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Abstract: The connectivity is an important measurement for the fault-tolerance of a network. The general-
ized connectivity is a natural generalization of the classical connectivity. An S-tree of a connected graph G
isatree T = (V', E') that contains all the vertices in S subject to S ¢ V(G). Two S-trees T and T’ are internally
disjoint if and only if E(T) n E(T") = @ and V(T) n V(T') = S. Denote by x(S) the maximum number
of internally disjoint S-trees in graph G. The generalized k-connectivity is defined as xx(G) =
min{x(S)|S ¢ V(G) and |S| = k}. Clearly, 1(G) = k(G). In this article, we show that k,(HS,) = n — 1, where
HS,, is the hierarchical star network.
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1 Introduction

The graphs considered in this article are simple undirected finite graphs. For graph theory symbols and
terms that are covered but not mentioned in this article, please refer to [1]. Let G = (V, E) be a connected
graph with vertex set V(G) and edge set E(G). Let u € V(G), and N;(u) = {v € V(G)\u|uv € E(G)} be the
neighbour set of u in the graph G, and Ng[u] = Ns(u) U {u}. Let ds(u) = [Ns(u)| be the degree of u in G.
If ds(v) = k for any vertex v € V(G), then the graph G is k-regular. For any vertices u, v € V(G), an
(u, v)-path starts at u and ends at v. Any two (u, v)-paths P and Q are internally disjoint if and only
if V(P) n V(Q) = {u, v}.

The classic connectivity of graph G, denoted as x(G), is an important parameter to measure the relia-
bility and fault-tolerance of the network. The connectivity x(G) is larger, the reliability of the network is
higher. There are two versions to define x(G). The version definition of “cut” is that deleting the minimum
number of vertices disconnects the graph G. The version of “path” is defined as follows: for any vertex set
S ={u, v}, xs(S) represents the maximum number of internally disjoint paths joining u and v in G,
and x(G) = min{xs(S)|S € V(G) and |S| = 2}.

Although there are fruitful research results in the study of classical connectivity, classical connectivity
itself has certain limitations, which lead to large defects in evaluating the reliability of the network. For
example, in the actual application of an interconnection network, all processors connected to the same
processor are less likely to fail at the same time, so this parameter is not accurate enough to measure
network reliability and fault tolerance. In view of this, Chartrand et al. [2] generalized classical connectivity
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and proposed the concept of generalized connectivity. Let G be a connected graph with S € V(G). An S-tree of
graph G is a tree T = (V', E') that contains all the vertices in S subject to S ¢ V(G). Two S-trees T and T' are
internally disjoint if and only if E(T) n E(T") = @ and V(T) n V(T') = S. Denote x(S) as the maximum number
of internally disjoint S-trees in graph G. The generalized k-connectivity is defined as
K (G) = min{k(S)|S € V(G) and |S| = k}, clearly, ®:(G) = x(G).

The bounds of generalized connectivity and the relationship between connectivity and generalized
connectivity have been extensively investigated [3-5]. In addition, the generalized 3-connectivity of many
networks has been studied, for example, complete graphs [6], card product graphs [7], product graphs [8],
complete bipartite graph [9], star graphs, and alternating group graphs [10]. However, there are few results
about generalized 4-connectivity, such as hypercubes [11], exchanged hypercubes [12], dual cube [13], and
hierarchical cubic networks [14]. For more works and results on generalized connectivity, please refer
to [15-18].

In this article, we study the generalized 4-connectivity of the hierarchical star networks.

2 Hierarchical star networks and their properties
In this section, we give the definition, structure of the hierarchical star networks, and some lemmas.

Definition 1. [19] An n-dimensional star graph, denoted by the graph S, is defined as an undirected graph
with each vertex representing a distinct permutation of [n] and two vertices are adjacent if and only if their
labels differ only in the first and another position, that is, two vertices u = wji, ... Uy, v = viv» ... v, are
adjacent if and only if v = wjpus ... w1y, ... u, for somei € [n]\ {1}, where [n] = 1, 2,..., n. In this situa-
tion, (u, v) is an i-edge.

The star graph S, is shown in Figure 1.

Let I, be a permutation group on the set [n] and S = {(1, 2), (1, 3),...,(1, n)}, where (1, i) is a transposi-
tion of I,. Then S, is the undirected Cayley graph Cay([}, S). For a permutation x € I},, the permutation by
interchanging the first element with ith element of x is denoted as x(1, i) fori € [n]\{1}.

For two integers i, j € [n], denoted by S/} the subgraph of S, induced by all the vertices with the jth
element being i. For a fixed dimension j € [n]\1, S, can be partitioned into n subgraphs Sj*, which is
isomorphic to S,,_; for eachi € [n].

2431 3421 1423 4123

4231 2143

1234 3142

Sy

Figure 1: The graph of S,.
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Lemma 2.1. [19] For any integer n > 3, S, is (n — 1)-regular and (n — 1)-connected, vertex transitive, edge
transitive, bipartite graph with girth 6. Any two vertices have at most one common neighbor in S,,.

