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Abstract: In this article, we consider a discrete nonlinear third-order boundary value problem

Pu(k — 1) = Aa(k)f (k, u(k)), ke[1,N - 2]z,
Nu(n) = abu(N - 1), Au(0) = —Bu(0), u(N) =0,

where N > 4 is an integer, A > 0 is a parameter. f: [1, N - 2]z x [0, +00) — [0, +00) is continuous,

1 2(1-a(N - N- . .
a:[1,N-2]z - (0, +00),a € [0, ﬁ)’ﬁ € [O, %), andn € [[TZ] +1,N - Z]Z.Wlth the sign-
changing Green’s function, we obtain not only the existence of positive solutions but also the multiplicity of
positive solutions to this problem.

Keywords: third-order difference equation, three-point boundary conditions, sign-changing Green’s func-
tion, Guo-Krasnoselskii’s fixed-point theorem

MSC 2020: 39A10, 39A12

1 Introduction

For any integers ¢ and d with ¢ < d, let [c,d]; ={c,c + 1,...,d}. In this article, we study existence and
multiplicity of positive solutions for the following discrete nonlinear third-order boundary value problem (BVP)

{A3u(k - 1) = Aa(k)f (k, u(k)), kel[l,N-2]g, (L.1)

Nu(n) = abu(N - 1), Au(0) = —Bu(0), u(N) =0,

where N > 4 is an integer and A > O is a parameter. f: [1, N - 2]z x [0, +c0) — [0, +00) is continuous,

a:[1,N-2]z - (0,+00), a € [0, ﬁ), B e [O, %), and 7 satisfies the condition:

(Hp:ne H%] +1,N—2L.

BVPs for difference equations have been widely studied for different disciplines, such as the computer
sciences, applied mathematics, economics, mechanical engineering and control systems, and so on, see
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[1-3]. Great effort has been made to study the existence, multiplicity, and uniqueness of solutions of BVPs
by using fixed-point theorem [4-12], monotone iterative [13], degree theory [14], the method of upper and
lower solutions [15], critical point theorem [16,17], and so forth. In recent years, the existence of positive
solutions for third-order three-point BVPs has also been discussed by several authors, and see [8-11,18,19].
However, it is necessary to point out that Green’s functions in the aforementioned literature are positive.
As we all know, the positivity of Green’s function guarantees the positivity of the corresponding difference
operator. Now, the natural question is: When the Green’s function changes its sign, how could we obtain
the existence of positive solutions? Fortunately, there have been some papers on positive solution for third-
order BVPs when the corresponding Green’s functions are sign-changing, and see [5-7,12,13,20]. For
example, Gao and Geng [6] considered positive solutions of the following discrete nonlinear third-order
three-point eigenvalue problem:

Nu(k - 1) = Aa(Of (k, u(k)), ke[1, T- 2]z,
Au(0) = u(T) = Nu(n) = 0,

where 1 € {%, e, T — 2} forodd T and n € {%,...,T - 2} for even T, and the Green’s function is sign

changing. Furthermore, by using Guo-Krasnoselskii’s fixed-point theorem, Xu et al. [12] considered the
existence of positive solutions for third-order three-point BVP:

(1.2)

Nu(k - 1) = a(k)f (k, u(k)), ke[l,T-2]z,
Nu(n) - adu(T - 1) = 0, Au(0) = u(T) = 0,

where 1 € [[%] +1, T - 2] and the Green’s function is sign changing. Clearly, BVP (1.2) is a special
z

case of BVP (1.1), so BVP (1.1) is parallel to BVP (1.2) but more general. Recently, Cao et al. [5] discussed the
existence of positive solutions for the following BVP:

Nulk - 1) = -Aa(Of (k, u(k)), ke [1,T-1],,
u(0) = 0, Au(n) = adu(T), Au(T) = Bu(T + 1),

where both the weight function a(t) and the Green’s function G(t, s) change their sign. Inspired by the
aforementioned works, in this article, we try to study problem (1.1).

The rest of this article is organized as follows. In Section 2, we study the linear problem. In particular,
we will point out that the Green’s function changes its sign. Meanwhile, we also give a typical example to

explain why we choose 7 ¢ [[%] +1,N - 2] . In Section 3, we impose some conditions to obtain
VA

existence and multiplicity of positive solutions to problem (1.1). In Section 4, we add several specific
examples to verify our main results. The main tool we will use is the following Guo-Krasnoselskii’s
fixed-point theorem.

Theorem 1.1. [21] Let E be a Banach space and K c E be a cone. Assume that Q; and Q, are open bounded
subsets of E with 0 € Q1, Q1 ¢ Qy. If T : K n (Q,\Qy) — K is a completely continuous operator such that
@) N Tul| < llull, u € K n 30, and ||Tu|| = ||ull, u € K n 3Q,,
or
@) | Tul| = |jull, u € K N 3Qy, and ||Tul| < |[ull, u € K n 3Q,,
then T has a fixed point in K n (Q,\Q)).

