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Abstract: In this article, we analyze the convergence rate of the modified Levenberg-Marquardt (MLM)
method under the Hoélderian local error bound condition and the Hélderian continuity of the Jacobian,
which are more general than the local error bound condition and the Lipschitz continuity of the Jacobian.
Under special circumstances, the convergence rate of the MLM method coincides with the results presented
by Fan. A globally convergent MLM algorithm by the trust region technique will also be given.

Keywords: nonlinear equation, Levenberg-Marquardt method, convergence rate, Holderian local error
bound

MSC 2020: 65K05, 90C30

1 Introduction

We consider the system of nonlinear equations
F(x) =0, (1.1

where F(x) : R" — R" is continuously differentiable. Denote by X* and |-|, the solution set of (1.1) and
2-norms, respectively. Throughout the article, we assume that X* is nonempty because equation (1.1) may
have no solutions for the nonlinearity of F(x).

Nonlinear equations play an important role in many fields of science, and many numerical methods are
developed to solve nonlinear equations [1-3]. Many efficient solution techniques such as the Newton
method, quasi-Newton methods, the Gauss-Newton method, trust region methods, and the Levenberg-
Marquardt method are available for this problem [1-22].

The most common method to solve (1.1) is the Newton method. At every iteration, it computes the
trial step

d = —J'Fe, (1.2)

where F, = F(xi) and Ji = F'(x;) is the Jacobian. If J(x) is Lipschitz continuous and nonsingular at the
solution, then the convergence of the Newton method is quadratic. However, the Newton method has some
disadvantages, especially when the Jacobian matrix Ji is singular or near singular. To overcome the
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difficulties caused by the possible singularity of Ji, the Levenberg-Marquardt method [2,3] computes the
trial step by

d™ =~ + M) YL R, 1.3)

where A; > 0 is the LM parameter that is updated in every iteration.
However, it is too strong to assume that the Jacobian is nonsingular. The local error bound requirement
is weaker than the nonsingularity condition. It is necessary that

c dist(x, X*) < [F(x)|l, Vx e N(x*) (1.4)

holds for some constant ¢ > 0, where dist(x, X*) is the distance from x to X* and N(x*) is some neighborhood
of x* € X*.

Under the local error bound condition, Yamashita and Fukushima [4] and Fan and Yuan [5] show that
the LM method has quadratic convergence if the LM parameter was chosen as Ay = ||[F|?> and Ay = |F||* with
a € [1, 2], respectively. Interested readers are referred to [6-8] for related work.

Inspired by the two-step Newton’s method, Fan [9] presented a modified Levenberg-Marquardt (MLM)
method with an approximate LM step

"™ =~k + MDD UEF (), (1.5)
where y, = x;, + di™, and the trial step is
Se = dM 4 gMM, (1.6)

The MLM method has cubic convergence under the local error bound condition. For more general cases, Fan
[19] gave an accelerated version of the MLM method. She also extended the LM parameter A = ||[F(xi)|*
froma € [1, 2] toa € [0, 2]. The convergence order of the accelerating MLM method is min{1 + 2a, 3}, which
is a continuous function of a.

To save more Jacobian calculations and achieve a fast convergence rate, Zhao and Fan [10] and Chen
[11] presented a higher-order Levenberg-Marquardt method by computing the approximate step twice, and
the method has biquadratic convergence under the local error bound condition.

At present, the Levenberg-Marquardt method is very widely used. It is a classical method for solving
nonlinear least squares problems, and it can be used to solve financial problems [23,24]. In real applica-
tions, some nonlinear equations may not satisfy the local error bound condition but satisfy the Hélderian
local error bound condition defined as follows.