Definition 2. [20] An n-dimensional hierarchical star network, HS,, is made of n! n-dimensional star
graphs S, called copies. Each vertex of HS, is denoted by a two-tuple address (a, b), where both a and
b are arbitrary permutation of n distinct symbols. The first n-bit permutation a identifies the copy of a and

the second n-bit permutation b identifies the position of b inside its copy. Two vertices (a, b) and (@, b)in
HS,, are adjacent, if one of the following three conditions holds:

(1) a =a and (b, b) € E(S,). That is, (a, b) is adjacent to (a, b) if (b, b) € E(Sp);

2 a+d,a=b,anda = b= a(1, n). That is, {a, a) is adjacent to {(a(1, n), a(1, n));

B)a+ad,a+b,a= 13, and b = a. That is, {(a, b) is adjacent to (b, a) if a # b.

The hierarchical star networks HS, and HS; are shown in Figure 2.

Remark 2.1. [21] Each node in HS, is assigned a label {a, b) = {q1a; ... ay, bib, ... by), where aia;, ... a, and
bib, ... b, are permutations of n distinct symbols (not necessarily distinct from each other). The edges of the
HS,, are defined by the following n generators:

(a(lr n)) b(l’ n)>’ a= b;

hu((a, b)) = {(b, ay, at+hb,

and h;({a, b)) = (a, b(1, i)) fori e [n]\{1}.

Let (a, b) be a vertex of HS,. The neighbor set of (a, b) is exactly {h;({a, b))|i € [n]}. Furthermore,
hi({a, b)) is called the external neighbor of {a, b) and h;({a, b)) is called the internal neighbor of (a, b)
fori e [n]\{1}. We denote by HS the subgraph induced by the vertex set {{a, b) € V(HS,)|b € V(S,)}, which

is isomorphic to an n-dimensional star graph S, identified by a. Moreover, we define HS®*? as a subgraph of
HS,, induced by the vertex set V(HSY) U V(HS,ZI’) and HS,{"’{“} as a subgraph of HS, induced by the vertex set
V(HS)\V(HS/). For a vertex x € V(HS,), we use x' to denote the external neighbor of x.

Remark 2.2. [21] Any vertex has exactly one external neighbor in HS,, that is, every vertex (a, b) in HS? is
exactly incident one cross edge ({a, b), hi({a, b))). There is one or two cross edges between any pair of

copies. Moreover, for a fixed copy HS/, there are two cross edges between HS and HS%®"; there is only one
cross edge between HS? and HS?, where b € T,\{a, a(1, n)}.

(132,132) ~T132,231) M\mmam

<12,12>  <21,21>

(321, 321)

<12,21> < 21,12 >

SN

123,312
{123,312) (123,321)

(213,213)  (213,123)  (123,213) (123,123)
HS3

Figure 2: The graph of HS; and HS;.
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Lemma 2.2. [20] For any integer n > 3, HS,, is an n-regular n-connected graph, and its girth is 4. Any two
vertices have at most two common neighbors in HS,,.

Lemma 2.3. Let HS}, HS?, ..., HS™ be then! copies of HS,, and H = HSn[Uﬁ:IV(HS,{")]for ji € [n'l,k>1,and
n>3,1<i<n!, then H is connected.

Proof. Without loss of generality, suppose H = HSn[Uﬁ_ _,V(HS})]. By Remark 2.2, there is at least one cross
edge between any two distinct copies of HS,,. Thus, H is connected. O

Lemma 2.4. For ji e [n!],1<i<n!, let ve V(HSn"’) with v = {x,y) and x =y. The external neighbors
of different vertices in V(HS,,"’)\{V} belong to different copies of HS,. Moreover, if u € V(HSn"’)\{v} with
u = (x, y(1, n)), then v', u' belong to the same copy of HS,.

Proof. Let v, v, € V(HS,{*’)\{V} with v = (x4, ¥;), V2 = (%, },). By the definition of HS,, x # y;, % #¥,, and
Y # V5 V= (x(1, n), y(1, n)). Clearly, v = (y;, x1) and v; = (y,, %). Since y; # ,, v{ and v, belong to different
copies of HS,. Let u ¢ V(HS,{")\{V}, x # y(1, n), and v’ = {y(1, n), x). Since x(1, n) = y(1, n), v/, u’ belong to
the same copy of HS,,. O

3 Generalized 4-connectivity of HS,

In this section, we will study the generalized 4-connectivity of hierarchical star networks. To prove the main
result, the following results are useful.

Lemma 3.1. [4] If there are two adjacent vertices of degree 6(G), then kx(G) < 6(G) — 1 for 3 < k < |V (G)|.

Lemma 3.2. [1] Let G be a k-connected graph, and let x and y be a pair of distinct vertices in G. Then there
exist k internally disjoint paths Py, P,,..., Py in G connecting x and y.

Lemma 3.3. [1] Let G = (V, E) be a k-connected graph, let x be a vertex of G, and let Y < V\{x} be a set of at
least k vertices of G. Then there exists a k-fan in G from x to Y. That is, there exists a family of k internally
vertex-disjoint (x, Y)-paths whose terminal vertices are distinct inY.

Lemma 3.4. [1] Let G = (V, E) be a k-connected graph, and let X and Y be subsets of V(G) of cardinality at
least k. Then there exists a family of k pairwise disjoint (X, Y)-paths in G.