2 Linear problem

Let us study the linear problem

A3u(k - 1) = h(k)’ ke [LN - 2]2’

2.1)
Nu(n) = abu(N - 1), Au(0) = —-Bu(0), u(N) =0,



DE GRUYTER Third-order difference equation

21 - a(N - 1))

. 1
Wlthﬁ>a20,m

> f > 0. We denote
pr =21 - Bk)A - a(N - 1)) — apk(k - 1)
and

p=21-BN)1 - a(N - 1)) - aBN(N - 1).

Lemma 2.1. Problem (2.1) has a unique solution

N-2

utk) = ¥ Gk, )h(s),

s=1

where G(k, s) = w(k, s) + u;(k, s) + us(k, s) with

a(N - s - Dlk(k = 1) - NN - 1] N - -s-1)

ul(k’ S) =

’

2 - Za(N - 1) 2,0
PN(N - 1) = k(k - 1)
Wik, s) = { wak, 8) = ST s<n,
0, s>n,
and
- osk-s-1) . .
ik, s) = us(k, s) = > 0<s<k-2<N-2

0, 0<k-2<s<N-2.

Proof. Summing both sides of Au(s — 1) = h(s) from s = 1 to s = k — 1, we obtain

k-1
Nu(k - 1) = Nu(0) + Y h(s),
s=1
and
k-2
Au(k - 1) = Au(0) + (k - DA(0) + ) (k — s — Dh(s).
s=1

Summing both sides of the aforementioned equation from 7 = 1 to T = k, we deduce that

u(k) = u(0) + kAu(0) + @Azu(o) +

k-2
Z (k - S)(kz_ S — 1)h(s)
s=1

Next, refer equations (2.2) and (2.3) when Au(n) = aAu(N - 1) is rewritten as follows:

N-2
Au(0) + ih(s) = a(Au(O) + (N - DMu(0) + Y (N -5 - 1)h(s)),

s=1 s=1
and thus,
N-2 n
a(Au(O) + Z (N-s- 1)h(s)) - Zh(s)
AZH(O) _ s=1 s=1
1-a(N-1)

_ ahu(0) NZaN-s-1) L 1
TICav-1) ;1-a(N-1)h(s)_ Szzll—a(zv—l)h(s)'

— 1231

(2.2)

(2.3)

2.4)

(2.5)
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Combining (2.4) and (2.5), we obtain
u(k) = u(0) + kAu(0) + k(k k=1 20y + Z (k- S)(k S~ Dis)
s=1
B k(k-1) abu(©0)  "Zk(k-1)aN-s-1)
=u(0) + kAu(0) + > T e =D + Szzl T 1o e D) h(s)
1 k(k - 1) 1 Lk-s)k-s-1)
- SZ=1 2 1-aN- 1)h(s) i th(s)'
By using boundary condition Au(0) = —Bu(0), we deduce that
u(0) + kAu(0) + k(k -1) adu(0) _ u(O)(L),
2 1-alN-1 21— alN - 1)
Then, by using u(N) = 0, we obtain that
N-2
u(® + Now(©) + =Dy + Y === D) - o,
which is the same as follows:
w01 - ) =~ (o) - Y- == Ui
s=1
_ N -1 -aBu(0) ~a(N -s - ) B 1
ST (1—a(N—1)+§_:11—a(N—1)() z1— a(N - )h(s))

~ Nf(N—s)(N— s

. Dhs).

Hence,

n

P _ N(N - 1) E(aNN-DN-5-1) (N-5)N-s-1)
”(O)( 201 - a(N - 1))) “ 250 —av -y Z( + )h(s)

1) ot 21 - a(N - 1)) 2
and

n _ N-2 e _ _ _ _
s=1 s=1

Finally, we obtain that

ut =57 - I:Z\(r) )— ) ng(kz_ . f(iv a-(;: 3 h(s)
. i k(kz— D aév )+ kf(k - s)(k2 5= D)
l,)ak szlz NS:(N -5 SZI aNUzV- 21 )E% - i)_ 2ns)

k-2
_i k(k—l) h(s)+z(k—s)(k2—s—1)

Z2-2aN-1) h(s)
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N2 a(N = s ~ Dlk(k = 1) - “N(N - 1] AN - -s-D)

~ 4 2-2a(N-1) 2 ®)
n PEN(N - 1) - k(k - 1) k-2
. (k- s)k—s-1)
+ g:l T2 =D h(s) + szzl—z h(s)
N-2 n k-2
=Y wk, $Hh(s) + Y u(k, $Hh(s) + Y us(k, s)h(s).
s=1 s=1 s=1

— 1233

Remark 2.2. We point out that under conditions for a and B, we have 2(1 - a(N - 1))(1 - AN) -

aN(N - 1) > 0. Moreover, if § = 0 and A = 1, we obtain the expression given in [12].

