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Abstract: In this article, the authors consider the commutators of strongly singular Calder6n-Zygmund
operator with Lipschitz functions. A sufficient condition is given for the boundedness of the commutators
from Lebesgue spaces LP(R™) to certain Campanato spaces CP-A(R™).
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1 Introduction and result

Let T be the classical singular integral operator, and the commutator T, generated by T and a locally
integrable function b is given by

T,f = bT(f) - T(bf).

A well-known result by Coifman et al. [1] states that T, is bounded on LP(R") for 1 < p < co when
b € BMO(R™). They also gave some characterization of BMO(R") in virtue of the L? boundedness of the
aforementioned commutator (see also [2,3]).

In 1978, Janson [2] studied the boundedness of the commutator T, when b € Ay([R"), the homogeneous
Lipschitz space of order O < y < 1, which is the space of all functions b, such that

b0 — b _

[bllA,®Y = sup
YRD xyeRr  |x = y|

(1.1)
X#y

Janson proved that T, is bounded from LP(R") to LI(R") for1 < p < g < co if and only if b € Ay([R") with
y=n(/p - 1/q). In 1995, Paluszyniski [4] made a further study of the problem and proved that T, is
bounded from LP(R") to some Triebel-Lizorkin spaces F,"*’(R™ if and only if b € A,(R", for 1 < p < co
andO<y<1.

In 2015, Zhang et al. [5] gave another kind of interesting results for T, when b belongs to Lipschitz
spaces. They proved that T, is bounded from LP(R") to C»A(R™) if and only if b € Ay([R"), for1 < p < oo,
-n/p<B<0and0<y=p+n/p <1, where C»#(R") is Campanato space (see Definition 1.2).
ellél”
&1
the origin (0 < a < 1, 8 > 0), Alvarez and Milman [6] introduced the following strongly singular Calderén-

Zygmund operator.

On the other hand, motivated by the study of multiplier operator with symbol given by away from
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Definition 1.1. [6] Let T : S — S’ be a bounded linear operator. T is called a strongly singular Calderén-
Zygmund operator if the following conditions are fulfilled.

(1) T can be extended to a continuous operator from L? into itself.

(2) There exists a continuous function K(x, y) on {(x, y) : x # y} such that

ly - zI°

IK(x,y) - K(x, 2)| + IK(y, x) - K(z, X)| < Cm,

if2ly —z|* < |x —z| forsome0 <d <1land O < a < 1, and,

(Tf, g) = j K(x, )f (y)g(x)dydx,

for f, g € S with disjoint supports.
(3) For some (1 — a)n/2 < n < n/2, both T and its conjugate operator T* can be extended to continuous

operators from LI(R™) into L2(R"), where 1/q = 1/2 + n/n.

In 1986, Alvarez and Milman studied the boundedness of strongly singular Calderén-Zygmund operator
on Lebesgue spaces and Hardy spaces in [6,7]. Later on, there are many authors discussed the mapping
properties of strongly singular Calderén-Zygmund operators in various spaces. See, for instance, [8-11].
We would like to note that, as stated in [6,7], the strongly singular Calder6n-Zygmund operators include pseudo-
differential operator with a symbol in the Hormander class S, 1, where0<§<a<1,(1-an/2<n<n/2

Now, we define the commutator generated by strongly singular Calderén-Zygmund operator T and
a locally integrable function b as follows:

Ty f(x) = bOOT(f)(x) — T(bf )(x).

The main result of Alvarez et al. in [8] yields the boundedness of T on LP(R"), 1< p < co, when
b € BMO(R™). Afterward, the mapping properties of T, when b belongs to BMO space or Lipschitz space,
on Lebesgue spaces, Morrey spaces, Herz type spaces, and Hardy spaces have been studied by several
authors. See [10-15] for example.

In this article, we will continue the study of the commutator of strongly singular Calderén-Zygmund
operator when the symbol b belongs to Lipschitz space. The aim is to extend some of the results in [5] to
a strongly singular Calderén-Zygmund operator.

As usual, let B = B(xg, r) denote the ball centered at x, with radius r. For a > 0, aB stands for the ball
concentric with B having a times its radius, that is, aB = B(xq, ar). Denote by |B| the Lebesgue measure of
B and by yj; its characteristic function. For f € L, (R"), we write

e j f(odx.

Definition 1.2. Let 1 < p < co, -n/p < B < 1, the Campanato space CPA(R") is given by
CPAR™ = {f € LE(R™, Iflcrsgn < 0o},
where

1/p

WFlerrgeny = j FOO — falpdx|

IBI‘” "\ 1Bl
and the supremum is taken over all balls B in R".

