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Abstract: In this article, we are concerned with the equations of Krylov type on compact Hermitian mani-
folds, which are in the form of the linear combinations of the elementary symmetric functions of
a Hermitian matrix. Under the assumption of the C-subsolution, we obtain a priori estimates in I},
cone. By using the method of continuity, we prove an existence theorem, which generalizes the relevant
results. As an application, we give an alternative way to solve the deformed Hermitian Yang-Mills equation
on compact Kdhler threefold.
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1 Introduction

Let (M, w) be a compact Kdhler manifold of complex dimension n. In 1978, Yau [1] proved the famous
Calabi-Yau conjecture by solving the following complex Monge-Ampére equation on M

(w + V-130w)" = fw",

with positive function f. There have been many generalizations of Yau’s work. One extension of Yau’s
Theorem is to the case of Hermitian manifolds, which is initiated by Cherrier [2] in 1987. The Monge-Ampére
equation on compact Hermitian manifolds was solved by Tosatti and Weinkove [3], building on several
earlier works. See [2,4-7] and the references therein.

The complex Hessian equation can be expressed as follows:

(w + V-130wk A wk = fw", 2<k<n-1

On compact Kdhler manifolds (M, w), Hou [8] proved the existence of a smooth admissible solution of the
complex Hessian equation by assuming the nonnegativity of the holomorphic bisectional curvature. Later,
Hou et al. [9] obtained the second-order estimate without any curvature assumption. Using Hou et al.’s
estimate, Dinew and Kolodziej [10] applied a blow-up argument to prove the gradient estimate and solved
the complex Hessian equation on compact Kdhler manifolds. The corresponding problem on Hermitian
manifolds was solved by Zhang [11] and Székelyhidi [12] independently.

The complex Hessian quotient equations include the complex Monge-Ampére equation and the com-
plex Hessian equation. Let y be a real (1, 1) form, the complex Hessian quotient equations can be expressed
as follows:
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(x + V-100w* A wF = f(z)(x + V-100u) A w™!, 1<l<k<n,zeM.
When f(z) is constant, one special case is the so-called Donaldson equation [13]:
(¢ + V/-100w)" = c(y + V-190w)™ ! A wk.

After some progresses made in [14-17], Song and Weinokove [18] solved the Donaldson equation on closed
Kdhler manifolds via J-flow. Fang et al. [19] extended the Donaldson equation to

(o + V100w = iy + +/-190u)"* A wk

and solved this equation on closed Kdhler manifolds by assuming a cone condition. When f(z) is not
constant, analogous results were obtained by Sun [20,21] on compact Hermitian manifolds.

In this article, we are concerned with Hessian equations of Krylov type in the form of the linear
combinations of the Hessian, which can be written as follows:

k-1
( + N-100wk A w"* = Y ay(x + V-13du) A w™!, 2<k<n. (1.1)
1=0
The Dirichlet problem of (1.1) on (k — 1)-convex domain Q in R" was first studied by Krylov [22] about 20
years ago. He observed that if &;(x) > 0 for 0 < I < k — 1, the natural admissible cone to make (1.1) elliptic is
also the I;-cone, which is the same as the k-Hessian equation case, where

I = {A e R"oy(A) > 0, ...,0(A) > O}.

Guan and Zhang [23] solved the equation of Krylov type on the problem of prescribing convex combination
of area measures. Pingali [24] proved a priori estimates to the following equation in Kdhler case:

n-1
(x + V-1oou)" = Y Cian(x + v-190u)"* A o,

=0

where a; > 0 are smooth real functions such that either ;=0 or a; > 0, and 27;020(1 > 0. Recently,
Phong and T6 [25] solved Hessian equations of Krylov type on compact Kdhler manifolds, where a; are
non-negative constants for 0 <1 < k — 1. When a; are non-negative smooth functions for 0 <1< k -1,
analogous results on compact Kdhler manifolds are obtained by Chen [26] and Zhou [27] independently.

Naturally, we want to extend this result to Hermitian manifolds. On the other hand, Zhou [27] believed
that the condition on a;_i(x) > 0 is not necessary. In fact, Guan and Zhang [23] considered equation (1.1)
without the sign requirement for the coefficient function a;_;(x).

In this article, we mainly concern equation (1.1) on Hermitian manifold without any sign requirement
for ax_1(x). Let T ; be the set of all the real (1, 1) forms, eigenvalues of which belong to Ii_;. To
ensure the ellipticity and non degeneracy of the equation in I}_;, we require smooth real functions «; to
satisfy the conditions: for 0 < I < k - 2, either a; > 0 or a; = 0, and Z;‘Z’gm > 0. Let x, = x + v/~100u and
Xu = X + ~/-100u. To state our main results, we need also the following condition of C-subsolution, which

is similar to C-subsolution introduced by Székelyhidi [12].