Lemma 2.3. The Green’s function G(k, s) satisfies the following properties:

(@) Ifs € [1, ]z, then G(k, s) is nonincreasing with respect to k € [0, N]z.Ifs € [n + 1, N - 2]z, then G(k, s)

is nondecreasing with respect to k € [0, N]z.

(ii) G(k,s) changes its sign on [0, N]z x [1, N — 2]z. In details, G(k, s) = O for (k,s) € [0, N]z x [1, 1]z,

G(k,s) <0 for (k,s) €e [0,N]z x [n + 1, N - 2]z.
(iit) If s > n, then maxyepo,n1,G(k, s) = G(N, s) = 0 and

min G(k, s) = G0, s) = - =S~ DN - 1) + 1 — alN - )N - 5))

ke[O,N]z P
o (N-n-D@N®N -1 + {1 - alN - DN - n)
P
__W-n-D@WN-Dn+ N -n)
P

If s < n, then ming¢[o,n1,G(k, s) = G(N, s) = 0 and

max Gk, s) = G(0, 5= NV =D = (N =5 - D@N(N = 1) + (1~ aN = D)XN - 5))

ke[0,N1z p
NN-1D-(N-n-DENN -1+ 1 - alV - DN - n)
p
_M@N-n-D-agN-n-DWN-1)
p

Proof. Now, we will study the sign properties of function G.
Firstly, suppose that s >  and s > k — 2. In this case, we obtain G(k, s) = w(k, s) and

a - s - 2k - 200, _ (N-$)(N -5 - Dip,

AG(k, s) = Mk, s) =
kG(k, s) = Ay(k, s) 2 2aN_ D) 2

Notice that Ap, = -28(1 — a(N - 1)) - 2afk < 0, we obtain that AyG(k,s) > 0 fors > nand s > k - 2.
Secondly, suppose that s >  and s < k — 2. In this case, it is fulfilled that G(k, s) = w(k, s) + us(k, s)

and
AG(k, s) = Mau(k, s) + Nus(k, s) = Ak, s) + k— s > 0.
As a result, we deduce that AyG(k, s) > 0 for s > n, which give us that

max G(k,s) = G(N,s) = 0.
ke[0,N]z

Now, if s < n and s < k — 2, we have G(k, s) = uy(k, s) + uy(k, s) + us(k, s) and
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NGk, s) = Na(k, s) + Aup(k, s) + Aus(k, S)
_—ask+s(aN-1)-1) (a(N-s-1) - DNN - DAp, ~ (N - s)(N - s - DAp,
1-aN-1) (2=-2a(N-1))p 2p
1
= m{[—ask + S((X(N -1 - 1)]2p - (a(N -S - 1) - 1N(N - l)Apk

- (N-98)(N-s-1D1 - aN - 1)Ap,}

1
- mﬂl — a(N - DA [N(N = 1) = (N - s)(N = s = 1)] + asN(N - DAp,

+ [~ask + s(a(N - 1) - 1)]2p}
<0.

Finally, suppose that s < n and s > k — 2. We obtain that
MGk, s) = Man(k, s) + Ma(k, s)
N(N-1)Ap,
_ (a(N-s-1) - D2k - T) ) (N - s)(N - s — DAp,

2-2a(N-1) 2p
_ m{[l - a(N - D[NV - 1) - (N = s)(N = s = D]Ap; + 2kp[a(N - 1) - 1]
— as[2kp — N(N - 1)Ap, ]}
<o0.

As a result, we have AG(k, s) < O for s < n. Moreover,

min G(k, s) = G(N, s) = 0.
ke[0,N]z

Summarizing the aforementioned results, if s € [1, ]z, then G(k, s) > 0 and G(k, s) is nonincreasing.
Moreover, if s € [n + 1, N - 2]z, then G(k, s) < 0 and G(k, s) is nondecreasing. O

Remark 2.4. Let us give some reasons for why we choose

[[852n-o,

To obtain it, let us consider the following BVP:

Mutk-1)=1, ke[l,N-2],
Nu(n) = abu(N - 1), Au(0) = —Bu(0), u(N) = 0.

From Lemma 2.1, we obtain

(k)

N-2 1 k=2
u) = Yl ) + Qinlhs ) + Yl ) = o s

s=1 s=1
where
(k) = 3a(N - D(N - 2)[k(k - Dp - p NN - 1] - 2N(N - DN - 2)(1 - a(N - D)p,
+ 6n[p N(N — 1) — k(k — 1)p] + 2k(k - 1)(k — 2)p(1 — a(N - 1)).
Clearly, u(k) = 0 is equivalent to ¢(k) > 0, and
Ap(k) = 3a(N - 1)(N - 2)[2kp — Ap N(N — 1)] — 2N(N - 1)(N - 2)(1 — a(N - 1))Ap,

+ 6n[Ap, N(N - 1) - 2kp] + 6k(k — Dp(1 — a(N - 1))
=6pk[(k - 1)1 - a(N - 1)) + a(N - )(N - 2) - 2n] + Ap, N(N - D[61 — (N - 2)(a(N - 1) + 2)].
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Obviously, if Ap(0) <0 and Ap(N - 1) <0, then Ap(k) <0,k € [0, N - 1]z. By direct computation,
if Ap(0) < 0, then
ps W=D AN-D)

G.