Definition 1.1. We say that F(x) provides a Holderian local error bound of order y € (0, 1] in some neigh-
borhood of x* € X*, if there exists a constant ¢ > 0 such that

cdist(x, X*) < [FOOIY, Vx e N(x*). (1.7)

We can see that the Holderian local error bound condition is more generalized from (1.4) and (1.7);
when y = 1, the local error bound condition is included as a special case. Hence, the local error bound
condition is stronger. For example, the Powell singular function [25]

h(x, %, X3, X4) = (4 + 10%, V506 - x4), (6 — 26)%, V10 (4 - x4))"

satisfies the Hélderian local error bound condition of order ! around the zero point but does not satisfy the
local error bound condition [12]. In a biochemical reaction network, the problem of finding the moiety
conserved steady state can be formulated as a system of nonlinear equations, which satisfies the Hélderian
local error bound condition [12]. Recently, some scholars discussed the convergence results of the LM
method under the Ho6lderian local error bound condition and the Hélderian continuity of the Jacobian
[12-14,22]. In this article, we will investigate the convergence rate of the MLM method under the Hélderian
local error bound condition and Holderian continuity of the Jacobian, which are more general than the local
error bound condition and the Lipschitz continuity of the Jacobian.
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This article is organized as follows. In Section 2, we propose an MLM algorithm and show that it
converges globally under the Holderian continuity of the Jacobian. In Section 3, we study the convergence
rate of the algorithm under the Holderian local error bound condition and the Holderian continuity of the
Jacobian. We finish the work with some conclusions and references.

2 A globally convergent MLM algorithm

In this section, we propose an MLM algorithm by the trust region technique and then prove that it converges
globally under the Holderian continuity of the Jacobian.
We take

D(x) = [FOOIP (2.1)
as the merit function for (1.1). We define the actual reduction of ®(x) at the kth iteration as
Ared = |Fl? - IF(xq + d™ + di™™)|2. 2.2)

The predicted reduction needs to be nonnegative.
Note that the step di™ in (1.3) is the minimizer of the convex minimization problem

min ||F + JdlP + AlldIP 2 @y 1(). 2.3)
If we let
Der = 1AM = 1-O T + Ad) JEEl, (2.4)

then it can be verified that di™ is also a solution of the trust region subproblem

min ||F +hdlP st lldll < Ay (2.5)

We obtain from the result given by Powell [15] that

NP — 1Fi + d P = ||1{Fk||min{||dkLM||, ””iFk”}. 2.6)
i Jiell
In the same way, the step d™™ in (1.5) is not only the minimizer of the problem
min {|F(y,) + Jd|P + AdldI* 2 g (D), .7)
but also the solution of the trust region problem
min |[F(y,) + JdlP st lldll < Ay, 2.8)
where
Ao = ™1 = 11=C T + Ad) TEE ol (2.9)

Thus, we also obtain

(2.10)

Tr
HEGOIE = IF ) + kdM™E > EFG min{ndkMLMu, M}

W Tl

We define the newly predicted reduction from (2.6) and (2.10) as follows:
Predy = Rl - IF + hdMIP + IFQIP = IF0) + hdd™ |, (2.11)
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which satisfies

TR IF
Pred; = |7 Fll mind flafy, VEFL Ly re ) min ] apmey, MeFOOIL 212)
i Jiell (1T Jic Il

The ratio of the actual reduction to the predicted reduction

e = 1;%3}; (2.13)
is used in deciding whether to accept the trial step and how to update the MLM parameter A.
The algorithm is presented as follows.
Algorithm 2.1. Given ; e R, 0 <a <2, >m>0,0<po <p1 <pr <1, a4 >1>a,>0.Setk:=1.
Step 1. If | JT F|| = O, then stop. Solve
e + AdDd = ~J{Fc - with A = e [IFell® (2.14)
to obtain d™ and set
Yi = Xk + A
Solve
Ui + Ad)d = ~J{F(y) (2.15)
to obtain di™™ and set
S = AP+ g,
Step 2. Compute r, = Ared; /Predy. Set
i >
S
Step 3. Choose y, ., as
iy, if 1 < p1,
Hics1 = o if ne € [p1, P21, (2.17)

max{ap, m}, if n > p,.