Definition 1.1. A smooth real function u is a C-subsolution to (1.1), if x, € I'¥_,, and at each point x € M,
the set

k-1

{A()Y) € Galtk A w' k= Y aqof! Awt and ¥ -, 2 O}
1=0

is bounded.

Theorem 1.2. Let (M, g) be a compact Hermitian manifold, x a real (1, 1) form on M. Suppose that u is
a C-subsolution of equation (1.1) and at each point x € M,
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k-1

Xio A 0" < Y 0Oy A w0 1.2)
1=0

Then there exists a smooth real function u on M and a unique constant b solving

k-2
XA w0k = Y 0ol A+ (g + DX A @R, 1.3)
1=0

with supy(u — u) = 0 and x, € T{_,.

Corollary 1.3. Let (M, g) be a compact Kdhler manifold, x a closed (1, 1)-form. Suppose that u is a C-sub-
solution of equation (1.1) and

k-1
jx" Ak < ZC:IX AWl (1.4)
M =0y

where ¢; = infya;, 0 <1 < k — 1. Then there exists a smooth real function u on M and a unique constant
b solving

k-2
)(lj‘ Atk = Zal(x)xlf AW+ (g + b))(lf‘1 A @kl (1.5)
1=0

with supy(u — u) = 0 and x, € T§_,.

Lately, Pingali [28] proved an existence result of the deformed Hermitian Yang-Mills equation with
phase angle e (%n, %n) on compact Kihler threefold. Let Q be a closed (1, 1) form, Q, = Q + +/-100u.
From [24], the deformed Hermitian Yang-Mills equation on compact Kdhler threefold can be written
as follows:

Q2 = 3sec2(0)Qy, A w? + 2tan(d) sec2()w3. (1.6)

As an application of Corollary 1.3, we give an alternative way to solve the deformed Hermitian Yang-Mills
equation on compact Kahler threefold.

Corollary 1.4. Let (M, g) be a compact Kdhler threefold, constant phase angleé € (%n, %n), and Q a positive
definite closed (1, 1) form, satisfying the following conditions:

302 - 3sec(@)w? > 0, (1.7)

IQ3 = 3S€C2(é)IQ A w? + 2tan(f) secz(é)Iw3, (1.8)
M M M

Q + secO)w € I5. (1.9)

Then there exists a smooth solution to equation (1.6) with supyu = 0 and Q,, € I%.

The rest of this article is organized as follows. In Section 2, we set up some notations and provide some
preliminary results. In Section 3, we give the C° estimate by the Alexandroff-Bakelman-Pucci maximum
principle. In Section 4, we establish the C? estimate for equation (1.1) by the method of Hou et al. [9] and the
C-subsolution condition. In Section 5, we give the gradient estimate. In Section 6, we give the proof of
Theorem 1.2, Corollaries 1.3, and 1.4 by the method of continuity. Although the method is very standard in
the study of elliptic PDEs, it is not easy to carry out this method on a compact Hermitian manifold. Since the
essential C-subsolution condition depends on ao,..., ax_1, we have to find a uniform C-subsolution con-
dition for the solution flow of the continuity method.
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2 Preliminaries

In this section, we set up the notation and establish some lemmas. Let ox(1) denote the kth elementary
symmetric function

oA) = Y o AyeAy, for A=, .,A) eRY, 1<k<n

1<ij <---<ik<n

For completeness, we define 0p(A) = 1 and 0.4(A) = 0. Let 0y (A]i) denote the symmetric function with A; = 0
and oy (Alij) the symmetric function with A; = A; = 0. Also denote by 0x(A[i) the symmetric function with A

deleting the ith row and ith column, and o0x(A|ij) the symmetric function with A deleting the ith, jth rows
and ith, jth columns, for all 1 < i, j < n. In local coordinates,

0 0
Xij = X(g’ 5) = X5t Wi, Xij = X5+ Uy

Define A(y,) as the eigenvalue set of {Xj} with respect to {g;}. In local coordinates, equation (1.1) can be

written in the following form:
k-1
aAl,) = Y. B)GIAN,)s (2.1)
1=0

where

o) XL Aot Cx
o B0 = Zrau).

n

Equivalently, we can rewrite equation (2.1) as follows:

o) 2. o))
00 5 o) ' 2.2
i) gy - e 2.2)

Lemma 2.1. [29,30] For A€ [, andm >1>0,r>s>0,m>r,l > s, we have

oM/ G [orm/c; ]
a/c, | Law/ci]

The following lemma is similar to Lemma 2.3 in [27], but we need to discuss it more widely, that is,
A(x,) € Ti_1 instead of A(y,) € Ik.