Theorem 3.1. [22] 15(S,,) =n - 2, forn > 3.
Theorem 3.2. [23] x4(S,) = n - 2, forn > 3.

Lemma 3.5. For any three vertices x,y, z € V(S,), n > 3, there exist n — 2 internally disjoint trees ﬁ,..., T,,_z

connecting x,y,z and each T contains a vertex u; such that u; is distinct from x,y,z and u; # uj,
fori<i#j<n-2.

Proof. By Theorem 3.2, x4(S,) = n — 2. That is to say, for any four distinct vertices x, y, z, u € V(S,), there
aren - 2 internally disjoint trees T}, ..., T,’,_2 connecting x, y, z, u in S,,. There exists some integer i such that
[V(T))| = 4 and |[V(T})| = 5, where1 <i#j<n-2.

Without loss of generality, suppose |V(T})| = 4. By Lemma 2.1, ds,(u) = n - 1.
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Case 1. dr;(u) = 2.

Obviously, for T}, 2<j<n-2, dT;(u):l. Let T]=Tl’ and T}:T}f—u for 1<i#j<n-2.
Then T, ..., T, , are the desired trees.

Case 2. drj(u) = 1.

Case2.1.For2<j<n-2, dT;(u) =1

The proof is similar to that of Case 1.

Case 2.2. For 2 < j < n - 2, there exists some T; subject to dle(u) =2.

Without loss of generality, suppose dp(u)=2. Let T1=T,5="1,T = Tj-u for 3<j<n-2.

Then ﬁ, ey T;_z are the desired trees. O
Theorem 3.3. k,(HS,) =n — 1 forn > 2.

By Lemma 3.1, x4,(HS,)) < 6(HS,) — 1 = n — 1. To obtain Theorem 3.3, it suffices to establish the following
claim.

Claim. For any given vertex set S = {x, y, z, w} ¢ V(HS,), there exist n — 1 internally disjoint S-trees
in HS,.

Proof. It proceeds by induction on n. Obviously, HS, is connected, there is a tree connecting x, y, z, w in
HS,. Suppose that n > 3 and the theorem holds for n — 1. O

Recall that HS,, consists ofn! copies isomorphic to S,, denoted by HS;, ¢ € I,. We consider the following
cases.

Case 1. The vertices of S are distributed in one copy of HS,,.

Without loss of generality, suppose x, y, z, w € V(HS), where a € I,,. By Theorem 3.2, there existn — 2
internally disjoint S-trees connecting x, y, z, w in HSJ, say T, T, ..., Ty_». Let H = HS,IF"‘{“}, by Lemma 2.3, H
is connected. Clearly, x',y', z’, w' € V(H), then there exists a tree T;,_l connecting x', y', z', w' in H. Let

~

Lii=Tuxx'uyy uzz uww'. ThenT, T,..., T,_; are n — 1 internally disjoint S-trees.

Case 2. The vertices of S are distributed in two distinct copies of HS,,.

Without loss of generality, suppose x, y, z € V(HS?) and w € V(HSf), wherea, § € I,;, a # . By Lemma
3.5, there are n — 2 internally disjoint trees connecting x, y, z, say f, and u; € V(ﬁ) is distinct with x, y, z
forief{l,...,n- 2}

Y = HSii

Figure 3: The illustration of Case 2.1.1.
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Case 2.1. There is no cross edge between {Tl, ...,T;,,z} and HSf.

Without loss of generality, suppose u; € V(HS,’,"‘), where j; € I, - {a, B}, 1 € {1,...,n — 2}. First, we sup-
pose that different vertices of {uj, ...,u,_,} belong to different copies.

Case 2.1.1. x', y', 2’ € V(HSH®BUi) for i € {1,...,n - 2}.

Clearly, there exists a path P, joining u; and m; in HS} such that m/ € V(HSP). LetW = {m/,...,m/_,, m}.
By Lemma 3.3, there are n — 1 internally disjoint paths joining w and W, say P, ..., P,_;, m{ € V(P)),
me VP, ), me V(HS{"‘{“’ﬁ’U?zflzii}), forie{l,...,n - 2}. Clearly, x',y',z',m' € V(HS,{“‘{“’ﬁ’U?512ji}), and so
there is a tree T,_; connecting x',y', 2z, m’. Let =T uuu U P, umym/ U P! for ie{l,...,n—2} and
T_1=xx'Uyy' Uzz Umm' UP,_,U T;H. ThenT, T,..., T,_; are n — 1internally disjoint S-trees (Figure 3).

Case 2.1.2. One of {x', y’, z'} belongs to some HS,{"' forie{l,...,n -2}

Suppose x’ belongs to the copy HS)r2, clearly u,_, also belongs to HS). Let My_o, h € V(HS,{"*Z),
X={u. ,,x'}, and Y = {m,_,, h} such that m, , € V(HSP), h' e V(HSI@PUi}). By Lemma 3.4, there
are two internally disjoint paths between X and Y, say P,_, and P,_;, where P,_, is the path joining u,_,
and m,_, and P,_; is the path joining x' and h. Let W = {m/,...,m,_,, m}, by Lemma 3.3, there are
n - 1 internally disjoint paths between w and W, say P|,..., P,_;, and m/ € V(P!), m € V(P,_,), such that
m e V(HS{"‘{“’ﬁ’Uf"?lzfi}). Inviewofy’,z/, m', h' € V(HS,{“‘{“’ﬁ’U?;lZ"i}),there exists a tree connecting y’, z', m’, i/,
say T,.;. Let T=T vuu uP,umm/ UP for ie{l,.,n-2} and T,_;=xx' Uyy' Uzz' UB_;Uhh U
mm' UP,_, U T,...ThenT, T,..., T,;aren — 1 internally disjoint S-trees (Figure 4).