Set k := k + 1 and go to Step 1.
We give some assumptions before studying the global convergence of Algorithm 2.1.

Assumption 2.2.
(a) The Jacobian J(x) is Holderian continuous of order v € (0, 1], i.e., there exists a positive constant xy;
such that

TGO =TI < kuilx = yII",  Vx,y € R (2.18)
(b) J(x) is bounded above, i.e., there exists a positive constant k; such that

JOOI < kpj, Vx € R™. (2.19)

From (2.18), we can obtain

1
IF(y) = F(x) = J(x)(y = Xl = IJ O+ t(y = )y — x)dt - JOO)(y - x) (2.20)
0
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1
<ly - x| j UG+ ty - %) - JColdt
0

1

< Kplly — x|+ jt"dt
0
= Sy e,
1+v

Theorem 2.3. Let Assumption 2.2 hold. Then Algorithm 2.1 terminates in finite iterations or satisfies

Lim WFEdl = 0. (2.21)

Proof. We prove the theorem by contradiction. Suppose that (2.21) is not true, then there exists a positive
constant T and infinitely many k such that

Wi Fdl > . 2.22)
Let S;, S, be the sets of the indices as follows:
Sy ={KKFdl = 13,
S={uERl = L and xn # .
Then, S; is an infinite set. In the following, we will derive the contradictions whether S; is finite or infinite.
Case I: S, is finite. Then, the set
Ss={kIKFll =7 and X1 # X}

is also finite. Let k be the largest index of S;. Then, Xy, = x¢ holds for all k € {k > k|k € S;}. Define the
indices set

Si={k>kIIKEl =7 and X1 = xd

If ke S,, we can deduce that ||],(T+1Fk+1|| > 71 and X, = Xx,1. Hence, we have k + 1 € S,. By induction,
we know that ||[J{ F|| = 7 and x;,; = x; hold for all k > k, which implies that r < po. Therefore, we have

MW — oo and Ay — oo (2.23)
due to (2.14). Hence, we obtain
a - o. (2.24)
Moreover, it follows from (2.8), (2.20), and (2.23) that
™M= 1-U T + ADJF G
< N0 + A e Fll + N0k + Ad) i Tedi™| + 1'% ™I 10T+ Ad) N

(2.25)
Kni * Kpj
<™l + M)+ ——= llag™|+
A1 +v)
<alldeMl
holds for all sufficiently large k, where ¢ is a positive constant. Therefore, we have
Isell = ™ + ™) < (1 + )l (2.26)

Furthermore, it follows from (2.12), (2.19), (2.22), (2.24), and (2.26) that
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Ared ; - Pred;

no— 1=
Ine =11 Pred;

IFOo + i + d™DIP ~ [1Fe + RdgMIP + IFOIP ~ IFG) + Jdi™ P

T ; My Il T : MM NEFG |
IIIkaIImm{IIdk Il o }+ IIJkF(yk)IImm{Ildk I, == }
(B3 TN

_ B+ Rl O™ + OIdMIP) + I + Jedi™ 101 M )

T . My I JEF |l
UFFellmin { gy, 1258}
I T Nl

|Fi + Rl O™ + OCUIdeMIP) + Ode™Pr)

T . My I HE
UFFellmin {1y, L2501
Il JicJie 1l

(2.27)

|

0,

which implies that r, — 1. In view of the updating rule of y,, we know that there exists a positive constant
m > m such that y, < m holds for all sufficiently large k, which is a contradiction to (2.23).
Case II: S, is infinite. It follows from (2.12) and (2.19) that