Lemma 2.2. Ifu € C3(M) is a solution of (2.2), A(x,) € Ti-1 and B,(x) > 0,0 <1< k - 2, then

o)

Ok-1(A) - C(n, . Osillglf—Zﬁl’ Suplﬂkll) forOst<k-2. (233)

Proof. If % < 1, then we obtain from equation (2.2)

Bo)-L < T _px) <1-B) < C(sup|ﬁk1|), for 0 <l<k-—2.
Ok-1 Ok-1 M
If(;i > 1, ie., Uz—: < 1, we see from Lemma 2.1 that
-1

o (c,’:)k“c,i(@)k“ _ (EHeric

< k-1
Ok ((ohn )kil

< <C(n, k
Ok1 (Crllc—l)k—l ( )

for 0 < I < k — 2, which completes the proof of Lemma 2.2. O
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For any point xo € M, choose a local frame such that Xj = §;X;. For the convenience of notations,
we will write equation (2.2) as follows:

k-2
F(X) = R(X) + Y BRX) = B, (0, (2.4)
1=0
7/ 00.9)) _ _0AX))
where F(X) = o) and F,(X) = oL Let
pi = OF _ OF oA
0Xj;  OAy 0Xj
then at xy, we have
Fi = Figy.

Let

F = Y FI,
i

Lemma 2.3. [23] If A € Ty_; and a;(x) > 0, 0 < | < k — 2, then the operator F is elliptic and concave in T}_;.
From Lemma 2.4 in [27] and Lemma 2.2, we have the following lemma.

Lemma 2.4. If u € C3(M) is a solution of (2.4), A(x,) € i1, then at xo,

n-k+1

<F< C(n, k, inf
k O<l<k-2

ap, suplak_ll)- (2.5)

Lemma 2.5. Under assumptions of Theorem 1.2, there is a constant 6 > O such that
Fi(ui — ui) < -6(1 + ), (2:6)
or
F1>0. (2.7)
Proof. Without loss of generality, we may assume that Xj; >---> X,z. Thus,

F™M >...> F1I,

Since u is a C-subsolution, if € > 0 is small enough, Xy — €W still satisfies Definition 1.1. Since M is compact,
there are uniform constants N > 0 and § > O such that

FX)> B, +6, (2.8)

where

Direct calculation yields
Fil(ui - ui) = F'(X; - Xit) = Fi(Xis - Xi) + FUN - &7 (2.9)

Since F is concave in I}_;, from (2.8), we obtain

Y Fi(X; - Xi) < F(X) - FX) < -8. (2.10)
i=1
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By substituting (2.10) into (2.9), we obtain
Fif(ui; - yi;) < -6 + FIN - eF.

Set 6 = min{g, g, %} If FIN < g, we have (2.6); otherwise, (2.7) must be true. O

3 CY estimate

In this section, we obtain the C° estimate by using the Alexandroff-Bakelman-Pucci maximum principle and
prove the following Proposition 3.1, which is similar to the approach of Székelyhidi [12].

Proposition 3.1. Let ay(x) > 0 for 0 < I < k — 2 and x be a smooth real (1, 1) form on (M, g). Assume that u
and u are solution and C-subsolution to (1.1) with A(x,) € Ii1, )l()(u) € T4, respectively. We normalize u such
that supy(u — u) = 0. There is a constant C depending on the given data, such that

sup|u| < C. 3.1)
M

Proof. To simplify notation, we can assume u = 0, otherwise we modify the background form y. Therefore,
supyu = 0. The following goal is to prove that L = infyu has a uniform lower bound. Notice that A(y,) € Ii_1,
so A(x,) € Ii, that is,

~

Mu = gPup > —gPy, > -C.

Let G: M x M — R be the Green’s function of a Gauduchon metric conformal to g. From [1], there is
a uniform constant K such that

Gx,y)+K>0, V(x,y)eMxM, and I G(x, y)w"(y) = 0.
yeM
Since supyu = 0, there is a point xo € M such that u(xy) = 0. Hence,

u(xo)=judu— j 6o, Y)Bu(y)w"(y)
M yeM

_ j udy - j (G(xo,y) + K)bu(y)a"(y)

M yeM
< judy + fK,
M
which yields
Iluldy < CK.
M

Next, we choose local coordinates at the minimum point of u and L = infyu = u(0). Let B(1) =
{z:|z] <1} and v = u + €|z[? for a small € > 0. From the Alexandroff-Bakelman-Pucci maximum principle,
we obtain

coe?" < jdet(DZV), (3.2)
Q

where

€
x € B(1) : |[Dv(x)| < —,
o0 M : Dol <

v(y) = v(x) + Dv(x)-(y — x), Vy e B(1) .
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Let A — A(x,) = 0 and

ad) &, ald)
(D) IZZOB ‘o)

u is a C subsolution, which means that |)T | is bounded. Since M is compact, there is uniform constantn > 0

= Bk71(x)-

such that A(x,) - n1 satisfies Definition 1.1. Since Q is a contact set, we have Dv(x) > 0, for x € Q, which

implies u;(x) + €6; = 0. Choosing ¢ such that 0 < € < n, on Q, we have
A0 - A(xy) - D 2 A0) - A(x,) — D) = A(uy) + €12 0.
Since

