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Abstract: The connectivity is an important measurement for the fault-tolerance of a network. The general-
ized connectivity is a natural generalization of the classical connectivity. An S-tree of a connected graph G
is a treeT V E,( )= ′ ′ that contains all the vertices in S subject to S V G( )⊆ . Two S-treesT andT′ are internally
disjoint if and only if E T E T( ) ( )∩ ′ = ∅ and V T V T S( ) ( )∩ ′ = . Denote by κ S( ) the maximum number
of internally disjoint S-trees in graph G. The generalized k-connectivity is defined as κ Gk( ) =

κ S S V G S kmin and{ ( )∣ ( ) ∣ ∣ }⊆ = . Clearly, κ G κ G2( ) ( )= . In this article, we show that κ HS n 1n4( ) = − , where
HSn is the hierarchical star network.
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1 Introduction

The graphs considered in this article are simple undirected finite graphs. For graph theory symbols and
terms that are covered but not mentioned in this article, please refer to [1]. Let G V E,( )= be a connected
graph with vertex set V G( ) and edge set E G( ). Let u V G( )∈ , and N u v V G u uv E G\G( ) { ( ) ∣ ( )}= ∈ ∈ be the
neighbour set of u in the graph G, and N u N u uG G[ ] ( ) { }= ∪ . Let d u N uG G( ) ∣ ( )∣= be the degree of u in G.
If d v kG( ) = for any vertex v V G( )∈ , then the graph G is k-regular. For any vertices u v V G, ( )∈ , an
u v,( )-path starts at u and ends at v. Any two u v,( )-paths P and Q are internally disjoint if and only
if V P V Q u v,( ) ( ) { }∩ = .

The classic connectivity of graph G, denoted as κ G( ), is an important parameter to measure the relia-
bility and fault-tolerance of the network. The connectivity κ G( ) is larger, the reliability of the network is
higher. There are two versions to define κ G( ). The version definition of “cut” is that deleting the minimum
number of vertices disconnects the graph G. The version of “path” is defined as follows: for any vertex set
S u v,{ }= , κ SG( ) represents the maximum number of internally disjoint paths joining u and v in G,
and κ G κ S S V G Smin and 2G( ) { ( )∣ ( ) ∣ ∣ }= ⊆ = .

Although there are fruitful research results in the study of classical connectivity, classical connectivity
itself has certain limitations, which lead to large defects in evaluating the reliability of the network. For
example, in the actual application of an interconnection network, all processors connected to the same
processor are less likely to fail at the same time, so this parameter is not accurate enough to measure
network reliability and fault tolerance. In view of this, Chartrand et al. [2] generalized classical connectivity
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and proposed the concept of generalized connectivity. LetG be a connected graph with S V G( )⊆ . An S-tree of
graph G is a tree T V E,( )= ′ ′ that contains all the vertices in S subject to S V G( )⊆ . Two S-trees T and T′ are
internally disjoint if and only if E T E T( ) ( )∩ ′ = ∅ andV T V T S( ) ( )∩ ′ = . Denote κ S( ) as the maximum number
of internally disjoint S-trees in graph G. The generalized k-connectivity is defined as
κ G κ S S V G S kmin andk( ) { ( )∣ ( ) ∣ ∣ }= ⊆ = , clearly, κ G κ G2( ) ( )= .

The bounds of generalized connectivity and the relationship between connectivity and generalized
connectivity have been extensively investigated [3–5]. In addition, the generalized 3-connectivity of many
networks has been studied, for example, complete graphs [6], card product graphs [7], product graphs [8],
complete bipartite graph [9], star graphs, and alternating group graphs [10]. However, there are few results
about generalized 4-connectivity, such as hypercubes [11], exchanged hypercubes [12], dual cube [13], and
hierarchical cubic networks [14]. For more works and results on generalized connectivity, please refer
to [15–18].

In this article, we study the generalized 4-connectivity of the hierarchical star networks.

2 Hierarchical star networks and their properties

In this section, we give the definition, structure of the hierarchical star networks, and some lemmas.

Definition 1. [19] An n-dimensional star graph, denoted by the graph Sn, is defined as an undirected graph
with each vertex representing a distinct permutation of n[ ] and two vertices are adjacent if and only if their
labels differ only in the first and another position, that is, two vertices u u u un1 2= … , v v v vn1 2= … are
adjacent if and only if v u u u u u u ui i i n2 3 1 1 1= … …

− +
for some i n 1[ ] { }∈ ⧹ , where n n1, 2, ,[ ] = … . In this situa-

tion, u v,( ) is an i-edge.

The star graph S4 is shown in Figure 1.
Let Γn be a permutation group on the set n[ ] and S n1, 2 , 1, 3 , , 1,{( ) ( ) ( )}= … , where i1,( ) is a transposi-

tion of Γn. Then Sn is the undirected Cayley graph Cay SΓ ,n( ). For a permutation x Γn∈ , the permutation by
interchanging the first element with ith element of x is denoted as x i1,( ) for i n 1[ ] { }∈ ⧹ .

For two integers i j n, [ ]∈ , denoted by Sn
j i: the subgraph of Sn induced by all the vertices with the jth

element being i. For a fixed dimension j n \1[ ]∈ , Sn can be partitioned into n subgraphs Sn
j i: , which is

isomorphic to Sn 1−
for each i n[ ]∈ .

Figure 1: The graph of S4.
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Lemma 2.1. [19] For any integer n 3≥ , Sn is n 1( )− -regular and n 1( )− -connected, vertex transitive, edge
transitive, bipartite graph with girth 6. Any two vertices have at most one common neighbor in Sn.

Definition 2. [20] An n-dimensional hierarchical star network, HSn, is made of n ! n-dimensional star
graphs Sn, called copies. Each vertex of HSn is denoted by a two-tuple address a b,⟨ ⟩, where both a and
b are arbitrary permutation of n distinct symbols. The first n-bit permutation a identifies the copy of a and

the second n-bit permutation b identifies the position of b inside its copy. Two vertices a b,⟨ ⟩ and a b, 
⟨ ⟩ in

HSn are adjacent, if one of the following three conditions holds:

(1) a a= and b b E S, n( ) ( )∈ . That is, a b,⟨ ⟩ is adjacent to a b, ⟨ ⟩ if b b E S, n( ) ( )∈ ;

(2) a a≠ , a b= , and a b a n1,  ( )= = . That is, a a,⟨ ⟩ is adjacent to a n a n1, , 1,( ) ( )⟨ ⟩;

(3) a a≠ , a b≠ , a b= , and b a= . That is, a b,⟨ ⟩ is adjacent to b a,⟨ ⟩ if a b≠ .

The hierarchical star networks HS2 and HS3 are shown in Figure 2.

Remark 2.1. [21] Each node in HSn is assigned a label a b a a a b b b, ,n n1 2 1 2⟨ ⟩ = ⟨ … … ⟩, where a a an1 2 … and
b b bn1 2 … are permutations of n distinct symbols (not necessarily distinct from each other). The edges of the
HSn are defined by the following n generators:

h a b a n b n a b
b a a b

, 1, , 1, , ;
, , ,1( )

⎧

⎨
⎩

( ) ( )
⟨ ⟩ =

⟨ ⟩ =

⟨ ⟩ ≠

and h a b a b i, , 1,i( ) ( )⟨ ⟩ = ⟨ ⟩ for i n 1[ ] { }∈ ⧹ .

