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Abstract: This article is devoted to study the existence conditions of solutions to several complex differ-
ential-difference equations. We obtain some Malmquist theorems related to complex differential-difference
equations with a more general form than the previous equations given by Zhang, Huang, and others.
Moreover, some examples are provided to demonstrate why some restrictive conditions in some of our
theorems cannot be removed.
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1 Introduction and main results

The purpose of this article is to investigate the properties of the solutions of some differential-difference
equations of Malmquist-type. We first assume that the reader is familiar with the basic notions of
Nevanlinna value distribution theory (see [1-4]). Now, we recall the well-known Malmquist theorem about
the existence of meromorphic solutions to a certain type of differential equation (see [5]) and obtain

Theorem A. (See [5].) Let

P(z,f(2))  Xioa@f ()

i =R s = - j?
f'(2) = R(z, f(2)) Qz.f() YL b @)

(1.1)

where P(z, f(z)) and Q(z, f (z)) are relatively prime polynomials in f(z), and the coefficients a(z) (i = 1, ...,p)
and bj(z) (j = 1, ...,q) are rational functions. If equation (1.1) admits a transcendental meromorphic solution,
theng=0and p < 2.

Theorem B. (See [5].) Let R(z, f) be a birational function. If a differential equation (1.1) admits a transcen-
dental meromorphic solution, then the equation can be reduced to a Riccati differential equation
f'(2) = ao(z) + a(2)f (2) + ax(2)f*(2),

where a;(z) (i = 0, 1, 2) are rational functions.
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We can find that Malmquist did not make use of Nevanlinna value distribution theory to prove
Theorems A and B. In 1933, Yosida [6] proved Malmquist’s theorem by applying the Nevanlinna value
distribution theory. In the 1970s, Laine [7], Yang [8], and Hille [9] gave a generalization of Theorems A and
B when the coefficients of R(z, f) are meromorphic functions. In 1978, Steinmetz [10] considered the
equation (f')" = R(z, f) and extended Malmquist’s theorem by relying on a number of auxiliary functions;
in 1980, Gackstatter and Laine [11] obtained a generalized result of Theorems A and B by using the proper-
ties of Valiron deficient values. In 2018, Zhang and Liao [12] further studied the existence of meromorphic
solutions when f’ is replaced by the differential polynomial in equation (1.1) and obtained

Theorem C. (See [12, Theorem 1.3].) If the algebraic differential equation

P(z,f) _ Yioa@f (@)

P(z,f,f', ....f™) =R(z,f) = = A
@ fof's o f™) = Rz, f) Qz.f)  YlLob@f (@)

where

P(z, f,f's .of ™) = Y ag@)f Po(f1)N-(f)
Ael
is a differential polynomial in f with meromorphic coefficients a;(z) and ai(z) (i = 0,1, ...,p) and bj(z)
(j=0,1, ...,q) are meromorphic functions, possesses an admissible meromorphic solution, then R(z, f) is
reduced to a polynomial in f of degree < Tp, where Ip = maxycffAg + 2A; +---+(n + DAy4q}.

Remark 1.1. It should be pointed out that the proof of Theorem C is simpler than the proofs in [10,11].
In the past 20 years, there were a lot of results focusing on the growth of order and the existence of the

solutions to Malmquist-type difference equations (see [13-19]), by applying the Nevanlinna theory for
meromorphic functions. In particular, Heittokangas et al. [14] discussed the following difference equations:

lilf(z + ) =R f) = g Z; ; and (1.2)

n

[T+ ) =Rz fy = 2&T,

i1 Q@ f)
where ¢, ..., ¢, € C{0} and R(z, f) is an irreducible rational function in f(z) with meromorphic coefficients
such that a,(z)by(z) # 0. They proved that max{p, g} < n if equations (1.3) and (1.2) admit a transcendental
meromorphic solution of finite order. After 4 years, Laine et al. [20] further studied the existence of
solutions to the following complex difference equation:

Za;(Z)(]—[f(z + c;)] - Rz f(2)) = P&SE) (1.4)

(1.3)

i Q@ f(2)’

where {J} is a collection of all subsets of {1, 2, ...,n}, P and Q are relatively prime polynomials in f over the
field of rational functions, and the coefficients a; are rational functions, and obtained that max{p, g} < n
if equation (1.2) admits a transcendental meromorphic solution of finite order. In 2010, Zhang and Liao
[21] further studied the solutions of the difference equation with more general form than (1.2). Laine et al.
[20], also proved the form of the solutions to complex difference equation (1.4) under some theoretical
assumptions.