And if Ap(N - 1) < 0, then

ps BPYANQ@N-D+ QN -2 _
6(p + BN)

Combining with the fact C; < %, i=1,2, weobtainn ¢ [[%] +1,N - 2] , Ap(k) <0,k € [O,N - 1]z
z

and ¢(k) > 0, k € [0, N]z. Hence, we have u(k) > 0, k € [0, N]z and Au(k) < 0,k € [0, N - 1]7.
Let

E={u:[0,N]z — R|Au(n) = aAu(N - 1), Au(0) = —Bu(0), u(N) = O}.
Then E is a Banach space with the norm ||u|| = maxe[o,n,|u(k)|. Let
Ko={theE:h(k)=>0,ke[0,N]z;Ah(k) <0, kel[0,N-1]z}.

Then Ky is a cone in E.

Lemma 2.5. Assume (Hy) hold. If h € Ky, then the solution u(k) of (2.1) belongs to Ky, i.e., u € Ky. Furthermore,
u is concave on [0, n + 1]z.

Proof. Suppose that 0 < k — 2 < n. Then

N-2 k=2
u(k) = Y u(k, s)h(s) + iuz(k, $)h(s) + Y us(k, s)h(s)
Ii:zl - -~ 1 N-2
= Z(ul(k, s) + ux(k, s) + us(k, s))h(s) + Z (w(k, s) + us(k, s))h(s) + Z w(k, s)h(s).
s=1 s=k-1 s=n+1
By using the fact that uz(k + 1, k — 1) = 1, we obtain that
k-2
Au(k) = Z(Akul(k, s) + A(k, s) + Aus(k, s)Hh(s) + (wmk + 1, k= 1) + wp(k + 1, k- 1)
s=1

+us(k + 1, k = 1))h(k - 1) + i Dk, s) + Ap(k, s))h(s) — (w(k + 1,k - 1)

s=k-1
N-2
+up(k + 1,k = Dtk - 1) + Y Aan(k, s)h(s)
s=n+1
k-2 !
= Y (Aan(k, s) + Mk, s) + Mus(k, s)h(s) + h(k — 1)
i n N-2
+ Y (Mau(k, s) + Ak, HA(s) + Y. Aan(k, $h(s).
s=k-1 s=n+1

Now, we will show that Au(k) < 0 for0 < k-2 <n.Ifk -1 < n, then

k-1
Au(k) = Z(Akul(k, s) + Aua(k, s) + Nus(k, s)Hh(s) + (w(k, k — 1) + uy(k, k — 1) + us(k, k — 1))h(k - 1)
s=1
N-2
+ i(Akul(k, s) + Agua(k, s))h(s) — (wi(k, k — 1) + uy(k, k — 1)h(k - 1) + Z Ak, s)h(s)
s=k

s=n+1
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k-1 N-2

=Y (Bau(k, s) + Mnp(k, s) + Aais(k, s)A(s) + Z(Akul(k s) + Nk, sHA(S) + Y Nan(k, s)h(s)

s=1 s=k s=n+1

k-1 N-2
<h(| Y. Qan(k, s) + Aan(k, s) + Aas(k, 5)) + Z(Akul(k s) + Man(k, ) + Y. Na(k, s)l

| s=1 s=k s=n+1

[ N-2 k-1
=hm)| Y Aau(k, s) + ZAkuz(k, )+ Y Mk, s)]

| s=1 s=1 s=1

[ N(N-1 -
hp| S D2k M) v s - o, i ek Y- 9
P 2-2a(N - 1) fo % Z2-22(N-1) & '

If k - 1> n, then h(k — 1) < h(n), so no matter either k — 1 < nor k — 1 > n, we always have

=

n2a(N -5 - DRk - TUEAR) N2 (N - s - DAp, L b~ 2K
B k
Bu(k) < h(m) Zl 2= 2a(N - 1) ] 2 Z 2-2aN-1)

S

k-1
+ Y (k-s)
s=1
h(n)

" 12001 - aV - 1)
+ Ap NN - (61 - (N - 2)(@(N - 1) + ).