Let a b,⟨ ⟩ be a vertex of HSn. The neighbor set of a b,⟨ ⟩ is exactly h a b i n,i{ ( )∣ [ ]}⟨ ⟩ ∈ . Furthermore,
h a b,1( )⟨ ⟩ is called the external neighbor of a b,⟨ ⟩ and h a b,i( )⟨ ⟩ is called the internal neighbor of a b,⟨ ⟩

for i n 1[ ] { }∈ ⧹ . We denote by HSn
a the subgraph induced by the vertex set a b V HS b V S, n n{ ( )∣ ( )}⟨ ⟩ ∈ ∈ , which

is isomorphic to an n-dimensional star graph Sn identified by a. Moreover, we define HSn
a b, as a subgraph of

HSn induced by the vertex setV HS V HSn
a

n
b( ) ( )∪ and HSn

aΓn { }− as a subgraph of HSn induced by the vertex set
V HS V HS\n n

a( ) ( ). For a vertex x V HSn( )∈ , we use x′ to denote the external neighbor of x.

Remark 2.2. [21] Any vertex has exactly one external neighbor in HSn, that is, every vertex a b,⟨ ⟩ in HSn
a is

exactly incident one cross edge a b h a b, , ,1( ( ))⟨ ⟩ ⟨ ⟩ . There is one or two cross edges between any pair of

copies. Moreover, for a fixed copy HSn
a, there are two cross edges between HSn

a and HSn
a n1,( ); there is only one

cross edge between HSn
a and HSn

b, where b a a nΓ \ , 1,n { ( )}∈ .

Figure 2: The graph of HS2 and HS3.
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Lemma 2.2. [20] For any integer n 3≥ , HSn is an n-regular n-connected graph, and its girth is 4. Any two
vertices have at most two common neighbors in HSn.

Lemma 2.3. Let HS HS HS, , ,n n n
n1 2

…

! be the n ! copies of HSn, and H HS V HSn j
k

n
j

1i
i[ ]( )= ⋃

=

for j ni [ ]∈ ! , k 1≥ , and
n 3≥ , i n1 ≤ ≤ ! , then H is connected.

Proof. Without loss of generality, suppose H HS V HSn j
k

n
j

1i
i

[ ( )]= ⋃
=

. By Remark 2.2, there is at least one cross
edge between any two distinct copies of HSn. Thus, H is connected. □

Lemma 2.4. For j ni [ ]∈ ! , i n1 ≤ ≤ ! , let v V HSn
ji

( )∈ with v x y,= ⟨ ⟩ and x y= . The external neighbors

of different vertices in V HS v\n
ji { }( ) belong to different copies of HSn. Moreover, if u V HS v\n

ji { }( )∈ with
u x y n, 1,( )= ⟨ ⟩, then v u,′ ′ belong to the same copy of HSn.

Proof. Let v v V HS v, \n
j

1 2 i { }( )∈ with v x y,1 1 1= ⟨ ⟩, v x y,2 2 2= ⟨ ⟩. By the definition of HSn, x y1 1≠ , x y2 2≠ , and
y y1 2≠ , v x n y n1, , 1,( ) ( )′ = ⟨ ⟩. Clearly, v y x,1 1 1′ = ⟨ ⟩ and v y x,2 2 2′ = ⟨ ⟩. Since y y1 2≠ , v1′ and v2′ belong to different

copies of HSn. Let u V HS v\n
ji { }( )∈ , x y n1,( )≠ , and u y n x1, ,( )′ = ⟨ ⟩. Since x n y n1, 1,( ) ( )= , v u,′ ′ belong to

the same copy of HSn. □

3 Generalized 4-connectivity of HSn

In this section, we will study the generalized 4-connectivity of hierarchical star networks. To prove the main
result, the following results are useful.

Lemma 3.1. [4] If there are two adjacent vertices of degree δ G( ), then κ G δ G 1k( ) ( )≤ − for k V G3 ∣ ( )∣≤ ≤ .

Lemma 3.2. [1] Let G be a k-connected graph, and let x and y be a pair of distinct vertices in G. Then there
exist k internally disjoint paths P P P, , , k1 2 … in G connecting x and y.

Lemma 3.3. [1] Let G V E,( )= be a k-connected graph, let x be a vertex of G, and letY V x\{ }⊆ be a set of at
least k vertices of G. Then there exists a k-fan in G from x to Y. That is, there exists a family of k internally
vertex-disjoint x Y,( )-paths whose terminal vertices are distinct in Y .

Lemma 3.4. [1] Let G V E,( )= be a k-connected graph, and let X and Y be subsets of V G( ) of cardinality at
least k . Then there exists a family of k pairwise disjoint X Y,( )-paths in G.

Theorem 3.1. [22] κ S n 2n3( ) = − , for n 3≥ .

Theorem 3.2. [23] κ S n 2n4( ) = − , for n 3≥ .

Lemma 3.5. For any three vertices x y z V S, , n( )∈ , n 3≥ , there exist n 2− internally disjoint trees T T, , n1 2 
…

−

connecting x y z, , and each Ti contains a vertex ui such that ui is distinct from x y z, , and u ui j≠ ,
for i j n1 2≤ ≠ ≤ − .

Proof. By Theorem 3.2, κ S n 2n4( ) = − . That is to say, for any four distinct vertices x y z u V S, , , n( )∈ , there
are n 2− internally disjoint treesT T, , n1 2′ … ′

−

connecting x y z u, , , in Sn. There exists some integer i such that

V T 4i∣ ( )∣′ = and V T 5j∣ ( )∣′ ≥ , where i j n1 2≤ ≠ ≤ − .

Without loss of generality, suppose V T 41∣ ( )∣′ = . By Lemma 2.1, d u n 1Sn( ) = − .

1264  Junzhen Wang et al.



Case 1. d u 2T1( ) =
′

.

Obviously, for Tj′, j n2 2≤ ≤ − , d u 1Tj( ) =
′

. Let T T1 1
= ′ and T T uj j

= ′ − for i j n1 2≤ ≠ ≤ − .

Then T T, , n1 2 
…

−
are the desired trees.

Case 2. d u 1T1( ) =
′

.

Case 2.1. For j n2 2≤ ≤ − , d u 1Tj( ) =
′

.

The proof is similar to that of Case 1.
Case 2.2. For j n2 2≤ ≤ − , there exists some Tj′ subject to d u 2Tj( ) =

′
.

Without loss of generality, suppose d u 2T2( ) =
′

. Let T T T T T T u, , j j1 1 2 2  
= ′ = ′ = ′ − for j n3 2≤ ≤ − .

Then T T, , n1 2 
…

−
are the desired trees. □

Theorem 3.3. κ HS n 1n4( ) = − for n 2≥ .

By Lemma 3.1, κ HS δ HS n1 1n n4( ) ( )≤ − = − . To obtain Theorem 3.3, it suffices to establish the following
claim.

Claim. For any given vertex set S x y z w V HS, , , n{ } ( )= ⊆ , there exist n 1− internally disjoint S-trees
in HSn.