Theorem D. (See [20]). Assume ¢, &, ..., ¢, € C\{0}, f(z) is a transcendental meromorphic solution of the
equation (1.3), and q = degfQ > 0. If f(z) has at most finitely many poles, it must be of the form

f(2) = r(2)es® + s(2),
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where r(z) and s(z) are rational functions and g(z) is a transcendental entire function satisfying a difference
equation of the form either

Y8+ =(,-qgk +d
jeJ

or
Ygz+g)=Yglz+q) +d,
jeJ jel

were ] and I are nonempty disjoint subsets of {1, 2, ...,n}, j, €{0,1, ...,}, p == degsP, and d € C.

In view of the aforementioned theorems of Malmquist-type, a natural question is whether similar results hold
for more general difference equations of Malmgquist-type. For this question, the first aim of this article is to
investigate the existence of solutions to the equation, when the left-hand sides of equations (1.1)—(1.4) are replaced
by a differential-difference polynomial of f. To state our results, we first introduce the following definition.

Definition 1.1. (See [22, Definition 2.1] or [23].) A differential-difference polynomial in f is a finite sum of
difference products of f, derivatives of f, and derivatives of their shifts, with all coefficients of these
monomials being small functions of f.

Now, we give a differential-difference polynomial in f with the form

Gz, f) = Y ;@) (@Y oof '(2)lor--- fM(zYomf(z + c)Yhof '(z + e fM(z + )l

Ael
fz + c)tnof'(z + et fO(z + ) ham (1.5)

=S a@[ O + e,

Ael s=0t=0

where I is a finite set of multi-indices A = (A¢,0, .-.,A0,m> A,05 ---sA1,ms «--sAn,05 --sAnm)s As,e = O are not
equal to O, simultaneously, fors = 0,1, 2,...,n;t = 0,1, 2,..., m, and ¢o(=0), ¢, ..., ¢, are distinct complex
constants, and the meromorphic coefficients a;(z)(#0), A € I are of growth S(r, f). The degree of the mono-
mial [T;_,[Tj-of O(z + c5)*s is defined by d(A) = Y5_ 3" oAs,, and the degree of G(z, f) is defined by

d(G) = max{d(A)}.
Ael
The first result of this article related to Malmquist theorem is obtained as follows.

Theorem 1.1. Assume that f(z) is a transcendental meromorphic solution of the differential-difference equa-
tion:

P(z, f(z))
Qz, f(2))
where P and Q are relatively prime polynomials in f, the coefficients of P(z, f) and Q(z, f) are stated as in

Theorem A, and the coefficients a,(z)(#0) are of growth S(r, f). If f has at most finitely many poles and
q = degrQ > 0, then we have o(f) = co, and it must take the form

G(z,f) =R(z,f) = (1.6)

f@) = 1(2)e5® + s(2),

where r(z) and s(z) are rational functions, g(z) is a transcendental entire function, and there exist n + 1
integers ko, ki, ..., k, and a constant n such that

kog(z) + kig(z + c) +---+ kug(z + ¢) = 1.

The following example shows that the condition that f(z) has at most finitely many poles is necessary
in Theorem 1.1.
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Example 1.1. Let ¢ = =2

,» @ = arctan2, ¢ = arctan3, and f(z) = tanz. Then f(z) satisfies the following
equation:

fP+3f+2f3+f2+f-2
6f —11f2 + 6f — 1

f@lfz+afz+a)+fz+o)f(z+a) =4

but f(z) is not of the form f(z) = r(z)e3@ + s(z).
The following example shows that the conclusions in Theorem 1.1 can be realized.

Example 1.2. Let f(z) = iesm(znz)e"iz and a(z) = [-z2 + (2m cos(2nz) + mi sin(2nz))e™?]2 . Then f(z) satis-
fies the equation

a@)(fPf @+ Dfz+2) + f(z+Df(z+4) + f(z + Df(z + 3)f (z + 5)] = W,

1
z(z+1)(z+3)(z+5)"

z4 _ 22
e T ey
it follows that g(z) satisfies

where a, = and agp = It can be seen that g(z) = sin(27z)e™. Thus,

gz+1) +28(z+2) + gz +3) = —e™ sin(2nz) + 2™ sin(2nz) — e™ sin(2n1z) = 0.