IEIR > Y (IFIP = I1FealP)

keS;
> ) poPredy
keS,
> kézpo{ufkf R min{udkmn, 'l'ﬁ‘l'l'}  WTFOI min{ud,?mn, %}} 229
>y %min{ndﬂﬂu, é}
keS, bj
which implies
kﬁmész aM = o. (2.29)
Then, from definition of d{M, we have
A = +00,k € S5, (2.30)
Similarly to (2.25), there exists a positive ¢ such that
1M < collde™| (2.31)
holds for all sufficiently large k € S,. From (2.28), we obtain
sl < Nde™ + dg™ < (1 + )l (2.32)
So, we derive that
Y lsell = Y 1dc™ + d™M < +oo. (2.33)

kESz k€32

Furthermore, it follows from (2.18) and (2.19) that

T T
S HKFl = Wi 1Feall] < +oo.
keS,

Since (2.22) holds for infinitely many k, there exists a large k such that ||]kT EJ = T and

T T T
> WFED = WEaFealll < o
keS,, k>k

From (2.28) to (2.31), we can deduce that lim;_, . X exists and
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d}{‘M — 0, d,](VH‘M — 0. (2.34)

Therefore, we can obtain

K — too. (2.35)
In the same way as proved in case I, we can also have
n — 1.

Hence, there exists a positive constant i > m such that p, < m holds for all sufficiently large k, which is a
contradiction to (2.35). The proof is completed. O

3 Convergence rate of Algorithm 2.1

In this section, we analyze the convergence rate of Algorithm 2.1 under the Hoélderian local error bound
condition and the Holderian continuity of the Jacobian. We assume that the sequence {x;} generated by the
MLM method converges to the solution set X* of (1.1) and lies in some neighborhood of x* € X*.

First, we will make the following assumption for studying the local convergence theory.

Assumption 3.1.
(a) F(x) provides a Holderian local error bound of order y € (0, 1] in some neighborhood of x* € X*, i.e.,
there exist constants ¢ > 0 and O < b < 1 such that

cdist(x, X*) < |[FOOIY, Vx € N(x*, b), 3.1

where N(x*, b) = {x € R"|||x — x*|| < b}.
(b) J(x) is Holderian continuous of order v € (0, 1], i.e., there exists a positive constant xp; such that

GO =TI < kwillx = yI",  ¥x,y € N(x*, b). 3.2)

Similar to (2.20), we have

Kpj
1+v

IF(y) = F(x) = JOO(y = 0l < ly - xI**,  ¥x,y € N(x*, b). (33)

Moreover, there exists a constant kzr > 0 such that

IF(y) = FOOIl < xyrlly — xII, VX, y € N(x*, b). B.4)

In the following, we denote by X, the vector in X* that satisfies

Xk — xill = dist(x, X*).

3.1 Properties of di™ and d''M

In the section, we investigate the relationship among ||di|, ||dM™M]|, and dist(x, X*).
Suppose the singular value decomposition (SVD) of J(X) is
_ 5T
- o - _ _ Z Vk,l _ _
Je = UEV = (Uia Uk,z)( ol 0)[ r ] = UeZe1Vi 1,
k.2

where £y ; = diag(dy,15 --.,0k,) With Gy 1 = Gk, =+++> Gk, > 0. The corresponding SVD of J; is
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Ji = UeZiVf

i1

B

= (Uk,1 Uk, 2, Ug,3) o

s

T T
= Uy, 1Zk,1Vi1 + Uk, 22k, 2Vi 25

— 1005

where % ; = diag(oy,1, ..., 0k,r) With 0k = Ok2 >+ 2 0k, > 0, and Zy » = diag(0i,r+1, ..., Ok,r+q) With Oy = O 141
>--+> O req > 0. In the following, if the context is clear, we will omit the subscription k in % ;, U,; and

Vk,i (1 = 1,2, 3) and write J; as

Jo = UV + ULV,

Lemma 3.2. Under the conditions of Assumption 3.1, if xi, y, € N(x*, b/2), then there exists a constant c; > 0

such that

”Sk” < C3diSt(Xk, X*)min(1,1+v—a/2y,(1+v)(1+v—a/2y)+v—a/y)

holds for all sufficiently large k.