Proof. It proceeds by induction on n. Obviously, HS2 is connected, there is a tree connecting x y z w, , , in
HS2. Suppose that n 3≥ and the theorem holds for n 1− . □

Recall that HSn consists of n ! copies isomorphic to Sn, denoted by HSn
ℓ, Γnℓ ∈ . We consider the following

cases.
Case 1. The vertices of S are distributed in one copy of HSn.
Without loss of generality, suppose x y z w V HS, , , n

α( )∈ , where α Γn∈ . By Theorem 3.2, there exist n 2−

internally disjoint S-trees connecting x y z w, , , in HSn
α, sayT T T, , , n1 2 2…

−
. Let H HSn

αΓn { }
=

− , by Lemma 2.3, H
is connected. Clearly, x y z w V H, , , ( )′ ′ ′ ′ ∈ , then there exists a tree Tn 1

−
connecting x y z w, , ,′ ′ ′ ′ in H . Let

T T xx yy zz wwn n1 1
= ∪ ′ ∪ ′ ∪ ′ ∪ ′

− −
. Then T T T, , , n1 2 1…

−
are n 1− internally disjoint S-trees.

Case 2. The vertices of S are distributed in two distinct copies of HSn.

Without loss of generality, suppose x y z V HS, , n
α( )∈ and w V HSn

β( )∈ , where α β α β, Γ ,n∈ ≠ . By Lemma

3.5, there are n 2− internally disjoint trees connecting x y z, , , say Ti, and u V Ti i( )∈ is distinct with x y z, ,
for i n1, , 2{ }∈ … − .

Figure 3: The illustration of Case 2.1.1.
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Case 2.1. There is no cross edge between T T, , n1 2 { }…
−

and HSn
β.

Without loss of generality, suppose u V HSi n
ji

( )
′ ∈ , where j α βΓ ,i n { }∈ − , i n1, , 2{ }∈ … − . First, we sup-

pose that different vertices of u u, , n1 2{ }′ … ′

−

belong to different copies.

Case 2.1.1. x y z V HS, , n
α β jΓ , ,n i

n
i1

2{ }
( )′ ′ ′ ∈

− ⋃
=

−

for i n1, , 2{ }∈ … − .

Clearly, there exists a path Pi joining ui′ and mi in HSn
ji such that m V HSi n

β( )′ ∈ . LetW m m m, , ,n1 2{ }= ′ … ′

−

.
By Lemma 3.3, there are n 1− internally disjoint paths joining w and W , say P P, , n1 1′ … ′

−

, m V Pi i( )′ ∈ ′ ,

m V Pn 1( )∈ ′

−

, m V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

, for i n1, , 2{ }∈ … − . Clearly, x y z m V HS, , , n
α β jΓ , ,n i

n
i1

2{ }
( )′ ′ ′ ′ ∈

− ⋃
=

−

, and so

there is a tree Tn 1
−

connecting x y z m, , ,′ ′ ′ ′. Let T T u u P m m Pi i i i i i i i
= ∪ ′ ∪ ∪ ′ ∪ ′ for i n1, , 2{ }∈ … − and

T xx yy zz mm P Tn n n1 1 1
= ′ ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪

− − −
. ThenT T T, , , n1 2 1…

−
are n 1− internally disjoint S-trees (Figure 3).

Case 2.1.2. One of x y z, ,{ }′ ′ ′ belongs to some HSn
ji for i n1, , 2{ }∈ … − .

Suppose x′ belongs to the copy HSn
jn 2− , clearly un 2′

−

also belongs to HSn
jn 2− . Let m h V HS,n n

j
2 n 2

( )∈
−

− ,

X u x,n 2{ }= ′ ′
−

, and Y m h,n 2{ }=
−

such that m V HSn n
β

2 ( )′ ∈
−

, h V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

. By Lemma 3.4, there

are two internally disjoint paths between X and Y , say Pn 2−
and Pn 1−

, where Pn 2−
is the path joining un 2′

−

and mn 2−
and Pn 1−

is the path joining x′ and h. Let W m m m, , ,n1 2{ }= ′ … ′

−

, by Lemma 3.3, there are
n 1− internally disjoint paths between w and W , say P P, , n1 1′ … ′

−

, and m V Pi i( )′ ∈ ′ , m V Pn 1( )∈ ′

−

, such that

m V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

. In viewof y z m h V HS, , , n
α β jΓ , ,n i

n
i1

2{ }
( )′ ′ ′ ′ ∈

− ⋃
=

−

, there exists a tree connecting y z m h, , ,′ ′ ′ ′,

say Tn 1
−
. Let T T u u P m m Pi i i i i i i i

= ∪ ′ ∪ ∪ ′ ∪ ′ for i n1, , 2{ }∈ … − and T xx yy zz P hhn n1 1= ′ ∪ ′ ∪ ′ ∪ ∪ ′ ∪
− −

mm P Tn n1 1
′ ∪ ′ ∪

− −
. ThenT T T, , , n1 2 1…

−
are n 1− internally disjoint S-trees (Figure 4).

Next, we suppose two of u u, , n1 2{ }′ … ′

−

belong to the same copy. Let X X x u\ n 3( { }) { }′ = ′ ∪ ′

−

, Y′ =

Y h m\ n 3( { }) { }∪
−

, and m V HSn n
β

3 ( )′ ∈
−

. We obtain n 3− internally disjoint S-tees T T T T, , , , ,n n1 2 4 2…
− −

similar

to that of Case 2.1.2 by replacing X with X′ and Y with Y′. In view of x y z m V HS, , , n
α β jΓ , ,n i

n
i1

3{ }
( )′ ′ ′ ′ ∈

− ⋃
=

−

,

there is a tree connecting x y z m, , ,′ ′ ′ ′ say Tn 1
−
. Let T T u u P m m Pn n n n n n n n3 3 3 3 3 3 3 3

= ∪ ′ ∪ ∪ ′ ∪ ′
− − − − − − − −

, Tn 1 =
−

xx yy zz mm P Tn n1 1
′ ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪

− −
. Then T T T, , , n1 2 1…

−
are n 1− internally disjoint S-trees.

Case 2.2. There is one cross edge between T T, , n1 2 { }…
−

and HSn
β.

Consequently, we just consider the case different vertices of u u, , n1 2{ }′ … ′

−

belong to different copies and
the case that two of u u, , n1 2{ }′ … ′

−

in the same copy is similar.

Case 2.2.1. For some i n1, , 2{ }∈ … − , u V HSi n
β( )′ ∈ .

Without loss of generality, suppose u V HSn n
β

2 ( )′ ∈
−

, u V HSi n
ji

( )
′ ∈ for i n1, , 3{ }∈ … − .

When x y z V HS, , n
α β jΓ , ,n i

n
i1

3{ }
( )′ ′ ′ ∈

− ⋃
=

−

, we setW W m u\ n n2 2( { }) { }′ = ′ ∪ ′

− −

. We obtain n 2− internally disjoint
S-trees T T T T, , , ,n n1 2 3 1…

− −
, similar to that of Case 2.1.1 by replacing W with W′. And Tn 2 =

−

T P u un n n n2 2 2 2
∪ ′ ∪ ′

− − − −

(Figure 5[a]).

Figure 4: The illustration of Case 2.1.2.
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When one of x y z, ,{ }′ ′ ′ and ui′ belong to the same copy, for some i n1, , 3{ }∈ … − , we suppose that

x u, n 3′ ′

−

belong to the same copy HSn
jn 3− . Let X X u u\ n n2 3( { }) { }′ = ′ ∪ ′

− −

, Y Y m m\ n n2 3( { }) { }′ = ∪
− −

, and W′ =

W m u\ n n2 2( { }) { }′ ∪ ′

− −

. We obtain n 2− internally disjoint S-trees T T T T, , , ,n n1 2 3 1…
− −

, similar to that of Case

2.1.2 by replacing X with X′, Y with Y′, W with W′. And T T P u un n n n n2 2 2 2 2
= ∪ ′ ∪ ′

− − − − −

(Figure 5[b]).
Case 2.2.2. One of x y z, ,{ }′ ′ ′ belongs to HSn

β.