Theorem 1.2. Assume that f(z) is a transcendental meromorphic solution with finite order of the differential-
difference equation (1.6), where P and Q are relatively prime polynomials in f, the coefficients of P(z, f) and
Q(z, ) are stated as in Theorem 1.1, and the coefficients a,(z) of G(z, f) are rational functions. If f is of finite
order with at most finitely many poles, then R(z, ) can be reduced to a polynomial in f of degree p < d(G).

The following example shows that the condition “f(z) has at most finitely many poles” cannot be
omitted in Theorem 1.2.

Example 1.3. Let ¢ = arctanl, ¢, = arctan(-1), ¢; = arctan2, and f(z) = tanz, then f(z) satisfies the differ-
ential-difference equation:

P+2f2+f+2
-1 '

It is easy to see that p = 3 < d(G) = 4 and o(f) = 1. However, R(z, f) is not a polynomial in f.

fl@f(z+a)f(z+e)fz+ao)=

The following example shows that the restriction “f is finite order” also cannot be omitted in
Theorem 1.2.

Example 1.4. Let ¢ = 7i, ¢, = 37, and f(z) = e, then f(z) satisfies the differential-difference equation

e3z

F@If G+ e + e = .

The following example shows that the conclusion “p < d(G)” is sharp to some extent in Theorem 1.2.

Example 1.5. Let ¢ = %, G = —g, and f(z) = cosz, then f(z) satisfies the differential-difference equation
2A'(z) - f(z + a)f(z + @) = 30 — f?).
This shows that the equality in p < d(G) can be attained in Theorem 1.2.

The second purpose of this article is to study the existence and growth of solutions for a special
differential-difference equation
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T P(z, f(2))
JTF%0 ) P ) = R(z, f) = =2 1)
szf E[f @] fz + ¢s) = R@ /) G o)

where n > 2, m > 1, A;; > 0, as(z)(#0) are of growth S(r, ), and P(z, f) and Q(z, f) are relatively prime
polynomials in f(z) with coefficients ¢;(i = 0, ...,p) and b;(j = 0, ...,q) such that a,b; # 0. Denote

I' = max {ZAS’[(l + kt)}'
t=1

(1.7)

1<s<n

For the growth of solutions of equation (1.7), we obtain the following results.

Theorem 1.3. Assume ¢, G, ..., ¢, € C\{0}, f(2) is a transcendental meromorphic solution of complex differ-
ential-difference equation of Malmquist-type (1.7). Let the coefficients a;(i = 0, ...,p) and bj(j =0, ...,q)
satisfy T(r, a;)) = S(r, f) and T(r, b)) = S(r, f). If p > ¢ + T + 1, then o(f) = oo.

Theorem 1.4. Assume ¢, &, ..., ¢, € C\{0}, f(2) is a transcendental meromorphic solution of complex differ-
ential-difference equation of Malmquist-type (1.7). Let the coefficients a;(i = 0, ...,p) and bj(j =0, ...,q)
satisfy apb, # 0. If there is a dominant coefficient a, or b, satisfying

0o = 0(a,) = p(a,) > max{o(a), o(b)), o(as) : 0<i<p,0<j<q,1<s<n,i#+p}
or
0o = 0(by) = u(b,) > max{o(a), o(b;), 0(a;) : 0<i<p,0<j<q,1<s<n,j+v}

then gy < co. If f(z) is of finite regular growth and p > q + T’ + 1, then o(f) = 0p.

2 Proof of Theorem 1.1

Lemma 2.1. [24] Let f(z) be a meromorphic function with order o = d(f) < +oco and let 1 be a fixed nonzero
complex number, then for each € > 0, we have

T(r,f(z +m) = T(r, f) + O(r~'*¢) + O(logr),
and if the exponent of convergence of poles /\(%) = A < +oo0, then
N(r,f(z + ) = N(r, f) + O(r*=1*¢) + O(logr)

and

m(r, M) + m(r, @ ) = O(ri-1+%),
f(@) fz+mn)

Lemma 2.2. (Valiron-Mohon’ko) [1]. Let f(z) be a meromorphic function. Then, for all irreducible rational
functions in f(z),

Y oai(2)f (2)!

R(z, == -,
(z,f(2) ST bf )

with meromorphic coefficients a;(z) and bj(z), the characteristic function of R(z, f(z)) satisfies that
I(r,R(z, f(2))) = dT(r, f) + OC¥(r)),

where d = max{m, n} and ¥Y(r) = max; {T(r, a;), T(r, b;)}.
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Lemma 2.3. [4]. Suppose that fi(z) (j = 1, 2, ...,n) (n > 2) are meromorphic functions, and gi(z) (j = 1,2, ...,n)
are entire functions satisfying the following conditions:
(i) Yi_fi(z)es® = 05
(i) g(z) - gi(z) are not constants for1 < j < k < n;
(iii) Forl1<j<n,1<h<k<n,

T, f) = o{T(r, egh*gk)} (r - +oo, 1 € E),
where E c (1, +00) is the finite linear measure of finite logarithmic measure.