[6pk((k — D1 - a(N - 1)) + a(N - DN - 2) - 2n)

By using Remark 2.4, we can deduce that Au(k) < 0.
Moreover, if k — 1 < n, then

k-1
Nu(k - 1) =) (Man(k - 1, 5) + Mup(k - 1, 5) + Aus(k — 1, 5))h(s)

s=1

+ Zn:(Aiul(k - 1,5) + Ma(k — 1,5)h(s) + Y Man(k - 1, s)h(s)

s=k s=n+1
RS —as _(@N-s-1D-DNN-DNp,, (N-3s)N-5-DNp, Hs)
= S ) (2 - 2a(N - D)p 20 s
1 (- a(N - s — D)2 - YDy LN - SN = s - DA?
B p B Pr-1
S;( 2-2a(N-1) h(s) g‘c 2p h(s)
N-2 [ a(N-s-1D[2- N<N NN=Dp2 _ _s—
) Pl (N =)W -5 - D, )
some 2 - 2a(N - 1) 20
nof alV - s - D2 - MEENpLT (V- (v - s - D,
<h()| ¥ =
s=1 - 2a(N - 1) 2p

mAzp _> kl}

n
§ TR

s=1

_ hw
20(1 - a(N - 1)

+ Np, NN - 1)

[p{—Zq + a(N - 1)(N -2) + 2(k - D1 - a(N - 1))}

((N-20—aN-1) _alN-DN-2)

. ) + n}].
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Since n > —, it is enough to show that

2 L[ _ _ N - N -
MNMu(k - 1)< 20— alN — 1)) p{-2n + a(N - )(N - 2) + 2n(1 — a(N - 1))}

+ Np, [N(N - 1){-

N-29)(1-aN-1)) alN-DHWN-2) n}]
3 2
<0.

Suppose thatn < k — 2 < N - 2. We have

n N-2 k-2
u(k) = Y (u(k, s) + ux(k, s) + us(k, sHA(s) + Y. w(k, Sh(s) + Y. us(k, SHA(S).
s=1 s=n+1 s=n+1

We will show that Au(k) < 0 forn < k — 2 < N - 2. Indeed, using the same arguments as mentioned earlier,
we obtain that

(i) = i —ask+s@N-1-1) @N-s-1D-DNWN-DAp, N -)N s - Dipy |,
&l 1oy 2 - 2a(N - D)p 2
S w2 faN - s - Dk - M0 (V- sy - s - DA
k — s)h p _ POy h
+ s:%l( s)h(s) + S:%H T % ()
h(n)

= o —a(N - 1)){6/ok((k ~ DA - a(N - 1) + a(N - DN - 2) - 21)

+ Mg N(N - 1[6n — (N - 2)(aN - 1) + D[}
<0.

So, Au(k) < 0 for k € [0, N — 1]z, which implies that u(k) is nonincreasing. Since u(N) = 0, we have
u(k) = 0, k € [0, N]z. For k € [1, 1]z, Nu(k — 1) < 0, we found that u is concave on [0, i + 1]z. O
Lemma 2.6. Let (Hy) hold. Assume that h € Ky and u is the solution of (2.1). Then

min u(k) > 6*ul,
ke[N-6,0]7

where 6= T8 0 e [[F] +1n+1] .

Proof. It follows from Lemma 2.5 that u(k) is concave on [0, 1 + 1]z. Therefore,

u(k) — u(0) u(n +1) - u(O)
k n+1

ke[0,n+1]z.

Meanwhile, u(k) is nonincreasing on [0, N]z, which implies that u(0) = |u. Therefore,

n+1—ku(0) 11+1

k) >
u(k) +1

Thus,

min u(k) = u(0) > n+l-
ke[N-6,6]7

II Il a

3 Main results

In this section, we consider the existence of at least one positive solution of the problem (1.1). Assume that
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(H) f:[1,N - 2]z x [0, 00) — [0, 00) is continuous, the mapping k — f(k, u) is decreasing for each
u € [0, o) and the mapping u — f(k, u) is increasing for each k € [1, N — 2]z;

(Hy) a:[1, N - 2]z — [0, +00) is decreasing.

Define the cone K by

K={ueKy min u(k)> 6ul}
ke[N-8,6]z

and the operator T : K — E by

N-2

Tw(k) = A ), G(k, s)a(s)f (s, u(s)).

s=1

Lemma 3.1. Tj : K — K is a completely continuous operator.

Proof. It is obvious that Ty : K — E is a completely continuous operator. Now, let us prove that T : K — K.
We will show that for any u € K, we have Tyu € K.

Letu € K. Thenu € Ky, which gives us that Au(k) < 0. In other words u is decreasing. Then, by (H1), we
have that f(k, u) is also decreasing on k. Denote y(k) == a(k)f (k, u(k)). By using (H1) and (H2), we obtain
that y(k) > 0 and y(k) is decreasing. Thus, y € K.

Moreover, by using the definition of T, one can check that

N(Tw)k — 1) = Ay(k), ke[1,N-2]
and
N(Tw)(n) = aA(Tw)(N - 1),  A(Tw)(0) = -B(Tw)(0), (Tw)(N) = 0.

Therefore, T satisfies problem (2.1). Now, using similar arguments to the ones given in the proof of Lemma
2.5 and the fact that y € Ko, we know that Tyu € K, and Tju is concave on [0, 1 + 1]z.
Furthermore, by Lemma 2.6 and Tju € Ky, we deduce that

min (Tw)(k) > 6*|| T||.
ke[N-6,61z
Therefore, Tyu € K and T : K — K is a completely continuous operator. O

Set

T:max{n(ZN—n D a0 - DN -1 V- n - DaW - 1)11+(N—n))}’
p p

N-2 6
A=Y ta(s), B= ) G(N-6,s)a(s).

s=1 s=N-6

Theorem 3.2. Suppose that (Hy), (Hy), and (H,) hold. If there exist two positive constants r and R withr + R
such that

(4) fl,w) < o (w) € [1,N = 2]z x [0, 7],

(A) fl,w) = 55, () € [1,N = 2]z x [6°R, R],
then problem (1.1) has at least one positive solution u € K with min{r, R} < ||lu|| < max{r, R}.