Proof. Since x; € N(x*, b/2), we obtain

1% = x*Il < % = xll + I — x*|| < 2| — x*|| < b,
which implies that X, € N(x*, b). From (3.1) and (2.17), we have

A= e IFI® = me? /Y |5 = X"/

From (3.3), we can obtain

IFi + J(X — xi)ll? = IF(Ki) — Fe = J(&ie = x0IP < (1'1

Since di™ is the minimizer of ¢ ,(d), we have

2
) 1% = Xl
Vv

LM
(Pk 1(dk )
LM 5
lld |12 < 0
k
ng,l()zk - Xk)
S e —
Ak
_ Ec+ JieGac = 201 + A 1% — X
Ak
2 —aly
KZC
I 1%~ P2 1%~ il
" m(1 + v)?

< le ||)?k _ Xk||2min(1,1+v—a/2y)’

where ¢, = \/Kﬁjc*"‘/y/m(l +v)? + 1. Then

LM = i —
™I < cq 13 = X rin@-tev=a 20,

It follows from (3.3), we have

M™M= ||~ UF ke + M) JTF|

(3.5)

(3.6)

(3.7)

(3.8)

K .
<O+ AR + 08K + AR+ M 10 + ADL (5.0)

Kpj _
< 2| + ﬁlld%MII“VII(JkTJk + A
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Now, using the SVD of Ji, we can obtain
it Ul
WU + A YF 11 = | (B, Vs, 1) T2 ur
0 U3T

EF+ A

!
AJE,

By the theory of matrix perturbation [26], we have

Il diag (Z1 — Z1, 2o, Ol < Il = JGOI < K 1% = xill” -

IN

(23 + Ad) ',
0

IN

The above inequalities imply

121 = Zall < xm 1% = XillYs 1220l < g 1% — x|

DE GRUYTER

(3.10)

(3.11)

Since {x} converges to x*, without loss of generality, we assume that ky; || % — xk|| < % holds for all large k.

From (3.11), we have

1

'|N

123 < o — T (3.12)
From (3.6), we can derive
NI = Hk”f(j("k)"a < Tt -l G.13)
From (3.9) and (3.10), we have that there exist positive c5 and ¢ such that
NAMMI < 20dM) + sl dEMIM R — Xell=27Y < Gl — x| min v -a/ 20 e Asv-a/ ) v-aly} (3.14)
holds for all sufficiently large k. Therefore, we can obtain
Isell < 1AM + dMIM) < 1AM+ 1dMIM) < gyllty — xminth 1+v-a /20, (o) sv-a/2p)ev-a/y} (3.15)
where ¢; is a positive constant. The proof is completed. O

The updating rule of i, indicates that p, is bounded below. Next, we show that y, is also bounded

above.

Lemma 3.3. Under the conditions of Assumption 3.1, if x, y, € N(x*, b/2) and

vV > max l—1, ! = — 1, L-y [
y ya+v) -< ya+v) -=

then there exists a constant M > m such that

WesM
holds for all sufficiently large k.
Proof. First, we prove that for all sufficiently large k
Predy > &||F||[|diM|maxtt/y.1/(y+v)-a/2),(A-y)/ (yA+v)-a/2)+1}

where ¢ is a positive constant.

(3.16)

(3.17)
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We consider two cases:
Case 1: [ % — x|l < diM. It follows from (3.1), (3.3), (3.8), and v > 1/y — 1 that

Il = 11 + Jdie™ 1= IEll = 11Fe + G = )l

_ Knj _
ch/y X — Xk Uy — Xi — Xx L+v
I I I I (3.18)
=Y 1% - xlMY
> Cg || dPM|[maxt1/y,1/ (v +v)-a/2)}
holds for some c¢ > 0.
Case 2: |%; — x| > di™. From (3.18), we can obtain
LM Nl _
1El = I1Fe + Jedic " = N Eell = ||Fre + ———Jc(Xk — xi)
(1% = xll
Nl lla™|l _
z||Fl - H(l “Ix Iix i Fi + E I:x i (Fx + Je(e = X))
ko ok (3.19)
llaeM|l _
> ————([[Fll = Fx + Je(G = xi)1)
(1% — Xl

