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Abstract: In this paper, the authors present some monotonicity properties for certain functions involving
the complete p-elliptic integrals of the first and second kinds, by showing the monotonicity and concavity-
convexity properties of certain combinations defined in terms of .}, &, and the inverse hyperbolic tangent
arth,, which is of importance in the computation of the generalized pi and in the elementary proof of
Ramanujan’s cubic transformation. By these results, several well-known results for the classical complete
elliptic integrals including its bounds and logarithmic inequalities are remarkably improved.
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1 Introduction

Throughout this paper, we denote the set of positive integers (the inverse hyperbolic tangent) by N (arth,
respectively), and let r'? + r? = 1 for each r € [0, 1] and p € (1, o). For r € (0, 1), the complete elliptic
integrals of the first and second kinds are defined as follows:

m/2
A= H(r) = I (1 - r2si2t)y 124,
< ) (1.1)
A= AW = 0,
H(0)=m/2, #(1) = co, and

m/2

E=6@0) = j (1 - rZsin?t)'/2dt,
0

] (1.2)
&' = 6'() = 60,
E0)=m/2,61) =1,
respectively, which are the particular cases of the Gaussian hypergeometric function:
F(a, b, c,x) = ,F\(a, b; ¢; x) = me" (x| < 1) (1.3)
= (©)nn!
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fora,b,c € C with ¢ # 0, -1, -2,..., where (a), = a(a + 1)(a + 2)---(a + n - 1) for n € N, and (a)y = 1 for
a # 0. As a matter of fact, it is well known that

H(r) = EF(l, l; 1; rz) and &) = EF(—l, l; 1; rz) (1.4)
2 \2 2 2 2 2

[1,17.3.9-17.3.10]. For the properties of the complete elliptic integrals, the readers can refer to [2-21] and the
bibliographies therein.

As far as the complete elliptic integrals of the first and second kinds are concerned, there are kinds of
bounds for them in terms of the inverse hyperbolic tangent function [1, 15.1.4], that is,

- 1

arthr 1 3
=F{=, 1 = r2)=
(3u37)-2

r no2n+1

ra, (1.5)
In 1992, Anderson et al. mentioned such bound, and they presented the double inequality [7,
Theorem 3.10]

arthr (1.6)

1/2
(arthr) . E%(r) .
n

for r € (0, 1). This was improved by Alzer and Qiu in [4, Theorem 18] as

o ﬁ1
(arthr) y g%(r) Py (arthr) (1.7)
r m r

forr € (0, 1) with the best possible constants @ = 3/4 and §; = 1. In [15, Theorem 1.2], Wang et al. obtained
the double inequality

—(1-1r2 _(1_ g2

%_ 3nr - (1 -r?arthr < ) < % . (g B l)r 1 - r»arthr

16 r (1.8)

holds for all r € (0, 1).

In 2014, Takeuchi [22] introduced a form of the generalized complete elliptic integrals as an application
of generalized trigonometric functions. The complete p-elliptic integrals of the first and second kinds are,
respectively, defined as follows: for p € (1, c0) and r € [0, 1),

My /2
dé T, (1 1 Ty _
Hyp = Hp(r) = I - — = —F(—,l— —; 1; rl’), Hp(0) = —, Hp(I') = 0 (1.9)
(1 -rPsinbg)-17 2 (p p 2
and
My /2
0 . 1 ﬂp 1 1 0 ﬂp —
&p=Er)= | (1-rPsinhh)/Pdf = 7F —,——; 1; 1P|, 6,00) = - &) =1, (1.10)
b p

0

where sin,0 is the generalized sine function, defined by the inverse function of

0
arcsiny(0) = jmdt, 0<6<1,
0

j‘ 1 _7n/p
) (1-tPYP  sin(m/p)’

s
?p = arcsiny(1) =

In [23], it was obtained that, for p € (1, co),

arth,r 1, arth,r
P« Hp(r) < ?p—p, (1.11)
r
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where

arth,r -
P o_ F(l, 1; LN 1; rp) =y Lo (1.12)
r p p aobn + 1

is the generalized inverse hyperbolic tangent function.
Recently, Wang and Qi [24, Theorem 1.3] obtained the bounds

m, , arth,r m, , arth,r
%—q (1= agr?) < Apq(r) < %—q(l - BsrD) (1.13)
r r

forr € (0,1), p, q € (1, co) with the best weights a; = 1 - 2/m, ; and ; = 1/[pq(q + 1)], where

1
1
Ty,q = ZI mdt.
0

When p = q, #p o(r) = A (1), arthy(r) = arth,r, m, ; = m,. And as we know, for p = 2, these functions
reduce to well-known special cases #,(r) = #'(r), &,(r) = 6(r), arthy(r) = arthr, m, = m, and numerous
properties of the complete p-elliptic integrals have been obtained (cf. [22-29]) and bibliographies therein.

