n=1

Let I, be the largest integer satisfying

1 1 1 g-1 g-1
lb+—-—<-|k+—=]and k = +1k= + ko (mod ¢ - 1). 3.1
2+ S {’,( 1 2) ) p 1 2 o ( ) (3.1
By Lemma 2.1 (3), there is g, € My,,1(Io(4); Ok) such that

8(2) = g|U(z) = as(0) + Zaf(ﬁnz)q“2 + Zaf(@rlz)q"f"2 (mod v).

n=1 n=1
Since ko > %, we have
1 1 1 1 22 1
h+=-<-|lkh+=|<—|ko+ =|<ko+ =.
272 e(l 2) e(o z) 72

For a nonnegative integer k, we define a subset B; of Mk+%(1"0(4)) by

{0 2(T)|Veidosicae, iy U {OF V4T | Viinosicpeio U {T} if (k) =¢ -1,

. £-1

By = L {OAT)|Vadosicae, iy U {OFH VAT Viidosicpeio U {TIVe  if r(k) = —
{0 2(T)|Veidocicace k) U (O VAT | Viithosicpie i) otherwise.

To prove Theorem 1.3, it is enough to show that if f ¢ Mk0+%(1"0(4); Og) has the form (1.3), then f is congruent
to a linear combination of $B;, modulo v.

By Proposition 2.4, if ko is odd, then g, = O (mod v). Combining the assumption that Conjecture 1.2 is
true, we have

ag(1)
8y = T

Since k = ko + % (mod ¢ — 1), it follows that @%/2(T) = @@e+t-14(T) (mod v). By the induction hypoth-
esis, g, is congruent to a linear combination of By,. Since

0%k2(T) (mod v).

f=(f-05(N) +05(N) = glVi + g (mod v),
we deduce that f is congruent to a linear combination of
{0%2(T)|Viai}ocicate k) U {0 VAT Viadocicpe i U {TIVE} if (k) =¢ -1,
{02(T)|Vistbosicatt iy U {0 VAT Vadosicpiper U {TIVe}  if k) = %

{OR2(T)|Vinbocicate, k) U {0 V)| Viadocicpie o)1 otherwise.



1330 —— Dohoon Choi and Youngmin Lee DE GRUYTER

If (ko) = ©5, then
T|Ve=T - 0¢DT) = T - 0@+-D4(T) (mod v).
Thus, f is congruent to a linear combination of

{OF2(T)| Vo cicate, iy U {0 VKT Viatocicpe iy U {TIV  if n(lo) =€ - 1,

{OR2(T)|Vpidosicage ky U {0 VAT Viaidosicpie i1 U {T} if n(ky) = %,
{0%2(T)|Vpindocicae,lo) U {0 VAT Vdosicpie ko) +1 otherwise.
To complete the proof, it is sufficient to show that
a(t, k) < B, ko) and B, k) + 1 < a(L, ko). (3.2

First, we assume that ko + % > %2 Since @™(T) = ©@m+t-D2(T) for any positive integer m, we have w(g,) <

w(0%A(T)) < %2 This implies that
k= max(ko, w(gy) — %) = ko.

Then by (3.1), we obtain (3.2).

1 2 :
Now, we assume that ko + 5<5.In this case, we have

1 1 1 4
< kg+—)<= -max|ko+ =, w < —.
(1+2) ¢ X(o+2 (go)) 3

Further, assume that k; # 0 and k, # % Then a(¢, k) = B(L, ko) = B(L, ko) = 0. By Lemma 2.6, we have
g =0 (mod v), and then

ag(1)

f=05(f) = T@koﬂ(T) (mod v).

Note that ©¢D2(T) = T - T (mod v), we have w(0¢-V2(T)) = g Then, for a positive integer m with
m< %, we have

W(O"(T)) = (¢ + Dm + % (3.3)

By (3.3), we have

1,1

W(©2(T)) = (ko) % + L

< ko +
It implies that a(¢, ko) = 1. Hence, a(¢, ko) = B(L, ko) and B(L, ko) + 1 = a(2, ko). For the cases when kg = 0
and kg = 82;1, we obtain (3.2) by direct computation. Thus, we conclude that if f € Mk0+%(I‘o(4); Og) has the

form (1.3), then f is congruent to a linear combination of 8, modulo v. Therefore, Theorem 1.3 is proved by
induction on k. O

To prove Theorem 1.1, we use the following theorem which gives a sufficient condition for the weight
k + % that Conjecture 1.2 holds for f € S/ \(Io(4); Ok). It was proved in the proof of [7, Theorem 5.2].
2

Theorem 3.1. Assume that f € S/, ,(To(4);Ok) has the form
2

1 2
f(z) = EMZZ ap(n?)g™ (mod v) (3.4)

e4n

and f # 0 (mod v). Let p, be the smallest positive prime p such that p = 1 (mod ¢). If 2k + 1 < p?, then k is
even and
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f==a;,()O%(T) (mod v).