Without loss of generality, suppose z V HSn
β( )′ ∈ , u V HSi n

ji
( )

′ ∈ , where j α βΓ ,i n { }∈ − , i n1, , 2{ }∈ … − .

There is a path joining ui′ and mi in HSn
ji, say Pi, and m V HSi n

β( )′ ∈ , for i n1, , 2{ }∈ … − .

Case 2.2.2.1. x y V HS, n
α β jΓ , ,n i

n
i1

2{ }
( )′ ′ ∈

− ⋃
=

−

.

When z N wHSn
β( )′ ∈ , we setTn 1

−
be the tree connecting x y m, ,′ ′ ′. We obtain n 2− internally disjoint S-trees

T T T, , , n1 2 2…
−
, similar to that of Case 2.1.1. And T T P xx yy zz mmn n n1 1 1

= ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪ ′
− − −

.
When z N wHSn

β( )′ ∉ , we set Pn 1′

−

be the path from w to z′, then there exists a vertex a distinct from z′ and

w in Pn 1′

−

. First, we suppose a V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

. The proof is similar to the case of z N wHSn
β( )′ ∈ . Next,

we suppose a V HSn
α j, i

( )′ ∈ , for some i n1, , 2{ }∈ … − . Clearly, in this case, w V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

, the proof

is similar to the case of a V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

− (Figure 6[a]).
Case 2.2.2.2. For some i n1, , 2{ }∈ … − , one of x y,{ }′ ′ belongs to V HSn

ji
( ).

Without loss of generality, suppose x u V HS, n n
j

2
n 2

( )
′ ′ ∈

−

− .

Figure 5: The illustrations of Case 2.2.1: (a) ⎜ ⎟
⎛

⎝

⎞

⎠

{ }
∈

⋃

=x y z V HS′, ′, ′ n
α β jΓ − , ,n i

n
i1

−3
; and (b) ( )∈x u V HS′, ′n n

j
−3

n−3 .

Figure 6: The illustrations of ( )∈

{ }

z N w′ HSn
β : (a) Case 2.2.2.1 and (b) Case 2.2.2.2.
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When z N wHSn
β( )′ ∈ , we setTn 1

−
be the tree connectingh y m, ,′ ′ ′. We can obtainn 2− internally disjoint S-trees

T T T, , , n1 2 2…
−
, similar to Case 2.1.2. And T T P P xx yy zz mm hhn n n n1 1 1 1

= ∪ ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪ ′
− − − −

(Figure 6[b]).
When z N wHSn

β( )′ ∉ , there exists a vertex a distinct from z′ and w in Pn 1′

−

. First, we suppose

a V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

. The proof is similar to the case of z N wHSn
β( )′ ∈ . Next, we suppose a V HSn

α j, i
( )′ ∈

for some i n1, , 2{ }∈ … − . Clearly, in this case, w V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

. The proof is similar to the case

of a V HSn
α β jΓ , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

.

Case 2.3. There are two cross edges between T T, , n1 2 { }…
−

and HSn
β.

Case 2.3.1. One of x y z, ,{ }′ ′ ′ belongs to HSn
β, and some u V HSi n

β( )′ ∈ for i n1, , 2{ }∈ … − .

Without loss of generality, suppose z u V HS, n n
β

2 ( )′ ′ ∈
−

, and u V HSi n
ji

( )
′ ∈ for i n1, , 3{ }∈ … − . There exists

a path joining ui′ and mi in HSn
ji, say Pi, and m V HSi n

β( )′ ∈ , for i n1, , 3{ }∈ … − .
Let W m m u z, , , ,n n1 3 2{ }= ′ … ′ ′ ′

− −

. By Lemma 3.3, there are n 1− internally disjoint paths between w and
W , say P P, , n1 1′ … ′

−

, and m V Pi i( )′ ∈ ′ for i n1, , 3{ }∈ … − , u V Pn n2 2( )′ ∈ ′

− −

, z V Pn 1( )′ ∈ ′

−

. If w W∉ , clearly,

x y w V HS, , n
α β jΓ , ,n i

n
i1

3{ }
( )′ ′ ′ ∈

− ⋃
=

−

, there exists a tree connecting x y,′ ′, and w′, say Tn 1
−
. Let

T T u u P m m P i n
T T u u P
T xx yy zz ww T

, 1, , 3i i i i i i i i

n n n n n

n n

2 2 2 2 2

1 1






⎧

⎨

⎪

⎩
⎪

{ }= ∪ ′ ∪ ∪ ′ ∪ ′ ∈ … −

= ∪ ′ ∪ ′

= ′ ∪ ′ ∪ ′ ∪ ′ ∪

− − − − −

− −

ThenT T T, , , n1 2 1…
−
are n 1− internally disjoint S-trees (Figure 7[a]). If w W∈ , the proof is similar to the case

of w W∉ .

Case 2.3.2. Two of x y z, ,{ }′ ′ ′ belong to HSn
β.

Without loss of generality, suppose x y V HS, n
β( )′ ′ ∈ , clearly, x′ is adjacent to y′. Let W′ =

W u z x y\ , ,n 2( { }) { }′ ′ ∪ ′ ′
−

, we obtain n 3− internally disjoint S-trees T T T, , , n1 2 3…
−
, similar to that of Case

2.3.1 by replacing W with W′. Let x V Pn 2( )′ ∈ ′

−

, y V Pn 1( )′ ∈ ′

−

. Since the girth of HSn
β is 6, there is a vertex

m in Pn 2′

−

or Pn 1′

−

such that m is distinct with x y,′ ′, and w. Without loss of generality, suppose m V Pn 2( )∈ ′

−

.

Since there are two cross edges between HSn
α and HSn

β, m′ and w′ belong to different copies, z′ and un 2′

−

belong to different copies. We consider the case that m′ belongs to different copies with z′ or un 2′

−

, and the

case that m′ belongs to the same copy with z′ or un 2′

−

is similar. Suppose z V HSn
jn 2

( )′ ∈
− , m V HSn

jn 1
( )′ ∈

− .

By Lemma 2.3, HSn
j j,n n2 1− − is connected, then there is a path joining z′ and m′, say Q. Obviously,

u w V HS,n n
α β j

2
Γ , ,n i

n
i1

3{ }
( )

′ ′ ∈
−

− ⋃
=

−

. By Lemma 2.3, HSn
α β jΓ , ,n i

n
i1

3{ }− ⋃
=

−

is connected, then there is a path joining un 2′

−

and w′, say R. Let T T u u R wwn n n n2 2 2 2
= ∪ ′ ∪ ∪ ′

− − − −

, T xx yy zz P P mm Qn n n1 2 1= ′ ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪
− − −

. Then
T T T, , , n1 2 1…

−
are n 1− internally disjoint S-trees (Figure 7[b]).

Figure 7: The illustrations of (a) Case 2.3.1 and (b) Case 2.3.2.
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Case 2.3.3. Two of u u, , n1 2{ }′ … ′

−

belong to HSn
β.

Let W W m z u m\ , ,n n3 3( { }) { }′ = ′ ′ ∪ ′

− −

, and m V HSn
α β jΓ , ,n i

n
i1

4{ }
( )′ ∈

− ⋃
=

−

. We obtain n 3− internally disjoint

S-trees T T T T, , , ,n n1 2 4 2…
− −

, similar to that of Case 2.3.1 by replacing W with W′. Let Tn 1
−

be the tree

connecting x y z m, , ,′ ′ ′ ′, T T u u Pn n n n n3 3 3 3 3
= ∪ ′ ∪ ′

− − − − −

, T xx yy zz mm P Tn n n1 1 1
= ′ ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪

− − −
. Then

T T T, , , n1 2 1…
−

are n 1− internally disjoint S-trees.
Case 3. The vertices of S are distributed equally in two distinct copies of HSn.