Next, we suppose two of {u,...,u, 5} belong to the same copy. Let X' = (X\{x'DH U {u, 3}, ' =
(Y\{h}) U {m,_3}, and m,,_5 € V(HSf). We obtain n — 3 internally disjoint S-tees T, D, ..., T4, T,_», Similar
to that of Case 2.1.2 by replacing X with X’ and Y with Y'. In view of x,y’,z/, m’ € V(HS,f"‘{“’ﬂ’U?jii}),
there is a tree connecting X', y', z', m' say T,_;. Let T,_3 = T,_3 U tp_3u,,_ 3 U Bi_3 U my_sm), 3 U Ph 3, Ty =
xx'Uyy' Uzz’ umm' UP,_ U T,...ThenT, B,..., T, aren — 1 internally disjoint S-trees.

Case 2.2. There is one cross edge between {ﬁ, ey T;l,z} and HSf.

Consequently, we just consider the case different vertices of {u, ...,u,_,} belong to different copies and
the case that two of {u],...,u,_,} in the same copy is similar.

Case 2.2.1. For some i € {1,...,n — 2}, u} € V(HSP).

Without loss of generality, suppose u,,_, € V(HS?), u/ e V(HS,;*') forie{1,...,n -3}

When x',y', z' € V(HSI®BUL'i), we set W' = (W\{m!_,}) U {u],_,}. We obtainn — 2 internally disjoint
S-trees Ty, D,..., T,_3, T,_;, similar to that of Case 2.1.1 by replacing W with W'. And T, ,=
Ti2 U Py, U uy_ou;_, (Figure 5[a)).

HSY HSP

HS}ZH*{@@U:; Jit H Sin-> HSJ:

Figure 4: The illustration of Case 2.1.2.
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sy

— n-3; .
Figure 5: The illustrations of Case 2.2.1: (a) x’, y’, 2’ € V(HS,{" fh Uiy ”}); and (b) x’, u;_5 € V(HSr-3).

When one of {x',y’, z'} and u/ belong to the same copy, for some i € {1,...,n — 3}, we suppose that
X', u) 5 belong to the same copy HSJ. Let X' = (X\{u) ,}) U {u) 5}, Y’ = (Y\fm,_5}) U {m,_3}, and W' =
(W\{m,_,}) U {u,_,}. We obtain n - 2 internally disjoint S-trees T, T, ..., T,,_3, T,_1, similar to that of Case
2.1.2 by replacing X with X, Y with Y', W with W'. And T,,_, = T,_, U P\ , U u,_,u,, , (Figure 5[b]).

Case 2.2.2. One of {x', y', z'} belongs to HS’.

Without loss of generality, suppose z' € V(HS/), u/ € V(HSn"‘), where j, e I, - {a, B}, i € {1,...,n - 2}
There is a path joining u; and m; in HS}, say P, and m] € V(HSP), fori € {1,...,n - 2}.

Case 2.2.2.1. X', y' € V(HSI @B ULit),

When 2’ € Nygp(w), we set T,_, be the tree connecting x’, y', m’. We obtain n — 2 internally disjoint S-trees
T, ..., T,_,, similar to that of Case 2.1.1. And T, ; = T, ; U P uxx'uyy' uzz Uumm'.

When z' ¢ Nysp(w), we set P,_; be the path from w to 2/, then there exists a vertex a distinct from 2z’ and
w in P,_;. First, we suppose a’ € V(HS,{"‘{“””UEZL'}). The proof is similar to the case of z' € Nygs(w). Next,
we suppose a’ € V(HS®#), for some i € {1,...,n — 2}. Clearly, in this case, w' € V(HSF @A USi3), the proof
is similar to the case of a’ € V(HS,{”’{""IZ’UEZM) (Figure 6[a)).

Case 2.2.2.2. For somei € {1,...,n — 2}, one of {x, y'} belongs to V(HSn"‘).

Without loss of generality, suppose x', u,_, € V(HSy2).

HSS HSE

Figure 6: The illustrations of z’ € N(Hsf}(w): (a) Case 2.2.2.1 and (b) Case 2.2.2.2.
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When z’ € Nysp(w), we set T,_1 be the tree connecting h', y', m'. We can obtain n — 2 internally disjoint S-trees
T, ..., T,_», similar to Case 212. And T, ;= T, ;U P,_; U P, ,Uxx' Uyy' Uzz' umm' u hh' (Figure 6[b]).