> o/l M 1% - Xl
> & || MM [maxt1/y.0-y)/ (A+v)-a/2)+1)

holds for some ¢, ¢ > O.
From (3.18) and (3.19), we have
NP = 11F + Rd™P = (VFl + 11Ee + Rd™IDAEN = 11Ee + Jedie™ 1)
2 |ElCUVF = 1Fe + Jed™|1) (3.20)

> C||F|| || dFM||max(/y 1/ (y(+v)-a/2),A-p) [ (yA+v)-a/D+1}

Since d™ is a solution of (2.8), we know that ||[F(y)|* - IF(3) + JkdM™M|? > 0. Hence, we obtain

Predi = [|Fdl? = IFc + JdMIP + IFGOIP = IFG) + hdd™|?

= ||EdP = 1B + JedeMIP
> || Fi|| || @M | max@/y:1/ (yA+v)=a/2),(A-p) [ (yA+v)=a 21}

It follows from (3.3), (3.8), and (3.17) that
Ared  — Predy
Predk
IFOa + d™ + df™R = |F + Jd™|P + IIFQGIP = IF) + Jedy™ |
Pred;

_ B+ Jesidl O™ ) + OCIdMIP) + 11Fe + hdi O™ )
|| Fcl| || A maxtt/y:1/ (yA+v)-a/2),(A-y) [ (yA+v)-a/2)+1} )

ITk—1|=‘

In view of (3.4), (3.8), (3.9), and (3.14), we have
F + Jedie™I| < IIFell (3.21)
and

e + Jisell < 11Fx + RdiM|| + (Vied™ |
<|IFell + Kegll A (3.22)
< O(|| % — x| mintl1+v=a/2y,A+v)A+v-a/2y)+v-a/y}y),
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Since

v > max l—1, ! =~ 1 Loy (>
4 Y(1+V)—§ Y(1+V)—§

then, we can obtain

n— 1.

Therefore, there exists a positive constant M > m such that y, <M holds for all sufficiently large k.
The proof is completed. O

Lemma 3.3 together with (3.4) indicates that the MLM parameter satisfies
Ak = WlFdl* < Micgell % — x| (3.23)

Hence, the MLM parameter is also bounded above.

3.2 Convergence rate of Algorithm 2.1

By the SVD of J, we can obtain

A = V(22 + N D)5 UTE - W(E2 + Ad)I3,UT R, (3.24)
"™ = —Vi(EF + ADTZUF(y) - V(E3 + Ad) 'S0 F(y), (3.25)
Fe + Jdi™ = F = USi(3F + M) "SUTFe - UhS(53 + Ald) 18,07 Fi (3.26)
= MUi(Z2 + A D) UIF + A Uy(Z3 + A D) 'UTF + USUTE,
F(y) + Jhdi™ = F(y) = U3 + Ad) S UTF () — UsZa(Z3 + Ad) 'ZU5 F (v, ) G27)

= MUi(ZF + AD)UTF () + AUn(Z3 + A D)'UTE(y,) + UsUSF(y,).

In the following, we will give the estimations of || U Fi||, ||[UUT Eell, || UsUT Fi|| as well as |UUTF(y )|l
U F(y)ll, and [[UUSF(y)l-

Lemma 3.4. Under the conditions of Assumption 3.1, if x; € N(x*, b /2), then we obtain
(@) |UUTEl < xrli%ic = Xall,
(b) LU Fll < 2 1%k = il

(©) IIGUTE < Ky 1% — X'+,
where ks, kp; are given in (3.2) and (3.4), respectively.
Proof. We derive the result (a) from (3.4) immediately.