(A kzzﬁ aiA ()
oA 5 oa(AG)

we obtain that |A(y, )| is bounded, which yields |u;| < C. Then

= Bk—1(X)’

det(D*v(x)) < 2*"det (Vi;)z <C.
From this and (3.2), we obtain

coe” < [ det(D) < C - vol(@). (33)

On the other hand, we have for x € Q

v(0) > v(x) — Dv(x)- x > v(x) — %,

o)
£
[vCOl > IL + —|.
2
Then,
_[lv(x)l > _[|v(x)| > L + Slvol(@).
M Q
Since Ilv(x)l is uniformly bounded, this inequality contradicts (3.3) if L is very large. O

M

4 C? estimate

In this section, we establish the C? estimate to equation (1.1). Our calculation is similar to that in [27],
but on Hermitian manifolds, equation (1.1) are much more difficult to treat due to the torsion terms.

4.1 Notations and lemma

In local coordinates z = (zy,...,2,), the Chern connection V and torsion are given, respectively, by

0 _pkd ko oul8i
& dz; oz v oz’

Tf =T - T%,
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while the curvature tensor Rjj; by
Rijii = 8pi a;f
For u e C*(M), we denote
u; = V;iu,  uy = ViViu.
We have (see [4,11,31])
ujr = wyi + Ty,

I
Uik = Ujgg — & Rigimlis

(4.1)
Uik = Wik + Tkuzl,
) ) ) 1
Uik = U — 8™ Rimity + Ty,
and
Uid = Uiy + 8P (Rkl,qup] - R,]kqupl) + TRupii + Tlu,qk TP Tlffupq. (4.2)

Let A5 = gjﬁXiﬁ, AA) = (A, ..., Ay and Ay =---> A,. For a fixed point xq € M, choose a local coordinates
such that A; = A;8;. Since Ay, ..., A, need not be distinct at x,, we will perturb y, slightly such that 4,, ..., A,
become smooth functions near x,. Let D be a diagonal matrix such that D! = 0 and 0 < D? <---< D™ are
small, satisfying D™ < 2D?2, Define the matrix A = A — D. At x,, A has eigenvalues

A=A, A=A-Di i>2.

Lemma 4.1.

Mii 2 Xir + 2Re(X5;T}) — Coy — Co. (4.3)

Proof. Commuting derivative of A; gives

T oy Ay

A':f :X"—Dll‘,
1,1 aqu az,- 11i ( )1

X o az/Tl azpz? a;‘Trs‘ + a)Tl BZZM
M AR, Oz 0z 0Ay 0%z

|X1p1| + |Xplz|2 Re((Dlp)prii) + Re((Dpl)f)(lﬁi)

-2 — (4.4)
pzz A=A p§2 A=Ay
1 1 1 1p
) (DOPHD); + DFHDP) | Xiii + (DM,
p=2 A - /\

A(A) € T implies that [Ay| < (n — 1A, p > 2. If the matrix D is sufficiently small, then |}l},| <(n-DA,p =2,
which means that

We are trying to bound A; from mentioned earlier, so we can assume A; > 1. Hence,

(DP)y(DPY); + (DPH(D¥);
> —
p>2 7 Ap

+ (DM > —C. (4.5)

From here on, C, will always denote such a constant, which depends on the given data and may vary from
line to line. Using
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1
2Re((D')iXpii) < EIXpiilz + Co,

we have

Xigil? + Xy Re((D")iXp) + Re(D™)iXip) _ 1
P LB LU e L SN Y (XpiP + Xi) - Co.  (4.6)
p=2 A - /\p p=2 A - /‘p 1 p>2

From (4.2), we obtain
Usii = Uiini + RifipUpt — RuipUpi + TEWpii + Thunpi — T Tiupg. (4.7)

From this, we have

U A Vs s — Ryt 1y Dy = 4 TPy—: — TP Ty -
Xigii = Xijni + Xigi — Xigii + RinpUpt — Ritippi + Tjjlpti + Tijtipi — Tj Tijlipg

> Xini + ARin — AiRuii + 2Re(Xipi TE) — A TER - Co

(4.8)
— 1
> Xini + 2Re(Xypi T) — — ). 1Xipil? — Coly - Co.
2nk o2
Substituting (4.5), (4.6), and (4.8) into (4.4) gives (4.3). O

4.2 C? estimate
Proposition 4.2. Let a;(x) > 0 for0 < 1 < k — 2 and x be a smooth real (1, 1) form on (M, g). Assume that u

and u are solution and C-subsolution to (1.1) with A(x,) € Ti1, /1()(,_1) € Ii_1, respectively. Then there is an
estimate as follows:

sup|ddu| < C(sup|Vu|2 + 1),
M M
where C is a uniform constant.