1
2
Proof. We follow the proof of [7, Theorem 5.2]. By Proposition 2.4, we obtain that k is even. By Theorem 2.3,
for each odd prime p with p # 0, 1 (mod ¢), we have

fIT 2 je1 = (P* + POF (mod v).
Hence, for any positive odd integer m which is not divisible by any prime p with p = 0,1 (mod v), we have

as(m?) = as(Hm* (mod v).
Let Iq == max(k, @(2 + 1)). Then, thereis g, € S,;l(l“o(lt); Og) such that
2

g =f- %af(l)emm(r) (mod v).

Leth =g - g|UlV, € Sk+1+l(l“0(16)). Then, ay(n) = 0 (mod v) for n < p. Since
2
%(k1 + %) [SLy(Z) : To(16)] = 2k + 1 < P2,

we have h = 0 (mod v) by the result of Sturm [18] called the Sturm bound. Then,

82) = glUVi2) = Y ag(4md)g*™ (mod v).

m=1

From the proof of [7, Theorem 5.2], we have g = 0 (mod v). Then,

f(z) = %af(l)@m(T)(z) = %af(l) Y nkg™ | (mod v). O
nezZ
e4n

The following proposition is a refinement of Theorem 1.1.

Proposition3.2. Letg : R — R be a function such that\/@ logx is anincreasing function andlim, _, ,.g(x) = 0.

Let P be a set of primes € such that for every f € St.1(To(4); Ok) withk + % < g(0)¢%(loge)?, if f has the form (1.2),
2

then

1 AR 1 BRI
f(z) = 5 Z af({’,Zi)@kQ(T)({’,ZiZ) + E Z af(ez”1)9(2’<+“*1V4(T)(€2i+1z) (mod v).

i=0 i=0

Then, there is an absolute constant C such that

X loglogX
:2¢Pand L <X} <C X 1+C y
# ¢ P an } < Coys( )logX( + logX )

2

2\/77121—[ p

Where CO = T p>2ﬁ'

Proof. Let p, be the smallest positive prime p with p = 1 (mod ¢). By using Theorem 3.1 to follow the proof
of Theorem 1.3, we deduce that if p? > 2g(¢)¢*(log¢)?, then £ € P. From this, for a positive number X,
we have

#{e:0¢P and € < X} < #{€: pf < 2g(0)¢*(loge)? and ¢ < X}.

For convenience, let h(x) = %. Then, we have
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#{€ : p? <2g(0)2(loge)? and € < X} = #{¢ : p, < 2h(¢)eloge and € < X}

<Y #e:p,=2nt +1,n < h(®)loge and ¢ < X}

n=1

< Y #{t:p, =2nt +1,n<hX)logX and ¢ < X}
n=1 (3.5)
Lh(X)logX |
< Y #e:p,=2nt+1and <X}
n=1
[h(X) logX|
< ) #{t:2nt+1isaprime and € < X}.
n=1

By [19, Theorem 3.12], for any positive integer n, there is an absolute constant C such that

#{€:2ne + 1 isaprime and ¢ < X} < A p-1 X (1+C10810gX ’
2<p|np -2 (10gX)2k logX

where

A=8
21:1[0( (p—l)z)

Note that for any positive integer n, we have

np—l <1 pp-1) HPHS[H p(p -1 )a(n).

2epinP 1p@+ D -2, P 2@ D -2 n

From this, we have

[h(X)logX] [h(X)logX]
—1<H p(p - 1) a(n)
n=1 2<p|np - 2<p (p + 1)(p ) n=-1 n
p(p _ 1) [h(X)logX]| 1
Q@ fDp-2 5 Ld
[h(X)logX]
<[-2e-b p(p - 1) 1 hX)logX
2 (P + DD - ) & d 4
2
I ]‘[ P -1 px)logx.
2p D+ 1)(p - 2)
Thus, (3.5) becomes
2
#E s p < 2h(OIogt and €< X} <« T2 poo X (14 cloglosX )
3 2pP 1 logX\ logX
Therefore, we conclude that
22 X ( loglogX
€:2¢Pand L <X} < X 1+C . O
#{t:0¢ P an } ( 2]1 s ] NEL )long + O gk

By using Proposition 3.2, we prove Theorem 1.1.

Proof of Theorem 1.1. Let g(x) = (logx) . When O < € < 2, we obtain Theorem 1.1 by Proposition 3.2.
If € > 2, then there is no prime ¢ satisfying pz2 < 2g(2)¢*(loge)? . Therefore, Theorem 1.1 is proved. O
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Now, we prove Theorem 1.5.

Proof of Theorem 1.5. To prove Theorem 1.5, first, we prove that if a(¢, k) > 1 and k is even, then
dimNull(B,,n) > 1 for any positive integer m. Since a(¢, k) > 1, we have

wE @ Ty = 0 gy Loy L
2 2 2
Then, there is h € My, 1(To(4); Z) such that h = 0 2(T) (mod v). Let (c(0), ...,c(k2)) € Z*2+1 sych that
% '
h=Y c(j)FT?1-4,
j=0

Then, (c(0), ...,c(k/2)) € Null(By,,) for any positive integer m since h has the form

h(z) = 1 Y an(n)g™ (mod v).
2 nezZ
e4n
Here, c(j) is the reduction of c(j) modulo ¢. Thus, we conclude that dimNull(By ,) > 1 for any positive
integer m, when a(¢, k) > 1 and k is even.