Proof. We only deal with the case r < R, since the case that r > R could be treated similarly.
Let Q; ={u € E : |ul| < r}. From Lemma 2.3 (ii), we know that G(k,s) < O for s € [ + 1, N - 2]z and
G(k,s) > 0 for s € [1, 1]z. Then by (4), for u € K n 0Qy, it is obvious that
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| Tl = /I max

N-2
Z Gk, s)a(s)f (s, u(s))
n

N-2
<Ak max Y Gk, s)a(s)f (s, u(s))| + A (Jax 2 Gk, s)a(s)f (s, u(s))
eloNz | i3 Z | s=n+1
2 i n@N-n-1) - “’IIJ(N “ 1= DN =D o of s, u(s))
N-2
oAy Yoo DEW-Dn s N =) o o))
s=n+1 p
N-2
<A Z ta(s)f (s, u(s))
< s=1
Therefore,
1Tl <, w € K 0 a0y G-1

Let Q, ={u € E: |lu|| < R}. Foru € Kn 0Q, and k € [N - 0, 8]z, we have

N-2

TN - 6) =AY GIN - 6, s)a(s)f (s, u(s)) = A Z G(N - 6, s)a(s)f (s, u(s)). (3.2)
s=1 s=N-0

In fact,

N-0-1 N-2
Y GIN - 6, s)a(s)f (s, u(s)) + Y GN - 6, s)a(s)f (s, u(s))
s= s=0+
1 N-6-1 ' N-2
> Y GWN-6,s)as)f(s,us)) + Y G(N - 6,s)a(s)f(s, u(s))
s=1 s=n+1
N-6-1 N-2
> a(mf(, um)| ), GIN-6,5)+ ) GIN-06,s)|.

s=1 s=n+1
Furthermore,

N-6-1 N-2
Y GIN-6,5)+ ) G(N-0,s)

s=1 s=n+1

1a(N-s-D[(N-N-6-1) - %N(N -Dl N, N-S(N-s- 1)
2-2a(N - 1) ot 20

188 PEIN(N - 1) = (N - O)N - 6 - 1)
2-2a(N -1)

\%
Mm

NEIN-0-s)N-6-5-1)
+ Szl :
2a(N -5 - DI(N - N -6 -1) - 2NN - D] N-25 (N s)(N -5 - 1)
. 2-2a(N-1) & 2
pN NN -1 -(N-0N-0-Dp2-alN-2+0)]N-6-1)
2 -2a(N-1)p 2
 pyo(N-6- 1)[N(N_ B - (N-6)2N +6-1)
2 3
L N-OWN-0-DN-6-2) Py_gN-)(N -6+ DN -6-1)
6 6p
. (N-6)N-6-1Dp~-NWN-1Dpy_gaN-0)(N-0-1)
2-2a(N-D)p 2
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_ Py_oN(N-1) - (21\:)— O)(N -0 - 1)p(N_ 0-1) - Pn- 9(N 0 - )[N(N (N 9)(213V+ 0 - 1)]
N N-OWN-6-DN-6-2) pN_e(N—G)(N—0+1)(N—9—1)
6 6p

, pg’—;’(N_ 6 DN )N + 20— 2) + W -OWN-6 ‘61)(‘21\” 26+1)

, W-96 _61)(N— O N+a6-1)

> 0.
Therefore, (3.2) holds, which implies that

Tw(N - 6) = A Z G(N - 6, s)a(s)— =
s=N-6
So, for u € K n 0Q,, we have
I Taull > flull. (3.3)

From Theorem 1.1(i), (3.1), and (3.3), we found that T} has a fixed point u € K n (Q,\Q,), and then u is
a positive solution of (1.1) with r < |u| < R. (|

Theorem 3.3. Suppose that (Hy), (H,), and (H,) hold. If one of the following conditions holds:
Sk, w) Sk, w)

(43) fO°:= lim max =0, fo:=1lim min “—— = oo, (superlinear case), or
u—0%ke[1,N-2]z u u—ooke[1,N-2]z u
. . k,u . k,u .
(A,) fo = lim min flow =00, f®:=lim max flew = 0, (sublinear case),
u—0tke[1,N-2]z u u—ooke[1,N-2]z u

then for any A € (0, co0), problem (1.1) has at least one positive solution.