Proof. We assume that the C subsolution u = 0, since otherwise we modify the background form y.
We normalize u so that supyu = 0. Consider the function

W = logh + o(|VuP?) + p(u). (4.9)
Here,
<P(t)=—llog(1 - L) O<t<K-1,
2 2K
l/J(t)=—Elog(1 + i), -L+1<t<0,
where

K=sup|Vu? +1, L =suplu|+1, E=2L(C +1),
M M

and C; is to be determined later. Direct calculation gives

1 ’ 1 " 1\2
0<—<@ <—, =2 , 4.10
K Psx ¢ (¢) (4.10)

and

Gl <2C+1D, Y's—E @Y, forall e<—
1-¢ 4E + 1

(4.11)
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derivatives, we obtain

Since M is compact, W attains its maximum at some point xo € M. From now on, all the calculations will be
carried out at the point xo and the Einstein summation convention will be used. Calculating covariant

11y,
0=W= )f{“ + @'(\VuP); + Y'u; — (DA )’, 1<i<n,
1

(4.12)
0% Wy = - MLy s oy + (TP (4.13)
= u - /11 Al it 1 (p u it + (p u M
Multiplying (4.13) by Fi and summing it over index i yield
0> F" Al it F" Ml i
A

+ YFilug + "Fil + o'Fi(|VuP); + @"Fi|(|Vu P)P. (4.14)
1 7

We will control some terms in (4.14). Covariant differentiating equation (2.4) twice in the
the % direction, we have

dlrectlon and

k-2
FiXin + ) (B)iFi = (B
1=0

(4.15)
and
o ) k-2 k-2
FU-PIXi5 Xpg1 + F'Xip1 + 2Re(2(ﬁl)1Fz"Xiil) + z B1iFr = (By_Dni- (4.16)
1=0 1=0
Direct calculation deduces that
.7 .7 a7 k_2 Iy k_z
FiXy = Fid = FiA; + ) BF'A; = By — ) (k - DB,F. (4.17)
1=0 1=0
From Lemmas 4.1 and (4.16), we can estimate the first term in (4.14)
F"Al” FiXiys + 2 FiRe(XiTh) - C
A >I i1l + T e( 13i 11) o
o k-2 k-2
=- TFU ,qul']Tlqui - Re( Z (Bl)lFl” nl) z (ﬁl)ﬁFI (4-18)
1 M =0
" (ﬁkq)li +

ZFiRe(XyTy) - CoF-
Al Al ( 1 ll)
1
It is shown by Krylov in [22] that the (%l)kilil is concave in I}_; for 0 < I < k — 2, which means that

1 li’]i
(ryet) o < 0.
Direct computation gives

k-
R Kk 2 5 T CRIR
which yields

Fibil X X1

D) k-2
-———J _-R 1Fi X
Al /11 e[g(ﬁl)l 1 1)

k-2 k-2

k-1 i -18) k-1-10)
= X By 1| i, o K21 B +Z %H
Sk-1-1A4 k—l B, = k B
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S kiz k- 1 B?
1=0 k- BIAl
2 - CO)

1

where the last inequality is given by Lemma 2.2. Noting that
_Fij_’quilepqi = —Fi{’j]rXiz’lXj)’i — FiL|X 2,
we have

1 oo 2
~FIPTX1Xg1 Re[Z(ﬂl)le 111) > —FiLl|x; 2 -
1

Substituting (4.19) into (4.18) and by Lemma 2.2,

Fi /1/11111 > 7}711,11/5(1.11'2 + %Fi’:RE(XﬁiTlli) - CoF - Co.
Since
Xiii = Xy + Wit = (Xlli ~ X T;'IIJXpi) + Xi — Tis,
we have
Xl < 1Xml — 24Re(Ximi T) + Co(A? + Xl ).
From

Ay = Xz — (DY),

we estimate the second term in (4.14)

P Xl 2 Fij(D1);?
_Fi ’ = _Fi FiRe(X:: Dll ) 1
Alz Alz Alz ( 111( )1) Aiz
|X111| Co ;i
> - - —=F" X35 — CoF

/11 /\12 | 111| 0

| Xin? =1\ _ Co i

—piltinl F"Re Xi1iT;) - —=F"X15] — CoF,

/\1 A1 ( 11i 11) /112 | 111| 0

where the last inequality is given by (4.21) and (4.22). By (4.1), we have the identities

Upit = Uiip = TiAi + Tixyi + Riipgiigs
Upii = Uiip — f}/‘z + Tg,x,-q-
It follows from (4.24) and (4.25) that

iy ey — Ry o FUTI Ay Ty - iR 1 U~
Fluyiiup = Flusipup — F'TiAup + FUTyx ;up + F'RipgUgp

DE GRUYTER

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

k-2
= —Fixgup — Y (BpFity + B Dpitp — FiTpAuy + FiTix up + FiRipgiguy  (4.26)

1=0
> —CO(K%¢ P KK+ K+ st) — CKiFiA,

where the second equality is given by (4.15) and the last inequality given by Lemma 2.2. From (4.16) and

Ki < % + K, we obtain

k-2

—CoK3FiiA; = —cozd(ﬁk_l - Y (k- I)/S,Fl) > -Co - CoK.