Without loss of generality, suppose x y V HS, n
α( )∈ and z w V HS, n

β( )∈ , where α β α β, Γ ,n∈ ≠ . Since HSn
α

is isomorphic to Sn, by Lemma 3.2, there are n 1− internally disjoint paths joining x and y in HSn
α, say

P P, , n1 1…
−
. Similarly, there are n 1− internally disjoint paths joining z and w in HSn

β, say P P, , n1 1′ … ′

−

. Let
x N x V Pi i( ) ( )∈ ∩ , w N w V Pi i( ) ( )∈ ∩ ′ for i n1, , 1{ }∈ … − . By Lemma 2.4, different vertices of x x, , n1 1{ }′ … ′

−

belong to distinct copies and different vertices of w w, , n1 1{ }′ … ′

−

belong to distinct copies. Obviously, at

most one x V HSi n
β( )′ ∈ , and at most one w V HSi n

α( )′ ∈ for i n1, , 1{ }∈ … − . We suppose x w,i i′ ′ belong to
different copies, where i n1, , 1{ }∈ … − , and the case that for some i n1, , 1{ }∈ … − , x w,i i′ ′ belong to the
same copy is similar.

Case 3.1. None of x x, , n1 1{ }′ … ′

−

belongs to HSn
β, and none of w w, , n1 1{ }′ … ′

−

belongs to HSn
α for

i n1, , 1{ }∈ … − .

As n n2 2 2!− ≥ − (n 3≥ ), we can suppose x V HSi n
γi

( )
′ ∈ , w V HSi n

ηi
( )

′ ∈ , and γ η α β γ η, Γ , ,i i n i i{ }∈ − ≠ for

i n1, , 1{ }∈ … − . By Lemma 2.3, HSn
γ η,i i is connected, there exists a path joining xi′ and wi′, say Pi, for

i n1, , 1{ }∈ … − . Let T P P x x w w Pi i i i i i i i= ∪ ′ ∪ ′ ∪ ′ ∪ , where i n1, , 1{ }∈ … − . Then T T T, , , n1 2 1…
−

are n 1−

internally disjoint S-trees.
Case 3.2. One of x x, , n1 1{ }′ … ′

−

belongs to HSn
β, and none of w w, , n1 1{ }′ … ′

−

belongs to HSn
α for

i n1, , 1{ }∈ … − .

Without loss of generality, suppose x V HSn n
β

1 ( )′ ∈
−

.
Case 3.2.1. x V Pn i1 ( )′ ∈ ′

−

, where i n1, , 1{ }∈ … − .
Without loss of generality, suppose x V Pn n1 1( )′ ∈ ′

− −

. We can obtain n 2− internally disjoint S-trees
T T, , n1 2…

−
similar to that of Case 3.1. Let T P P x xn n n n n1 1 1 1 1= ∪ ′ ∪ ′

− − − − −

. ThenT T T, , , n1 2 1…
−

are n 1− internally
disjoint S-trees.

Case 3.2.2. x V Pn i1 ( )′ ∉ ′

−

, where i n1, , 1{ }∈ … − .
Let W w w, , n1 1{ }= …

−
. By Lemma 3.3, there are n 1− internally disjoint paths Q Q, , n1 1…

−
between xn 1′

−

and W such that w V Qi i( )∈ , where i n1, , 1{ }∈ … − . It is necessary to consider the following situations.
When V Q V P n 1i i∣ ( ) ( )∣∩ ′ = − , that is, V Q V P Wi i( ) ( )∩ ′ = , where i n1, , 1{ }∈ … − . We can obtain n 2−

internally disjoint S-trees T T, , n1 2…
−

similar to that of Case 3.1. Let T P P Q x xn n n n n n1 1 1 1 1 1= ∪ ′ ∪ ∪ ′
− − − − − −

.
Then T T T, , , n1 2 1…

−
are n 1− internally disjoint S-trees.

When V Q V P ni i∣ ( ) ( )∣∩ ′ ≥ , where i n1, , 1{ }∈ … − . The proof is similar to that of Case 3.2.1.

Case 3.3. One of x x, , n1 1{ }′ … ′

−

belongs to HSn
β, and one of w w, , n1 1{ }′ … ′

−

belongs to HSn
α, where

i n1, , 1{ }∈ … − .
The proof is similar to that of Case 3.2.
Case 4. The vertices of S are distributed in three distinct copies of HSn.

Without loss of generality, suppose x y V HS, n
α( )∈ and z V HSn

β( )∈ , w V HSn
γ( )∈ where α β γ, , Γn∈ ,

α β γ≠ ≠ . Since HSn
α is isomorphic to Sn, by Lemma 3.2, there exist n 1− internally disjoint paths joining

x and y in HSn
α, say P P, , n1 1…

−
. Let N x x x, , n1 1( ) { }= …

−
and x N x V Pi i( ) ( )∈ ∩ , by Lemma 2.4, the external

neighbors of N x( ) belong to different copies. Consequently, we just consider the case y N x( )∉ and the proof
of the case y N x( )∈ is similar.

Case 4.1. There are three cross edges between N x[ ] and HSn
β γ, .

Suppose x V HSi n
ji

( )
′ ∈ , x V HSn n

β
2 ( )′ ∈

−

, x V HSn n
γ

1 ( )′ ∈
−

, where j α β γΓ , ,i n { }∈ − , i n1, , 3{ }∈ … − , and let

y V HSn
jn 2

( )′ ∈
− . By Lemma 2.4, x V HSn

β γ,( )′ ∈ .

When x V HSn
β( )′ ∈ , there is a tree connecting x a b, ,i i i′ in HSn

ji, say Ti, and a V HSi n
β( )′ ∈ , b V HSi n

γ( )′ ∈ for

i n1, , 3{ }∈ … − . There is a path joining y′ and bn 2−
in HSn

jn 2− , say P, and b V HSn n
γ

2 ( )′ ∈
−

. Let Z =
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a a x x, , , ,n n1 3 2{ }′ … ′ ′ ′
− −

, W b b x, , ,n n1 2 1{ }= ′ … ′ ′

− −

. By Lemma 3.3, there are n 1− internally disjoint paths

between z and Z , say P P, , n1 1′ … ′

−

, n 1− internally disjoint paths between w and W , say P P, , n1 1 
…

−
,

a V Pi i( )′ ∈ ′ for i n1, , 3{ }∈ … − , x V Pn n2 2( )′ ∈ ′

− −

, x V Pn 1( )′ ∈ ′

−

, b V Pi i( )′ ∈ for i n1, , 2{ }∈ … − , x V Pn n1 1( )′ ∈
− −

.
Let

T P P P T x x a a b b i n
T P P P x x yy P b b
T P P P xx x x

, 1, , 3

.

i i i i i i i i i i i

n n n n n n n n

n n n n n n

2 2 2 2 2 2 2 2

1 1 1 1 1 1





⎧

⎨

⎪

⎩
⎪

{ }= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′ ∈ … −

= ∪ ′ ∪ ∪ ′ ∪ ′ ∪ ∪ ′

= ∪ ′ ∪ ∪ ′ ∪ ′

− − − − − − − −

− − − − − −

Then T T T, , , n1 2 1…
−

are n 1− internally disjoint S-trees (Figure 8).
When x V HSn

γ( )′ ∈ , the proof is similar to the case of x V HSn
β( )′ ∈ .