Inspired by the inequalities (1.7), (1.8), (1.11), and (1.13), the topic of studying the properties of the
complete p-elliptic integrals is to approximate .#,(r) and &,(r) by means of the function r — (arth,r)/r.

The main purpose of this paper is to present several new monotonicity properties of the complete p-
elliptic integrals. By obtained results, some approximations of 2#,(r) and &,(r) by certain combinations in
terms of arth,,(r)/r and polynomials are derived.

2 Preliminaries and proofs

In the sequel, we sometimes omit the variable r of the generalized and complete elliptic integrals when
there is no confusion, and always let arth,, denote the generalized inverse hyperbolic tangent.

In order to prove our main results stated in Section 3, let us recall the following well-known formulas
[22, Proposition 2.1]: For r € (0, 1), p € (1, c0),

dx, _ Ep(r) = r'PA (1) % _ &p(r) = Ay(r) 2.1)
dr rr'? > dr r ’
d rP-16,(r)
=)= T; .2)
darthy, _ 1 :L, (23)
dr 1-rp 1P

which will be frequently applied later.
Now we present several lemmas in this section.

Lemma 2.1. (See [8, Theorem 1.25]) Let —co < a < b < oo, f, g : [a, b] — R be continuous on [a, b] and be
differentiable on (a, b) such that g'(x) + 0 on (a, b). Then both the functions [ f(x) — f(a)]/[g(x) — g(a)] and
[f() = f(b)]/[g(x) — g(b)] are (strictly) increasing (decreasing) on (a, b) if f'(x)/g'(x) is (strictly) increasing
(decreasing) on (a, b).

Lemma 2.2. (See [16, Theorem 2.1]) Suppose that the power series f(x) = Y caxx™ and g(x) = Y. .byx™ have the
radius of convergencer > 0 with b, > 0 for alln € {0, 1, 2,...}. Let h(x) = f(x)/g(x) and Hy ¢ = (f'/g")g - f,
then the following statements are true:
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(1) If the nonconstant sequence {a,/by}|>, is increasing (decreasing), then h(x) is strictly increasing
(decreasing) on (0, r);

(2) If the nonconstant sequence {a, / b,} is increasing (decreasing) for 0 < n < nqy and decreasing (increasing)
for n > ny, then the function h is strictly increasing (decreasing) on (0, r) if and only if Hr ¢(r) > (<)0.
While if Hy o(r™) < (>)0, then exists 6 € (0, r) such that h(x) is strictly increasing (decreasing) on (0, 6)
and strictly decreasing (increasing) on (6, r).

Our first lemma presents several properties of the generalized inverse hyperbolic tangent func-
tion arth,,.

Lemma 2.3.

(1) For p > 1, the function g(r) = [r — r'Parth,r]/rP*! is strictly increasing and convex from (0, 1) onto
(p/(p+1,D.

(2) For p> (3 + J17)/4, the function g(r) = [1 + (p - 2)rPlg(r) is increasing and convex from (0, 1)
onto(p/(p +1),p - 1).

(3) Forpe (3 + J17)/4,1 + J2), the function gy(r) = [r + (p - 1)r”’arthpr]/(rr’) is strictly increasing and
convex from (0, 1) onto (p, 00).

(4) For p € (3 +/17)/4,1 + J2), the function g,(r) = (r - r'’Parthyr)/[r'(arth,r — r)] is strictly increasing
from (0, 1) onto (p, co).