Then fi(z) =0 (j=1,2,...,n).

Lemma 2.4. [25]. Let f(z) be a meromorphic function and let ¢ be given by
d=f"+anfM++ ao,

where ai(i = 0, 1, ...,n — 1) are small meromorphic functions relative to f(z), then either

o-(r+ o)

n
or

T, f) < N(r, %) LN, f) + S, ).

Proof of Theorem 1.1. Assume that f(z) is a transcendental meromorphic solution of equation (1.6). Since
the coefficients ai(z) (i =1, ...,p) and bj(z) (j =1, ...,q) are rational functions, in view of [20, p. 80],
it follows that P(z, f) and Q(z, f) have only finitely many common zeros. Thus, by Lemma 2.3 in [20], it yields

N(r, ! ) < N(r, M) + O(logr). 2.1)

Q@ f) Q. f)

Suppose that f(z) has at most finitely many poles, then, in view of (1.6) and (2.1), we obtain

N(r, Q(Zl, f)) < N(r, G(z, f)) + O(logr) = O(logr). 2.2)

By Lemma 2.4, it follows that either
Qz, f) = (f(2) - s(2))7,

where s(z) is a rational function, or

T(r,f) < N(r, ) +N(r,f) + S(r, f). (2.3)

1
Qz, f)

Since f(z) has at most finitely many poles, and in view of (2.2) and (2.3), we can deduce that
T(r,f) = S(r, f), which is a contradiction. Thus, Q(z, ) = (f(z) - s(z))? and Q(z, f) has at most finitely
many poles. In view of (2.1), we can see that Q(z, f) has finitely many zeros. As a result, if there exist
a rational function r*(z) and an entire function g*(z) such that
(f(2) - s(2))7 = r'(2)es @,
then we have
f(@) - s(z) = r(2)es®,

where r(z) is the gqth root of r*(z) and g(z):= %(Z). Set 1r(z) =r(z), n(2) =r'(z) + r(z)gz),

1(z) = ' (2) + 1,1(2)g(2), and sx(2) = s™(z), where s¢(z) = s(z), then it follows that



DE GRUYTER Malmquist-type theorems on some complex differential-difference equations = 815

fl@) = [r'(2) + 1(2)g'(2)]es@ + 5'(z) = n(2)es@ + 5(2),
f'@) = [r'(2) + n(2)g(2)]e5@ + 5"(2) = r(2)es® + s5(2), 04
fO2) = 11(2)e8@ + si(2),
Substituting f(z) and (2.4) into (1.6), it yields
Y ai@r@] ][ Jne + e ™5™
AeM $=0t=0 o 2.5)
nm Ks,t8(z+Cs)+q8(z P .
b YR @L ]I + et &5 0 L S pezpene,
xeJ] s=0t=0 i=0

where M = (A = (Ao,0, -.-sA0,m> Aoy - sAims -oosAny0s s Anm) € IIYa_ oY Ase = (G}, ] = {k = (Ko,0, ---,Ko,m;
K100 s Kims <5 Kin05 s Knym) € IIYa_o Y oKs,e < d(G) — 1, ks € N U {O}}, and ax(z)(A € M), B (2)k €]),
and p;’(z)(i = 0, 1, ...,p) are rational functions.

If g(z) is a nonconstant polynomial, let

g@)=dz" + dZ¥ '+ -+ do, di #0,
then, for any ¢; # 0, it follows that
gz + ¢) - g(2) = kdiciz" ! + o(z* D). (2.6)