Let §; = —J;{ Fx, where J{ is the pseudo-inverse of J;. It is easy to see that § is the least squares solution
of mingcgn||Fx + JiS||. Hence, we have from (3.3) that

NUsUTEl = || + JSill < IFe + Qe = xi)ll < Kng (1% — xiellH* . (3.28)

Let ji = UZV! and § = —J; Fi. Since § is the least squares solution of minggr||Fy + Jis||, it follows from
(3.3) and (3.11)

(U] + UsUSEll = 11F + JieSll
<|IF + (e = x| (3.29)
<|IFe + k@ = x0ll + 1T = )G = x|
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Khj

< % — Xl + 1022V (R — X0l
1+v

< Khj Y, — 1+v v, — Vv, —

< 1% = Xl + Ky 1% = Xell” 1% — xaell
1+v

< i 1% — x|

Due to the orthogonality of U, and Us, we can obtain result (b). O

Lemma 3.5. Under the conditions of Assumption 3.1, if xi, y, € N(x*, b /2),v > 1/y - 1and1/y - 1 < a < 2yv,
then we obtain

(@) [IGUIFyIl < cs 1% — xp[[minit+a i+,

(b) IGUSFyIl < Co 1% = X mintyyaveyemd,

(©) NUsUSF@Il < cio 1% — xi[mintveyeyaveyem,

where cg, Cy, Cio are positive constants.

Proof. It follows from (3.12), (3.26), and Lemma 3.4 that

4MxLre )
||Fk+1kdkLM||s( e +3xh,~) 1% — X [[miniteatevt, (3.30)
g,

r
which together with (3.3) and (3.8) imply that

IFGON = 1IFCa + d™l

Knj

M j LM

<|Fe + di Nl + —— lld Ity
1+v

4Miy K (33D
< _zf + 2Khj + Y on | 1% - Xk||m1n{1+a,l+v}
0y 1+v
<cg ”)zk _ Xk”min{1+a,1+v}’
for some cg, ¢;; > 0, which gives result (a).
From (3.1), we can obtain
17 = Yilll < cHIFGIIY < i 1% — xp|[miniy ey, (3.32

where ¢ is a positive constant.
Let px = —Ji F, then py is the least squares solution of mingg||Fy + Ji p||. It follows from (3.1), (3.2), and
(3.32) that

I UUSF(yoll = IF(v) + Jepell
<IF) + I = vl
<IIF) + TG = Yoll + 10k =TT = vl

Khnj _ _
; +’v e = Vil + ki dEMIY 175 — el (3:33)

<

Kpj _ . 2 _ .
< - VC12||Xk _ Xk||mm{y(1+a)(l+v),y(1+v) by asllxe — Xk”mm{v+y(l+a),v+y(1+v)}

< C10||Xk _ Xk||min{v+y+ya,v+y+yv},

for some positive ¢g and ¢s.
Let ji = UZ,VT and py = —Ji Fi. Since fy is the least squares solution of min,cgr||F + jipll, deducing
from (3.2), (3.3), and (3.32), we have

I(WLU; + UsUDF Il = IF () + Jiebill

. (3.34)
<IIF) + G = vl
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<WF) + kG = vl + ||(jk = JY)G = vl

Khij _ . _
< = W= Y+ 10k = T = UaZaV) = Yl
Khnj _ . _ _
<7 +’V 19 = Vil + 1Tk = TOIGi = yoll + 1U:Z2V3 G = vl
Khnj _ _ B .
<7 = el i I 17 = ill + o 1%k = il 17 = el

Knj . .
< hj o ”)Zk _ XkI|mm{y(l+a)(1+v),y(l+v)2} +Cy ”)zk _ Xk”mm{v+y+ya,v+y+yv}
1+v
<o “)?k _ Xk||m1n{v+y+ya,v+y+yv}’

for some positive ¢y and ¢4. Due to the orthogonality of U, and Us, we can obtain result (b). O