Proof.
(1) By (1.12), g(r) can be written as follows:

1 - r'P(arthyr /1) X

pZ

yielding the monotonicity and convexity for g, and the limiting value g,(0") = p/(p + 1). Clearly,
g) =1
(2) Clearly, g(0) =p/(p + 1), &) =p - 1. By (2.4), g, can be written as follows:

g(r) = (2.4)

rp (pn + 1)(pn +p+ l)

o < rpn 2 pp(n+1)
r)=
=P ,;,(pn+1)(pn+p+l) Z pn+1)(pn +p + 1)
-L_py PO -Un+ @ =30 =1y (2.5)
p+1 ao(pn+ D(pn +p + D(pn + 2p + n)
i f(n, p) i
p+1 — (pn + )(pn + p + 1)(pn + 2p + n)

where f(n,p) =p(p - Dn+ (2p? -3p - 1) = (n + 2)p?> — (n + 3)p — 1. It is easy to see that f(n, p) is
strictly increasing with respect to p. Then f(n, p) > f(n, 3 + +/17)/4) = [(7 + +/17)n]/8 > 0. Hence,
the monotonicity and convexity properties of g, follow from (2.5).

(3) The limiting values of g; are clear. By (2.3) and by differentiation, we obtain

[p - p(p - Dre-arthyrlrr’ - [r + (p - Dr'Parth,r](1 - 2r2) /r' @D

!
r)=
gB( ) (rrl)Z
rlpr'’? — 1+ 2rP] — (p — Dr'Parthyr[(p — 2)rP + 1]
B r2p! (P+D)
p » p (2.6)
_(p-D-r arth,r) + 2 - p)r?[r + (p — Dr'Parthyr]
- )
rp-1  r—r'Parthyr pr'Parth,r
- ) _ _ )P Bk i
(D) rp+l (p=D+@-pril+ r — r'Parth,r
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p-1 r—r'Parth
A p’[(p—l)+(2—p)rp(1—p+¢”
r_

r'®eD reet r'Parth,r
rp=1 1 —r'Parthyr pre+l

= ) . _ _ _pyp 4 P
rr(p+1) rp+1 P-D+Q-p)|A-prP+ — r'parthpr
rp-1

NI A0 - DIL + (p - DrPlgy(r) + p(2 - p)}
rp-1

g [(p - Dgy(r) + p(2 - p)]
rp-1

=G Gy(r),

whereG(r) = (p — 1)g,(r) + p(2 - p). Hence, by the part (2), G, isincreasing on (0,1) for p > (3 + /17) /4.
On the other hand, it is easy to verify that

_pn2
G0y PP 2+ 1)
p+1

for p € (3 + V17)/4, 1 + J/2). Consequently, by (2.6), g; is strictly increasing on (0, 1) with g;(0) = 0,
and hence, the monotonicity and convexity properties of g; follow from part (2).
(4) LetGy(r)=r/r - r’(”’l)arthpr and Gs(r) = arth,r — r. Then G,(0) = G3(0) = 0, g,(r) = Gx(r)/G5(r) and

Gy(r)/ G5(r) = g(1). .7)
Hence, the monotonicity of g, follows from Lemma 2.1 and part (3). Applying I'H6pital’s rule and (2.7),
8,(0") = p and g,(I") = oco. |

Lemma 2.4. Given p € [2, 0o), the function h(r) = &,/[r'P™D#,] + (p — 2)r' is strictly increasing and convex
from (0, 1) onto (p — 1, c0).

Proof. Clearly, h(0) = p — 1 and h(1) = co. Differentiation gives

P, - Hp)H, & — 1P, rp-1 Sy r P!
h'(r)={ LR [ e B L | LU A SR 2)(—,)
r rr r r
ryt & (A = ENIP & - 1P A, r'PA
~(5) e - [ BT 8
r roAy rPéy TP Ay ép
r p-1 gp
= (7) : W[(P -1 - H()],
where
(A = EYP & 1P, r'PA;
Hr)=—+t—Ft—+ L _—F 4 (p-2)—L
rPé, P ép

By [23, Lemma 3.4(2),(3),(5)], for p > 2, we see that Hi(r) is decreasing from (0,1) onto (0, p — 1). Hence,
it follows from (2.8) that h' is the product of three positive and increasing functions. This yields the
monotonicity and convexity properties of h. O

Lemma 2.5. The function j(x) = 1/sinx — 1/x — 1/x is increasing from (0, ) onto (-1/m, co), and exists
Xo = 1.451765874910260 --- €(0, 1) for j(xo) = O.