Our result can be stated as follows.
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Theorem 1.1. Let T be a strongly singular Calderén-Zygmund operator, and, &, n, and 6 be as in Definition 1.1.
w <p<oo,-np<Bf<0,and0<y=B+n/p<lIfbe Ay([R"), then T, is bounded
from LP(R™) to Cl”ﬁ([R"), that is, there exists a constant C > O such that for all f € LP(R"),

IT(licrrwm < Clbla,mIflLrwr.

Suppose that

Remark 1.1. Theorem 1.1 gives a new kind of boundedness for commutator T, when b belongs to certain
Lipschitz spaces, compared with the (L?, L7)-boundedness and the (MP:#, M%f+)-boundedness of T;,, when
n(l-a)+2n
n
respectively.

<p<g<ooand 0<y= n(— - —) < 1, obtained in [12, Corollary 1] and [10, Theorem 2.2],

2 Proof of Theorem 1.1

To prove Theorem 1.1, we need some known results. The first one is due to DeVore and Sharpley [16] and
Janson et al. [17] (see also Paluszynski [4], Lemma 1.5).

Lemma 2.1. Let 0 < y < 1 and b € A/(R™), then for all1 < p < oo,
1/p

Iblla,®m = Ilb(X) - bglPdx | = SUP B Ib — bglos)-

|B|Y/" |BI IBIW”

The next result is easy to check by using (1.1). See also DeVore and Sharpley [16], page 14.

Lemma 2.2. [16] Let0 <y <1, b € Ay([R"), and B and B' be balls in R™. If B' ¢ B, then
|by: ~ sl < Clbli,gnBY™.

Now we recall the boundedness of strongly singular Calderén-Zygmund operator T on Lebesgue spaces.
Let us observe that T is bounded from L*® to BMO ([6], Theorem 2.1), from L! to L ([7], Theorem 4.1), and
from H! to L! ([12], Lemma 2), and note the assumption (3) in Definition 1.1, and by interpolation between
these estimates, we achieve the following LP-boundedness of T. We refer to [12] (page 1052) and [11] (pages
42 and 43), for details.

Lemma 2.3. Let T be a strongly singular Calderén-Zygmund operator, and, a, n, and 6 be the same as in
Definition 1.1.
(1) If1< p < oo, then T is bounded from LP(R") to itself.

(i) If"(l%n)”" < U < 00, then there is a positive number v satisfying 0 < u/v < a, such that T is bounded from
L*(R™) to LY(R™).

l]’

, 1-a)+2
1 when"(+n)+"sus2andv="7when

29" -uq' +2u-2
2 < u < 0o, where q is given in Definition 1.1 and q' is its conjugate index.

Furthermore, the index v can be chosen as v =

Now, let us prove Theorem 1.1.

Proof of Theorem 1.1. For any f € LP(R"), it suffices to prove
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1/p
j| L) - (GAslPdy | < Clbla ol @1

IBI’“” |BI

for all balls B in R".

For any ball B = B(xq, r) centered at xo with radius r, we divide the proof into two cases.

Case 1. The case when r > 1. Denote by B* = 8B = B(x, 8r) the ball with the same center as B and 8
times the radius. Let f; = fyz- and f; = f - fi. For any real number c, by Minkowski’s inequality and Holder’s
inequality, we have

1/p

! IIbe(y) (T FslPdy

1B | 181
1/p 1/p
1
< T - clPd I - c|Pd
B lBljuf(y) Pay |+ | g |1 — el
1/p
1
< T - clPd T;
B |B|j|bf(y) crdy |+ T~ c
1/p
1
< T - clPd I - cldz
B |B|j|bf(y> Pay| g | B
1/p 1/p
1 1
< ——|—= | IT; - clPd _[T z) — clPdz
e i L I Il [VO R
B
1/p
< 2l (1) - e
BTZE N A
B

Let ¢ = —(T((b - bp)f2))s and notice that T, f = T,_p, f, one has

1/p

jm,f(y) ~ (T,f)slPdy

IBI’”" 1Bl

1/p

2 j|Tb b f (V) + (T((b - bp)f2)) | Pdy

1B/ 18]

1/p 1/p (2.2)

2 j IT((b - be)f)(y)|Pdy

|BF/"| 1Bl

IA

Il(b(y)—bB)Tf(Y)lde + |B|ﬁ,n B

1/p

2 jm(b b)) — (T((b - bp)fy))slPdy

+
BP/"| 1Bl

Il + Iz + 13.
For I, note that 1 < p < coand 0 < y = B + n/p < 1, it follows from Lemmas 2.1 and 2.3 that