Case 4.2. There are two cross edges between N x[ ] and HSn
β γ, .

Case 4.2.1. For two integers j k n1 1≤ ≠ ≤ − , x V HSj n
β( )′ ∈ , x V HSn

γ( )′ ∈ .

Without loss of generality, suppose x V HSn n
β

2 ( )′ ∈
−

, x V HSn n
γ

1 ( )′ ∈
−

, x V HSi n
ji

( )
′ ∈ , for j α β γΓ , ,i n { }∈ − ,

i n1, , 3{ }∈ … − .

Case 4.2.1.1. For some i n1, , 3{ }∈ … − , x V HSn
ji

( )′ ∈ .

Without loss of generality, suppose x x V HS, n n
j

3
n 3

( )′ ′ ∈
−

− , and let y V HSn
jn 2

( )′ ∈
− . Let u v V HS, n

jn 3
( )∈

− , and

u V HSn
jn 1

( )′ ∈
− , v V HSn

γ( )′ ∈ . Let A x x,n 3{ }= ′ ′
−

, B u v,{ }= . By Lemma 3.4, there are two disjoint paths

Figure 8: The illustration of ( )∈x V HS′ n
β .

Figure 9: The illustration of Case 4.2.1.1.

1270  Junzhen Wang et al.



between A and B, say R1 and R2, R1 is the path joining xn 3′

−

and u, and R2 is the path joining x′ and v. There is
a path joining y′ and m in HSn

jn 2− , say P and m V HSn
β( )′ ∈ . There is a tree connecting x a,i i′ and bi in HSn

ji, say

Ti for i n1, , 4{ }∈ … − , and a V HSi n
β( )′ ∈ , b V HSi n

γ( )′ ∈ . There is a tree connecting u a, n 3′
−

and bn 3−
in HSn

jn 1− ,

say Tn 3
−

and a V HSn n
β

3 ( )′ ∈
−

, b V HSn n
γ

3 ( )′ ∈
−

. Let Z a a x m, , , ,n n1 3 2{ }= ′ … ′ ′ ′
− −

, W b b v x, , , ,n n1 3 1{ }= ′ … ′ ′ ′

− −

. By

Lemma 3.3, there are n 1− internally disjoint paths between z and Z , say P P, , n1 1′ … ′

−

, n 1− internally

disjoint paths between w and W , say P P, , n1 1 
…

−
and a V P x V P,i i n n2 2( ) ( )′ ∈ ′ ′ ∈ ′

− −

, m V Pn 1( )′ ∈ ′

−

, b V Pi i( )′ ∈

for i n1, , 3{ }∈ … − , v V Pn 2( )′ ∈
−

, x V Pn n1 1( )′ ∈
− −

. Let

T P P P T x x a a b b i n
T P P P T x x a a b b uu R
T P P P R x x xx vv
T P P P P x x yy mm

, 1, , 4

.

i i i i i i i i i i i

n n n n n n n n n n n

n n n n n n

n n n n n n

3 3 3 3 3 3 3 3 3 3 3 1

2 2 2 2 2 2 2

1 1 1 1 1 1










⎧

⎨

⎪
⎪

⎩

⎪
⎪

{ }= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′ ∈ … −

= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′ ∪ ′ ∪

= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′

= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′

− − − − − − − − − − −

− − − − − −

− − − − − −

Then T T T, , , n1 2 1…
−

are n 1− internally disjoint S-trees (Figure 9).
Case 4.2.1.2. x V HSn

α β γ jΓ , , ,n i
n

i1
3{ }

( )′ ∈

− ⋃
=

−

.

Without loss of generality, suppose x V HSn
jn 2

( )′ ∈
− . When y V HSn

β( )′ ∈ orV HSn
γ( ), the proof is similar to

that of Case 4.1. When y V HSn
ji

( )′ ∈ , for some i n1, , 3{ }∈ … − , the proof is similar to that of Case 4.2.1.1.

When y V HSn
α β γ jΓ , , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

− (Figure 10).
Without loss of generality, suppose y V HSn

jn 1
( )′ ∈

− . There is a tree connecting x a,i i′ , and bi in HSn
ji,

say Ti and a V HSi n
β( )′ ∈ , b V HSi n

γ( )′ ∈ for i n1, , 3{ }∈ … − . There is a path joining x′ and bn 2−
in HSn

jn 2− ,

say R and b V HSn n
γ

2 ( )′ ∈
−

. There is a path joining y′ and m in HSn
jn 1− , say Q and m V HSn

β( )′ ∈ . Let
Z a a x m, , , ,n n1 3 2{ }= ′ … ′ ′ ′

− −

, W b b x, , ,n n1 2 1{ }= ′ … ′ ′

− −

. By Lemma 3.3, there are n 1− internally disjoint

paths between z and Z , say P P, , n1 1′ … ′

−

, n 1− internally disjoint paths between w and W , say P P, , n1 1 
…

−

and a V Pi i( )′ ∈ ′ , for i n1, , 3{ }∈ … − , x V Pn n2 2( )′ ∈ ′

− −

, m V Pn 1( )′ ∈ ′

−

, b V Pi i( )′ ∈ for i n1, , 2{ }∈ … − ,

x V Pn n1 1( )′ ∈
− −

. Let

T P P P T x x a a b b i n
T P P P x x R xx b b
T P P P x x yy Q mm

, 1, , 3

.

i i i i i i i i i i i

n n n n n n n n

n n n n n n

2 2 2 2 2 2 2 2

1 1 1 1 1 1





⎧

⎨

⎪

⎩
⎪

{ }= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′ ∈ … −

= ∪ ′ ∪ ∪ ′ ∪ ∪ ′ ∪ ′

= ∪ ′ ∪ ∪ ′ ∪ ′ ∪ ∪ ′

− − − − − − − −

− − − − − −

Then T T T, , , n1 2 1…
−

are n 1− internally disjoint S-trees.

Figure 10: The illustration of
{ }

( )∈

⋃

=y V HS′ n
α β γ jΓ − , , ,n i

n i1
−2

.
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Case 4.2.2. For some j n1, , 1{ }∈ … − , x V HSn
β( )′ ∈ , x V HSj n

γ( )′ ∈ .

Without loss of generality, suppose x V HSn
β( )′ ∈ , x V HSn n

γ
1 ( )′ ∈

−

.

Let x V HSi n
ji

( )
′ ∈ , for i n1, , 2{ }∈ … − and Z Z x a\ n n2 2( { }) { }′ = ′ ∪ ′

− −

. We can obtain n 2− internally disjoint

S-treesT T T T, , , ,n n1 2 3 1…
− −

, similar to that of Case 4.1 by replacing Z with Z′. There is a tree connecting x ,n 2′

−

a b,n n2 2− −
in HSn

jn 2− , sayTn 2
−
. LetT T x x a a b b P P Pn n n n n n n n n n n2 2 2 2 2 2 2 2 2 2 2 

= ∪ ′ ∪ ′ ∪ ′ ∪ ∪ ′ ∪
− − − − − − − − − − −

(Figure 11[a]).
ThenT T T, , , n1 2 1…

−
are n 1− internally disjoint S-trees.

Case 4.2.3. For some j n1, , 1{ }∈ … − , x x V HS, j n
β( )′ ′ ∈ .