When 2z’ ¢ NHsf(w), there exists a vertex a distinct from z’ and w in P,_,. First, we suppose
a' e V(HSI®BUi3), The proof is similar to the case of 2z’ € Nysp(w). Next, we suppose a’ € V(HS;)
for some i € {1,...,n — 2}. Clearly, in this case, w' € V(HS{"‘{“'B’UF:32jf}). The proof is similar to the case
ofa e V(Hsrl;n*{a,ﬁ,U?:]Zii})_

Case 2.3. There are two cross edges between {T], ...,ﬁ,z} and Hsf.

Case 2.3.1. One of {x', y', z'} belongs to HS}, and some u; € V(HSp) fori e {1,...,n - 2}.

Without loss of generality, suppose 2/, u,, , € V(HS?), andu/ € V(HS,{f) fori € {1,...,n — 3}. There exists
a path joining u; and m; in HS}i, say P, and m{ € V(HSP), fori e {1,...,n - 3}.

Let W = {m{,...,m;_s, U,_,, z'}. By Lemma 3.3, there are n - 1 internally disjoint paths between w and
W, say P,...,P,_;, and m{ ¢ V(P)) fori e {1,...,n -3}, u, , € V(P,_,), z' ¢ V(P,_). If w ¢ W, clearly,

x,y,w e V(HS,{”‘{“””UEE}), there exists a tree connecting x’, y’, and w', say T,_;. Let

T=Tuvuu UPumm/ UP, iefl,..,n-3}
Tz = Ty U lpolUy 5 U Py y

Toi=xx'Uyy uzz uww' U T,

ThenT, D,..., T,_; are n — 1internally disjoint S-trees (Figure 7[a]). If w € W, the proof is similar to the case
ofweW.

Case 2.3.2. Two of {x', ¥, z'} belong to HS?.

Without loss of generality, suppose x',y’ € V(HSP), clearly, x' is adjacent to y'. Let W' =
W\{u,_,, z'H) u {x', y'}, we obtain n - 3 internally disjoint S-trees T, T, ..., T,_3, similar to that of Case
2.3.1 by replacing W with W'. Let x' € V(P._,), y' € V(P,_,). Since the girth of HS/ is 6, there is a vertex
min P,_, or P,_, such that m is distinct with x’, y’, and w. Without loss of generality, suppose m € V(P,_,).

!

Since there are two cross edges between HS? and HS?, m’' and w' belong to different copies, z’ and u,, ,
belong to different copies. We consider the case that m’ belongs to different copies with z’ or u,,_,, and the

case that m’ belongs to the same copy with 2’ or u,,_, is similar. Suppose z' € V(HS}*?), m’ € V(HS)).
By Lemma 2.3, HS/»2»/n1 is connected, then there is a path joining z’ and m’, say Q. Obviously,
ul 5w € V(HSI- @B Ui}y, By Lemma 2.3, HSI @A Uit is connected, then there is a path joining u, ,

and w/, say R. Let T, , = T, U up_ou) ,bURUWW, T,_y=xx’ Uyy' Uzz' UP., ,UP, ,Uumm' U Q. Then
T, T,..., T,_; are n — 1 internally disjoint S-trees (Figure 7[b]).

Figure 7: The illustrations of (a) Case 2.3.1 and (b) Case 2.3.2.
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Case 2.3.3. Two of {uj,...,u,_,} belong to HS?.

Let W' = (W\{m},_3,z'}) U {u, 5, m}, and m' € V(HSS@AUS'i3), We obtain n — 3 internally disjoint
S-trees Ty, T, ..., T,_4, T,_», similar to that of Case 2.3.1 by replacing W with W'. Let T,_, be the tree
connecting x',y',z',m', T_3=T_3U tpsu, 3 UP. 5, Thqy=xx'Uyy' Uzz’ Umm' UP. ,UT,_;. Then
T, D,..., T,_; are n — 1 internally disjoint S-trees.

Case 3. The vertices of S are distributed equally in two distinct copies of HS,,.

Without loss of generality, suppose x, y € V(HS®) and z, w € V(HS?), where a, 8 € T, a # B. Since HS?
is isomorphic to S,, by Lemma 3.2, there are n — 1 internally disjoint paths joining x and y in HS;, say
Py,..., B,_;. Similarly, there are n — 1 internally disjoint paths joining z and w in HS,{;, say P/,..., P_;. Let
x; € N&x) n V(P), w; e Nw) n V(P/) fori € {1,...,n — 1}. By Lemma 2.4, different vertices of {x/,...,X,_}
belong to distinct copies and different vertices of {wj,...,w,_;} belong to distinct copies. Obviously, at
most one x; € V(HSP), and at most one w/ € V(HSY) for i € {1,...,n — 1}. We suppose x;, w/ belong to
different copies, where i € {1,...,n — 1}, and the case that for some i € {1,...,n — 1}, x{, w/ belong to the
same copy is similar.

Case 3.1. None of {x,...,x, ;} belongs to HS/, and none of {wj,...,w, ;} belongs to HSZ for
ie{l,...,n-1}

Asn!-2>2n - 2(n > 3), we can suppose x{ € V(HSY), w/ € V(HS;"), and y, n; € T, - {a, B}, y; # n; for
ie{l,..,n-1}. By Lemma 2.3, HS)"" is connected, there exists a path joining x{ and W,-’ , say ﬁ, for
iefl,..,n-1}. Let T=P,UP Uxx/ Uww UP, where i€{l,...,n—-1}. Then %, B,..., T,_; are n -1
internally disjoint S-trees.