Now, we assume that Conjecture 1.2 is true. Let v := (v(0), ...,v( L%J)) € Null(By,n) for all positive inte-
gers m, and let v(j) be an integer such that the reduction of v(j) modulo ¢ is equal to v(j). Let

k
%)

fo = D V(DETH4 € My, 1(To(4)).
j=0

Then f, has the form
1 Non?
(2) = — E dv).
£, (2) 5 ap(n*)q" (mod v)

nezZ
e4n

Note that f, = 0¢-D2(£,) (mod v). We assume that k is even. By the assumption that Conjecture 1.2 is true,
we have

f, = afVT(l)@’@("VZ(T) (mod v).

Thus, lim,,_,. dimNull(By ) is less than or equal to 1. If lim,_,.dimNull(By ) =1, then there is
f € Sk 1(To(4); Z) such that

f=0"2(T) (mod v).
This implies that

e+

n(k) —

1, % - w(@OAT)) <k + %

By the definition of a(¢, k), we have a(¢, k) > 1. Hence, we conclude that Conjecture 1.4 is true.
To complete the proof of Theorem 1.5, we assume that Conjecture 1.4 is true. Further, assume that
fe Sk+;(1“0(4); Og) has the form

0(f) = 1 Y sn?ap(sn?)gs™ (mod v)
2 nez
e4n

with a square-free integer s and ©(f) # 0 (mod v). Then, k is even and s = 1 by Proposition 2.4. By Lemma 2.1,
there is fy € Sy,e,3(To(4)) such that fy = ©(f) (mod v). Let (d(0), ...,d((k + € + 1)2)) € O §+t+32 satisfying
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(k+e+1)2

fo = z d(j)F2jT2k+2£+3—4j.
j=0

Let [F, :== Og/. Then, for any positive integer m, we have
(d(0),...,d((k + ¢ + 1)/2)) € Null(By:¢+1,m) ®F, Fy,

where d(j) is the reduction of d(j) modulo v. By the assumption that Conjecture 1.4 is true, the dimension of
Null(By,¢s1,m) is 1 for a sufficiently large m. Hence, f; is congruent to a constant multiple of @m+t+1/2(T)
modulo v. Since r(k + £ + 1) = r(k + 2), we conclude that ©(f) is congruent to a constant multiple of
071k+22(T) modulo v. O

We confirm Conjecture 1.2 under the assumption that k < 1,000, or that ¢ € {5, 7, 11, 13, 17, 19} and
k < 10,000.

Proof of Theorem 1.6. Note that if ©(f) = 0 (mod v), then Conjecture 1.2 is true since as(1) = 0 (mod v).
Thus, we may assume that ©(f) # O (mod v). By Proposition 2.4, s = 1 and k is even. Then, f has the form

f(z) = % > af(n?)g™ + Y ag(en)g*" (mod v).

nez n=1
ein

From this, we have

(f - 0 D2(f))(z) = Y ar(tn)g™™ (mod v).

n=1

Assume that k < % By Lemma 2.1 (3), if f # ©@¢"D2(f) (mod v), then there is a nonnegative integer k,

such that
2
< 1 k+ Lo ,
4 2

80(2) = (f - 0 V2f)|Uf2) = Y ap(en)g™ (mod v).

n=1

£-1

ko=k+ (mod ¢ - 1) and ko +

N | =

and there is g, € Sk0+%(1"0(4)) such that

Since k < %, we have ko = 0 and then g, = 0. Thus, f= 0¢Y2(f) (mod v) when k < % This implies
that f= 0 (mod v) by Lemma 2.6. Hence, we conclude that Conjecture 1.2 is true when k < %
We fix a prime € with 5 < ¢ < 2001. Assume that there is f € S, 1(To(4); Ox) having the form
0(f)z) = % Y mar(n)q™ (mod v)

neZ
24n

such that

ag(1)

o(f) # Tgr@(kJrz)Q(T) (mod v).

Then, f- E,_; € Sk+e_%(l“o(4); Oy) satisfies

ar(1
O(f Ep_y) # %@’E(k”*lyz(ﬂ (mod v).
Thus, for a positive integer mg, confirming Conjecture 1.2 for positive integers k such that k < mg reduces to

confirming Conjecture 1.2 for positive integers k such that my + 2 — £ < k < mq.
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When max(0, 1,002 - ¢) < k < 1,000 and k is even, we obtain by numerical method
dimNull(By, 1,000) = 1.(a(e, k)).

In the proof of Theorem 1.5, we have dimNull(By ) > 1.(a(¢, k)) for any positive integer m. Since
dimNull(By,,) < dimNull(By,1,000) for m > 1,000, we have

lim dimNull(By,m) = L(a(¢, k))
m—oo
when max(0, 1,002 - ¢) < k < 1,000. By Theorem 1.5, we conclude that Conjecture 1.2 is true when
k < 1,000.
The proofs for the cases when ¢ € {5, 7, 11, 13, 17, 19} and k < 10,000 are similar to the proof of the
previous case. So, we skip it. O
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