1=0

(4.27)
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Noting ¢’ > TIK we substitute (4.27) into (4.26),

(p’Fifupi;up > -Cof - %7"— Co - %- (4.28)

The same estimate also holds for ¢'F i{uﬁi;up. From (4.28), we can estimate the fifth term in (4.14)

Q'Fi(VuP)s = @'Fi(upiup + upiup) + @'F1 Y (upil? + lupil)
p

Co Co 1 . , ) (4.29)
n . —.
>-Cof = 27 = Co= 2>+ o oF §(|u,,l| + [upil?).
Substituting (4.20), (4.23), and (4.29) into (4.14)
_FiLl|y.- |2 LIX 2 X
0> Xl Ft |X11;| - &F" Yol + LF“Z(Iupil2 + |u§i|2)
A Af A A 4K
p (4.30)
+ WFy + Y P+ g FIVUPYE ~ CoF — o~ 27 - 2.
K K
We set
6= min{ 1 s l}, (4.31)
1+4E 2
where
! = ! ’ Cl = (1 + l)&9
1+4E 1+ 8L(C;+1) K) 6
with 6 in Lemma 2.6. Then we have two cases to consider.
Case 1 A,, < —6A;. By using the critical point condition (4.12), we obtain
iy 2 11y,
EAE __pigqwupy, + g - B2
Af A
N2 il 2\ 12 i (Dll)i 2 (4-33)
> -2 ) FU|(|Vul*)il* - 2F " [p'u; - Tl
1
> - 2(¢"V’Fi|(|VuP)l? - 41/ PKF - CoF .
It follows from (4.17) that
. . k-2
YFw; = YF Xy - x) 2 Y| By — Z(k - DBF - Co?') > P'(1 + FCo. (4.34)
1=0
By the fact that
- 11y,
| X _ _¢,(upiuﬁ + upuﬁi) _ l/)’u,- " D )1’
/11 Al
we have
-%Fﬁ@ > —%K’%Fif(lupil + upil) + %lpqéf— CoF (4.35)
1 1 1 1
Since
ii _ 1l
Fl“l:F F and A == Ay,
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we have
_riLli|y.. |2
Xl (4.36)

A
Since ¢" = 2(¢")? and Y" > 0, substituting (4.32), (4.33), (4.34), and (4.35) into (4.30), we obtain
1 > 2 Co 157 Co 1
0> F¥ §(|u,,,~| + lupiP) - TleF“ §(|upi| + lupil) + Tlel[)"f
# Wt + ) - 4R - Gt + 1+ ¢ (4.36)

> &Fﬁzoupilz + Jupil?) + %K%w'ﬂ P'Co(1 + F) — 4@ )’KF - Co(1 + f)(l + %)
p 1

where the last inequality is obtained by using the first term absorbing the |uy|, [up;| terms.
From Lemma 2.4, we know that # is controlled by the uniform positive constant, which means that #

can be absorbed by C,. Noticing that

Filug = Fil (A -y )2 = SFiA2 - CoF, and Fmix L MZK*D
2 n nk

we have

j — 1 1
0>—FiA? - CoK2(1 + C) — Co(1 + C —C1+C2K—C(1+—)
16K i oK2( )] o 1) o )] 0| K

>(n—k+1)62

1
A2 — Co(1 CZK—C(l —).
ok~ G+ &) o' "k

This inequality implies A; < CK.
Case 2 A, > —6A;. Let
I={ie{l,.. n}Fi> §1F1}

For those indices, which are not in I, we have

,
Fi| X5 ]2 Z =, , (DY)
-y = NF @/ (VP + Yy -
igl A? il M
: 11y,
> -2(¢")* Y F|(|VuP)i|? - 2 ) Fijyp'u; - %p (4.37)
i¢l i¢l 1
N2y Fil a2 4K
> -2(¢')?) Fi|(|VuP)? - 5 WEFT - o

i¢l
From (4.12), (4.37), and

|Xii;|2 < |Xli;'|2 vcof1+ | X ’
FYR o

we obtain

Fi| X N2\ i g2 AK o AW 2 DY
- Y 2 2@ VU — P+ Cop! YF(VuP): + Cop' Y F s — Cof

/12
i¢l 1 i¢l i¢l i¢l (4.38)
> -2(¢'? Y Fi|(IVup);|? - %w’PFﬁ = Cop'KFTY (Jupl + [upil) + Cok:p'6-IF! - CoF.
i¢l p
Since
o i _ g1l
—FiLli - Ll and A; > A, = -6A,

Xig - Xi
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we have

- -61
_zFll,lz > T ok ZF“’ (4.39)

iel iel

which yields

_Fii,lilxﬁl|2 S 1- 6zFi{ | Xiua|* )