Proof. By the Taylor expansion of x /sinx ([30, Equality (2.15)]), we obtain

© 5k _ 0 ok
j00 = Y 2Bl - Y= x4 Y 22

|Boylx?-1 — 1/ 7, 2.9
£ (2! 6 & @ X (%)
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where B, (n € Ng, Ng =N U {0}) are the Bernoulli numbers, defined by

L _ EO:B L |t] < 27
el-1 2 "nt’ '
By differentiation,
1 Q2%
i'00) = = + Y ——Z|By|(2k — Dx*-2,
Jj'00 3 g,z ! |Bak|( )

It is easy to see that for all x € (0, ), j'(x) > 0. Consequently, j(x) is increasing on (0, 7). It follows from
(2.9) that the limits j(0) = -1/ and j(r) = co. By the mathematical software Maple, we compute that
j(xo) = 0. O

3 Main results

In this section, we reveal some monotonicity properties of 2#,(r) and 6,(r), and some of which remarkably
improve the related well-known results for them such as [4, Theorem 18] and [15, Theorem 1.2].

Theorem 3.1.
(1) Forr e (0,1), p € [2,1 + V2], the function

log(2:4,(r) | mp)

hn = log(arthyr /1)

is strictly increasing from (0,1) onto (1 - 1/p?,1). In particular, for all r € (0,1), p € [2,1+ /2],
the double inequality

7y ((arth,r \ m, (‘arth,r \A

— | —— | <H(r) < —|—— 3.1

. ( : W< 2= (3.1)
holds with the best possible constants &y =1 — 1/p? and B, = 1.

(2) Forr e (0,1), p € (1, 00), the function

rQAN(r)/m, - 1)
arthyr — r

L) =

is strictly decreasing from (0,1) onto (2/m,, 1 - 1/p?). In particular, for all r € (0,1), p € (1, c0),
the double inequality

th th
1—a2+a2ar pr<i%;,<1—ﬁ2+ﬁzar ol (3.2)
T r
holds with the best possible constants a, = 2/m, and B, =1 - 1/p?.
Proof. (1) Let
2H, arth,r
F(r) =log—2%, F(r) = log—*,
T r
arth arth
BN =4, - 2 e E(r) = (1 _ 20T )y/p.
r r
Then F;(0%) = F,(0%) = F5(0%) = F,(0%) = 0, fi(r) = Fi(r)/Fx(r), and by differentiation,
Fl/(r) _ r%p B éapartl'lpr _1 _ F3(r) (3.3)

F(r) =~ (- r'Parth,n A, E(r)’
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Fi(r) (é;, -1’ . Hy— &

o p
5 r — r'Parth,r
= - > p arth,r — cﬁ”pip
F,(r) rr'? r

rr'?

(pr? + 2r'Pyarth,r — 2r (r - r'Parthyr)é, !
8 r? 7y rr'?

= [(arth,r — r)r'’4,1{(r - r'Parthyr)é, + [(pr? + 2r'P)arthyr — 2r]r'? )

r—r'Parth,r 6, (pr? + 2r'? - pjarth,r + (p - 2)r !
= + . +
P arthyr - r - r'?4, arthyr — r

(3.4)

L. r — r'Parthyr % N (2 - p)r'’Parth,r + (p - 2)r -
arthy,r - v 1r'?4, arthyr — r

=[p + g MhOI™,

where g, and h are, respectively, defined as in Lemmas 2.3(4) and in 2.4. It follows from (3.4), Lemmas 2.3(4)
and 2.4 that the function F}/F, is strictly decreasing on (0,1), and is F;/F, by Lemma 2.1. Consequently,
it follows from (3.3) and Lemma 2.1 that f] is strictly increasing on (0,1).

By Lemma 2.1 (I’'Hopital’s rule), Lemma 2.3(4), Lemma 2.4, and by (3.3)—(3.4), we obtain the limiting
values:

+__';:__ H=1-lim————— =
07 =1 rlirgp+g4(r)h(r) p’ and A) =1 P—‘nllp+g4(r)h(f) .