Case 3.2. One of {x,...,x, ;} belongs to HS?, and none of {w],...,w, ;} belongs to HS® for
ief{l,...,n-1}

Without loss of generality, suppose x, ; € V(HS?).

Case 3.2.1. x,_; € V(P}), wherei ¢ {1,...,n — 1}.

Without loss of generality, suppose x,_; € V(P,_,). We can obtain n — 2 internally disjoint S-trees
T,..., T,_, similar to that of Case 3.1. Let T,_; = B,_; U Py_; U X;_1X;,_;. Then T, T, ..., T,_; are n — 1 internally
disjoint S-trees.

Case 3.2.2. x,_; ¢ V(P)), wherei e {1, ...,n - 1}.

Let W = {wy,...,W,_1}. By Lemma 3.3, there are n — 1 internally disjoint paths Q, ..., Q,_; between x,_,
and W such that w; € V(Q;), wherei € {1,...,n — 1}. It is necessary to consider the following situations.

When |V(Q) n V(P))| = n - 1, that is, V(Q;) n V(P}) = W, where i € {1,...,n — 1}. We can obtain n - 2
internally disjoint S-trees T,,..., T,_, similar to that of Case 3.1. Let T,_y = B,_; U P,_; U Qu_1 U Xp_1%p_1-
Then T,, T,..., T,_; are n — 1 internally disjoint S-trees.

When |V(Q;) n V(P))| = n, wherei € {1,...,n — 1}. The proof is similar to that of Case 3.2.1.

Case 3.3. One of {x],...,x, ;} belongs to HS?, and one of {w],...,w, ;} belongs to HSj, where
ief{l,...,n—-1}

The proof is similar to that of Case 3.2.

Case 4. The vertices of S are distributed in three distinct copies of HS,,.

Without loss of generality, suppose x,y € V(HSY) and z € V(HSP), w € V(HS)) where a, 8,y € Ty,
a # B +y. Since HS} is isomorphic to S,, by Lemma 3.2, there exist n — 1 internally disjoint paths joining
x and y in HSZ, say P,,..., B,_1. Let N(x) = {x,...,x,_1} and x; € N(x) n V(P,), by Lemma 2.4, the external
neighbors of N(x) belong to different copies. Consequently, we just consider the case y ¢ N(x) and the proof
of the case y € N(x) is similar.

Case 4.1. There are three cross edges between N[x] and HS/.

Suppose x{ € V(HS,{"), x,_, € V(HSP), x,_, € V(HS)), where j; € T, - {a, B, y}, i € {1,...,n - 3}, and let
y' € V(HS}?). By Lemma 2.4, x' € V(HSS™).

When x' € V(HSF), there is a tree connecting X/, a;, b; in HS), say T, and a € V(HSS), bj € V(HS})) for
ie{l,..,n-3} There is a path joining y’' and b,_, in HS}m2, say P, and b, _, € V(HS)). Let Z =
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{al, ...,ay_3, %05 x'}, W=1{b{, ...,b,_5, xo_;}. By Lemma 3.3, there are n - 1 internally disjoint paths

between z and Z, say P},..., P, ;, n -1 internally disjoint paths between w and W, say P,..., B_j,
a e V(P) forie{l, ...,n-3} x. , e V(P,,), X' e V(P._ ), bl e V(P) forie{l, ...,n—-2}, x, ; € V(B_).
Let

T=PUP UPUT uxxUaal ubb!,ic{l,..,n-3}
Ty2=PB 2UP, ,UB ,UXy 2%, ,Uyy UPUby,b,,

Tio1=PBit U Py UB 1 UXX U XXy s

Then Ty, T, ..., T,_; are n — 1 internally disjoint S-trees (Figure 8).

When x’ € V(HS)), the proof is similar to the case of x' € V(HSP).

Case 4.2. There are two cross edges between N[x] and HS/”.

Case 4.2.1. For two integers 1 < j # k < n - 1, xj € V(HS}), x' € V(HS)).

Without loss of generality, suppose x,_, € V(HSE), x,_, € V(HS)), x{ € V(HSn'i), for j, € I, - {a, B, v},
ief{l,...,n-3L

Case 4.2.1.1. For somei€ {1, ...,n -3}, x' € V(HS,’,"’).

Without loss of generality, suppose X', X, 5 € V(HS}*?), and let y' € V(HS/*2). Letu, v € V(HS}*?), and
u' e V(HS,{"-I), v € V(HS)). Let A = {x;_5,x'}, B={u,v}. By Lemma 3.4, there are two disjoint paths

HS?

HSin—= HSJ:

Figure 8: The illustration of x’ ¢ V(HSEF).