Proof. (Superlinear case). From (4;), f° = 0, then there exists a constant R; > 0 such that
f(ky u) < %’ (k’ u) € [1’N - 2]Z X [01 Rl]'

Furthermore, since f,, = oo, there exists R, > R; such that

flow > s 2R ) e 1N - 2 x [0Re R

Now, by Theorem 3.2, problem (1.1) has a positive solution u € K.
(Sublinear case). On the one hand, since fy = oo, there exists r; > 0 such that

Flk,u) > ﬁ, (k,u) € [1, N = 2], x [0, n].

Set Oy ={u € E: |lul| <n}. IfueKn oQ,, then

min u(s) > 0*|ul| = 6*n.
0,01z

se[N-
We obtain
N-2
TwN - 6) =AY G(N - 6, s)a(s)f (s, u(s)) = A z G(N - 6, s)a(s) ( )
s=1 s=N-6

This implies that
[Taull = flull, ueKnoQ.
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On the other hand, since f* = 0, there exists r, > 0 such that

Flk, u) < ﬁ (k, w) € [1, N = 2], x [, 00).

We consider two cases: f is bounded and f is unbounded. If f is bounded, i.e., there exists a constant M > O
such that f < M, then we take r; = max{2r,, AMA}. If f is unbounded, then we take r; > max{2r, 1} such that
fl,u) < flk,n), (k,u) € [1, N - 2]z x [0, r]. Set Q, = {u € E : |lu|| < r3}. Now, similar to the proof of (3.1),
we obtain

Tl < lull, ueKnoaQ,.

Therefore, by Theorem 1.1, we obtain a positive solution u € K of problem (1.1). O

Theorem 3.4. Suppose that (Hy), (Hy), and (Hy) hold. IfO < Af® < 6*Bf,, < oo, then for each A € (ﬁ %)
problem (1.1) has at least one positive solution.

1 1

Proof. For any A € (m, il

), there exists € > 0 such that

; <A< ; (3.4)
0B(fo —8) A(f®+e) '

By the definition of f°, there exists r, > 0 such that f(k, u) < (f° + €)u, for (k, u) € [1, N - 2]z x [0, rs].
Let Q3 = {u € E : |lu| < 14}, using similar arguments to these given in the proof of (3.1), we can deduce that

N-2

1Tl <A Z Ta(s)(f° + eu.

s=1
Furthermore, by (3.4), we obtain
(Tl < flull, ueKnaQs.
By the definition of f,, there exists R; such that f(k, u) > (f, — &u, (k,u) € [1, N - 2]z x [R3, 00).

Let R, = max{2r,, %} and Q4 = {u € E : |lull < R4}. If u € K with [lul| = R4, then mingey_g,01,u(s) > 0*lul.
Therefore, similar to the discussion from (3.2) and (3.3), we obtain

)
Twu(N-6) =27 Z G(N - 0, s)(foo — &)0*|ulla(s) = A0*B(f, — &)llull.
s=N-6
By (3.9), we obtain
1Tl > llull, ueKndQy. (3.5)

By Theorem 1.1 (i), problem (1.1) has at least one positive solution u € K. O

Similar to the discussion of Theorems 3.2-3.4, we could obtain the following two theorems. So, we just
state them here without any proof.

Theorem 3.5. Suppose that (Hy), (H;), and (H) hold. If0 < Af® < 6*Bfy < oo, then for each A € (0%%, Af%)
problem (1.1) has at least one positive solution.

Theorem 3.6. Suppose (Hy), (Hy), and (H,) hold. Then the following results hold.
(1) If foo = 00, 0 < fO < o0, then for each A € (O, ﬁ), problem (1.1) has at least one positive solution.

1

(2) If fo = 00, 0 < f, < 0, then for each A € (O, Af—w), problem (1.1) has at least one positive solution.

(3) If f°=0,0 < f,, < oo, then for each A ¢ (ﬁ, oo), problem (1.1) has at least one positive solution.
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(4) If f* =0,0 < fy < oo, then for each A € (9*;3[0’ oo), problem (1.1) has at least one positive solution.

Theorem 3.7. Assume that (Hy), (Hy), and (H,) hold. If

. . k, .
(Fl) fO = llmu_>0+mlnke[1’N_2]Zf( " ) f(u u)

(F,) There exists a constant p > 0 such that f(s,u) < ép forO <u < p ands € [1, N - 2]z, where

N-2 -1
5= (}l > m(s)) ,

s=1

= +00, and

= 400, foo = limy_, oo MiNgep,n-2),

then problem (1.1) has at least two positive solutions u; and u, with 0 < |uy|l < p < .

Proof. Since f;, = +o0o0, there exists a constant r with O < r < p such that f(t, u) > Mu for O < u < r, where
M > 0 satisfies

0
AME* > G(N - 6, s)a(s) = 1.
s=N-60
Let K, = {u € K : ||u] < r}. Then, for Yu € doK,, we have

N-2

TwN - 6) =1 ) G - 6, s)a(s)f (s, u(s))
s=1
[}
=4 ) G(N - 6, 5)a(s)f (s, u(s))
s=N-0

0
> MO Y GN - 6, s)a(s)lul
s=N-6
> [|ull.