> 4.40
A 1+6 A2 (4-40)

iel

Recalling that ¢" = 2(¢’)? and 0 < § < %, we obtain from (4.12)
2

(D1, X — X t E{]Xpi

- Ti+
A i A

2" Fi(VuP)I? =2 ) Fi

iel iel

>2 ZFH( 111

iel

/{11 Y'u; -

T3 2 Sl - Co] (4.41)

2
YR - CoF.

e

A

iel
Noticing the fact that " > 1%(1,[)’ )%, for all € < ﬁ = 6, we have
W - S > 0. (4.42)

Inserting (4.38), (4.40), (4.41), and (4.42) into (4.30), we deduce that

-6
+06

LN pit 2 o ey o [ 1 XaP
OZR%‘F“(lupil +|ull,,-|)+(1 +25—1)ZF” 2 + P'Fluy;

iel 1
4K o 1 qpii Co i 1l ( 1)
- 22 @)2FY 1 CoRiy's I - ZOpiEIA (g ey
5 W) ok A A k)°

C
- Co= 22 - oK HF Z(lupil + lupil) (4.43)

e Ul + )+ P - SopilZiil _ 2K yrepr
1 1

_ G
o7k

8K

+ CoKh'6-IF1T — (1 + %)Co?'—

where the last inequality is given by using the first term absorbing the |upl, |up;| terms. Combining (4.34)
with (4.43), we obtain

: 4K ]
02 1 sl + g + 9Pl - SEF
¢ 1 C (4.44)
+ C (l 1§-1F1 4 SOy KiF — (1 + —)C F_c, - o
K2 i =04 De, .- G

From Lemma 2.4, we know that ¥ is controlled by the uniform positive constant, which means that # can
be absorbed by Cy. Noticing that

FilugP = Fi (A - x; ) 2 %Fif/\f - G,
we obtain

> LZFHAI.Z i l[)’Fi{ui{ _ 4_K(¢I)2Fli + COK%lplé'—lFli + @lle% _ (1 + l)CO. (4.45)
2K - 6 A K
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We may assume A; > 2(C; + 1)K, then

Co syt 1 ( 1)
—YP'K2 > -CoK 2> —|1+ = |Co.
A Y ok 7 )Co
There are two cases to consider from Lemma 2.5.

If (2.6) holds, then we obtain 'Filu; > (C; + 1)0(1 + F) > (C; + 1). Substituting this into (4.45) yields

- 2 _ L
0> —LFM2 4 (¢ + 1o — G DK p  CoG+ DK pyy (1 + l)co.
32K B B K

Recall that

We then obtain

0> L 2 16(C, + 1’K Co(Cy + DK2
32K 6 6

]

which implies A; < CK.
If (2.7) holds, then, by (4.17),

2 1
0> Lz MG DK GG D 0(1 N l)co - 0(Cy + DCo.
32K 6 6 K
This inequality again implies A; < CK. O

5 C! estimates

In this section, we obtain the following gradient estimate by the blowup method and the Liouville theorem as
suggested by Dinew and Kolodziej [10]. The argument follows closely Proposition 5.1 in [27], so we omit the proof.

Proposition 5.1. Let a;(x) > O for0 <1 < k — 2 and x be a smooth real (1, 1)-form on (M, g). Assume that u
and u are solution and C-subsolution to (1.1) with A(x,) € I, /t()(y) € Ty_1, respectively. We normalize u such

that supy(u — u) = 0. Then there is an estimate

sup|Vu| < C,
M

where C is a uniform constant.

6 Proof of main theorem

From the standard regularity theory of uniformly elliptic partial differential equations, we can obtain the high
order regularity. We refer the readers to Tosatti et al. [32]. In this section, we prove Theorem 1.2 and Corollaries
1.3 and 1.4 by the method of continuity. As explicitly shown in the proofs of the estimates up to second-order,
we have to find a uniform C-subsolution condition for all the solution flow of the continuity method.

Proof of Theorem 1.2

Proof. Define ¢ by

aMx) &, ak,))
o-1(Ax,)) ,;)B "o 1(Ax,))

= 9(x),
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where A(y,) € Ti1. It is easy to see that

( o(A(x,) + te)  *2  a(Ax,) + te)

M o) + e ,zo a(Ax,) + te)

t—oo

) > ¢,

where ¢; is the ith standard basis vector in R". Since u is a C-subsolution of equation (1.1),

im a(A(x,) + te) f a(A(x,) + te:) . B
t—oo| O (A(x,) + te) S Loa(A(x,) +te) | T TN

We consider

oAy, _"zzﬁ a(A(x,))
oA 5 o)

where A(x,) € Ii—; and b; is a constant for each ¢. Set

=1 -0¢0) + th_(x) + by,

T:={t' €[0,1]|3u € C>?%(M) and b; solving (6.3) for t € [0, t']}.