HS,],,"fl HSTJ'Ln—z HSyJ'ln—s HSZLi

(i=1,...,n—4)

Figure 9: The illustration of Case 4.2.1.1.
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between A and B, say R, and R,, R, is the path joining x,,_; and u, and R, is the path joining x' and v. There is
a path joining y’ and m in HS,{"*Z, say Pandm’ € V(HSf). There is a tree connecting x{, a; and b; in HS,{", say
T forie{l,..,n- 4} and al € V(HSP), b/ € V(HS)). There is a tree connecting ', a,_; and b,,_3 in HS}m,
say T,_; and aj_; € V(HSP), b)_5 € V(HS)). Let Z = {a], ...,a,_3, x)_,, m'}, W={b/, ...,b} 5,V', x._}. By
Lemma 3.3, there are n — 1 internally disjoint paths between z and Z, say P, ..., ,’,,1, n — 1 internally
disjoint paths between w and W, say P,,..., B_; and a/ € V(P)),x, , € V(P._,), m' € V(P._ ), b] € V(P)
forie{l,...,n-3},Vv € V(B_,), x._; € V(B_y). Let

T=PUP UPUT uxx Uaal ubb! ic{l,..,n-4
Ty.3=PR_3UP, ;UB 35U T,_3U Xy_3%\ 3 U @y_3a,_3 U by_sb) s uuu' UR
Tha=PB 2UP. ;UB_,UR, UXyox, , Uxx' Uw

Th.1=PB_1UP. JUB_JUPU X x. ;Uyy Uumm'.

Then T,, T, ..., T,_1 are n — 1 internally disjoint S-trees (Figure 9).

Case 4.2.1.2. X' ¢ V(HSI{®BrULily,

Without loss of generality, suppose x’ € V(HS,{"*Z). When y’ € V(HSP) or V(HS)), the proof is similar to
that of Case 4.1. When y' € V(HS,{f), for some i € {1, ...,n — 3}, the proof is similar to that of Case 4.2.1.1.
When y' € V(HST-{®Bv.USidy (Figure 10).

Without loss of generality, suppose y' € V(HS/,'"-I). There is a tree connecting x/, a;, and b; in HS,{i,
say T and a/ € V(HSE), b/ € V(HS)?) fori € {1, ...,n — 3}. There is a path joining x’ and b,_, in HS;"2,
say R and b,_, € V(HS}). There is a path joining y’ and m in HS}m, say Q and m' € V(HSP). Let
Z={aj, ...,ay_5, X4_5, m'}, W={b{, ...,by_5,x;_;}. By Lemma 3.3, there are n -1 internally disjoint
paths between z and Z, say P}, ..., P,_,, n — 1 internally disjoint paths between w and W, say ﬁl,..., 1’3‘,\[_1
and a € V(P!), for ie{l,..,n—-3}, x,_,€ V(P,,), m e V(P.,), bl e V(P) for ie{l,..,n-2},
x' ;€ V(B_y). Let

T=PUP UP UT uxx Uaal ubb! ic{l,..n-3}
Tya=PB 2UP. ,UB_,U Xy X, , URUXX' U b,_5b) ,

Th1=R_1UP. JUB_ UX X, ;Uyy UQU mm'.

Then T, B, ..., T,_1 are n — 1 internally disjoint S-trees.

H Sin-1 HSin- HSi

— =2
Figure 10: The illustration of y’ e V(HS,™\“P1U
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Case 4.2.2. For some j € {1, ...,n — 1}, X' € V(HSP), x| € V(HS)).

Without loss of generality, suppose x' € V(HS?), x,_, € V(HS)).

Letx{ € V(HS)), fori € {1, ...,n — 2}and Z' = (Z\{x,_,}) U {a/._,}. We can obtainn — 2 internally disjoint
S-trees Ty, T, ..., T,_3, T,_1, similar to that of Case 4.1 by replacing Z with Z'. There is a tree connecting x,_»,
Gn-2, bn_2 in HSJ2, say T, 5. Let T3 = T U Xu-2%, 5 U @z 5 U Buoaby » U Bz U Py, U B, (Figure 11[a)).
ThenT, T,..., T,_; are n — 1 internally disjoint S-trees.

Case 4.2.3. For some j € {1, ...,n - 1}, X', x{ € V(HSE).

Without loss of generality, suppose X', x,_; € V(HS,{’), x| € V(HS,’,"‘), where j; € I, - {a, B, y}, for
ie{l,..,n- 2}

When y' € V(HS)), there is a tree connecting x/, a;, b; in HS}', say T and a/ € V(HSE), b/ € V(HS}) for
ie{l,..,n-3} There is a path joining x. , and b,_, in HS}2, say P and b} , € V(HS)). Let Z =
{al, ...,a, 3, x', x)_1}, W={b{, ...,b,_5, y'}. By Lemma 3.3, there are n — 1 internally disjoint paths between
zand Z,say P}, ..., P._,, n — 1internally disjoint paths between w and W, say P, ..., B,_; and a/ € V(P}) for
iefl, ..,n-3Lx VP, x, € VP, ), bl € V(P), forie{l,..,n-2},y €B_;.Let

T=PUP URBUT uxxUaa ubb!,ic{l,..,n-3}
T2 =Py UP,_, UB U Xy 2%, UPUby by, Uxx!

/ D !
Tn—l = Pn—l U Pn—l U B’l—l U Xp-1Xp,q U yy,.

Then T, T, ..., T,_; are n — 1 internally disjoint S-trees (Figure 11[b]).