1/p

L=

B j|<b(y> - BT (y)IFdy

1/p

Ib - bglli) jm‘(y)v’dy
B

2
< —
|B|y/n
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< ClIbla,e 1 Tf lLrawry
< ClIblla,®m If e

Next we estimate I,. Again we note that1 < p < coand0 <y = 8 + n/p < 1. By Lemmas 2.1, 2.2, and 2.3,
we deduce

L< |B|y/" ——|IT((b - be)f)llrwn

|B|y/" ——|(b - bp)filrrwn

< Bly,n — {1 = bl + Ibs ~ bo)flire }

|B|y/n ——{lIb - bl + Ibs — bal}HIf ey

|B|V/n {C|B*|y/"||b||1\y(uz") + C||b||Ay(R")|B*|y/"}|lf||LP([R")
< ClIblla,w Iflrwry -

Now, let us consider L. Since for any w, y € B = B(xo, r) and any z € (B*)¢ one has 2|y - w|* < |z — w|,
it follows from Definition 1.1 that

IT((b - b)) — T((b - bp))w)| < j IK(y, 2) - K(w, 2)||(b(z) - bp)fu(2)|dz
Rn
- j IK(y, 2) - K(w, 2)|[b(z) — bgllf (2)|dz
B"

w
<o [ LMo - bl 03
(B)
w
<cy | %w@)—bsmz»dz
k=1 gk k-1
zk

< Cr&—&/a e~
i 1|2 B¥|

j Ibz) - bsllf (2)]dz.

Observe that the last term of (2.3) is always independent of w and y, for any w, y € B. Then we can write

1/p
[ 114 1/p
2 1 1
= IBF/™ | 1B J 1Bl I|T((b — bp)h)(y) - T((b - bp)f,)(W)|dw | dy
B L B ]
[ 14 1/p
i< L i 5—6/0( B (24)

= |B|ﬁ/n |B| j |B| J- Cr b 1|2kB* J. |b(Z) bB”f(Z)le dw dy

Crﬁ(l 1/a) @ 2 ké/
|BJ/n 2"B*

j Ib(z) - byllf (2)ldz

créa-1/a & 2 —k8/
|B|f/n 2"B*

Crb‘(l 1/a) @ 2 —kb/a
|BJA/ 2"B |

j Ib(z) — bygllf)ldz + j byt — bsllf 2)ldz

=h1+ 13,2-
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Applying Holder’s inequality, Lemma 2.1, and noting that 0 < y = 8 + n/p < 1, we obtain

1/p’ 1/p

j Ib(z) - by l”'dz j F(2)Pdz

2kp*
% 1/p’ .
2B "™ VP bl e I ey

601-1/0) &
|B|ﬁ/n Zz—k6/a|2kB*|ﬁ/n

Cr6(1 1/a) @ 2- k6/a
IBIF = |2%B |

L;<

Crda-1/a) & >-ké/a
[BIf/m & 12kB|

< ClIblla,wy I lrwn ——2—

< ClIblla,wnlIf lpgrro@-1/9 Z 2k(B-5/2)
k=1

< ClIblla,w™ IflLewny

where in the last step we made use of the fact that r®1-1/® < 1 since r > 1 and 6(1 — 1/a) < 0 and the fact
that the series ) ;> 2K(-6/% s convergent since § — § /a < 0.
For L, noting that 0 < y = 8 + n/p < 1 and applying Lemma 2.2 and Hélder’s inequality, we have

Crda-1/a) & 2 ké/a
bo= T X i j byt ~ bellf @)ldz
Cr&(l—l/a) oo 2 —-ké/
BT Z|zk3*| 1B, [2B7 /" I f@dz
k=1 Jkge
1/p
r6(1—1/a) © 2—k6/a k P
< C||b||Ay([R")W ZT'Z B |/ I [f)Pdz | [2*B*[-1/P

B & 125 )

SC“b”Ay(R")”f”LP(R") BPT ZZ k8/a| 2k x|/

< ClIblla,wn If lpgr ro@-1/9 sz(ﬂ’ﬁ/“)
i

< CIblla,wy Iflrwr
where in the last step we also made use of the fact that r®0-/® < 1 and Y;° ,2k6-6/% js convergent. This,
together with the estimates for L ;, yields
L < ClIblla,w If lrgm.
Combining the estimates for I;, L, and L leads to (2.1) for the case r > 1.