Thus, equation (1.6) can be represented as

de)-1 YP pi(z)es@
+(2)d(6)8() “(7)e8@) — ZizoPi FIETT
aj(z)e + ZO B:(z)e (208 2.7)

where k = Y0 Y K¢,

nom " ) As(lg(z+c9)-g(2)]
5@ = Y a@[[ ]tz + ehe™ 5™

AeM s=0t=0

>

and

n m n
B:) = B [ Intz + cyseeo &5 #),
s=0t=0
Due to the small functions ay(z), the rational functions r(z), s(z), and (2.6), it follows that T(r, a;(z)) =
S(r, e$@) and T(r, B}(2)) = S(r, e§@) forany k = 0, 1,--- ,d(G) - 1. Given the assumptions on a;(z) and bj(z),
it follows from Lemma 2.2 and (2.7) that d(G) = max{p, q}. In view of g > 0, equation (2.7) can be repre-
sented as the form:

d(6)-1 p
a;(2)r(z)ed@+as@ 4 Z r(z)ﬁ:(z)e(mq)g(Z) = Zpi*(z)eig(z),
k=0 i=0

which implies that d(G) + g = p, which is a contradiction. Thus, g(z) is a transcendental entire function.
In view of Lemma 2.3 and (2.5), there exists a constant n € C such that

n m n m
Y X8z +c) - Y DKz + ) =1
s=0t=0 s=0t=0
for some A € M and x € ], or

Y Y A8z + ¢o) + (g - jp)gz) =1

s=0t=0
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for some A € M and j, € {0, 1, ...,p}. As a result, there exist n + 1 integers ko, ki, ..., k, and a constant n
such that

kog(z) + kig(z + ) +---+ kug(z + ¢,) = 1.

Therefore, this completes the proof of Theorem 1.1. O

3 Proof of Theorem 1.2

Lemma 3.1. ([26, Lemma 7].) Let f(z) be a transcendental meromorphic function of hyper-order o,(f) < 1
and let G(z, f) be a differential-difference polynomial of the form (1.5), then one has

m(r, G(z, f)) < d(G)m(r, ) + S(r, f).

Proof of Theorem 1.2. Suppose that f(z) is a transcendental meromorphic solution of finite order for the
differential-difference equation (1.6) and has at most finitely many poles. If g = degfQ > 0, then it follows
from Theorem 1.1 that 6(f) = oo, which is a contradiction with f(z) being finite order. Thus, g = 0, implying
that R(z, f) is reduced to a polynomial. Hence, by Lemma 2.2, it follows that

T(r,R(z,f)) = T(r, P(z,f)) = pT(r, f) + S(r, f). G

Since f(z) has at most finitely many poles, then it yields N(r, f) = O(logr). In view of Lemma 3.1,
we conclude that

T(r,G(z, f)) = m(r, G(z, f)) + N(r, G(z, f)) < d(G)m(r, f) + OQogr) + S(r, f) <d(G)T(r,f) + S(r, f). (3.2
Thus, in view of (3.1) and (3.2), it yields
pT(r,f) < d(G)T(r,f) + S(r, f),

which leads to p < d(G).
Therefore, this completes the proof of Theorem 1.2. O

4 Proof of Theorem 1.3

We recall some notations from [27]. If f(z) has more than S(r, f) poles of a certain type, then we claim that
the integrated counting function of these poles is not of type S(r, f). Thus, we use co¥(0¥) to denote a pole
(zero) of f with multiplicity k. The following lemma is also from [27, Lemma 3.1].

Lemma 4.1. ([27, Lemma 3.1].) Let f(z) be a meromorphic function having more than S(r, ) poles and
as (s =1,2, ...,n) be small meromorphic functions with respect to f. Denote the maximum order of zeros
and poles of the functions as at z; by m;. Then, for any € > 0, there are at most S(r, f) points z; such that

f(z) = oob,
where m; > ek;.

Lemma 4.2. ([22, Lemma 2.2].) Let f be a transcendental meromorphic solution of finite order p of a difference
equation of the form

fnP(Z’f) = Q(er);

where P(z, f), and Q(z, f) are differential-difference polynomials in f such that the total degree of Q(z, f) is <n.
Then, for any € > 0,
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m(r, P(z, f)) = O(r°*%) + S(r, f),

possibly outside of an exceptional set of finite logarithmic measure.

Proof of Theorem 1.3. We will use the method in the proof of Proposition 5.4 in [28]. Let

m

F(z) = Y as[ [[f*@) [sef(z + c)

s=1 t=1
and

ay(2)f (2)P + ay_1(2)f )P + -+ a(2)f (2) + ao(2)
by@)f ()7 + by i(2)f (2)T7! + -+ bi(2)f (2) + bo(2)

Suppose that f(z) is a transcendental meromorphic solution with finite order of equation (1.7). Since
p>q+ T +1, then, in view of Lemma 4.2, it yields that m(r, f) = S(r, f), which implies that f(z) has
more than S(r, f) poles, counting multiplicity. Thus, we can choose such poles sequence {z;} such that
f(z;) = ook and m; < &k;, where m; is the maximum order of poles or zeros of the coefficients a;, b;, and a; in
(1.7) at z;, and € is any small constant. Taking the subsequence {z; ;} of poles as our starting point, and let
£< % we may prove that