Without loss of generality, suppose x x V HS, n n
β

1 ( )′ ′ ∈
−

, x V HSi n
ji

( )
′ ∈ , where j α β γΓ , ,i n { }∈ − , for

i n1, , 2{ }∈ … − .

When y V HSn
γ( )′ ∈ , there is a tree connecting x a b, ,i i i′ in HSn

ji, say Ti and a V HSi n
β( )′ ∈ , b V HSi n

γ( )′ ∈ for

i n1, , 3{ }∈ … − . There is a path joining xn 2′

−

and bn 2−
in HSn

jn 2− , say P and b V HSn n
γ

2 ( )′ ∈
−

. Let Z =

a a x x, , , ,n n1 3 1{ }′ … ′ ′ ′

− −

,W b b y, , ,n1 2{ }= ′ … ′ ′
−

. By Lemma 3.3, there are n 1− internally disjoint paths between

z and Z , say P P, , n1 1′ … ′

−

, n 1− internally disjoint paths between w andW , say P P, , n1 1 
…

−
and a V Pi i( )′ ∈ ′ for

i n1, , 3{ }∈ … − , x V Pn 2( )′ ∈ ′

−

, x V Pn n1 1( )′ ∈ ′

− −

, b V Pi i( )′ ∈ , for i n1, , 2{ }∈ … − , y Pn 1
′ ∈

−
. Let

T P P P T x x a a b b i n
T P P P x x P b b xx
T P P P x x yy

, 1, , 3

.

i i i i i i i i i i i

n n n n n n n n

n n n n n n

2 2 2 2 2 2 2 2

1 1 1 1 1 1





⎧

⎨

⎪

⎩
⎪

{ }= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′ ∈ … −

= ∪ ′ ∪ ∪ ′ ∪ ∪ ′ ∪ ′

= ∪ ′ ∪ ∪ ′ ∪ ′

− − − − − − − −

− − − − − −

Then T T T, , , n1 2 1…
−

are n 1− internally disjoint S-trees (Figure 11[b]).
When y V HSn

α β γ jΓ , , ,n i
n

i1
2{ }

( )′ ∈

− ⋃
=

−

, without loss of generality, suppose y V HSn
jn 1

( )′ ∈
− . There is a path joining

y′ and bn 1−
in HSn

jn 1− , say Q, and b V HSn n
γ

1 ( )′ ∈
−

. We obtain n 2− internally disjoint S-trees T T T, , , n1 2 2…
−
,

similar to the case of y V HSn
γ( )′ ∈ . Let W W y b\ n 1( { }) { }′ = ′ ∪ ′

−

. T P P P x xn n n n n n1 1 1 1 1 1
= ∪ ′ ∪ ∪ ′ ∪

− − − − − −

Q yy b bn n1 1∪ ′ ∪ ′
− −

. Then T T T, , , n1 2 1…
−

are n 1− internally disjoint S-trees.
Case 4.3. There is one cross edge between N x[ ] and HSn

β γ, .

Case 4.3.1. x V HSn
β( )′ ∈ .

Without loss of generality, suppose x V HSi n
ji

( )
′ ∈ , where j α β γΓ , ,i n { }∈ − , i n1, , 1{ }∈ … − . There is a

tree connecting x a b, ,i i i′ , say Ti, and a V HSi n
β( )′ ∈ , b V HSi n

γ( )′ ∈ for i n1, , 1{ }∈ … − . Let Z a a, , n1 1{ }= ′ … ′

−

,
W b b, , n1 1{ }= ′ … ′

−

. By Lemma 3.3, there are n 1− internally disjoint paths between z and Z , say P P, , n1 1′ … ′

−

,

n 1− internally disjoint paths between w and W , say P P, , n1 1 
…

−
and a V Pi i( )′ ∈ ′ , b V Pi i( )′ ∈ for

i n1, , 1{ }∈ … − . Let T P P P T x x a a b bi i i i i i i i i i i
= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′ for i n1, , 1{ }∈ … − . Then T T T, , , n1 2 1…

−
are

n 1− internally disjoint S-trees.

Figure 11: The illustrations of (a) Case 4.2.2 and (b) Case 4.2.3.
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Case 4.3.2. For some i n1, , 2{ }∈ … − , x V HSi n
β( )′ ∈ .

Without loss of generality, suppose x V HSn n
β

1 ( )′ ∈
−

, x V HSi n
ji

( )
′ ∈ , where j α β γΓ , ,i n { }∈ − , for

i n1, , 2{ }∈ … − .

When x V HSn
α β γ jΓ , , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

, without loss of generality, suppose x V HSn
jn 1

( )′ ∈
− . There is a path

joining x′ and bn 1−
in HSn

jn 1− , say R and b V HSn n
γ

1 ( )′ ∈
−

. Let Z a a x, , ,n n1 2 1{ }= ′ … ′ ′

− −

, W b b, , n1 1{ }= ′ … ′

−

. By
Lemma 3.3, there are n 1− internally disjoint paths between z and Z , say P P, , n1 1′ … ′

−

, n 1− internally disjoint

paths between w and W , say P P, , n1 1 
…

−
and a V Pi i( )′ ∈ ′ , for i n1, , 2{ }∈ … − , x V Pn n1 1( )′ ∈ ′

− −

, b V Pi i( )′ ∈ for

i n1, , 1{ }∈ … − . Let T P P P T x x a a b bi i i i i i i i i i i
= ∪ ′ ∪ ∪ ∪ ′ ∪ ′ ∪ ′ for i n1, , 2{ }∈ … − , T P P Pn n n n1 1 1 1

= ∪ ′ ∪ ∪
− − − −

x x R xx b bn n n n1 1 1 1′ ∪ ∪ ′ ∪ ′
− − − −

. Then T T T, , , n1 2 1…
−

are n 1− internally disjoint S-trees (Figure 12).
When x V HSn

ji
( )′ ∈ , for some i n1, , 2{ }∈ … − , without loss of generality, suppose x V HSn

jn 2
( )′ ∈

− . We

obtain n 2− internally disjoint S-trees T T T, , , n1 2 2…
−
, similar to the case of x V HSn

α β γ jΓ , , ,n i
n

i1
2{ }

( )′ ∈

− ⋃
=

−

. Since

there are two cross edges between HSn
α and HSn

jn 2− , y V HSn
α β j, , i

n
i1

2
( )′ ∉

⋃
=

−

. We suppose y V HSn
γ( )′ ∈ and the

proof of the case y V HSn
α β γ jΓ , , ,n i

n
i1

2{ }
( )′ ∈

− ⋃
=

−

is similar. Let Pn 1
−

be the path joining w and y′, T Pn n1 1= ∪
− −

P P yyn n1 1
′ ∪ ∪ ′

− −
. Then T T T, , , n1 2 1…

−
are n 1− internally disjoint S-trees.

Case 4.4. There are no cross edges between N x[ ] and HSn
β γ, .

The proof is similar to that of Case 4.3.1.
Case 5. The vertices of S are distributed in four distinct copies of HSn.