— 1141

(6.1)

(6.2)

(6.3)

As shown in [20], the continuity method works if we can guarantee (1) 0 € T and (2) uniform C* estimates for
all u. When t = 0, by = 0 by the uniqueness, the first requirement is naturally met. For the second require-
ment, we only need to show a uniform C-subsolution for all the solution flow. The condition (1.2) yields

PO < By ().
At the maximum point of u — u,

oA, _kizﬁ o)) _ _oA)) _kfa Bi(AK.))
oA 5 a0, T aa(ly) & oei(Axy)

which means that

= Q(X)y

(1= 0p0) + th_y(x) + be < P(X),
SO
b < 0.
This means that

(1 - P00 + thi_,(x) + by < B_,(0).

Then C-subsolution condition is uniform for all the solution flow. As a result, we have uniform C*® estimates

of u.
Proof of Corollary 1.3

Proof. We can find a smooth real function h satisfying that all x ¢ M
h(x) > max{¢(x), B;_;(x)}
and

lim

t—oo

O-k(A(Xy) + te; k=2 GI(A(Xy) + te,~)
(m l:zo oAy + ter) > h(x),

which means that the set

1=0 n

k-2 k-1
{)7 € TE X% Aok < Y O A o™l + Cg hOOY* ! A" 1 and ¥ -, = 0}

O

(6.4)
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is bounded. First, we consider

a(A(,)) _kz'zﬁ ai(A(,))
01Ax) 5 o)

where A(y,) € Ii-; and a; is a constant for each ¢. Set

=1 - ¢px) + th(x) + a, (6.5)

T = {t' € [0,1]]3u € C>*(M) and a; solving (6.5) for ¢t € [0, t']}.
When ag = 0, 0 € T,. At the maximum point of u — u, we obtain

A "zz aAk,)) _ _9A)) kZz B
o) 5 e T aa(,) & o)

which means that

= (),

(1- DX) + thOO) + a < P0),

SO
ar < 0.

Obviously,
1 - 8¢ + th(x) + a; < h(x).

Second, we consider the family of equations:

0(A(x,) _kz'zﬁ oAk,
00 & o)

where A(y,) € Ii-; and by is a constant for each t. Set

= (1 - th(x) + tf,_,(x) + by, (6.6)

T = {t' €[0,1]|Fu € C>%(M) and b; solving (6.6) for t € [0, t']}.

Clearly, O € T, with by = @;. Integrating (6.6) on M, we have

k-1 k-1
_[X Atk = Zjalx Awtl I((l ) h + tag g + CCk bt}(,f‘l A @nket

n

k-1 n-k+1
}Yu no

bt IXk N k+1

k-1

> ch I)(’ Awtl g
M

=0

> chp(,i Aw 4 (
105,

ck1

rl

ZJXk A wn—k + an bt _[in1 A wn—k+1.
M Cn

The last inequality is given by the condition (1.4). Hence,
b; < 0.

This means that
(1 - t)h(x) + tB_(x) + bs < h(x).

Then C-subsolution condition is uniform for all the solution flow. As a result, we have uniform C® estimates
of u. a

Proof of Corollary 1.4

Proof. The cone condition (1.7) is equivalent to C-subsolution of equation (1.6) satisfying u = 0. To solve
equation (1.6), we consider two cases.
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Case 1 tan(é) > 0.

Since 2tan(9) secz(é) > 0, equation (1.6) is a special case of equation (1.5) and all conditions in Corollary
1.3 are satisfied. Then there exists a smooth function to solve equation (1.6) and Q,, € T§. Denote the eigen-
value of g% (Qi5 + wif) as A = (A, Ay, A3), and A > A; > As. Obviously, A > A, > 0. From equation (1.6), we have

oA = sec(@)(A + A + As) + 2tan(B) secX(d) > 0.

Hence, A; > 0, which implies Q, € T¥%.
Case 2 tan(é) < 0.
In this case, 0 € (%,n). The sign of 2tan(é) secz(é) does not satisfy our requirement. Let Q, =

Q- sec(é)a). Substituting Q, into equation (1.6), we obtain

Q. = 3sec(0)0- A w + 2secX(B)(sec(d) - tan(@))w?, (6.7)
where Zsecz(é)(sec(é) - tan(é)) > 0. From the cone condition (1.7), we have

3(Q + sec(é)a))2 - 6sec(é)(Q + sec(é)w) Aw >0,

which means that equation (6.7) also satisfies the cone condition. Hence, equation (6.7) satisfies all the
conditions in Corollary 1.3. Then there exists a smooth function to solve equation (6.7) and Q€ 5. Denote

the eigenvalue of g”‘(Qk; + sec(é)g,qr + Wq) as A= ()Tl, )Tz, )T3), and /Tl > )Tz > Xg. Obviously, /Tl =A + sec(é),
for any 1 < i < 3. Since A € I, we obtain
MA+A+ A3 > —35ec(é).
Therefore,
AA; = sec2(@)(A + A + As) + 2tan(8) sec(§) > —3sec3(0) + 2tan(d) sec2(6) > 0,
which implies Q,, € I§. O
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