Since f, = +00, there exists a constant R; > 0 such that f(t, u) > Mu foru > R. Let Kr = {u € K : |lu| < R}.
Choose R > max{p, %}, then for u € dKg, min¢ey_g,07,u(t) = 8*ull > R;. Similar to the aforementioned

proof, we have || Tull > [u| for u € dKg. Let K, = {u € K : [lull < p}. From (F,), for u € 0K,

N-2 N-2
T = A, max | Y. Gk, s)a(s)f (s, u(s))| < A Y, ta(s)f (s, u(s)) < ull.
€Nz oy s=1

Therefore, for u € dKp, |Tull < |lul. So, T has a fixed point u; in Kp\f(, and anther fixed point u, in KR\IO(,,.
Therefore, problem (1.1) has at least two positive solutions u; and u, with 0 < [wy]| < p < |||l O

Similar to the discussion of Theorem 3.7, we could obtain the following theorem. So, we just state it here
without any proof.

Theorem 3.8. Assume that (H,), (Hy), and (H,) hold. If
fk,w)

u

(L,) there exists a constant q > O such that f(s, u) > Bq for "¢ < u < q and s € [1, N - 2]z, where

. . k,
(Ly) fO = limy_gmaXyeps,y-2, 25 = 0, £ i= lim, oo MaXjept,v-2,/ " = 0, and

9 -1
B = (/16* Y GIN -6, s)a(s)] ,

s=N-6

then problem (1.1) has at least two solutions u; and u, with 0 < |w] < q < |uy|.
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4 Example

Example 4.1. Consider the following discrete third-order three-point BVP:
Nu(k — 1) = Aa(l)f (k, u(k)), ke[1,9]z,

Nu@n) = %Au(lO), Au(0) = —iu(o), u(11) = 0, (4.1)

where A = %, a(k) = %, f(k,u) = ¥u + 20 - 2k. Now, according to Remark 2.4, let n = 6. Furthermore,

we obtain the expression of G(t, s) as follows.

If s > 6, then
(10 = )7 = 8) o, A0 =S)ABT = 35), 16 _ 264 — 4s), s>k-2,
Gk $) =1 8744 792, 3s? 26144 1848, 7, 609
S T OIS P, 37 T OB F O, Lo 2P0 2640, s<k-2.
44 44 2 2
If s < 6, then
2 _ _ 2 _
S -85 -2 k2 + 35 — 2075 + sz — 452 +304s, s>k-2,
Glk, s) = s? - :71 3s2 — 261s 44 7 609
k? + k- —s2+ —s, s<k-2.
44 44 2

Obviously, if (k, s) € [0, 11]z x [1, 6]z, then AxG(k, s) < 0. This implies that G(k, s) is nonincreasing with
respect to k in this case. Hence, maxy¢[o,n1,G(k, S) = G(0, s) = —4s + 304s < 1,680, minejo,n1,G(k, s) =
G(N, s) = 0 and G(k, s) > 0.If (k, s) € [0, 11]z % [7, 9]z, then A G(k, s) > O. This implies that G(k, s) is non-
decreasing with respect to k in this case. Therefore, mingc[o,n},G(k, s) = G(0, s) = —(10 — s)(264 — 4s) >
-960, maxyc[o,n1,G(k, s) = G(N, s) = 0, and G(k, s) < O.

Now, by direct calculation, we choose 6 = 6, then 6* = %:9 = % So

T = max{1,680,960} = 1,680,

N-2 9
10 -s

A= Ta(s) = 1,680 = 7,560,
Z (s) Z T
s=1 s=1

B= Y G- 6,5)a(s) - Z(25(s 87s -2 568 -2A75+22) 3045)10 s _ 2757
s=N-6 s=5 44 44 10 22

We choose R = 448, r = 1,000,000, and from Theorem 3.2, problem (4.1) has at least one positive solution.

Example 4.2. Consider the following discrete third-order three-point BVP:
Nu(k - 1) = Aa(k)f (k, u(k)), ke1,5]z,

Nu(y) = %Au(6), Au(0) = —5i6u(0), u@) = 0, (4.2)

where n = 4, a(k) = g, flk,w) = Ww. By direct computation, we have f° =0, f, = oco.

Furthermore, by Theorem 3.3, for A € (0, c0), (4.2) has at least one positive solution.

Example 4.3. In this example, we continue to discuss problem (4.1) with
u? + (10 - k)
6,323

Vi + 10 - k)
6,323

) (k’ u) € [1’ 9]Z X [Oa 1]a

fle, u) =
s (k,u) € [1,9]z x [1, co).
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We take a(k) = %, A= %,

and n = 6. Then

N-2 -1 1
6=|A) ta(s = —.
[1Emo) -5
Furthermore, if we choose p = 1, then f(k, u) < ép for O < u < p. From Theorem 3.7, problem (4.1) has at
least two positive solutions u; and u, with 0 < ||| < p < |luo|.
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