By the monotonicity of f;, the double inequality (3.1) holds with &y =1 - 1/p? and 8, = 1.
It is easy to see that for all 7 € (0,1) and p € [2,1 + +/2],

i

Hp(r) > 5

th,r \*

(M) o a < inf fi(r) = fi(0) =1-1/p?
r re(0,1)

and

m, ( arth,r \h
Hp(r) < —”(—”) & B, = sup fir) = i(1) = 1.
2 r re(0,1)

Hence, the last assertion follows.
(2) Let F5(r) = 24 ,(r) / m, — 1,F(r) = arth,r /r — 1. By using (1.9) and (1.12), we obtain

o )2)

fry = B 2 iy T LaSr” (3.5)
0 oo np’
E(r) anlpnﬂrnp Yo bnr™
where
(o) (1= 5:m)
P 1
an = , and b, = .
(n!)? pn+1
Let ¢, = a, / by, then
Cn+1 1
— =1-——<1
Cn p2(n + 1)?

We conclude from (3.5) that £, is strictly decreasing on (0,1).
It easy to see that F5(0) = 0 and F¢(0*) = 0. Applying (2.1), we have

Fr) 216 -1"Ay) 2 (& -1"Ap[rP 2 F@)
F(r) m r-rParthyr  m, (r - r'Parthyr) /rP* m, gi(r)’
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where Fy(r) = [&, — r'"P#,] /1P, g/(r) is in Lemma 2.3(1). By I’Hopital’s rule, Lemma 2.3(1), and [23, Lemma

3.4 (3)], we obtain the limiting values
!
£O)=1lim B0 2 2y BO g1 g
r—0" Fg(r)  myr—o+ gy(r) p?
Fi(r) _ 2 lim Er) 2

1) =1i = ==
RO ’Lnl! Fyr) myr-r g(r) my

Theorem 3.2. For p € (1, ), let
1 7 1

= —(135 + 6+/249)!/3 + + = = 2.092193586 ---
Po = ¢ O 135 s 6y B T 2

- be the unique

be the unique solution to the equation 2p> — 3p? - 2p — 1 = 0 and p, = 2.16398023116776 -
solution to the equation 1/p + 1 — r/[p sin(z /p)] = 0, and the function f; is defined on (0, 1) by

_ 1y /2 = 6p(r))
B ==~ r'Parthyr

Then the following statements are true:
(1) If p € (1, pol, then f; is strictly decreasing from (0, 1) onto (m,/2 - 1, [(p + Dm,]/(2p*)). In particular,
forallr € (0,1), p € (1, pol, the double inequality

th th
(% - aa) + agr’p(arr pr) < Ep(r) < (% - ﬁ;) + ﬁ;r’p(g) (3.6)

holds with the best possible constants a5 = [(p + Dm,]/(2p®) and 5 = m, /2 - 1.
(2) If p € (po, p«), then there exists uniquer, € (0, 1) such that f3(r) is strictly increasing on (0, 1y), and strictly

decreasing on (ry, 1). Consequently, forr € (0, 1), one has
T I, + D, arth,r
6r) < minl T _q PV parthr | (3.7)
2 2 2p3 r

(3) Ifp € (p., 00), then f; is strictly increasing from (0,1) onto ([(p + 1)/m,]/(2p?), m, /2 - 1), and the reverse
inequality of (3.6) holds for allr € (0, 1).
Proof. Clearly, f3(1) = m,/2 — 1. Let Fy(r) = r[m, /2 — 6,(1)], Fo(r) = r — r'Parth,r. By using the series expan-

sion (1.10) and (1.12), we obtain
ZOO A/p,m(-1/p,1) np

n=1 (n!)?

() = Fr) m/2-6/r) @ m
3 - - - TS 00 o
F(r) 1- r’parthpr/r 21- znfopn:lrnp + anoﬁr(“n)p
- - (3.8)

n=1 (n")%(pn-1) _ 3
1 o 2p Z:ianrnp 2p ZZOBmlrnp s

© 1/p,mA-1/p,n) .np © ©
2 "y Loy Yot
2 ot
P zn:l(pn—p+1)(pn+1)r

where
1

— (1/p’ n)(l_l/p’ I’l) and B — .
mHpn-1 " (pn-p+1)(pn +1)

An

By (3.8), we obtain
A (p+Dmp (3.9)