Theorem 3.6. Under the conditions of Assumption 3.1, ifv > 1/y — 1and1/y - 1 < a < 2yv, the sequence {x;}
generated by Algorithm 2.1 converges to some solution of (1.1) with order 9

9 = min{y(1 + 2a), y(1 + 2v),y(A + a + v),y(v + y + ya), y(v + Y + yv)}. (3.35)

Proof. From (3.6), (3.11), (3.12), (3.25), (3.27), and Lemma 3.5, we have

™l = 11-WA(ET + D EUTF ) — Va(23 + Ad) " Fol
<IZHUTFON + AN NTTF @I

<28 g - xfminiteatoh o g g i goreg] (3.36)
r

<ce ”)Zk _ Xk”min{1+a,1+v,y+ya+2v—%,y+yv+2v—%}

and

IF) + Jedd™|| = |AUi(E2 + MDD 'UTF () + AUa(E3 + Ad) U F () + UsUSF() |

< AIZ2INTTFQON + ITFGN + NUSFQl

4MC8K,‘,"f ~ ) B . (3.37)
< 6_2 ”Xk _ Xk”m1n{1+2a,1+v+a} + (C9 + ClO)”Xk _ Xk”mm{v+y+y¢x,v+y+yv}
r

<c7 ”)zk _ Xk||min{1+2a,1+v+a,v+y+ya,v+y+yv}
- b

where ¢, ¢i6, ¢7 are positive constants.
Combining (3.1), (3.2), (3.8)—(3.10), (3.36), and (3.37), we obtain

(€lfesr = Xt < IUFGacdll = IF Qe + dg™™)|
SIFQ) + TN + L gy
1+v
<IFOR) + ™l + 100 — Jode™ Il + % lld™ M (3.38)
<cy ”)?k _ Xk||min{1+2a,l+v+a,v+y+ya,v+y+yv} + Kpj ||d]£“M||V||d}<\ALM” + % ||d)£V[LM||1+V
<Cg ”)Zk _ Xk||min{1+2a,1+2v,1+a+v,v+y+ya,v+y+yv}’

where ¢ is the positive constant.
Therefore,

| Fer1 — Xeaall < Cl}é (1% — Xk||min{y(1+2a),y(1+2v),y(1+a+v),y(v+y+ya),y(v+y+yv)}' (3.39)

The proof is completed. O

Corollary 3.7. Under the conditions of Assumption 3.1.
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(i) Ify=1andv e (O, %), then

s — i g < | O =), i ae 0,), (.40)
TN od1xe - ), if ae [v, 2v]. ‘

(i) Ifv=1andy ¢ (;, 1], then

O(lI%k = Xy 0¥®), if a e (l -1 1),
4

X+t = Xl < (3.41)

O(lI% = x4+, if a € [1,2y].

Particularly, ify = v = 1, then

s — x| < OO =X, i ace 0, ), .
T 0(1% - P, i ae 1,2, '

Corollary 3.7 indicates that, if y = v = 1, i.e., if F(x) satisfies the local error bound condition and the
Jacobian J(x) is Lipschitz continuous, then the sequence {x;} generated by Algorithm 2.1 converges to some
solution of (1.1) superlinearly with order 1 + 2a for any a € (0, 1) and cubic for any a € [1, 2]. This coincides
with the results in [9].

4 Conclusion

In this article, we study the convergence rate of the MLM method under the Holderian local error bound
condition and the Holderian continuity of the Jacobian, which are more general than the local error
bound condition and the Lipschitz continuity of the Jacobian. If y = v = 1, i.e., if F(x) satisfies the local
error bound condition and the Jacobian J(x) is Lipschitz continuous, then the sequence {x;} generated by
Algorithm 2.1 converges to some solution of (1.1) superlinearly with order 1 + 2a for any a € (0, 1) and cubic
for any a € [1, 2]. This coincides with the results in [9].
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