Wheny' € V(HSI@BrUSid) without loss of generality, suppose y' € V(HS)1). There is a path joining
y" and b,_; in HS,{H, say Q, and b,_, € V(HS}). We obtain n - 2 internally disjoint S-trees T, T, ..., T,_2,
similar to the case of y' € V(HS)). Let W' = (W\{y’) u{b, }. Thi=R1UP. ;UB_1UXp1x, U
QUyY' Ubyib,_;.Then T, T,..., T,_; are n — 1 internally disjoint S-trees.

Case 4.3. There is one cross edge between N[x] and HSf’V.

Case 4.3.1. x' € V(HSP).

Without loss of generality, suppose x,-’ € V(HSn"'), where j; € I, - {a, B, v}, i € {1, ...,n — 1}. There is a
tree connecting x/, a;, b;, say T, and a/ € V(HSP), b/ ¢ V(HS)) forie {1, ....n—1}. Let Z={aj, ...,a,_;},
W = {b{, ...,b,_;}. By Lemma 3.3, there are n — 1 internally disjoint paths between z and Z, say P}, ..., P,_;,
n -1 internally disjoint paths between w and W, say P,...,B_; and a € V(P}), b/ € V(P) for
ie{l,..,n-1. Let T=PUP UPUT uxx/Uaa ubpb/ forie{l,..,n-1}. Then T, B,..., T,_, are
n — 1 internally disjoint S-trees.

Figure 11: The illustrations of (a) Case 4.2.2 and (b) Case 4.2.3.
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Case 4.3.2. For somei € {1, ...,n — 2}, x/ € V(HSp).

Without loss of generality, suppose x, ;€ V(HSf), x| € V(HSn"'), where j; €I}, - {a, B,y}, for
ie{l,...,n- 2}

When x' € V(HS,{"‘{“’B’V’UEM), without loss of generality, suppose x' € V(HS;*!). There is a path
joining x' and by_; in HS}*, say R and b, ; € V(HSY). Let Z = {al, ...,a. 5, x. i}, W={b{, ...,b_}. By
Lemma 3.3, there are n — 1 internally disjoint paths between z and Z, say P,,..., P,_;, n — 1 internally disjoint
paths between w and W, say P,..., B_; and a/ € V(P)), fori e {1, ...,n — 2}, x,_, € V(P._)), b} € V(P,) for
ie{l,..,n-1}.LetT=PUP/UPUT Uxx/Uaa ubb! forie{l,..,n-2}, T.i=B_1UP. ,UB_ U
Xn-1%y_1 UR U xx' U b,_1b,_;. Then T}, Ty, ..., T,_, are n — 1 internally disjoint S-trees (Figure 12).

When x' € V(HS,}'), for some i € {1, ...,n — 2}, without loss of generality, suppose x' ¢ V(HS,{"*Z). We
obtain n - 2 internally disjoint S-trees T, D, ..., T,_,, similar to the case of x’ € V(HS,{"’{“’ﬁ’V'U?=32ii}). Since
there are two cross edges between HSZ and HS}"2, y' ¢ V(HS®PUi). We suppose y' € V(HS?) and the
proof of the case y' € V(HS®Av.U'id) is similar. Let B,_; be the path joining w and y', T,_; = B U
P, u B,u yy'. Then T, D, ..., T,_; are n — 1 internally disjoint S-trees.

Case 4.4. There are no cross edges between N[x] and HSf'V.

The proof is similar to that of Case 4.3.1.

Case 5. The vertices of S are distributed in four distinct copies of HS,,.

Without loss of generality, suppose x € V(HS®), y € V(HSP), z € V(HS)), and w € V(HS]"), where
a,By,nely, a#B+y+n Let X=0a, ....Xn1bs Y= oosVush Z =121 cosZna}y W={wy, ., Wi},
and x/, yi’, z,-', W,-' € V(HS,{") forie{l,...,n—-1}. We suppose x ¢ X,y ¢ Y,z ¢ Z,w ¢ W, and the proof of
thecasex e Xory € Yorz € Z orw € W is similar. By Lemma 3.3, there are n — 1 internally disjoint paths
between x and X, say P,..., P,_;, n — 1 internally disjoint paths between y and Y, say P|,..., P,_;, n — 1
internally disjoint paths between z and Z, say P/, ..., P;_;, n — 1internally disjoint paths between w and W,
say P,,..., B_; and such that x; € V(P), y; € V(P), zi € V(P"), w; € V(P) fori € {1, ...,n — 1}. Clearly, there
exists a tree connecting X/, , z/, w/ in HS),say T forie{l,..,n-1}. Let T=PUP UP'UPB Uxx U

Yy U zizi U ww U T forie{l,...,n-1}.ThenT, B,..., T,_; are n — 1internally disjoint S-trees (Figure 13).

HS HSI
(i=1,...,n—2)

- =2
Figure 12: The illustration of x’ € V(HS;" @by U ”}).
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HSy HS? HS) HS!

Figure 13: The illustration of Case 5.

4 Concluding remarks

The hierarchical star networks have some attractive properties to design interconnection networks. In this
article, we focus on the hierarchical star graphs, which is an invariant of the star network and denoted by
HS,,. We show that k4(HS,) = n — 1forn > 2. So far, the results about generalized k-connectivity of networks
are almost about k = 3 and there are few results about larger k. In the future work, the generalized k-con-
nectivity of the networks for k > 5 would be an interesting problem.
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