0+ = 1. = — =
(0% ,irﬁﬁ(’) » B, g

Let C, = A,/ B,, then
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G P --Yn+ @’ -p’-p-1) __ ph@)n+hp)
Cn pP’n+ DX (pn-p+1) pP’n+ DX (pn-p+1) (3.10)
_ J(p,n)
pn+1)(pn-p+1)’
where
Jp,n)=p(p*-2p-n+ (P’ -p*> -p - 1),
Jp)=p*-2-1,h(p)=p>-p*-p-1
Case 1. p € (1, po).
ph(p) =p(P* -2p - D =pp + V2 - Dlp - (1 + V2)].
Clearly, pJi(p) < O for p < po < 1+ /2, we obtain
J(p,n) <J(p, ) = ph(p) + h(p) =2p> -3p> -2p - 1. (3.11)

By differentiation,

J'(p, 1) =6(p* —p - 1/3) = 6(P -2 +6ﬁ)(" = ﬁ)

6

then J(p, 1) is strictly decreasing from (1, (3 + ~/21)/6) onto (-4.28211277 --- ,—4) and strictly increasing
from ((3 + ~/21)/6, po) onto (~4.28211277 --- ,0), then J(p, 1) < 0. From (3.10) and (3.11), we obtain that
Cn:1/Cy < 1forn > 1, and thereby C, is strictly decreasing with respect to n. With an application of Lemma
2.2(1) and (3.8), the monotonicity of f; on (0, 1) in this case is expressed as follows.
Case 2. p € (pg, ).

By using (2.1) and (2.3), we obtain

Fy(r) _ (y /2 = &p) + (A — &)

, 3.12
Fy(r) prP-larth,r (3-12)
and thus,
Fg (M /2 = &) + (Hp — &) , (np )
Hp p(r)=—=F - F= r - r'’Parthyr] — rl = - &
Fg,Fg( ) F9, 9 8 prpflarthpr [ v ] 2 P
r¥m, /2 - 26,) r rA, r — r'Parth,r T ‘
= L Py ——2 . —r —r(—”—é‘p) (3.13)
parth,r p arthyr re* 2
2 2 - 26 A
= %/ p)+Lr P -gl(r)+r(<§—@).
parth,r p arth,r 2
It is not difficult to verify that
A,
lim rA () =1
r-1 arthyr
and thus
. 1 m 1 n no(n
Hp p(1) = limHp g (r) = — + 1 - Loy — == -}(—), (3.14)
o1 p 2 p psin(m/p) p \p

where j is in Lemma 2.5.
Then there exists unique zero point p, = 2.16398023116776 ---€ (1, oo) such that Hg, (1) = 0, Hg, r,(17) < O
for (po, p.) and H, r,(17) > 0 for (p., 00).
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(). p € (po, P.)-

Then (3.10) implies that there exists ny > 1 such that sequence A, /B, is increasing for 1 < n < ny and
decreasing for n > no, for the limiting value of Hg, () at 1. It follows from (3.14) and Lemma 2.2(2) that
Hg, r,(17) < 0 for p € (po, p.), so f3(r) is piecewise monotone on (0,1), and therefore, the inequality (3.7)
follows from

£ > min{% -1, b+ Dmy an}.

2p3

(ii). p € (ps, 00)
Applying Lemma 2.2 (2) and (3.14), f3(r) is strictly increasing from (0, 1) onto ([(p + Dm,]/(2p3),
m,/2 - 1) if and only if p > p,, yielding the third assertion. O

Remark 3.3.

(1) When p = 2, the inequality (3.1) in Theorem 3.1 reduces to the inequality (1.7).
(2) By using (1.12), we clearly see that

arth,r - rbm
=1+ ) >1, (3.15)
apn+1
r'’Parth.r S pn © pn O p(n+1) © p(n+1)
e A TE? ) Ay D S A “1-p r
r aopn+1 opn+1l [ pn+1 aopn+(pn+p +1) (3.16)

<1.

The inequality (3.15) implies that the upper bound for .#},(r) given in (3.2) is better than that given in
(1.11) for all r € (0, 1). It is clear that 2/m,(=[p sin(7 / p)] /) is increasing from (1, co) onto (0, 1). This
yields1 - 2/m, > O for p € (1, co0). Therefore, the lower bound for #,,(r) given in (3.2) is better than that
given in (1.13) for g = p by the inequality (3.16).

(3) When p = 2, inequality (3.6) in Theorem 3.2 reduces to inequality (1.8).
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