Case 2. The case 0 <r<1. Set B = B(xo, r¥) and denote B" = 8B = B(xo, 8r%). Let f; = fyy and
fu = f — f5. For the same reason as that in (2.2), we deduce that

1/p
lBlﬁ/n o jm,f(y) ~ (T, fplrdy
1/p 1/p
< | 1000 - bmoaPay |+ g (1T - bRy
} ’ 1/p
+ | [ 1T = 000 = (b~ Bfysirey
2

h+1+]s.



DE GRUYTER A note on commutators of strongly singular Calderén-Zygmund operators —— 1063

Similar to I, we have

1/p
j|(b(y) —BRTF)IPAY | < Clbll el

L= |B|y/"

To estimate J,, we first observe that, by Lemma 2.3, there is an s satisfying 0 < p/s < a such that T is

bounded from L? to L since "(1+n)*2’1 < p < co. This, together with Hélder’s inequality, Lemmas 2.1 and 2.2,
gives
1/p
f2= W JIT«b bp)fs)(y)|Pdy
2
< g 1@ - bf)lvey

C

|B|ﬂ/n+1/s — s 1 = be)fsllrwry

|B|ﬂ/n+1/s{”(” by + I(bg = be)flirary }

< e (10 = Diiaay + g~ ol s

C s
< WlB Y7 1blla, @ IF oy

< Crla-Dp+(a /pfl/s)n"b"Ay([Rn) "f"Lp([Rn)
< ClIblla,w™ IflLegmy »

where the last two steps follow from the condition 0 < y = 8 + n/p < 1and the fact that r@-D8+@/p-1/sn < 1
since0O<r<land(a-1B+ (a/p-1/s)n>0.

Finally, let us consider J. Since O <r <1 and 2|y - w|* < |z — w| for any w,y € B = B(xg, r) and
z € (B")¢, similar to (2.3), we have

IT((b - b)) — T((b - be)f)w)| < ju«y, 2) - Kw, 2)I|(b() - bp)fu(@)ldz
<c j =) @)l

|n+5/a

B
00 _ 1
c<cy [ e - i@

_ n+é/a
k=1 sz \zk 15" Iz - wl
¢y j Ib(z) - byllf 2)ldz.
- 128
2kB
Reasoning as in (2.4), we can also write
1/p
T(b-b -(T((b-b rd
s = IBI’”" Bl JI (« B)f)(y) — (T(( B)f4)) Py
C 2 -ké/a J-
<— b(z) - bg||f(2)|dz
Bpm 2 |2’<B| |b(z) - ballf (2)]
C_ 520 [y b dz 32 by - balf )1z
< — _
< B L j| @) - byglif@ldz + IBI‘”" 2 i zil 25 = bollf )

=1+ h.
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To estimate J; ;, we first observe the fact that 5@V < 1 since 0 < r < 1 and B(a - 1) > 0 and the series
Yo 2kB-8/% is convergent since B — § /a < 0. Then by Holder’s inequality and Lemma 2.1 and noticing that
0<y=pB+n/p<1, weobtain

C © 2—k6/a
Ba= TR ZW I Ib(z) - byy|lf (2)ldz
BIFm & 1247 )
2B
1/p’
C © 2—k6/a ,
<BpR L FE [ 6@ - bagdz| Wb
k=1 5
C - 2’k5/“ % !
< g 2 Z T 12" " VBl 4 ey I Ty
C
< 1B 2 Zz Ko1@ kB | I b i, ey I r ey

(e¢]
< ClIblla,wnIflrgnrPe? Z Jk(B-6/a)
k=1

< Clblla,em Iflrwry -

For J5,, applying Lemma 2.2 and Hélder’s inequality, and observing again the fact that rf@ <1,
the series Y 2KF-8/%) i convergent and 0 < y = 8 + n/p < 1, and we have

P j by — billf@)Idz
2= g L g ) P b
C 2-ké L.
= =~ 2kB y/n b A n f z dZ
TG k;'sz*ll Pl ) @)
2kB*
C & 2—k5/a s B ’
v /n A n L kp*l/p
~BPIn & Z 125B| [2B" " [1blla,wm Iflpros 127
C
< P 2 Zz K8/ 2KB B bl e ey

(e9]
< ClIblla,@nIflrgnrPe? z k(B-8/a)
k=1

< ClIblla,wyIflrwr -

The estimate for J; 5, together with the ones for J5 ;, yields
I < Clblla,wy Iflewr -
Combining the estimates for J;, J>, and J5, we deduce (2.1) for the case 0 < r < 1.

Now, we finish the proof of Theorem 1.1. |
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