Fr(z) =

Fa(z1) = 00, k> (p — ki — (q + ki > 2 - 26)ky s,

Analyzing the poles of F; and considering p > q + ' + 1, we can see that at least one of the points
Z,i + Q,..., Z1,i + Cq is a pole of f(z) with order ky; > kz’,,- - (T + €)lg;. We first apply Lemma 4.2 to obtain
that there are more than S(r, f) such points z,; with f(z,;) = ook and my,; < €ky;. Then, we choose only one
of these points and denote it by z,;. Thus, we have Fr(z,;) = 00’ for each permitted z;, and a pole z3;
satisfying f(z3,;) = co’i, where

ksi>ky;— (T +8k;>(p-q-T-30k; > (- 3e)k,;.
Continuing the above process, we can obtain a sequence {z,} satisfying f(zn) = co®= and
km> @ -3e)" g > (2 -3e)™ L,

Next, we continue to give the estimate of the counting function N(r, f). Set C = max{c, ¢, ...,Cy}
and r, = |z;| + (m — 1)C. Thus, by a simple geometric observation, it is easy to see that

Zm € B(z;, (m = 1)C) c B(0, || + (m — 1)C) = B(0, 1),

where B(zy, r) is an open disc of radius r centered at z,. For sufficiently large m, it yields r,, < 2(m - 1)C,
which leads to

3 m-1
N, f) =2 (2 - 3e)™ 1 > (5) .
Thus,
A 1 =limsup710glogn(r’f )
f roco logr

m—co 08m

-1
log log(g)m
> limsup————— =1,
m—co logry,

implying that o,(f) > /12(%) > 1. This is a contradiction with the assumption of finite order f(z).
Thus, o(f) = co. Therefore, this completes the proof of Theorem 1.3. O
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5 Proof of Theorem 1.4

To prove Theorem 1.4, we need the following lemma.

Lemma 5.1. ([4, p. 37] or [3].) Let f(z) be a nonconstant meromorphic function in the complex plane and | be
a positive integer. Then

N, fOY=N@, f)+ING@, f) and T@,fO)<Tq, f)+ING, f) + S, f).

Proof of Theorem 1.4. Without losing generality, assume that
0p = 0(ap) > max{o(a;), o(b),0(a;) :0<i<p-1,0<j<q,1<s<ny. (5.1)

Now, two cases will be discussed below.
Case 1. If 0(f) < o(ap) = 0y < o0, it then follows from (5.1) that

T(r,a5) = S(r,ap), T(r,a) =S, a,), T(r,b) =S50, a,), and T(r, f) = IT(r, f) = S(r, ap),

fors=1,2,...,n,i=0,1,...,p-1,j=0,1,...,q,and l = 1, 2,..., max{p, g}. So, in view of Lemma 2.2 and
p > q + I + 1, combining the above equations yields

T(r ay(2)f (2)P + ap-1(2)f )P + -+ m(2)f (2) + ao(z)
" b(2)f (2)T + bg_1(2)f (2)T7! + -+ bi(2)f (2) + bo(z)

) = pT(r, a) + S(r, ap). (5.2)

In addition, by Lemma 5.1, we have
T(r, f®) = (ke + DT, f) = S(r, ap), (5.3)

fort=0,1,..., m. Thus, in view of Lemma 2.1 and (5.3), we can conclude that

T(r, Zn:asﬁ[f(kt>(z)]"s~ff(z + cs)) < Zn:(i(kt + DAg¢ + 1)T(r,f) + ZH:T(r, as) + S(r, f). (5.4)
s=1

t=1 s=1\t=1 s=1

Hence, from (1.7), (5.2), and (5.4), this leads to

n m n

pT(r, a) + S(r, ap) < Z(Z(kf + DAge + 1)T(r,f) + Y T(r, a5) + S(r, f) = S(r, ap) + S(r, f).
s=1\t=1 s=1

This is a contradiction.

Case 2. If 0y = 0(ay) < o(f) < oo, then it implies that all the coefficients a;, bj, a5 in (1.7) are small
functions with respect to f(z). With a view of p > g + T + 1, thus, it is easy to see that o(f) = co from
Theorem 1.3, which is a contradiction.

Hence, we can conclude that o(f) = 0. This completes the proof of Theorem 1.4. O
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