Without loss of generality, suppose x V HSn
α( )∈ , y V HSn

β( )∈ , z V HSn
γ( )∈ , and w V HSn

η( )∈ , where
α β γ η, , , Γn∈ , α β γ η≠ ≠ ≠ . Let X x x, , n1 1{ }= …

−
, Y y y, , n1 1{ }= …

−

, Z z z, , n1 1{ }= …
−

, W w w, , n1 1{ }= …
−

,

and x y z w V HS, , ,i i i i n
ji

( )
′ ′ ′ ′ ∈ for i n1, , 1{ }∈ … − . We suppose x X y Y z Z w W, , ,∉ ∉ ∉ ∉ , and the proof of

the case x X∈ or y Y∈ or z Z∈ or w W∈ is similar. By Lemma 3.3, there are n 1− internally disjoint paths
between x and X , say P P, , n1 1…

−
, n 1− internally disjoint paths between y and Y , say P P, , n1 1′ … ′

−

, n 1−

internally disjoint paths between z and Z , say P P, , n1 1″ … ″

−

, n 1− internally disjoint paths between w andW ,

say P P, , n1 1 
…

−
and such that x V P y V P z V P w V P, , ,i i i i i i i i( ) ( ) ( ) ( )∈ ∈ ′ ∈ ″ ∈ for i n1, , 1{ }∈ … − . Clearly, there

exists a tree connecting x y z w, , ,i i i i′ ′ ′ ′ in HSn
ji, say Ti for i n1, , 1{ }∈ … − . Let T P P P P x xi i i i i i i

= ∪ ′ ∪ ″ ∪ ∪ ′ ∪

yy z z w w Ti i i i i i i′ ∪ ′ ∪ ′ ∪ for i n1, , 1{ }∈ … − . ThenT T T, , , n1 2 1…
−
are n 1− internally disjoint S-trees (Figure 13).

Figure 12: The illustration of
{ }

( )∈

⋃

=x V HS′ n
α β γ jΓ − , , ,n i

n i1
−2

.
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4 Concluding remarks

The hierarchical star networks have some attractive properties to design interconnection networks. In this
article, we focus on the hierarchical star graphs, which is an invariant of the star network and denoted by
HSn. We show that κ HS n 1n4( ) = − for n 2≥ . So far, the results about generalized k-connectivity of networks
are almost about k 3= and there are few results about larger k . In the future work, the generalized k-con-
nectivity of the networks for k 5≥ would be an interesting problem.

Acknowledgements: The authors would like to express their sincere thanks to the anonymous referees and
editors for their valuable suggestions and useful comments.

Funding information: This work was supported by the Science Foundation of Qinghai Province (No. 2021-
ZJ-703).

Conflict of interest: The authors state no conflict of interest.

References

[1] J. A. Bondy and U. S. R. Murty, Graph Theory, Springer, New York, 2008.
[2] G. Chartrand, F. Kapoor, and L. Lesniak, Generalized Connectivity in Graphs, Bombay Math. 2 (1984), 1–6.
[3] H. Li, X. Li, Y. Mao, and Y. Sun, Note on the generalized connectivity, Ars Combin. 114 (2014), 193–202.
[4] S. Li, X. Li, and W. Zhou, Sharp bounds for the generalized connectivity, Discrete Math. 310 (2010), 2147–2163,

DOI: https://doi.org/10.1016/j.disc.2010.04.011.
[5] H. Li, B. Wu, J. Meng, and Y. Mao, Steiner tree packing number and tree connectivity, Discrete Math. 341 (2018), 1945–1951,

DOI: https://doi.org/10.1016/j.disc.2018.03.021.
[6] G. Chartrand, F. Okamoto, and P. Zhang, Rainbow trees in graphs and generalized connectivity, Networks 55 (2010),

360–367, DOI: https://doi.org/10.1002/net.20339.
[7] H. Li, X. Li, and Y. Sun, The generalized 3-connectivity of Cartesian product graphs, Discrete Math. Theor. Comput. Sci. 14

(2012), 43–54, DOI: https://doi.org/10.1080/03605302.2011.615878.
[8] H. Li, Y. Ma, W. Yang, and Y. Wang, The generalized 3-connectivity of graph products, Appl. Math. Comput. 295 (2017),

77–83, DOI: https://doi.org/10.1016/j.amc.2016.10.002.
[9] S. Li, W. Li, and X. Li, The generalized connectivity of complete bipartite graphs, Ars Combin. 104 (2012), 65–79,

DOI: https://doi.org/10.1007/s10483-012-1568-9.
[10] S. Zhao and R. Hao, The generalized connectivity of alternating group graphs and (n k, )-star graphs, Discrete Appl. Math.

251 (2018), 310–321, DOI: https://doi.org/10.1016/j.dam.2018.05.059.

Figure 13: The illustration of Case 5.

1274  Junzhen Wang et al.



[11] S. Lin and Q. Zhang, The generalized 4-connectivity of hypercubes, Discrete Appl. Math. 220 (2017), 60–67, DOI: https://
doi.org/10.1016/j.dam.2016.12.003.

[12] S. Zhao and R. Hao, The generalized 4-connectivity of exchanged hypercubes, Appl. Math. Comput. 347 (2019), 342–353,
DOI: https://doi.org/10.1016/j.amc.2018.11.023.

[13] S. Zhao, R. Hao, and E. Cheng, Two kinds of generalized connectivity of dual cubes, Discrete Appl. Math. 257 (2019),
306–316, DOI: https://doi.org/10.1016/j.dam.2018.09.025.

[14] S. Zhao, R. Hao, and J. Wu, The generalized 4-connectivity of hierarchical cubic networks. Discrete Appl. Math. 289 (2021),
194–206, DOI: https://doi.org/10.1016/j.dam.2020.09.026.

[15] X. Li and Y. Mao, Generalized Connectivity of Graphs, Springer Publishing, Cham, 2016.
[16] Y. Sun and X. Li, On the difference of two generalized connectivities of a graph, J. Comb. Optim. 33 (2017), 283–291,

DOI: https://doi.org/10.1007/s10878-015-9956-9.
[17] Y. Sun, F. Li, and Z. Jin, On two generalized connectivities of graphs, Discuss. Math. Graph Theory 38 (2018), 245–261.
[18] X. Li and Y. Mao, A Survey on the Generalized Connectivity of Graphs, 2012, DOI: https://doi.org/10.48550/arXiv.

1207.1838.
[19] S. B. Akers, B. Krishnamurthy, and D. Harel, The star graph: an attractive alternative to the n-cube, In: Proceedings of

Interconnection Networks for High-Performance Parallel Computers, Paper presented at Washington United States, 1994,
pp. 145–152.

[20] P. K. Srimani and W. Shi, Hierarchical star: a new two level interconnection network, J. Syst. Archit. 51 (2005), 1–14,
DOI: https://doi.org/10.1016/j.sysarc.2004.05.003.

[21] M. Gu, J. Chang, and R. Hao, On component connectivity of hierarchical star networks, Int. J. Found. Comput. 31 (2020),
313–326, DOI: https://doi.org/10.1142/S0129054120500100.

[22] S. Li, J. Tu, and C. Yu, The generalized 3-connectivity of star graphs and bubble-sort graphs. Appl. Math. Comput. 274
(2016), 41–46, DOI: https://doi.org/10.1016/j.amc.2015.11.016.

[23] C. Li, S. Lin, and S. Li, The 4-set tree connectivity of (n k, )-star networks, Theoret. Comput. Sci. 844 (2020), 81–86,
DOI: https://doi.org/10.1016/j.tcs.2020.08.004.

Generalized 4-connectivity of hierarchical star networks  1275

https://doi.org/10.48550/arXiv.1207.1838
https://doi.org/10.48550/arXiv.1207.1838

	1 Introduction
	2 Hierarchical star networks and their properties
	3 Generalized 4-connectivity of HSn
	4 Concluding remarks
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


